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Abstract  

The subject of this thesis is to develop new applications in signal processing based on 

the multidimensional analysis that can be achieved by means of the Wigner distribution 

(WD). The kind of signals that have been mainly handled are the signals used in 

computer vision, as images, or image sequences, without excluding other kind of signals 

as time series.      

         Typically, the WD requires a great amount of calculations. To simplify these 

calculations, a new set of algorithms for 1-D and 2-D signals is introduced in this thesis.  

The performance of this methodology relays in the use of a directional 1-D discrete 

version of the WD, along with a small data window, instead of a full 2-D 

implementation. This technique, added to the continuously increasing speed of the new 

processors, approximates the use of the WD to a real-time tool for digital image 

processing. Comparative measurements are also presented that show how the results 

obtainable through this analysis, based on a determined and discrete version of the WD, 

are similar and sometimes better than other classical methods.  

     Additionally, the multi-directional analysis introduced in this thesis makes possible 

the evaluation of the anisotropic nature of the images. This anisotropic evaluation has 

been used to develop an application for isotrigon textures discrimination and to derive 

an objective anisotropic measure for image quality assessment.  

     Finally, the methods for image processing developed in this thesis have been 

extended successfully to other frames as biomedical signals.   
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Chapter 1   

Introduction      

1.1     State of the art 

Signal processing and, in particular computer vision processing, requires the use of 

mathematical tools for the operations involved in the different applications that can be 

considered in the field. Computer vision processing is mostly concerned with the 2-D 

representation of a 3-D world. Mathematical tools are used here to measure outstanding 

features in order to take a decisive action.  Importantly, image processing relays in the 

image representation. The most common and simplest image representation that can be 

considered is achieved by using the image intensity values. In such a case, image 

processing deals with the set of possible operations that can be applied over these 

intensity values. The image intensity representation has given place to the most classical 

operations in the image processing field (Gonzalez and Wintz, 1987). Other 

representations are possible for image analysis, as, for example, multi-scale 
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representations based on the Gabor (1946) functions, giving place to different image 

processing applications (Bastiaans, 1978, Cristóbal and Navarro, 1994, Navarro, 

Tabernero and Cristóbal, 1996). In the last decade, multi-resolution analysis, based on 

wavelets, has originated a deal of contributions in the field of image processing (Li, 

Manjunath and Mitra, 1995, Kautsky et al., 2002 ). The Wigner distribution (WD) has 

been also used for image representation purposes. The use of joint representations, as 

the WD, for filtering operations has been proposed by Fargetton et al. (1979).  

Cristóbal, Bescós and Santamaría (1989) have applied a digital space-variant filtering, 

based in the WD, to the image processing field. These early studies have given place to 

other ulterior applications of the WD for image processing (Rajagopalan and 

Chaudhuri, 1997, Hormigo and Cristóbal, 1998, Cristóbal and Hormingo, 1999).     

The Wigner distribution (1932) appears as one of the joint energy representations for 

one-dimensional signal analysis in the Cohen family (1966). Later, this common 

analytical framework of spatial/spatial-frequency signal representations has been 

extended to a multidimensional context by Jacobson and Wechsler (1988). The 

importance of this family of representations is based in many empirical studies which 

suggest that such representations are fundamental to the encoding of visual information 

in the cortex of all mammals, including our own species (Blakemore and Campbell, 

1969). Historically, the WD has been introduced in the field of signal processing by 

Ville (1948) and to optics by Bastiaans (1978). However, this function did not receive 

much attention until the known series of papers by Claasen and Mecklenbräuker (1980), 

where the properties and applications of the distribution were carefully studied. For 

signal processing, a discrete approximation of the WD is required. The pseudo-Wigner 

distribution (PWD) as defined by Mecklenbräuker is a discrete approximation of the 

original Wigner distribution for continuous functions.   
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In general, the procedure for generating a 4-D PWD of 2-D signals, as images, 

implies to build a set of NxNxNxN data elements, being NxN the number of pixels of 

the image. The whole process is achieved by performing a set of NxN Fourier 

transformations over matrices of NxN elements. The computer time and the saving 

storage that these calculations required, have limited the application of this distribution 

in the field of image processing. Some methods to shorten the bulk of calculations 

required by the PWD in the practical applications have been proposed (Gonzalo, 1990) 

but the problem remains still an open question.      

One of the main features of the PWD is that provides a local image information. It is 

important to have an image representation, such as the PWD, that allows us to carry out 

Fourier-like operations in the frequency domain, but generalized to the spatially variant 

case. The PWD allows the association of a local spectrum with each pixel of the image. 

Hence, each pixel admits to be modified in a different way. Since the PWD is an 

invertible function, spatially variant filtered images are possible.       

The recovering of images from degraded realizations has been the subject of many 

contributions in the area of image restoration, under the name of image deblurring

 

or 

image deconvolution

 

(Lagendijk and Biemond, 2000). When image restoration is 

accomplished without any a priori knowledge about the degradation process, blind 

image deconvolution methods (Kundur and Hatzinakos, 1996)  are worthy applicable. If 

the blurring is not homogeneously distributed, the degrading process will affect 

different regions of the image with different strength. This scenario is referred to as 

space-variant blurring (Rajagopalan and Chaudhuri, 1997). This situation is especially 

intractable by deconvolution methods. Fortunately, when more than one image of the 

same subject are on disposal, fusion methods appear to be successfully (Zhang and 

Blum, 1999).  
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1.2     Motivation 

Due to the extraordinary development of digital technologies during the last decades, 

signal processing has become a permanent topic. Continuous or discrete signals enclose 

important information of physical systems and can be mathematically represented by 

functions of one or more variables. These functions are the subject of signal processing.      

