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We present a new scheme to estimate the elastic properties of biological membranes in computer sim-
ulations. The method analyzes the thermal fluctuations in terms of a coupled undulatory mode, which
disentangle the mixing of the mesoscopic undulations and the high-q protrusions. This approach
makes possible the accurate estimation of the bending modulus both for membranes under stress
and in tensionless conditions; it also extends the applicability of the fluctuation analysis to the small
membrane areas normally used in atomistic simulations. Also we clarify the difference between the
surface tension imposed in simulations through a pressure coupling barostat, and the surface tension
that can be extracted from the analysis of the low wave vector dependence of the coupled undulatory
fluctuation spectrum. The physical analysis of the peristaltic mode is also refined, by separating the
bulk and protrusions contributions. We illustrate the procedure by analyzing 1-palmitoyl-2-oleoyl-
sn-glycero-3-phosphocholine and 1,2-dipalmitoyl-sn-glycero-3-phosphocholine bilayers. The bend-
ing moduli obtained from our analysis, shows good agreement with available experiments. © 2013
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4818421]

I. INTRODUCTION

Lipid bilayers are the main structural components of bi-
ological membranes. Their elastic properties play a key role
in determining the anchoring, insertion, and function of trans-
membrane proteins.1 Hence, there is considerable interest in
understanding the factors that regulate the mechanical prop-
erties of membranes, and how the presence of solutes affects
these properties.2 A quantitative knowledge of the membrane
elasticity is also necessary to explain and predict the forma-
tion of transient structures in membrane fusion processes.3

We report in our paper a new computational approach to quan-
tify the membrane elastic properties from the analysis of the
membrane fluctuation modes.

The macroscopic-mesoscopic fluctuation behavior of
membranes can be well described by Helfrich effective sur-
face Hamiltonian,4 which models the membrane as a geo-
metrical surface, neglecting all the molecular details of its
structure. Within that description, the elastic properties are
determined by experimentally measurable thermodynamic
parameters, namely, the surface tension and the bending mod-
ulus of fluid membranes. This formalism has significantly ad-
vanced our understanding of the geometrical shapes adopted
by membranes as well as the entropy associated to the mem-
brane fluctuations.4, 5 Experimental and computer simulation
data2, 6, 7 are often fitted to the Helfrich Hamiltonian, as an
approach to extract the bending modulus and its dependence
with the chemical composition of the lipid bilayer. Despite the
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success of this approach, there are many important aspects of
a bilayer membrane that are obviously beyond a mesoscopic
description, in particular, the fluctuations of the local thick-
ness of the membrane or the protrusions of the lipid heads
out of the bilayer plane. The characterization of these micro-
scopic degrees of freedom, beyond the mesoscopic descrip-
tion given by the Helfrich Hamiltonian, may provide relevant
information to understand the complexes formed by proteins
at, and across, bilayer membranes. In this respect, molecu-
lar simulations offer one of the most powerful microscopic
approaches to extract information on the nature of these non-
mesoscopic fluctuations. We note that simplified theoretical
models,8–11 as well as Ginzburg-Landau approaches,12 have
allowed some progress in the analysis of these fluctuations,
but we believe that only through computer simulations of
more detailed models it is possible to gain accurate informa-
tion on the intramolecular and intermolecular correlations.

The characterization of the collective elastic properties
of bilayer membranes from computer simulations has been
actively investigated over the last decades. An uncertainty
associated to that analysis comes from the difficulty in set-
ting a specific length scale that separates the range of meso-
scopic and microscopic (molecular) fluctuations undergone
by the membranes. This problem has prompted discussions on
the equivalence between the bending modulus associated to
the thermal fluctuations and the bending modulus defining the
equilibrium shape of cylindrical surfaces. A controversy that
has been recently solved7 using computer simulations of
cylindrical lipid bilayers. These simulations have shown ex-
cellent agreement between the bending modulus extracted
from the active deformation of the membrane and that
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obtained from the analysis of the thermal fluctuations. The ac-
tive deformation technique is a usual way to quantify the elas-
tic constants in the context of density functional calculations
of model of membranes,13 however, this approach is very dif-
ficult to implement in numerical simulations. A new active de-
formation procedure to evaluate κ has been recently reported.
The method relies on the measurement of the force needed
to buckle a membrane.14 In addition to the bending modu-
lus equivalence, another open question is whether the sur-
face tension obtained from the analysis of the thermal fluctua-
tion spectrum of the flat membrane, agrees15–17 or differs18–20

from the externally imposed tension. This is a question we
clarify in the present paper.

Over the last two decades, the fluctuations of bilayer
membranes have been described as a combination of undu-
latory and peristaltic modes, both for simplified21, 22 and re-
alistic models of membranes.6, 23 In our view, the main prob-
lem with current approaches is connected to the description of
the undulatory mode, which exhibits a crossover between the
coupled regime, in which the bilayer fluctuates as a whole,
and the uncoupled fluctuation of each layer, which is usu-
ally referred to as protrusion.24 The transition between these
two modes is smooth, going from the fully coupled mode, q
� 2π /d, to the fully uncoupled protrusions, q � 2π /d, where
q is the wavevector that quantifies the fluctuation modes,
and d the mean distance between the membrane monolay-
ers. The fluctuations in these two regimes are very differ-
ent, making difficult to derive a simple analytical dependence
that fits the mean square amplitude of the undulatory mode
over the whole q range. Several expressions6, 23 have been
proposed to model the fluctuations in the small and large-
q regimes. Some approaches describe the membrane elastic-
ity in terms of model interactions between its components,
in order to obtain a single equation to cover the full range
of undulatory and peristaltic fluctuations. A theory of cou-
pled elastic monolayers25, 26 has been used to describe ac-
curately both tensionless membranes27 and membranes un-
der tension.22 The effects of the molecular tilt have also
been introduced.28, 29 These studies claim that the phospho-
lipid tilt may be more relevant than the protrusions. Using
this approach it was shown that the simulation data can be
very well fitted, even for membrane lateral lengths of a few
nanometers.30 Based on this procedure a very interesting al-
ternative method to study the bending modulus from simula-
tions of modest size has been published,31 in which the au-
thors obtained the bending modulus from the analysis of the
fluctuations of predefined order parameters that define the ori-
entation of the lipids. Watson et al. approach and the approach
presented here, include pure undulatory modes and protrusion
modes by construction. To achieve the separation between
these two modes, the protrusion modes observed in the fluc-
tuations of the mean surface (undulatory mode), are filtered
by sampling specific correlation across the membrane. In our
case, we choose the correlation between the surfaces defined
by the head groups of the two phospholipid layers, while in
the work of Watson et al.31 they use the local orientation of
the aliphatic chains. Very recently, an alternative description
of the undulatory spectrum of the tensionless membranes has
been proposed,32 including the static number density structure

factor of the monolayers, which dominates at large q, together
with a bending term at small q, and a weak protrusion term in
the intermediate q regime, which was later considered negli-
gible. In general, it is clear that different membrane models,
each with its own set of internal parameters, may be used to fit
the simulation results for the elasticity of the membrane. The
main difficulty with all these approaches is the separation of
the coupled (when the membrane layers fluctuate as a single
unit) and the uncoupled (when they fluctuate independently)
regimes.

In this paper, we propose a general approach to analyze
computer simulation data. Our approach requires the con-
struction of a surface, which interpolates the head groups in
each membrane layer. The method provides a route to iso-
late the coupled modes, hence enabling the computation of
elastic constants using small membrane areas. This is a desir-
able feature as it expands the capabilities of computer simula-
tions to investigate more accurate atomistic models. Coarse-
grained models allow the computation of very large systems
and long time scales, but some important microscopic as-
pects of the membranes can only be understood with more
detailed atomistic models that incorporate detailed informa-
tion on the lipid chain length and saturation. Moreover, these
models take into account screening effects mediated by water
and ions more accurately, and predict phospholipid diffusion
coefficient of the right order of magnitude, unlike mesoscopic
models which tend to overestimate them by several orders of
magnitude.33 Because the number of sites in atomistic model
is much larger, and shorter times steps are needed to generate
stable trajectories, most atomistic simulations are restricted
to relatively small membrane areas (∼102 nm2). Therefore,
the accessible wavevectors are only slightly below the 2π /d
∼ 1 nm−1 threshold, leaving a very narrow range of useful q
vectors that can be used to quantify the mesoscopic fluctua-
tion regime. This fact makes it difficult to accurately compute
the bending modulus from simulations of systems with small
cross-sectional areas.