Typical variables of these functions are time and space. Anyhow, other signal 

representations are possible as, for example, spectral representations.  

     As indicated in the preceding section, representations where time (space) and 

frequency are considered simultaneously are known as conjoint representations and 

have been used to develop image processing applications. 

          Surely, one of the most significant conjoint representations is the Wigner 

distribution. However, the great amount of calculations that the Wigner distribution 

requires is one of the disadvantages to be undertaken when it is used as a signal 

processing tool. Especially, if the signals to handle are function of some variables, just 

as it happens in the case of image and video processing. Keeping in mind that the WD 

of a single image requires a full 2-D Fourier transform for one pixel, it is easy to 

understand the complexity of the required calculations for images and videos of high 

definition, represented by millions of pixels. Even with sophisticated equipments, 

machine time is a feature to be considered. This condition has always been the main 

limitation for the use of the WD in real-time applications of image processing.      

The challenge in this thesis has been to solve some classical image processing 

problems by the use, as an image processing tool, of one of the conjoint image 

representations. This labour has been undertaken in this thesis by selecting a determined 

version of the PWD under a highly simplified scheme. A set of image processing 
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efficient algorithms have been developed this way. As a result, the PWD has been 

converted in a real-time image processing tool with equal or better performance than 

other existing methods, as it will be shown.    

1.3     Objectives 

This section presents the objectives supported by this thesis that will be developed in 

the following chapters. 

     OBJ1. 

 

Given a set of registered digital camera images, affected by spatially-

variant blur, a fusion method based on the PWD will be develop to obtain an enhanced 

image. Statistical quality measures will be made to ascertain that this new one is equal 

or better than other existing methods. 

     OBJ2. 

 

Given a sequence of registered digital microscopic images, taken with 

different focal length, a fusion method based on the PWD will be develop to obtain a 2-

D representation of the 3-D object included in the input sequence.  

     OBJ3. 

 

Given a set of registered multi-sensor images, where desired information is 

assumed to be contained in the spectral, spatial, and temporal variation of the 

electromagnetic energy coming from the scene and gathered by the sensors (the most 

familiar example is the Earth s surface), a fusion method based on the PWD will be 

develop to combine these data and produce enhanced images with high spatial and high 

spectral resolution. 

     OBJ4. 

 

Given a set of multi-temporal images from optical remote sensing (as 

satellite images) the so called cloud covering problem will be undertaken as an 

important difficulty affecting the observation of the earth surface. Hence, based on the 

PWD, a fusion algorithm will be developed to produce a cloud-free view from the 
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several multi-temporal source images. The objective quality of the method will be stated 

by a numerical test and the results will be compared with other existing methods.    

    OBJ5. 

 
Given a blurred digital camera image, a blind deconvolution method will 

be developed based on a genetic algorithm, ending with a discriminating step to select 

or generate by fusion the best realization from the surviving individuals conforming the 

last generation. An objective test will be performed to compare the results with other 

published method. 

     OBJ6. 

  

Given a set of digital images representing a given family of high-order 

binary textures known as isotrigon textures, a method based on the PWD will be 

developed, able to: 

     OBJ6.1.  Discriminate the isotrigon texture vs. random binary noise. 

     OBJ6.2. 

 

Discriminate a single isotrigon texture vs. the remaining textures in the 

family. 

    In both cases, comparative measures with other discriminating methods will be 

achieved to know the performance of these ones.   

     OBJ7. 

 

Given a set of registered digital images, representing different realizations 

of a natural scene, an image quality assessment method will be developed, based on 

measuring the anisotropy of the images. This method will be founded on the spatial-

frequency contents of the images, acquired through the PWD and on the use of the 

general Rényi entropy as a feature to calculate anisotropy. This method will allow the 

classification of the source images according with their absolute quality, and its 

performance will be set by comparing the result with other measuring method as PSNR. 

     OBJ8. -    Given a set of registered digital images, representing different realizations 

of a natural scene, an image noise detection method will be developed based on 

comparing the pixel-wise entropy histograms of the images. This method will be 
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founded on the spatial-frequency contents of the images, acquired through the PWD and 

on the use of the general Rényi entropy as a feature to draw entropy histograms. 

     OBJ9. 

 
Given a time series signal as phonocardiographic or electrocardiographic 

signals, an event detection method will be developed based on the PWD and able to 

reveal characteristic signal features to identify heart diseases.     

 1.4    Methodology    

1.4.1     Source signals 

Dealing with images, digital grey images of 8 bits/pixel in a non-compressed format 

have been used as source signals. For time series, digital representations of analogical 

phonocardiographic or electrocardiographic  signals with a sampling frequency of about 

300 dots per second have been used. 

1.4.2     Feature extraction  

The PWD has been used to produce pixel-wise (or dot-wise in time series) information. 

Image features used in the different applications have been derived from the pixel-wise 

PWD.  

1.4.3     Feature evaluation  

After extraction, quality features have been compared by applying a predefined metric 

that will be described particularly in each case through the text.  

1.4.4     Signal mixing  

Images: Features evaluation is used to build up the resulting image in a pixel-wise 

scheme. The maximum value has been considered as the selective rule to decide fusion 

or classification in most cases. 
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Time series: Visual exploration has been used to identify events, but thresholding can 

be suggested as an alternative for automatic identification of events in the resulting 

information. 

1.4.5     Method evaluation 

Results have been submitted to some objective and subjective evaluation procedures. 

For objective evaluation, classical measures as PSNR have been preferred to compare 

the results in this thesis with other published results. Anyhow, other measures have been 

also considered according to each situation. Subjective evaluation for images as visual 

inspection has been considered when objective measures have not been applicable. 

1.4.6     Processing tools 

All the algorithms used to develop the applications and examples described in this thesis 

have been built with MATLAB 7.0 installed in a PC Intel Pentium 4 with a CPU of 2.8 

GHz. 

     Figure 1.1 shows a diagram of the methodology that will be followed in the 

experiences to be presented in the following chapters.   

 

Figure 1.1.  General diagram of signal processing. 

               



  
Chapter 2  

Image fusion  

Image fusion can be defined as the process by which images are combined to produce a 

new image that shares complementary, multi-temporal, multi-spatial or multi-source 

information from the sources. The way the sources combine their information depends 

upon the nature of the images and the way they have been acquired. Image fusion 

includes important applications in many different fields such as biomedical imaging, 

marine sciences, microscopic imaging, remote sensing, computer vision, robotics and 

many others.  Approaches to image fusion can be of different nature. Images can be 

fused in the spatial domain or in other transformed domain. Consequently, fusion 

techniques embrace different methods such as Principal Component Analysis (Gonzalez 

and Wintz, 1987), Markov random fields (Beckerman and Sweeney, 1994), artificial 

neural networks (Newman and Hartline, 1982) and multi-resolution wavelet filtering, 

(Toet, 1989, Mallat, 1989, Li, Manjunath, and Mitra, 1995).  Even more, the fusion 

process can be based on different levels of the information representation, as signal-

level, pixel-level, feature-level or symbolic-level (Luo and Kay, 1992).  One of the most 

widespread forms of image fusion is the wavelet transform method. In wavelet 

transformation methods, images are combined in the transform domain following a 

defined fusion rule and then transformed back to the spatial domain to provide the 

subsequent fused image. Wavelet transforms can provide simultaneously sharp 
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localization in frequency and space domains and they are being used gradually more for 

image processing. Wavelet methods are based on the decomposition of the image into 

multiple channels, with different local frequencies contents. Wavelet transform methods 

work replacing wavelet coefficients in the transformed space, and the original pixel 

values of input images are not, in general, preserved in the fused resulting image. A 

detailed classification and comparison among multi-scale image fusion schemes, 

including discrete wavelet transform methods have been published by Zhang and Blum 

(1999).       

The fusion methods proposed in this thesis skip the multi-scale decomposition of 

wavelets and use a pixel-wise technique that allows us to classify pixels according to 

their quality. This enables us to choose pixels from the source inputs and set them up in 

the output image under a cut and paste

 

scheme. Quality measures have shown that 

these new fusion methods, based in selecting pixels from the set of input images rather 

than creating new values, give better results than wavelet-based methods. Such a new 

technique is based in processing the information through a pseudo-Wigner distribution 

(Claasen and Mecklenbräuker, 1980). The rationale of the method is based on the use of 

the pseudo-Wigner distribution (PWD) and it can provide a straightforward pixel-wise, 

shift-invariant, spatial-frequency image representation, especially suitable for image 

processing. In this chapter we describe the application of this new technique to digital 

camera image fusion, multi-focus image fusion and multi-temporal image fusion.   

2.1     Digital camera fusion 

This section provides information about the development and completion of objective 

OBJ1 as defined in Section 1.3.  
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2.1.1     Initial considerations 

Image blurring can be regarded as a consequence of some imperfect image formation 

process, which limits the image bandwidth. Hence, blurring can be produced by 

different causes, i.e., camera or object motion, defocused optical systems, and 

atmospheric turbulence. Sometimes these degradations can be modeled to recover the 

original image, but in many cases this information is not available. The recovering of 

the original image from a degraded input has been the subject of many papers in the 

area of image deblurring or image deconvolution (Lagendijk and Biemond, 2000). 

When image deconvolution is accomplished without any a priori knowledge about the 

degradation cause, we are dealing with blind image deconvolution methods (Kundur 

and Hatzinakos, 1996).  If the blurring is not homogeneously distributed, the defocusing 

process will affect different regions of the image with different strength. This scenario is 

referred to as space-variant blurring (Rajagopalan and Chaudhuri, 1997).  A special 

case of space-variant deblurring occurs when more than one degraded images are 

available and therefore image fusion methods can be applied (Kundur, Hatzinakos,1997, 

Zhang and Blum, 1999).      

Blurring can be described as the convolution of the original image with a 2-D point-

spread function (PSF). If such function is not a function of the spatial location, it is said 

to be spatially invariant (essentially this means that the image is blurred exactly in the 

same way at every spatial location). Therefore, if the PSF is a known function, it is 

possible to remove the blur by means of an inverse operation in the spectral domain 

called deconvolution. Importantly, modeling and restoring  images degraded by 

spatially varying blurs are challenging problems that still require further attention in 

order to achieve a successful solution. The use of a spatial/spatial-frequency 
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representation is greatly appropriated for addressing a spatially varying blurring 

problem, because the local character of the degradation process.       