The aim of this work is to find a better description of
the phospholipid membrane undulatory mode. The main chal-
lenge here is to disentangle the mixing of the high-q pro-
trusions and the mesoscopic undulations, without imposing a
prefixed wavevector threshold that separates them. To achieve
this goal, we introduce a new coupled undulatory (CU) mode
which describes the correlated movement of the two mono-
layers. The amplitude of this mode decays to zero when the
fluctuations of the two monolayers are uncoupled. By com-
bining this mode with the usual peristaltic one, we get a full
description of the fluctuations of symmetric bilayers over the
whole range of q vectors. The main features of this new de-
scription are:

� The physical description of the new coupled undu-
latory mode is much simpler than the usual undula-
tory mode that is gradually merged into the uncoupled
protrusions.6, 23

� The fit of the simulation results provides a more robust
estimation of the bending rigidity, even from the rel-
atively large wavevectors sampled in simulations with
small membrane areas.
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TABLE I. Simulation parameters of the systems investigated in this work. γ 0 is the surface tension, Lα the box length in direction α, APhos is the area per
phospholipid, NPhos the number of phospholipid molecules per layer, NWater number of water molecules, �T production simulation time, and NCW the number
of configurations employed in the fluctuation analysis. (N,γ 0) is the ensemble to fix surface tension and (N,A0,T) to fix projected area. The asterisk in (N, γ 0)*
indicates the simulation performed with the weak coupling barostat. 〈Lz〉 ≈14.0 nm for all systems.

γ 0 〈Lx〉 〈Ly〉 APhos �T

Ensemble (mN/m) (nm) (nm) (nm2) NPhos NWater μs NCW

POPC
(N,γ 0, T) 0 12.73 ± 0.01 13.39 ± 0.02 0.666 ± 0.02 256 13 250 7.5 9980
(N,γ 0, T) 0 25.16 ± 0.01 26.46 ± 0.02 0.666 ± 0.001 1000 57 000 3.975 5301
(N,γ 0, T) 0 50.27 ± 0.01 52.88 ± 0.02 0.665 ± 0.001 4000 228 000 2.1 10 000
(N,γ 0, T) 15.4 ± 0.9 25.85 ± 0.01 27.19 ± 0.01 0.703 ± 0.001 1000 57 000 7.5 20 000
(N,γ 0, T) 27.3 ± 1.1 26.58 ± 0.01 27.86 ± 0.01 0.744 ± 0.001 1000 57 000 7.5 20 000
(N,γ 0, T)* 0 50.23 ± 0.01 52.93 ± 0.02 0.665 ± 0.001 4000 228 000 2.1 10 000
(N, A0, T) 50.27 52.88 0.666 4000 228 000 2.1 10 000

DPPC
(N,γ 0, T) 0 25.24 ± 0.01 25.81 ± 0.02 0.636 ± 0.001 1024 53 000 7.5 10 000

� Moreover, our method provides a route to discuss a
very important open question, namely, what is the
connection between the surface tension obtained from
the coefficient q2 in the fluctuation spectrum of the
coupled undulatory and the surface tension imposed
on the flat membrane via a suitable barostat.

� We have also refined the analysis of the peristaltic
mode, by separating the bulk and surface contributions
to this mode, and by taking into account the smooth
transition of the bulk contribution from a solid-like
elasticity to a liquid-like plasticity, which occurs as the
wavevector q increases.

To illustrate and test the methodology, we have per-
formed simulations of bilayer membranes using coarse-
grained models.

II. MODEL AND SIMULATION DETAILS

As model system we have chosen a POPC (1-palmitoyl-
2-oleoyl-sn-glycero-3-phosphocholine) bilayer. Phospha-
tidylcholines are major components in many biological
membranes, often playing a major role in supporting trans-
membranes proteins. We use a coarse-grained model, where
the phospholipid is modeled as a collection of beads joined
by rigid bonds, angular and dihedral terms. In recent years,
many mesoscopic models have been introduced.34–37 All of
them share some commonalities in the approach followed to
coarse grain the phospholipid. In this work, we use the MAR-
TINI force-field, which has been successfully parametrized
to model a wide range of phospholipids.38 Our simulations
were performed at 320 K, hence, it was not necessary to use
the antifreeze parameters to avoid water freezing, which for
MARTINI occurs between 280 and 300 K. POPC features
a lower melting temperature, so that we investigate the
fluctuations of the membrane in the liquid crystal phase. We
truncated and shifted the Lennard-Jones non-bonding short
range interactions at 0.9 nm. A shifted coulomb potential
with a cutoff of 1.2 nm and an effective dielectric constant
of 15 were employed to model the electrostatic interactions
associated to the charges in the POPC head group.

The basic systems consisted of NPhos = 1000 phospho-
lipid molecules per layer and NWater = 57 000 coarse grained
water molecules. Periodic boundary conditions were applied
in all directions and the motion of center of mass was re-
moved every 10 time steps. We employed two Berendsen ther-
mostats with a coupling constant of 2 ps to maintain the tem-
perature of the bilayer and the solvent at the desired temper-
ature. We also used a Berendsen semi-isotropic barostat to
simulate systems at different surface tensions. The plane of
the bilayer (x, y) was coupled to a barostat with a coupling
constant of 3 ps and compressibility 4 × 10−5 bar−1, while
the box axis normal to the bilayer plane, z, was coupled to
another barostat with the same time constant and compress-
ibility 10−4 bar−1 and 1 bar pressure. We investigated mem-
branes with surface tensions in the range 0-27.3 mN/m. For
these surface tensions, we did not observe the formation of
large holes in the membrane. The simulation time step was
set to 0.03 ps. A typical simulation involved 0.5 μs equili-
bration and several μs (see �T in Table I) production. We
saved NCW configurations for the fluctuation analysis. To an-
alyze the dependence of the results with the system size, we
performed simulations for different membrane cross-sectional
areas. The water to phospholipid ratio was kept fixed in these
simulations and equal to the ratio employed in the NPhos

= 1000 simulations. To analyze the dependence of our results
with the surface tension coupling scheme γ 0, we performed
additional simulations with a weak coupling barostat set at 50
ps vs 3 ps, employed in the other simulations. Further, we per-
formed a simulation at constant area, (N, A0, T), which was
set equal to the mean value 〈A0〉 obtained from the tension-
less simulation. Finally, using the MARTINI force-field, we
simulated the DPPC bilayer membrane in order to compare
our results with those reported by Watson et al.31 Details on
the simulations parameters are given in Table I. All the sim-
ulations were performed with the GROMACS 4.5 simulation
package.39

The surface tensions were computed through the micro-
scopic pressure tensor route,

γ0 = Lz

[
Pzz − 1

2
(Pxx + Pyy)

]
, (1)
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where Pαβ are the pressure tensor components with α and β

being the cartesian coordinates, (x, y, z), and Lz the box length
in the direction normal to the bilayer plane. The pressure com-
ponents were obtained from the virial equation,

PαβV =
N∑

i=1

mi vi,αvi,β +
N−1∑
i=1

N∑
j>i

rij,αfij,β , (2)

where vi,α represents the velocity of atom i in direction α, rij

is the vector joining atoms i and j, and fij is the force between
these two atoms.

In the rest of the paper, we will use the average distance
between the phosphate groups in the tensionless membrane,
σ = √

APhos = 0.816 nm for the POPC and 0.7977 for the
DPPC, as the unit length, and kT = β−1 as the unit of energy,
in order to present our results in reduced units.

III. FLUCTUATION MODES OF BILAYER MEMBRANES

A. Instantaneous shape ξ (R) of the membrane

The analysis of the thermal fluctuations is a very pow-
erful approach to study the elastic properties of membranes.
All the relevant modes from the mesoscopic to the molec-
ular scale, can be sampled using a single computer simula-
tion. Different methods have been used to describe the fluctu-
ation spectrum of a membrane,40 and they all should agree
in the macroscopic elastic limit described by the Helfrich
Hamiltonian.4 However, in the range between mesoscopic and
molecular scales we expect deviations from that simple be-
havior, since the fluctuations include changes in the internal
structure of the bilayer, and not only in the undulations of the
mathematical surface, z = ξ (x, y) ≡ ξ (R), used to describe
the instantaneous shape (IS) of the membrane. To explore
the fluctuation spectrum in a computer simulation, we have
to establish a connection between the molecular structure of
the membrane (i.e., the bilayer of phospholipid molecules)
and its mathematical IS. The problem is somehow similar to
the study of the capillary fluctuations at liquid-vapor surfaces,
where z = ξ (R) is the intrinsic surface used in the capillary
wave theory.41–43 Over the last decade, there have been impor-
tant advances in the characterization of ξ (R) and its fluctua-
tions, which can be done through the analysis of independent
molecular configurations.44–52 In this paper, we take advan-
tage of these advances to quantify the fluctuation modes of
biological membranes.