The fusion method described in this chapter is based upon the use of many input 

realizations of the same object at the same time. Deblurring has been obtained by 

comparing the PWDs of the degraded source images with the PWD of a worst case 

prototype. The PWD presents two main advantages with respect to other local 

representations. First, the PWD is a real-valued function and encodes directly the 

Fourier phase information. Images can be recovered by the inverse transform of the 

PWD. Second, multi-scale decomposition of the image is not required due to all 

frequencies can be considered at the same time. The method will be illustrated with 

different examples. Evaluation measures will be also presented to show that this 

framework can equal or even outperform other current approaches to the digital camera 

fusion problem.   

2.1.2     The fusion method 

The fusion method is based on the use of a pixel-level measure. First, a low-resolution 

version of the original image has been obtained by blurring and averaging the source 

images. This low-resolution version will be used as a worst case reference. Second, a 

sliding 1-D small window has been applied row by row to the images and the respective 

PWD functions have been calculated. The process progresses until the full size of each 

image is covered. Third, a pixel-level distance has been measured from the sources to 

the reference. This procedure makes possible to choose, from a focusing point of view, 

the in-focus pixels from each one of the given source images.  

   The following discrete Wigner distribution, due to Claasen and Mecklembräuker 

(1980) has been selected for digital camera image fusion (see A.1.1 for more details):   
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    The properties that justify the selection of a 1-D PWD instead of a 2-D PWD as a tool 

for image analysis can be outlined as follows: 

     - The information contained in a 2-D signal can be preserved in a 1-D spatial/spatial-

frequency representation by considering that the 1-D PWD is an invertible function that 

allows the recovering of the original signal. 

      - The use of a 1-D transformation for 2-D signals provides the possibility to rotate 

the transformation in any desired direction. This is especially interesting for measuring 

anisotropic features in certain images, as for example specific textures. This statement 

will be justified in Chapters 4. 

     - A meaningful reduction in the computational cost of the PWD is obtainable by 

considering a small 1-D window around the pixel of interest, instead of a full image 2-D 

window.      

Justification for limiting the calculations to a local neighborhood of the signal is 

based on the fact that, in practice, signals cannot always be considered stationary 

processes, and the represented phenomena can be space-variant or time-variant 

processes. In such cases, is better to extract the information at a local level and a small 

data window is basically satisfactory and appropriate for a local analysis.   

2.1.3     Mathematical description of the fusion method 

Consider an original image z and a degraded version of it, obtained by convolution with 

a point spread function 0h , let us say 0hzg . By applying the PWD to z n

  

and 

g n  separately, their respective transformations zW

 

and gW

 

are produced. For filtering 



Chapter 2     Image fusion 14

 
purposes, it can be helpful to consider that the PWD of the functions nz and ng  are 

related by the product      

     , , ,g z 1W n k W n k H n k                                                                                (2.2) 

where ,1H n k

  

can be interpreted as a pseudo-filtering function, since g

 

might not 

exists (Gonzalo et al., 1989). For a thorough discussion see Subotic and Saleh (1985). 

      If the Fourier transformation is represented byF , Eq. (2.2) can be rewritten as  

     , , , ( , )z 1 z 1r n m h n m r n m h n m

 

F F F                                       (2.3) 

where the convolution affects only to variable m

 

and, the relationship 

, , ,g z 1r n m r n m h n m

 

between their respective product functions holds, after the 

convolution property of the Fourier Transform, where nz , ng , ,zr n m   and ,gr n m

 

all represent real non negative functions. Additionally, accordingly with the energy 

conservation principle, 0h n  and ,1h n m

 

must be free of negative coefficients.  

     Consequently, the following conditions are satisfied: 
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                (2.5) 

     Then, by applying the properties of the norm 

 

to Eq. (2.3), the following 

expression is achieved: 

     , , ,z 1 zn n
r n m h n m r n mF F                                                     (2.6)        

Nevertheless, even if images to be fused have suffered a degradation that preserves 

the energy, then differences between the PWDs belonging to different degraded 
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versions of the same image will not necessarily nullify, because the same energy can be 

distributed in a different way among the different frequencies. Consequently, these 

differences can be used for measuring the quality of the source images. Such differences 

can be measured by distances id

 
from the same pixel ,n x y

  
of the source 

images iz  to a worst case reference rz  (see Eq. 2.8 below).       

A blurred average from the original sources has been taken as reference for this 

application, namely: 

     
M

r i
i 1

1
z n z n h n

M
                                                                                       (2.7) 

     Here iz  represent one of the M input images and h is a box filter whose value will be 

detailed later on.       

A distance based on the Euclidean norm can be defined, at pixel level, from the 

PWD of each image to the reference:   

nrii knWknWd ,,                                                   (2.8) 

where   represents an arbitrary pixel of the image; subindices i and r stand for input and 

reference images respectively,  and n, k are defined as in Eq. (2.1). Here, knWi , 

indicates the PWD of image I and, knWr ,  is the PWD of the reference image. The 

Euclidean norm, indicated by

 

, is defined as 

     

1
N 21
2

2

N
i

2

i

  

                                                                          (2.9) 

where 

 

represents any arbitrary real vector. A distance defined in such a way can be 

identified as a Euclidean distance and belongs to the more general family of Minkowsky 

distances (Haralick and Shapiro, 1992). 
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     Theoretically, the largest distance corresponds to the pixel least locally degraded. By 

comparing distances id , a decision map can be obtained, which provides an indexed 

matrix of blur-free regions. Therefore, the blur-free pixels from a set of source images 

can be selected and assigned to a single sharp resulting image, under a cut and paste 

scheme.          