The construction of the IS starts with the selection of a
set of pivots at specific atomic positions. For liquid-vapor sur-
faces, the number of pivots per unit area has to be carefully
chosen,53 but in the case of a bilayer membrane this problem
is simpler, as the phospholipids do not leave their correspond-
ing monolayer during the duration of the simulation. Hence,
we choose the phosphate groups as the pivots of the here-
after referred as upper and lower monolayers in the bilayer
membrane.54 The mathematical surfaces z = ξ up, low(R) that
represent the instantaneous shape of each of these monolay-
ers are defined by constructing an interpolating function that
passes through the positions of the pivots. Notice that once the
atomic pivots have been chosen, there is some arbitrariness in

defining the interpolation scheme used to construct ξ up, low(R)
meaning that for a given set of pivots several IS surfaces can
be employed. In this work, we have employed an interpolation
scheme based on a two-dimensional Delaunay triangulation
(DT). The DT is performed using the pivots’ (i.e., the phos-
phate groups in this work) coordinates in the membrane plane
(x,y). With the DT we identify the nearest neighbours of each
phosphate group. This information is then used to construct
a three-dimensional triangulated surface, where the triangle
edges join each pivot to its nearest neighbours. The procedure
has been discussed in Ref. 53 for the liquid-vapor interface
and in Refs. 54–56 for the specific case of surfactant mono-
layers and foam surfactant bilayers. Other approaches can be
used to construct the intrinsic surface as we discuss in the
supplementary material.58

Considering the usual periodic boundary conditions of
the simulation cell, with lengths Lx and Ly on the bilayer
plane, we represent the IS in terms of its Fourier components

ξ (R, qu) =
∑

|q|≤qu

ξ̂qe
iqR. (3)

The wavevectors defined are as q = 2π (nx/Lx, ny/Ly), for
nx, y = 0, ±1, ±2, . . . . Because we perform simulations at
constant surface tension, the box cross-sectional area and by
extension the lattice of reciprocal vectors q fluctuate. How-
ever, for the box areas sampled in the equilibrium state, the
changes in q are small. Hence, we accumulate all the rele-
vant statistics for each Fourier term (nx, ny) under the same q
vector, so that the mean square modulus is given by 〈q2〉 ≈
(2π )2(n2

x + n2
y)/A0, where A0 = 〈LxLy〉 is the mean cross-

sectional area. The upper limit, qu = 2π /λc in (3) is defined
by the wavelength cutoff, λc ≈ √

A0/NPhos = √
APhos, i.e.,

by the average distance between the lipids phosphate groups,
where Ns is the number of lipid molecules per monolayer. No-
tice that to describe the IS corrugations beyond this minimum
distance would not be physically meaningful. The instanta-
neous shape of each monolayer provides information on both
the undulations of the membrane as a whole and on the fluctu-
ations of the membrane thickness. In a symmetric bilayer, the
fluctuations of ξ up(R) and ξ low(R) should be statistically sim-
ilar. It is then possible to average out the independent results
for the two monolayers, (m), to get better statistics. The sam-
pling of the IS for a large number of configurations along an
equilibrated computer simulation run, gives for each configu-
ration the amplitudes ξ̂

up
q and ξ̂ low

q of the fluctuating modes.44

B. Fluctuation modes

The usual description of the fluctuations in bilayer
membranes57 is done in terms of the eigenvalues of the matrix

1

2

⎛
⎜⎝

〈∣∣ξ̂ low
q

∣∣2〉 〈
ξ̂ low
q ξ̂

up∗
q

〉
〈
ξ̂ low∗
q ξ̂

up
q

〉 〈∣∣ξ̂ up
q

∣∣2〉
⎞
⎟⎠ , (4)

which is constructed using the Fourier components of the sur-
faces associated to each monolayer, upper and lower. The
softer undulatory (U) mode,5, 57 corresponds to the highest
eigenvalue. It describes the fluctuations of the mean surface,
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FIG. 1. The surface tension as function of the wavevector q for the POPC
tensionless membrane with NPhos = 1000. The symbols represent our simu-
lation results: grey (green) full circles the coupled undulatory mode γ CU(q);
dark (red) full circles the peristaltic-protrusion mode γ P

eff (q); empty (blue)

circles the undulatory mode γ U(q); and black squares the mean value ob-
tained from the lower and upper monolayers γ m(q). The solid lines joining
the symbols represent the fitting to the simulation data: Eq. (11) for the cou-
pled undulatory mode, Eq. (13) for the peristaltic-protrusion mode; Eq. (16)
for the undulatory mode; and Eq. (18) for the monolayer fluctuations. The
grey (green) dashed line represents the parabolic low q behavior of the cou-
pled mode γ CU(q). The dark (red) dashed-dotted line is the elastic contribu-
tion to the peristaltic mode γ P

eff (q) without tails fluidization uP
0/q2. The result

corresponding to tail fluidization uP
0/q2 exp(−(q/qP

el)
2) is given by the dark

(red) dashed curve. The dotted (red) line is the fit to the protrusion surface
tension contribution γ P(q).

which lies between the two identical lipid monolayers,

〈∣∣ξ̂U
q

∣∣2〉 =
〈∣∣∣∣∣ ξ̂

low
q + ξ̂

up
q

2

∣∣∣∣∣
2〉

= 1

2

〈∣∣ξ̂m
q

∣∣2〉 + 1

2

〈
ξ̂ low
q ξ̂ up∗

q

〉
, (5)

where we use 〈|ξ̂m
q |2〉 =〈|ξ̂ up

q |2〉 = 〈|ξ̂ low
q |2〉.

The lowest eigenvalue of (4) corresponds to the
peristaltic23 (P) mode and it describes the fluctuations of the
membrane (half) thickness

〈∣∣ξ̂P
q

∣∣2〉 =
〈∣∣∣∣∣ ξ̂

low
q − ξ̂

up
q

2

∣∣∣∣∣
2〉

= 1

2

〈∣∣ξ̂m
q

∣∣2〉 − 1

2

〈
ξ̂ low
q ξ̂ up∗

q

〉
. (6)

In our view, the main problem with the description given
above is that (as shown in Fig. 1) the U (or mean surface)
mode exhibits a complex behavior, from the low q coupled
regime with 〈ξ̂ low

q ξ̂
up∗
q 〉 ≈ 〈|ξ̂m

q |2〉, to the uncoupled regime,

at high q with 〈ξ̂ low
q ξ̂

up∗
q 〉 ≈ 0 and 〈|ξ̂U

q |2〉 ≈ 〈|ξ̂P
q |2〉, which is

usually referred to as monolayer protrusions.24 The existence
of these two regimes prevents a simple physical description of
〈|ξ̂U

q |2〉 over the whole range of q. Therefore, Eq. (5) is usually
described as a piece-wise function of q, with different fitting
forms for low and high wavevectors.

So, the main idea of the present work is to describe the
whole fluctuation matrix (4) with the usual definition of the
peristaltic mode, Eq. (6), and substitute the undulatory mode,
Eq. (5), by the CU mode described by〈∣∣ξ̂CU

q

∣∣2〉 = 〈
ξ̂ low
q ξ̂ up∗

q

〉 = 〈∣∣ξ̂U
q

∣∣2〉 − 〈∣∣ξ̂P
q

∣∣2〉
. (7)

The CU mode is zero when the fluctuations of the two lay-
ers are uncorrelated (high q), and equal to the amplitude
of the fluctuations of the monolayers 〈|ξ̂CU

q |2〉 = 〈ξ̂ low
q ξ̂

up∗
q 〉

≈ 〈|ξ̂m
q |2〉 ≈ 〈|ξ̂U

q |2〉, when the fluctuations of both monolay-
ers are fully correlated (low q). This mode does not include
protrusions which, as we will see, will allow us to make a sim-
ple physical description of the membranes fluctuations over
the whole range of q.

Another important difference with previous studies of
membranes fluctuations is that they focus on the mean square
amplitude of the fluctuations 〈|ξ̂X

q |2〉. However, in this section
we have preferred, as is usual in the study of the capillary
waves of the liquid surfaces, to focus on the elastic energy
of each mode which is proportional to the inverse of 〈|ξ̂X

q |2〉.
Although both approaches provide similar information in the
investigation of tensionless membranes, the method used here
is superior when investigating membranes under tension. In-
deed this approach enables a detailed study and modelization
of the different energetic contributions to the (CU) and (P)
modes, and provides a simple mechanic analogy between the
fluctuations of the membrane and the fluctuations of an ar-
rangement of springs. However, in Sec. IV B we will present
our results using 〈|ξ̂X

q |2〉 in order to connect better with previ-
ous works.

Following the approach used in the investigation of capil-
lary waves at liquid surfaces, we assume that the equipartition
for the mean elastic energy of each fluctuation mode is ful-
filled and represented by q2γ x(q)A0〈|ξ̂ x

q |2〉/2 = kT /2, where
γ x(q) is a q-dependent surface tension,

γ x(q) = kBT

q2
〈∣∣ξ̂ x

q

∣∣2〉
A0

, (8)

where “x” indicates that the method may be applied to any
choice of the surface ξ x(R), (m, P, U, or CU, taken as rep-
resentative of the instantaneous shape of the membrane. In
Fig. 1, we present the simulation results for the two most ob-
vious choices, γ m(q) associated to the phosphate groups in
one of the monolayers, and γ U(q) obtained from the usual
definition of the undulations, i.e., from the mean position of
the bilayer. Fig. 1 shows that γ m(q) and γ U(q) have similar
values for qσ ≤ 0.5. This q dependence of the surface tension
is consistent with the parabolic shape

γ x(q) = γ0 + κq2 + Ox(q4) (9)

as predicted by the surface hamiltonian,4, 5 in terms of the
macroscopic surface tension (γ 0 = 0 for the tensionless state
presented in Fig. 1) and the bending modulus κ .

However, for larger wavevectors, γ m(q) and γ U(q) dif-
fer due to the contributions from the internal degrees of
freedom of the bilayer membrane. The swaying slopes of
γ x(q) signal the crossover from the undulating regime, in
which the membrane fluctuates as a whole, to the independent
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FIG. 2. The surface tensions as function of the wavevector q for POPC mem-
branes under tension with NPhos = 1000. (Top panel) γ 0 = 15.3 mN/m,
(bottom) γ 0 = 27.3 mN/m. The symbols show our simulation results: Grey
(green) full circles the coupled undulatory mode γ CU(q); dark (red) full cir-
cles the peristaltic-protrusion mode γ P

eff (q); and empty (blue) circles the un-

dulatory mode γ U(q). The solid lines represent the fittings to the simulation
data to Eq. (11) for the coupled undulatory mode, Eq. (13) for the peristaltic-
protrusion mode, and Eq. (16) for the undulatory mode.

fluctuations of each monolayer at high q. In the following, we
discuss our simple description of the fluctuations, where the
elastic energy is separated into two elementary modes: the
coupled undulatory and the peristaltic modes. Note that the
coupled undulatory mode is free of protrusions while the peri-
staltic includes low-q peristaltic like fluctuations and high-q
protrusions.

C. The coupled undulatory mode

For the CU mode described by 〈ξ̂ low
q ξ̂

up∗
q 〉, the wavevec-

tor dependent surface tension is given by

γ CU(q) = kBT

q2
〈
ξ̂ low
q ξ̂

up∗
q

〉
A0

. (10)

As shown in Fig. 2, the simulation results for γ CU(q) are
identical to those of γ U(q) and γ m(q) in the low q regime,
qσ � 0.5. They all follow the expansion (9), for the undula-
tions of the membrane as a whole. However, increasing the
wavevector above qσ � 0.5 the value of 〈ξ̂ low

q ξ̂
up∗
q 〉 decays

very rapidly, so that γ CU(q) grows faster than κq2. This is in
contrast with the softer behavior of γ U(q) and γ m(q), which
includes negative contributions from the q4 and higher order
terms, appearing in the expansion (9). As shown in Fig. 2,
the problem is even more evident for POPC membranes kept
under tension. For γ 0 = 25.51 mN/m, the results for γ U(q)
within our simulation box would apparently be better fitted
by a straight line, instead of the parabolic function given in
Eq. (9). The negative contributions of the q4 and higher or-
der terms are already significant for qσ � 0.5, making dif-
ficult the estimation of κ . The analysis of the CU mode,
Eq. (10) provides a much more accurate estimation of the two
coefficients, surface tension and bending modulus. Fitting the
low q limit of γ CU(q) to Eq. (9), we get surface tensions, γ 0,
in excellent agreement with the surface tensions imposed in
the simulations. The bending modulus takes similar values for
the three surface tensions, γ 0, investigated in this work (see
Table II).

We may go one step further in the characterization of
γ CU(q), by noting that the full range of q values of this func-
tion, from γ CU(0) = γ 0 to γ CU(q) � 130 kT/σ 2, can be very
well fitted by the empirical formula,

γ CU(q) = γ0 + κq2

(
1 +

(
q

qCU
u

)αCU)
, (11)

where the term in brackets represents the molecular size ef-
fects that signal the limits of Helfrich mesoscopic Hamilto-
nian. For all membranes analyzed αCUσ > 4.0 which means
a continuous (but very rapid) increase of γ CU(q) for values

TABLE II. Fitted parameters for the coupled undulatory γ CU(q) and peristaltic-protrusion γ P
eff (q) modes. The parameter γ 0 is fixed to the simulated macro-

scopic surface tension. In the column corresponding to qCU
u σ , we show (in brackets) the values of 2π /d, where d is the mean distance between layers.

Coupled undulatory mode Peristaltic-protrusion mode

γ 0 (mN/m) d (nm) d/σ βγ 0σ
2 βκ qCU

u σ αCU βuP
0 (nm−4) qP

elσ βγ P
0 σ 2 βκP

POPC
0 4.24 5.19 0.0 20.9 ± 1 1.10 ± 0.15 4.57 ± 0.2 26.0 ± 1.0 0.83 ± 0.05 12.6 ± 1.2 1.81 ± 0.2

(1.21)
15.2 4.09 5.01 2.26 21.7 ± 1.5 0.97 ± 0.15 4.77 ± 0.2 23.8 ± 1.0 0.67 ± 0.05 14.0 ± 1.2 1.63 ± 0.2

(1.26)
27.51 3.93 4.82 4.12 20.9 ± 2.5 0.98 ± 0.15 4.28 ± 0.2 20.1 ± 1.0 0.63 ± 0.05 12.9 ± 1.2 1.81 ± 0.2

(1.29)
DPPC

0 4.06 5.09 0.0 23.0 ± 1 1.09 ± 0.15 4.82 ± 0.2 26.7 ± 1.0 0.69 ± 0.05 13.3 ± 1.2 1.26 ± 0.2
(1.23)
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of q above the cutoff qCU
u . This high value of αCU prevents

a contamination of our fit of the parabolic dependence in (9)
at lower values of q. Table II lists the best fits for the cutoff,
which are lower than qCU

u = 2π/d, where d = 〈ξ̂ up
0 − ξ̂ low

0 〉 is
the mean distance between layers. This is in agreement with
the physical intuition, since the undulations of the membrane
as a whole should be restricted to wavelengths longer than the
thickness of the membrane. qCU

u = 2π/d is otherwise the cut-
off that has been traditionally adopted to define the threshold
that separates the undulation and the protrusions behavior.6, 23

With our choice of the CU mode the separation of the two
regimes is already built in the function γ CU(q). This function
becomes very large for q > qCU

u , showing that 〈ξ̂ low
q ξ̂

up∗
q 〉 fea-

tures a fast and continuous decay for larger q vectors.

D. Physical description of the peristaltic mode

The energy of an undulating mode, with wavevec-
tor q and amplitude ξ̂ x

q , is described by U x(q)

= q2γ x(q)|ξ̂ x
q |2A0/2 in terms of the surface tension de-

fined in Eq. (9), showing that the low q modes are very
soft, with ux(q) ∼ γ 0q2 for membranes under tension, and
even softer, ux(q) ∼ κq4 for tensionless membranes. It is
well known6, 23 that the peristaltic mode (Eq. (6)) does not
become increasingly softer in the q = 0 limit. There is an
elastic energy that opposes the expansion or compression of
the volume contained between the two monolayers, which is
filled by the aliphatic tails of the phospholipid molecules. The
bulk elastic modulus may be extracted from the mean square
fluctuations of the q = 0 Fourier component of the P mode,
〈|ξ̂P

0 |2〉, sampled in our computer simulations. The energy
of this mode is described in terms of uP

0 ≡ kBT/(A0〈|ξ̂P
0 |2〉).

In addition to the bulk contribution, the fluctuations of ξ̂P
q

describe also the independent corrugations of the upper
and lower surfaces, or protrusions, reflected in a surface
contribution, which is proportional to q2, and possibly higher
order terms.