The method proposed herein involves scanning row by row the original image by a 

sliding window block of N pixels, assigning to each pixel a N-component PWD vector. 

In such a way,  both the spatial and the spatial-frequency information of every pixel of 

the image is gathered. Having a multiple input information, i.e., two or more images 

partly defocused in complementary regions, it is possible, by fusing the source images 

to obtain a enhanced one, which can be considered as the unknown true original. 

     This method is based on the idea that pixels on different images have different N-

component PWD vectors associated with them; thus, a measure can be taken for 

determining, for a given pixel, which source image measures the greatest distance to a 

reference. This approach is closely related with a shape matching concept of the 

PWDs through magnitude measurement (Haralick and Shapiro, 1992). Qualitatively, the 

more defocused an image is, the more the high frequencies will be diminished, affecting 

the shape of the PWD. These dissimilarities in the shape of the PWDs have been 

coupled with the notion of distance and used to take an accurate decision.   

2.1.4     Experimental results 

Several examples are presented for qualitative and quantitative evaluation of the 

method, based on the use of artificially generated space-variant registered input images. 

This method requires prior registration of the images to be considered; otherwise the 

resulting fusion procedure would introduce a blurring effect, more noticeable as 



Chapter 2     Image fusion 17

 
misregistration increases. The scheme described here is not a deconvolution method and 

it is based on detecting the best focused pixels among a set of occurrences in different 

input images. If a sharp view of a given area is not present in any of the inputs, a blurred 

spot will result in the output. Hence, this method must be considered exclusively as a 

cut and paste method. 

      Fig. 2.1A and 2.1B show two images that present in-focus regions located in 

different (and complementary) parts of the image. Usually called background and 

foreground. These images have been processed by comparing their PWDs with the 

PWD of the mixed reference shown in Fig. 2.1C. This reference has been obtained by 

using a blurring convolution kernel h = (1/16)[1 4 6 4 1], applied by rows and then by 

columns to anyone of the source images.  

Figure 2.1. A and B: Two complementary space-variant defocused images. C: Mixed reference as 
described in the text. D: Binary activity map from the PWD s measured distance, at pixel level. E: 
Smoothing step for eliminating isolated pixels. F: Resulting enhanced image.   

     The fusion procedure can be summarized as follows:  
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First, the 1-D PWD is applied by rows using an 8-pixel sliding window, computed 

according with Eq. 2.1. This procedure is repeated for every image row up to cover the 

full image. Then, the Euclidean distance to the mixed reference image is obtained pixel-

by-pixel using Eq. 2.8. The highest distance, according with such criteria, allows us 

extracting the in-focus pixels of the referred images. A decision map (DM) can be 

drawn from the pixel classification induced by the distance. Since the input images (Fig. 

2.1A and 2.1B) can be considered complementary versions of an unknown ground-truth 

image, the decision map shown in Fig. 2.1D allows us computing the fused image (Fig. 

2.1F). This decision map is a binary image whose elements are related one-to-one with 

the pixels from the images. It has a value 1

 

when 1 2d n d n

 

and a value 0

 

otherwise.  For improving the decision performance, an additional smoothing step has 

been applied to the decision map shown in Fig. 2.2D. Appendix B describes this 

smoothing procedure that allows removing isolated pixels (see Fig. 2.2E). 

Figure 2.2. A and B: Two complementary space-variant defocused images. C: Mixed reference as 
described in the text. D: Binary activity map from the PWD s measured distance, at pixel level. E: 
Smoothing step for eliminating isolated pixels. F: Resulting enhanced image.  
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     Figures 2.2 and 2.3 illustrate, with synthetic blurred versions of Cameraman and 

Lena images, the performance of the method. Results and comments are similar to those 

given for Figure 3.1.  

       

Figure 2.3. A and B: Two complementary space-variant defocused images. C: Mixed reference as 
described in the text. D: Binary activity map from the PWD s measured distance, at pixel level. E: 
Smoothing step for eliminating isolated pixels. F: Resulting enhanced image.       

From a qualitative point of view the results shown in figures 2.1, 2.2 and 2.3 are 

satisfactory. Nevertheless, in order to provide a quantitative assessment, some objective 

quality measures have been applied (Zhang and Blum, 1999). With this goal, several 

ground-truth images of 256x256 pixels with 8-bit resolution have been tested. Two 

complementary degraded images were generated by blurring, both horizontally and 

vertically, through the kernel h=(1/16)[1 4 6 4 1]. 

     Similar results have been achieved using other energy preserving kernels. Thus, each 

fused image result can be compared with the original ground-truth image. Mean squared 

error (MSE), peak signal to noise ratio (PSNR) and the percentage of correct decisions 
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(PCD) have been used as quality indicators. Definitions of such metrics can be found in 

section A.4.1.    

     The results from processing Cameraman and Lena images have been summarized in 

Table 2.1. and compared to other existing multi-scale decomposition methods (MSD) in 

Table 2.2.   