Adding the bulk and surface contributions, as two
springs set in parallel, the energy of a P mode fluctuation
with amplitude ξ̂q would be given by UP(q) = [uP(q)
+ q2γ P(q)]|ξ̂P

q |2A0/2, where uP(q) = uP
0 + O(q2) and

γ P(q) = γ P
0 + κPq2 + O(q4), describe each contribution as

functions of q. For low q, the relevant contribution comes
from the bulk, and from the equipartition of the energy we
expect 〈|ξ̂P

q |2〉A0 ≈ kT /uP
0, while for large q the surface term

should take over.
In Figures 2 and 1, we represent the simulation results for

the mean square amplitude of the peristaltic-protrusion mode
in terms of γ P

eff(q) ≡ UP(q)/q2 = kT /(q2〈|ξ̂P
q |2〉A0). These

can be directly compared with the description of the undu-
latory mode in terms of γ U(q) and γ CU(q). At low q, this ef-
fective P surface tension diverges as ∼ uP

0/q
2, reflecting the

description of the bulk contribution as a surface term. The
simplest physical description to cover the full range of
wavevectors would be

γ P
eff(q) ≡ kBT

q2

〈∣∣∣ ξ̂ low
q −ξ̂

up
q

2

∣∣∣2
〉
A0

≈ uP
0

q2
+ γ P

0 + κPq2,

(12)

which is precisely the expression used in Refs. 23 and 6, to
describe the peristaltic mode.

Our simulation results show that expression (12) is qual-
itatively correct in the low (dashed-dotted line) regime but
it does not provide a good quantitative fit in the intermedi-
ate region, qσ ≈ 1.3, where both the bulk and surface con-
tributions are relevant. In our opinion, the main problem is
connected to the peculiar nature of the interior of the bilayer
membrane made of flexible aliphatic chains anchored to the
external phosphate groups. For long wavelengths, the peri-
staltic mode imposes that these chains must be locally com-
pressed or expanded, since the anchoring to the heads pre-
vents the tails from filling a region and emptying other ad-
jacent regions. Therefore, the bulk contribution uP(q) comes
from a solid-like elasticity of the hydrocarbon chains (see
dashed-dotted line in Fig. 1). However, for shorter wavelength
(qσ � 1) the interior of the membrane behaves as a hydrocar-
bon fluid, because the tail of a chain anchored in the com-
pressed regions may reach the adjacent expanded regions.
Therefore, the local deformation of the membrane thickness
has a much smaller elastic contribution, uP(q) � uP

0, and it
should become completely soft for large wavevectors, leav-
ing surface-protrusion contribution γ P(q) as the only relevant
term (dotted line in Fig. 1). From the analysis of our simula-
tions results, we find that the transition from the elastic solid
to the fluid behavior is very accurately described by a gaussian
term uP(q) = uP

0 exp(−(q/qP
el)

2) (see dashed dark (red) line in
Fig. 1).

In the large q regime, where the peristaltic-protrusion
mode is fully controlled by the protrusion surface term, our
simulation results show a deviation from the simplest form
γ P(q) = γ P

0 + κPq2, similar to that observed for the CU
mode. For larger qσ > 2.5γ P(q) features a rapid increase (i.e.,
a rapid decay of 〈|ξ̂P

q |2〉), however, as we can see in the sup-
plementary material58 this behavior strongly depends on the
procedure used to define the intrinsic surface and therefore we
will not analyze this range of q. The final expression that we
will use in order to represent the peristaltic-protrusion mode
(continuous lines in Figures 2 and 1) is

γ P
eff(q) ≡ UP(q)

q2
= uP(q)

q2
+ γ P(q)

= uP
0

q2
exp

[
−

(
q

qP
el

)2
]

+ γ P
0 + κPq2 (13)

and the best fitting parameters of the fluctuations to these
equations are given in Table II.

E. The undulatory and monolayers fluctuations

A simple mechanical analogy of our approach is pre-
sented in Fig. 3. The thermal fluctuations of the mean surface
correspond to those of an arrangement of springs in series for
the CU and P modes, so that, when their mean square fluctu-
ations are added,

〈|ξ̂U
q |2〉 = 〈|ξ̂CU

q |2〉 + 〈|ξ̂P
q |2〉, (14)
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FIG. 3. Sketch for the elastic behavior of the mean surface undulations ξU
q

in a bilayer membrane. The complex q-dependence of the effective spring
constant q2γ U(q) (open circles in Figs. 1–3) results from the combination of
three elementary springs. Those with surface character become very soft for
small wavevectors, with spring constants q2γ x(q), and different q-dependent
surface tensions (x = CU, P, and U) for the coupled undulatory, uncoupled
protrusions, and mean undulatory fluctuations. The peristaltic fluctuations in
the membrane thickness are bulk-like, so that their effective spring constant
UP(q) is stiff for q = 0 and it becomes weaker for increasing q.

an effective force constant ∼q2γ U(q) results, which can be
calculated from

1

γ U(q)
= 1

γ CU(q)
+ 1

γ P
eff(q)

. (15)

For very dissimilar spring constants, the elasticity constant is
that of the weakest spring in the series.

The bulk-peristaltic and the surface-protrusion contribu-
tions to the P mode act as parallel springs, adding their force
constants to uP(q) + q2γ P(q), so that for very different values
of the two terms the strongest spring dominates the P mode.
The effective spring for the fluctuations of the mean surface
is then given by

q2γ U(q) =
[

1

q2γ CU(q)
+ 1

uP(q) + q2γ P(q)

]−1

, (16)

and its dependence with q reflects the transition from the un-
dulatory regime, when the peristaltic spring is too rigid to
be relevant, to the protrusion mode when uP(q) vanishes and
γ CU(q) diverges (i.e., 〈ξ̂ upξ̂ low∗〉 ≈ 0).

For the fluctuations of one of the monolayers, we have

〈|ξ̂m
q |2〉 = 〈|ξ̂CU

q |2〉 + 2〈|ξ̂P
q |2〉, (17)

so that the elementary springs of the P mode enter with half
their values in γ U(q),

q2γ m(q) =
[

1

q2γ CU(q)
+ 2

uP(q) + q2γ P(q)

]−1

. (18)

In the intermediate range, 0.5 nm � q � 1.5 nm, when the
three springs have similar force constants, the U and m data
represent a mixed regime in which the fluctuations of the two
edges in the bilayer are partially coupled. We note that if we
had to estimate the bending modulus κ from the undulations
of the mean surface (i.e., γ U(q)) or from those of one of the
monolayers (i.e., γ m(q)), using only that range of q in Fig. 1,
we would have very large errors.

The different information obtained from by γ U(q) and
γ m(q) could be used to extract quantitative information on the
“elementary springs” describing the membrane elastic behav-
ior. Similarly, different experimental techniques, X-ray and
neutron scattering, which are sensitive to different aspects of
the bilayer molecular structure, could be used to separate the
contributions of the elementary springs. In computer simula-
tions, which provide full access to the molecular positions,
the most efficient and robust procedure to do so is to sample
separately the fluctuations of the upper and lower layers (see
Fig. 3), i.e., the CU and P modes used in this work.

IV. RESULTS AND DISCUSSION

A. The coupled undulatory and peristaltic-protrusion
modes

The simulation results for the CU and P modes in
Figures 1 and 2 can be accurately fitted to Eqs. (11) and (13).
The value of γ 0 that gives the best fit of the MD γ CU(q) results
to Eq. (11) is always close to the macroscopic surface ten-
sion imposed in the simulations, although with this method
we cannot resolve variations in the surface tension smaller
than 0.5 mN/m. The results in Table II were obtained assum-
ing that γ 0 takes exactly the macroscopic value. Therefore,
the only parameter that is relevant to the fit of the CU mode at
qσ � 0.6 is the bending modulus, while for larger q our em-
pirical description for the rapid increase of γ CU(q) becomes
important. Advancing the discussion in Subsection IV B, we
note that for the tensionless membranes a more sensitive rep-
resentation of the low q fluctuations may be required to deter-
mine γ 0. The expansions of (16) and (18) at low q imply that
the bending modulus from the fit γ x(q) = γo + κxq2 + · · · ,
depends on the representation of the undulatory mode,

κU = κ − γ 2
o

uP
0

and κm = κ − 2
γ 2

o

uP
0

, (19)

where κ is the CU result, and uP
0 the q = 0 term of the peri-

staltic mode. Hence, the bending modulus is a well-defined
macroscopic parameter only when the membrane is in the
tensionless state, whereas for membranes under tension the
bending depends on the surface used to quantify the fluctua-
tions. Nevertheless, in typical biological membranes this de-
pendence is usually minor. As a matter of fact in our POPC
simulations, even at the highest surface tension γ o = 27.3
mN/m, we find βγ 2

o /uP
0 = 0.9 � βκ ≈ 21, so that the differ-

ence κx − κ is within the accuracy of our method. In practice,
the main difference between the analysis of γ CU(q) and that
of γ U(q) is that the estimation of the κ from the latter requires
the analysis of larger systems to avoid the mixing with the
protrusion.

The result βκ ≈ 21, obtained from the CU mode in our
POPC model, does not depend significantly on the membrane
surface tension (from γ 0 = 0 to 27.3 mN/m), although the
area per molecule APOPC (Table I) and mean thickness of the
bilayer (Table II) d = 〈ξ̂ up

0 − ξ̂ low
0 〉 are modified under these

conditions, so that the density of the aliphatic chains in the
bilayers is approximately constant. That result for κ is close
to available experimental values for POPC, βκ = 24 ± 0.3,
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obtained with X-rays60 and confirmed by the analysis of fluc-
tuations in vesicles.61 The wavevector cutoff is close, al-
though lower, to the empirical guess qCU

u ≈ 2π/d. Within the
error bars it is not possible to establish a clear dependence of
qCU

u with γ 0.
For the tensionless DPPC membrane, we have obtained

a bending modulus of βκ = 23.0 ± 1.5, which agrees with
the experimental expectations.62, 63 We note that in Ref. 63
values of the order of βκ = 40 were reported near the liquid-
crystal-gel phase transition. These values can be compared
with those obtained by different laboratories using the present
coarse grained model. In the seminal paper using the MAR-
TINI force-field, Marrink et al.64 used the usual undulatory
approach to quantify the bending modulus of DPPC. They ob-
tained a very low value, βκ = 9.6. Later, Otter and Shkulipa65

used the same procedure but increased the lateral size of
the membrane. Their value was much higher, βκ = 19.3,
which is closer to the value obtained by us in this
work. Shkulipa66 also employed a finite size scaling ap-
proach, where the bending modulus is computed from the
slope of the compressibility modulus versus membrane
size. The value using this method turned up to higher
βκ = 27.0,66 again closer to our result. Our bending mod-
ulus is much lower than the value reported by Watson et al.,31

βκ = 36. These authors quantified the bending modulus from
the fluctuations of the molecular orientations, rather than from
the positions of the molecular heads as we do here, but both
approaches have in common than they filter out the protru-
sions of individual molecules at large q values, so that the
mean square amplitude of the (so defined) undulations de-
creases very rapidly in the mesoscopic range for q � 0.5 nm.
The same effect can be achieved with our method, because the
head groups on the opposite sides of the bilayer are decoupled
for q � 2π /d. With the surface curvature defined through the
molecular orientations,31 the flexible aliphatic chains sample
the internal structure of the membrane, so that their orienta-
tions give a smeared view of the local orientation. As in the
softening of the peristaltic mode at high q, the molecular ori-
entations do not keep track of the surface undulations at scales
shorter than the molecular length qσ � 1. Both methods could
be applied to relatively small systems, because they avoid the
entanglement of undulations and protrusions, and they should
give the same result for the bending modulus at γ 0 = 0.
The possible origin of the discrepancy is analyzed in Sub-
section IV B.

In our approach, the membrane elasticity parameters are
obtained from the fitting of γ P

eff(q) to Eq. (13). For our POPC
model, we get values for the bulk modulus associated to the
peristaltic deformations from βuP

0 = 26.0 nm−4 for tension-
less membranes, to 20.0 nm−4 for γ 0 = 27.3 mN/m. It is
well known that this elastic constant strongly depends on the
chemical nature of the amphiphilic molecule. Our results for
POPC membranes may be relatively high, due to the coarse-
grained description used here for the hydrocarbon tails. Lower
values, βuP

0 = 14.9 ± 5 nm−4, have been reported for glyc-
erolmonoolein bilayer membranes,6 and a surprisingly low
value (ten times smaller) has been estimated for the DPPC
membrane.23 In contrast, our results give very similar values
for βuP

0 with the (similar) coarse grained models for POPC

and DPPC. This is not surprising considering the similarities
of these phospholipids in the coarse grained description.

The values qP
el ≈ 0.8/σ (Table II) indicate that the soft-

ening in the peristaltic mode appears for wavelengths 2π /q
� 6 nm, i.e., twice the maximum length of the aliphatic
chain in the lipid molecules. This result agrees with our qual-
itative interpretation of this softening, as due to the transi-
tion from the elastic solid to the fluid behavior of the phos-
pholipids hydrocarbon tails. The parameter γ P

0 in Eq. (13)
has to be interpreted as twice the surface tension in a phos-
pholipid monolayer, and it controls the uncoupled protru-
sions on the two sides of the bilayer membrane. Our result
γ P

0 ≈ 13.0(βσ 2)−1 = 86 mN/m for the tensionless bilayer is
within the range of reported values in the literature, from 30
to 180 mN/m.21, 23, 26, 38 Brandt et al.32 have suggested that,
due to the high value of the γ P

0 , the contribution of the pro-
trusions to the undulatory mode is negligible. However, we
have found that although its contribution is weak, it is nec-
essary to include a surface tension protrusion term in order
to accurately describe the intermediate q-range of the fluctu-
ation spectrum. Note that Brandt et al.32 assumed a bending
like behavior of the undulatory mode over the entire range
of q, while we have found that the coupled undulatory mode
diverges to intermediate q. This could have an effect on the
results obtained for the intermediate q-range. Also, Brandt
et al.’s32 unconventional static number density structure fac-
tor, dominates at large q vectors, and it includes contributions
that correspond to our peristaltic-protrusion mode.

Finally, we comment on the parameters that describe the
behavior of the molecular protrusions at large q, i.e., beyond
the range where γ P(q) ≈ γ P

0 . The P mode bending modulus
κP, obtained from the fit of the simulation results to Eq. (13),
is almost residual, being much lower than the (macroscopic)
undulatory modulus κ . Moreover, κP depends on the proce-
dure used to define the intrinsic surface. We must note that
the only physical reality behind the instantaneous shape ξ (R)
is the discrete set of pivots, i.e., the lipid phosphate groups. In
the supplementary material,58 we investigate the dependence
of our results with the approach used to construct the nom-
inal surface that interpolates between these pivots. We have
found that, contrary to the robustness of the other parameters,
the protrusion bending modulus κP is strongly affected by the
approach used to construct the nominal surface. Its value is
certainly much smaller than κ .

B. The low q behavior of the fluctuation spectrum

The traditional approach to estimate the bending mod-
ulus of a free membrane (γ o = 0) uses the function
�x(q) = q4〈|ξ̂ x

q |2〉A−1
0 = kT q2/γ x(q), which converges in

the q = 0 limit to �x(q) ≈ (βκ)−1 + O(q2). This function is
very sensitive to the low-q undulations, much more sensitive
than our direct fit to γ CU(q) to (11). The latter is on the other
hand more sensitive to the undulations in the intermediate q-
range, which is important to disentangle the different modes.
Our simulation results for POPC (Fig. 4) and DPPC (Fig. 5)
show a low-q structure of �CU(q), which features a maximum
at qmax ≈ 0.7 nm−1. This maximum disappears, �CU(q) does
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FIG. 4. The height coupled undulatory fluctuations �CU(q)

= q4〈ξ̂ low
q ξ̂

up∗
q 〉 = q2

βγ CU(q)A0
. (Top panel) Results for the tensionless POPC

membrane obtained with different lateral size Lx of the simulation box. The
empty squares (blue) are the size used all over this work (Lx ≈ 27 nm);
the full (red) circles have twice linear size (Lx ≈ 50.2 nm), and the empty
(green) circles half linear size (Lx ≈ 12.7 nm), the POPC density is the same
at the three simulations. The triangles give the undulatory results �U(q) for
the smallest system with the usual representation of the undulatory mode by
the mean surface. The dashed line is the corresponding fit of γ CU(q) results
to our parametrized equation (11), and the full line is the fit of �CU(q)
results to our parametrized equation (20) assuming a non-zero value of
the fluctuating surface tension. (Bottom panel) Simulations results for the
Lx ≈ 50.2 nm POPC membrane in different ensembles. Circles (red): the
(NPhos, γ 0 = 0) shown in the top panel with the barostat used all over this
work; triangles (green): (NPhos, γ 0 = 0)* with the weak coupling barostat;
squares (blue): (NPhos, A0) with projected lateral area fixed to the mean value
obtained with null surface tension.

not decrease to low q, if we evaluate �CU(q) = q2(βγ CU(q))−1

with the analytical fits of γ CU(q) to Eq. (11) assuming γ 0

= 0, obtained in Sec. IV A. These discrepancies had very lit-
tle weight in the direct fit to γ CU(q), but it becomes obvious in
the new representation �CU(q). Our previous estimates for βκ

are very close to the inverse of �CU(qmax) ≈ 0.048 for POPC,
and 0.044 for DPPC. With the usual definition of the undula-
tory term, the function �U(q) approaches our �CU(q) for low
q, but instead of reaching a maximum it grows monotonically
over the whole range of wavevectors. That effect is produced
by the mixing with the protrusions part of the peristaltic mode
that pushes γ U(q) below the quadratic expansion γ o + κq2 as
shown in Fig. 1.