TABLE 2.1 
 QUALITY MEASUREMENTS 

Cameraman 

Measure Blurred version A vs. original 

 

Blurred version B vs. original Enhanced image vs. original 

PSNR 28.86 dB 27.36 dB 46.92 dB 

RMSE 9.20 10.93 1.15 

PCD 58.25 58.47 98.55 

Lena 

Measure Blurred version A vs. original 

 

Blurred version B vs. original Enhanced image vs. original 

PSNR 36.32 dB 35.79 dB 49.75 dB 

RMSE 3.89 4.14 0.83 

PCD 63.32 58.01 97.33  

TABLE 2.2 
MULTISCALE DECOMPOSITION METHODS AGAINST THE PWD METHOD 

RMSE: root mean square error. PCD: Percentage of correct decisions   

Measure 

PWD 

Average 

(over 36 examples) 

MSD 

Best results 

(Zhang and Blum,1999) 

RMSE 2.2887 2.58 

PCD 97.0545 81.2 

            

This new scheme appears to provide equal or even better performance than the best 

existing methods in the literature (Zhang and Blum, 1999) when comparing similarly 

generated inputs.   
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2.1.5     Computational complexity 

The computational complexity of the scheme proposed is bounded by the FFT which is 

O(Nlog2N), where N is the number of pixels involved in the operation. The PWD 

requires a FFT for each pixel of the image, therefore the computational complexity can 

be estimated as O(MNlog2N), where M is the number of pixels in the image and N the 

window size used for implementing the PWD. The benefits of using a 1-D better than a 

2-D PWD processing scheme can be illustrated by comparing window sizes. Let us 

consider N the length of the window in the 1-D case and a KxK window for the 2-D 

case. The comparison factor between both schemes can be determined as O(N log2N/K2 

log2K
2), i.e., if we take K = N, the complexity of a 1-D compared with a 2-D scheme is 

:1 2N

 

(this relationship may be even better when K N

 

as usual in older 

applications) .   

2.1.6     Behavior against the noise  

As this method is based on selecting a pixel out of a set of input values, only a noisy 

free scenario can be considered here. That means that the noise free regions must be 

obtained at least from one of the input images to be fused. Hence, this method does not 

have a denoising effect. In other words, if all input images are noisy the resulting output 

will be noisy as well. Lena image was taken as an example for testing the noise 

influence on the image fusion process. This was accomplished by adding up to the input 

images different amounts of Gaussian noise. Figure 2.4 shows a plot of the results for 

different levels of noise degradation. The two different degraded versions A and B of 

the original image are represented by squares and triangles respectively. Diamonds 

represent the fused image and the circles represent a noisy original with the same 

amount of Gaussian noise as their respective A and B inputs. From such graphics, we 
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can derive that the fused image approximates the noisy copy of the original, but it 

appears noisier. As more Gaussian noise is added, the differences between input and 

output images are less relevant. For small amount of additive noise there is a noticeable 

gain in the signal to noise ratio of the fused image, but for higher levels of noise the 

performance of the method degrades fast. 

 

Figure 2.4. PSNR values for different degraded realizations by adding Gaussian noise versus original 
image. Circles: noisy copy of the original image. Triangles: noisy version A. Squares: noisy version B.  
Diamonds: fused image from corresponding noisy A and B versions.  

2.2     Multifocus image fusion 

This section provides information about the development and completion of objective 

OBJ2 as defined in Section 1.3.  

2.2.1     Introduction   

In many practical situations, the visual in-focus information of a 3-D object is spread 

out among a set of 2-D spatial-variant images, being the main goal to gather all the in-

focus information in a single 2-D image. Relevant examples of this kind are images 

from bright field microscopy (Valdecasas et al., 2001). It is well known that 
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microscopes cannot provide an all-in-focus representation of a 3-D microscopic object. 

Microscopic images suffered of spatial-variant blur. That means that part of the image is 

in-focus whereas other parts of the image are out-of-focus. This scenario can be 

recognized as a multifocus image fusion

 
problem. Considering that in-focus areas of 

the object must be identified and recovered from different image frames, this fusion 

variety can be identified as a cut and paste or gluing model. The aim of fusion 

methods is to produce a 2-D representation of the whole 3-D microscopic object from a 

stack of registered images of the same object that have been acquired with different 

lenght of focus. The spatial-variant blur shown by multifocus images implies that 

methods based on the spatial/spatial-frequency information of the input images are very 

appropriate for tackling this kind of problem.  

         This special case of space-variant degradation that occurs when multifocus images 

of the same scene are available has been the subject of many image fusion methods 

(Kundur, Hatzinakos, and Leung, 1997, Zhang and Blum, 1999). The methodology 

already explained in Section 2.1 has been successfully applied to multifocus 

microscopic images and has been experimentally validated with some examples taken 

from microscopic bright field microscopy.   

2.2.2     Experimental results   

To illustrate the method, some realistic examples are presented here, where stacks of 

microscopic spatial-variant registered images from the same object have been 

processed. As a result, a fused image with all pixels in focus has been derived. The 

accuracy of the 2-D representation from the 3-D original object is granted upon the 

results presented in section 2.1.  
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The selected images represent microscopic views of 3-D biological specimens as 

radiolarian and dinoflagelates. Each stack has been set up as a set of registered images 

with different equally-spaced focusing lenghts. Hence, none of such individual images 

is able to represent the object entirely in focus. The goal here has been to identify, at a 

pixel level, which parts from each image of the stack were in focus and then merge, by a 

cut and paste operation, these areas together for completing a 2-D representation of the 

original 3-D object. 

     Fig. 2.5 shows a stack of eight registered microscopic images belonging to the same 

micro-organism (a radiolarian), taken with different equally spaced focus lenghts. The 

resulting enhanced image is shown in Fig. 2.6b. The eight input images have been 

processed by comparing them with a reference image generated as the convolution of an 

average image from the stack with a blurring function. The fusion procedure is the same 

described in section 2.1. A decision map (DM) can be derived by assigning labels (1 

to 8) to pixel positions, according to the pixel-wise decisions as visualized in Fig. 2.6a, 

where the grey levels (1, 2, etc. ) indicate from which image of the input stack, pixels 

must be cut and paste in the resulting image, shown in Fig. 2.6b. 