We have performed several tests to explore the origin
of the non-monotonic behavior of �CU(q). The upper panel
in Fig. 4 compares the results for three system sizes, NPhos

= 256, 1000, and 4000 phospholipids per layer; and box
lateral sizes from Lx ≈ 12.5 nm to 54 nm, to ensure the
γ o = 0 condition. The lower panel compares the results with
two different barostats (strong and weak coupling with the
phospholipids), and also those obtained in a simulation with
fixed (NPhos, A0), choosing the projected area equal to the
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FIG. 5. The height coupled undulatory fluctuations multiplied by q4,e.i,

�CU(q) = q4〈ξ̂ low
q ξ̂

up∗
q 〉 = q2

βγ CU(q)A0
, of the tensionless DPPC membrane.

The symbols squares (blue) are the simulation results; squares (blue) the cou-
pled undulatory CU mode, and the triangles (green) the undulatory U mode,
�U(q). The full line is the fit of the CU results to our parametrized equation
(20) assuming a non-zero value of the fluctuating surface tension, and the
dashed line represents the same fit imposing γ 0 = 0.0. The dashed-dotted
line is the bending value predicted by Watson et al.31

mean value 〈A0〉γ0 obtained in the simulations with γ 0 = 0.
The dynamics of the corrugations with qσ � 0.5 nm is ex-
tremely slow. We thus allowed for enough sampling time to
get good statistics for 〈ξ̂ low

q ξ̂
up∗
q 〉. The results clearly show that

the peculiar shape of �CU(q) (see Figure 4) at low q is not a
spurious artifact of the simulations.

For membranes under tension (γ 0 > 0), the presence of
a maximum in �CU(q) is accurately described with our fit-
ting formula (11), since �(q) = kTq2/γ (q) ≈ q2/(βγ 0 + βκq2

+ · · · ). In that case, the estimation of the bending modulus
has to be done from the simulations results for q ≈ qmax,
rather than from the q = 0 limit, since �CU(q) ≈ q2/(βγ 0)
� (βκ)−1 for q � √

γ0/κ . Even for the largest γ 0 used in our
POPC simulations, the approach to the quadratic low-q behav-
ior of �(q) could only be observed in extremely large systems
(Lx � 200 nm), and the required size would grow as ∼ γ

−1/2
0

as the surface tension is reduced. At the inflection point sep-
arating the minimum at q = 0 and the maximum at q ≈ 0.7
nm−1, we would observe �(q)−1 ≈ 4βκ , independently of the
value of γ 0. For example, in the bottom panel of Fig. 6 the ar-
row marks this inflexion point for a tensed POPC membrane.
For a membrane under a small tension, the extrapolation of
�(q) to q = 0 would produce a gross overestimation κ , if the
membrane is assumed to be in the tensionless state.

It has been pointed by Barbetta and Fournier18 that the
fluctuations of a free membrane lead to a small effective sur-
face tension, γ fluct ≥ 0, even if the simulation is performed at
zero surface tension, γ 0 = 0. If we fit our simulation results
to the form

�CU(q) ≡ q2

γ CU(q)
= q2

γf luct + κq2

[
1 +

(
q

qCU
u

)αCU
] , (20)

allowing a residual non-zero value of the surface tension as a
free parameter, we get the excellent fits shown by the full lines
in Figs. 4 and 5. The best fitting values are βγ fluctσ

2 = 0.43
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FIG. 6. The height coupled undulatory fluctuations multiplied by q4,e.i,
�CU(q,A) = q4〈ξ̂ low

q ξ̂
up∗
q 〉 as function of the real area of the membrane A.

The symbols show the results without the real area constraint, �CU(q). The
dashed line is the fit of the γ CU(q) simulation results to the parametrized
equation (11). (Top panel) POPC membrane with lateral area A0 fix and NPhos

= 4000. (Bottom panel) POPC membrane under tension, γ 0 = 27.3 mN/m,
and NPhos = 1000. The arrow marks the inflexion point of �CU(q).

(γ fluct = 2.8 mN/m), for DPPC, and βγ fluctσ
2 = 0.38 (γ fluct

= 2.5 mN/m), for POPC. Nevertheless, we find that the best
fitting values for κ (and also the parameters qCU

u , αCU) are
very close to those obtained in Subsection IV A, with direct
fits to γ CU(q) under the restriction γ 0 = γ fluct = 0. The robust-
ness of the bending modulus to small changes in γ fluct gives
further support to our estimate of βκ = 23.0 ± 1.5 for the
bending modulus of the tensionless DPPC membrane.

We turn now to the core of this question: whether the
surface tension imposed by the barostat on a membrane γ 0

is equal or not to that estimated through the analysis of
the microscopic fluctuations. Discussion about this problem
can be found in previous works, which either suggests these
surface tensions are equal15–17 or different.18–20 The baro-
stat surface tension γ 0 is the conjugated variable to the pro-
jected area A0 of the simulation box, while γ fluct, obtained
from the membrane fluctuations, is related to the true area of
the corrugated membrane A. This is an important difference
when γ 0 = 0. The prediction from Helfrich surface hamil-
tonian is that for γ 0 > 0 the difference 〈A〉 ≈ A0 [1 + log(1
+ κq2

u/γ0)/(4πβκ)], with qu ∼ 2π /σ , with a proportionality
factor roughly independent of the system size, so that A0 or
A may be used indistinctly as the thermodynamic conjugate
variable to the surface tension γ 0. However, as pointed by
Schmid,15 for a tensionless membrane the conjugated ensem-
bles (NPhos, γ 0 = 0) and (NPhos, A0) are not representative of a
truly free membrane that fluctuates in the (NPhos, A) ensemble.

To further analyze this point, we have run simulations
where the fluctuations of the instantaneous triangulated sur-
face area (within a narrow range 1.10 � A/A0 � 1.12) were an-
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FIG. 7. The height coupled undulatory fluctuations multiplied by q4,e.i,
�CU(q, A) = q4〈ξ̂ low

q ξ̂
up∗
q 〉, as function of the real area of the membrane A,

of the tensionless DPPC membrane with 1024 phospholipids per layer. The
symbols show the results without the real area constraint, (�CU(q)), showed
in Fig. 5. The dashed line is the fit of the γ CU(q) simulation results to the
parametrized equation (11).

alyzed. The membrane configurations were split into five sub-
ensembles, and the function �CU(q; A) was computed for each
ensemble. The top panel in Fig. 6 shows �CU(q; A) for the
POPC membrane with fixed projected lateral area A0, whereas
Fig. 7 corresponds to DPPC tensionless membrane, i.e.,
γ 0 = 0. Both phospholipid models give qualitatively simi-
lar results regardless of the simulation trajectory used. For
q � qmax ≈ 0.75 nm−1, all the area sub-ensembles give the
same results. Adding all the sub-ensembles together reduces
the noise in the results only, showing they are independent.
However, for q � qmax the results of the sub-ensembles fea-
ture large deviations. The configurations with smaller area
give a higher slope in �(q). When these results are fitted to
Eq. (20), we find that these configurations predict larger val-
ues of γ fluct. The ensemble corresponding to the most cor-
rugated membranes, i.e., those in the upper range of A, give
�(q) ≈ �(qmax). Although the result features some noise they
are compatible with the tensionless state, i.e., γ fluct ≈ γ 0 = 0.
These are the configurations that provide the closer represen-
tation of a free-standing tensionless membrane.

The bottom panel in Fig. 6 shows that for membranes
under tension (γ 0 = 27.3 mN/m in this case) the results for
�CU(q; A) are very similar for the sub-ensembles. The effec-
tive values of γ fluct that result from the fitting to Eq. (20) have
smaller and more symmetric fluctuations around γ 0. Our re-
sults agree with the work by Neder et al.22 The practical con-
sequence of this observation is that the fluctuations of these
membranes under tension can be quantified with computer
simulations at fixed (NPhos, γ 0) or fixed (NPhos, A0), as well
as in sub-ensembles with fixed (NPhos, A). In all these cases,
the fluctuations agree with each other. Notice that our estima-
tions of the bending modulus in each A sub-ensemble would
result in very similar values too, βκ ≈ 21 ± 1 for POPC, and
βκ ≈ 23 ± 1 for DPPC, which are in excellent agreement
with our previous results, which were obtained from a direct
fit to γ CU(q). It is expected that κ changes very little with
γ fluct, since (for POPC) we have found that the value of κ is
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insensitive to much larger changes of the externally imposed
tension γ 0.

To summarize, a consistent estimation of κ can be made
using different approaches. First, by allowing for a small
effective surface tension created by the fluctuations (γ fluct

� 3 mN/m). Second, by using simulation results with a small
surface tension 0 < γ 0 � 10 mN/m and third, by sorting
the configurations into different sub-ensembles, which feature
different fluctuating areas, A. In contrast, the analysis of sim-
ulation data obtained from trajectories corresponding to γ 0

= 0, or for fixed A0, lead to a strong overestimation of the
bending modulus, when the data at low q-vectors are extrap-
olated to q → 0 and then βκ = �(q → 0)−1 used to estimate
the bending modulus. Using this approach, we find βκ ≈ 33
for POPC and βκ ≈ 36 for DPPC. Interestingly, this latter
value is similar in magnitude to the one reported by Watson
et al.,30, 31 using the same coarse-grained model for DPPC,
and similar size for the bilayer, although in that work a differ-
ent characterization of the membrane corrugations, in terms
of the molecular orientations, was used. The results presented
by these authors are restricted to the (Nphos, γ 0 = 0) ensemble,
and in their analysis they do not allow for any effective γ fluct

> 0 associated to the membrane fluctuations, neither do they
take into account the difference between the thermodynamic
control over the projected and the real areas. We suggest that
the different treatment of the fluctuation of A used in different
experimental techniques, x-ray scattering, analysis of thermal
fluctuations, or pipette aspiration techniques, could explain
why the experimental estimates of κ for the same membrane
can vary sometimes by up to ±10 kBT units.59, 62 The small
dependence of bending with the surface tension applied that
we have obtained in this work, opens the possibility to mea-
sure the bending using a membrane under a controlled small
tension, hence reducing the fluctuations of A.

V. CONCLUDING REMARKS

The long wavelength undulations of a bilayer membrane
are determined by the bending modulus κ and the surface ten-
sion γ 0, the two parameters in the Helfrich free energy func-
tional that define the membrane shape z = ξ (R). However,
over the mesoscopic range q ∼ 1 nm−1 the undulatory mode
is entangled with modes associated to the modification of the
inner structure of the membrane. The spectrum of fluctuations
in the bilayers evolve continuously from the low-q undula-
tions and the peristaltic changes of the bilayer thickness, to
the protrusion and tilt of individual molecules. The estimation
of κ , from the analysis of the membrane thermal fluctuations
require very large systems and long time trajectories, to en-
able a good sampling of the very slow fluctuations with char-
acteristic wavelengths q � 0.1 nm−1. We have proposed here
a new theoretical approach to compute κ from the analysis of
small size membranes. The recent work by Watson et al.31 had
the same goal and employed similar approach. The main idea
is that coupled undulations may be introduced to disentangle
long and short wavelength fluctuation modes. Here, we have
chosen the correlation between the head groups in the oppo-
site sides of the bilayer as order parameter. In this way, the
whole analysis can be performed from the knowledge of the

position of the phospholipid heads. Instead, Watson et al.31

employed the orientation of the phospholipid tails to sample
the inner structure of the layers.

For tensionless membranes, i.e., γ 0 = 0, the bending
modulus κ , determined by any of the methods discussed
above should agree with the bending obtained through the
usual representation of the undulations, namely, by identify-
ing the membrane local shape with the the mean position of
the head groups in the two phospholipid monolayers. How-
ever, this representation often leads to an undesired mix-
ing of the undulatory modes with peristaltic and protrusion
ones, which can only be avoided when considering very small
wavevectors, q. The use of a correlation filter, either between
the two monolayers or between the molecular position and
tilt, provides a route to extract a pure undulatory mode. It is
important to note that the choice of different intra-membrane
correlations used to define the coupled undulations, may have
a significant impact on the effectiveness of the filter in elimi-
nating the short wave fluctuations.

When the membrane is under tension, γ 0 > 0, the situ-
ation is slightly different, since the bending modulus cannot
be formally defined from the low q-limit, as this limit is dom-
inated by the surface tension term. Hence, the value of κ as
defined in the Helfrich Hamiltonian depends on the precise
(molecular) definition of the membrane shape. We find that
different, reasonable choices for the membrane shape, result
in small changes in the bending, about �κ � 1 kT over typi-
cal values κ � 20 kT. That should be considered as an inher-
ent uncertainty in the bending modulus of tensed membranes,
�κ ∼ γ 2

0 , that only disappears in a free standing membrane.
The simulations at γ 0 = 0 present a subtle difficulty that

we believe is at the heart of the apparent discrepancy between
the result βκ ≈ 36 reported by Watson et al.31 for a coarse-
grained model of DPPC, and our results (βκ ≈ 23 ± 1), which
were obtained with similar membrane sizes and simulation
conditions, and using the same force-field and phospholipid
membrane. We have shown that the observed non-monotonic
behavior of q4〈|ξ̂ low

q ξ̂
up∗
q |〉, instead of the expected flat limit

at q → 0, explains this discrepancy. The deviations for the
flat limit result from the peculiarities of the (Nphosp, γ 0 = 0)
ensemble as discussed by Refs. 15 and 18. Hence, the direct
extrapolation of our simulation data, using our lowest acces-
sible wavevectors, would give a too high estimate of κ , with
values very close to those reported by Watson et al.31 We
have shown that the correct bending modulus can be recov-
ered using three different strategies. (1) Allowing for a small
effective surface tension associated to the fluctuations (γ fluct

� 3 mN/m), (2) using simulation data for membranes under a
small surface tension γ 0 > 0, and (3) by sorting the trajectory
in sub-ensembles (Nphosp, A), according to the actual area of
the membrane, rather than the projected area A0. Further work
is needed to test our approach in conjunction with the method
discussed by Watson et al.,31 so that full agreement between
different methods can be established.

The subtleties associated to the simulation of tensionless
membranes are relevant in defining their macroscopic behav-
ior, i.e., for fluctuations with q < 0.5 nm−1. In the mesoscopic
range 0.5 nm−1 < q < 1.5 nm−1, where q4〈|ξ̂ low

q ξ̂
up∗
q |2〉, ten-

sionless simulations, i.e., fixed γ 0 = 0, fixed project area A0
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or fixed real ares A produce equivalent results. The analysis of
the fluctuations in this mesoscopic range requires relatively
small membranes (Lx � 20 nm), for which the dynamics of
ξ̂q fluctuations is faster, enabling better statistics with shorter
simulations. This is a definite computational advantage, and
makes feasible the quantification of the bending modulus of
membranes described with atomistic models.

An added advantage of our method is that in addition to
the bending modulus it provides detailed information on the
internal fluctuations of the membrane down to the molecular
size. By using the coordinates of the lipid head-groups, we
have quantified the peristaltic modes of the membrane thick-
ness as well as the protrusions of individual molecules. Ob-
viously, the internal structure of a phospholipid bilayer has
many other types of motion that could also be explicitly re-
solved, e.g., the tilt and extension of the aliphatic chains or the
local area per molecule. All these molecular fluctuations are
present in the simulations, and it is a matter of choice which
aspects of the membrane structure are explicitly sampled and
which ones are averaged out in the mesoscopic representation
of the membrane elasticity. The representation of the mean
surface fluctuations in terms of a combination of elementary
springs (see Fig. 3), consisting of a coupled undulatory and an
uncoupled protrusion and mean undulatory fluctuations, pro-
vides a route to rationalize the behavior of the γ U and γ m(q)
curves. It could also be possible to use a more complex net-
work of springs, to account for other molecular degrees of
freedom. When the springs have very different force constant,
the effective elasticity is mainly determined by the spring with
the largest force constant when the springs are set in paral-
lel, and by the spring with the smallest force constant when
the springs are set in series. In the intermediate q-range, the
spring force constants are nonetheless of the same order. The
transition between the coupled to the uncoupled fluctuations
of the membrane monolayers corresponds precisely to the in-
termediate q-range.
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