Figure 2.5. Eight registered microscopic spatial-variant defocused images corresponding to a radiolarium 
specimen. Graphics compare PWD s shapes from homologous pixels of two input images.  
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Figure 2.6. a): Decision map from images of Fig. 2.5. The pixels selected from the different images are 
represented by a different gray-level. This means that black pixels of this image indexes to pixels from 
top left image of Fig. 2.5 and white pixels of this image indexes to pixels from bottom right image of Fig. 
2.5. b): Fusion of the eight images of Fig. 2.5 according to the decision map.  

     Figures 2.7 to 2.10 show other illustrative examples corresponding to different 

biological specimens. 

Figure 2.7. Eight registered microscopic spatial-variant defocused images corresponding to the 
dinoflaglellate Ceratium furca . 

Figure 2.8. a): Decision map from images of Fig. 2.7. The pixels selected from the different images are 
represented by a different gray-level. This means that black pixels of this image indexes to pixels from 
top left image of Fig. 2.7 and white pixels of this image indexes to pixels from bottom right image of Fig. 
2.7. b): Fusion of the eight images of Fig. 2.7 according to the decision map. 
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Figure 2.9. Fifteen registered microscopic spatial-variant defocused images corresponding to a 
radiolarium specimen. 

Figure 2.10. a): Decision map from images of Fig. 2.9. The pixels selected from the different images are 
represented by a different gray-level. This means that black pixels of this image indexes to pixels from 
top left image of Fig. 2.9 and white pixels of this image indexes to pixels from bottom right image of Fig. 
2.9. b): Fusion of the fifteen images of Fig. 2.9 according to the decision map. 

2.3     Multi-sensor images 

This section provides information about the development and completion of objective 

OBJ3 as defined in Section 1.3. 

2.3.1     Introduction 

Advanced vision systems utilize multiple imaging sensors to capture information. 

Dealing with multi-sensor images, the desired information is assumed to be contained in 

the spectral, spatial, and temporal variation of electromagnetic energy coming from the 

scene. This information is gathered by the sensors. The most familiar example is the 

Earth s surface. Here the interest is to extract information about the scene's structure 
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and contents. With appropriate algorithms it is possible to combine these data and 

produce enhanced images with high spatial and high spectral resolution. This process is 

known as a multi-sensor data fusion. Sensors, used for remote sensing, cover a great 

variety as multi-spectrum sensors, imaging spectrometers and lateral synthetic aperture 

radar. Other applications are computer tomography, nuclear magnetic resonance, 

imaging and ultrasound scanning imaging, that provide multiple modality images for 

computer aided diagnosis in biomedical applications. 

     The image fusion technique introduced in sections 2.1 and 2.2, based in the pseudo-

Wigner distribution analysis for digital camera and microscopic images, can be 

extended to other image capturing fields as multi-source images. The novelty in this 

section is the introduction of a pixel-wise entropy of the images as a quality indicator to 

determine the fusion step. The generalized Rényi entropy provides a quantitative criteria 

to evaluate performances of different distributions and can be used for adaptive and 

automatic parameters selection in time or space frequency analysis (Stankovic, 2001). In 

this section, the application of this measure to the multi-sensor image fusion problem 

through the PWD of the source images will be described.       

The fused image is here decided after the application of a Rényi entropy measure to 

the pixel-wise PWD of the images. The Rényi measure makes possible identify 

individually, from an entropic criterion and in a noise-free scenario, the pixels with 

higher amount of information among the given source images. The method is illustrated 

with diverse related images of the same scene, coming from different sources. 

Eventually, some numerical results are presented, giving objective estimation of the 

accuracy of the fusion examples.      

Rényi entropy is receiving an important attention as a data analysis tool in many 

practical applications, due to its relevant properties when dealing with time-frequency 
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representations (TFR). Its main feature consists in measuring the information contents 

of a given signal. For a more detailed presentation of the mathematical properties of the 

Rényi entropy see section A.2.3. The use of the Rényi entropy can be extended to 

spatial-frequency applications. In this section we present results of applying the Rényi 

entropy to the image fusion method introduced in the previous sections of this chapter, 

based on the use of the PWD in a one-dimensional set-up. 

2.3.2     Description of the fusion method 

The 1-D PWD of a given image can be computed by using an N-pixel sliding window to 

span sequentially the whole image, according with Eq. 2.1. The data obtained produces 

an N-component vector at every pixel location, as is graphically shown in Fig.2.11.   

 

Figure 2.11. A digital image and 3 different graphics of the PWDs corresponding to three different 
pixels. The graphics show the dissimilar contents of every pixel.  
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By this procedure the spatial/spatial-frequency information of the image is available. 

Directionality is another feature to be considered. The 1-D window used to compute the 

PWD can be oriented in any direction over the image. Hence, useful directional 

information is derived.   Figure 2.12 shows a visualization of the PWD over the same 

image and two different orientations. The figure shows the PWD of the image in Fig. 

2.11. The window size used to produce the PWD was 8 pixels and the orientations taken 

were 0 and 90 degrees respectively. However, any other arbitrary orientation of the 

window is possible. It is worth noting the change of shape experienced by the 

distributions according to the orientation; this makes available a directional analysis of 

the spatial frequency contents of the images.      

Considering the image fusion case, the pixel-wise frequency data given by the 

directional 1-D PWD is a paramount information to obtain a single enhanced image out 

of a set of related inputs of the same scene. 

   Starting from a set of registered input images, the goal is to determine a rule to assign 

a value to a given pixel in the output resulting image. The Rényi entropy given by 

     
k

3
23 knPlog

2

1
nR ,      (2.10) 

is used here to associate a quality parameter to every pixel of the set of input images.     

   If more than one directionality is taken, the Bayes rule can be used to estimate a single 

smoothed value in each pixel position as follows. Consider that 

,
j j j j

x y x,y 1 x,y 2 x,y ir ,  r  ...  rr is a vector whose components are the Rényi entropies as 

measured by Eq.(2.10), in position ,n x y , and oriented along the  angle i

 

corresponding to image j 1, 2, ... J . These values can be normalized as probabilities by 

taking  , , ,

Ij j j
x y x y x y ii 1

rr r . Here, I represents the number of orientations. 
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     Suppose that event X indicates an optimal choice of pixel  n

 
as having the best 

information content when compared to other alternative images, and 
,) j

i x y iP(X/ r is 

interpreted as the probability of position n

 
of the same image having the best 

information content when direction i  has been previously selected. 

     The Bayes rule (Berger, 1985) given by 

               
( ) ( / )

/ )
( ) ( / )

i i
i I

i ii 1

P P X
P( X  

P P X
            (2.11) 

provides an a posteriori estimation of probabilities )/()( XPP ii . Then a more accurate 

estimation of  P(X) is possible: 

              ,) ( / )
I j

i i x yi 1
P(X) P( P X r                (2.12)      

Using in each pixel n the set of numbers 1 2 J
x,y x,y x,yr ,  r  ...  r

 

as smoothed entropies for the 

set of input images ,1 2 Jz , z ... , z , the fusion procedure can be achieved by using the 

entropies as weighting coefficients to the inputs as follows:  

     
J

j j
j 1

z n r n z n                                                                                            (2.13)      

The jr n  have been identified with the ,
j

x yr  to simplify notation.      

Figure 2.12. Pseudo Wigner distribution of the image shown in Fig. 3.11. a) PWD using a window 
oriented to 0 degrees. b) PWD using a window oriented to 90 degrees. Graphics on the bottom-right 
corner represent the PWDs corresponding to the pixel labelled as x in Fig. 3.11. Each pixel in the image 

has a vector ...N 2 N 2 1w ww representing its PWD. The different blocks arrange elements with 

the same label iw . 
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2.3.3     Experimental results      

Images shown in figures 2.13, 2.14, 2.15 and 2.16 are multi-sensor fusion examples.  

Input images have been selected from a data base belonging to the Imaging Science 

Biomedical Engineering, University of Manchester, UK. The fusion procedure involves 

two multi-sensor input images of the same scene. In these examples, the value ( )iP 1 2

 

has been taken for calculating expressions (2.11) and (2.12) as only two images are 

involved in each experiment. Also, six different orientations have been considered.   

     In each figure, the image labeled as c has been obtained merging the inputs a and b 

by a multiscale transform fusion algorithm due to Petrovic (2004). The image d 

corresponds to the Wigner-Rényi method described in this section. Previous to the 

application of the Wigner-Rény fusion method, a histogram matching step has been 

implemented. This step consist in taking the histogram of one of the input images as 

reference and modify the grey-levels of the other image to match the histogram of the 

first one (Heeger and Bergen, 1995). A more smoothed fusion is achieved this way. 

Figure 2.13. Visual comparation of two image fusion methods. a and b: Input images. c: Resulting fused 
image by applying a multiscale transform method. d: Resulting fused image by applying the Wigner-
Rényi method. The areas within the white frame appear magnified in figure 2.14.  

 

Figure 3.14. Detail of fused images from figure 2.13. a: multiscale transform method. b: Wigner-Rényi 
method.  
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Figure 2.15. Visual comparation of two image fusion methods. a and b: Input images. c: Resulting fused 
image by applying a multiscale transform method. d: Resulting fused image by applying the Wigner-
Rényi method. The areas within the white frame appear magnified in figure 2.16.  

 

Figure 2.16. Detail of fused images from figure 2.15.  a: multiscale transform method. b: Wigner-Rényi 
method.        

To complete the set of possible applications of the Wigner-Rényi fusion method 

described in this section, a set of medical images are presented in the following figures. 

Again input images are taken by pairs. Histogram matching was not required.  

 

Figure 2.17 Example of a Wigner-Rényi image fusion. Input images: a and b. Fused image: c. The 
resulting image gathers in a single view the sharpest information contained in the two input images. The 
area within the white frame appears magnified in figure 2.18c.  
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Figure 2.18. Detail of fusion from figure 2.17. Input images: a and b. Fused image: c.     

 

Figure 2.19. Example of a Wigner-Rényi image fusion. Input images: a and b. Fused image: c. The 
resulting image gathers in a single view the sharpest information contained in the two input images. The 
area within the white frame appears magnified in figure 2.20c.    

  

Figura 2.20. Detail of fusion from figure 2.19. Input images: a and b. Fused image: c.   

2.3.4     Quality evaluation 

Objective quality assessment is a difficult operation due to the variety of applications 

and possible quality measurement methods available. Many quality metrics are based in 

comparing the test image with a reference image and computing a distance between 
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them (Wang et al., 2004). If a ground-truth image is not available those methods are not 

feasible. In such a case, other metrics based on the information contained in the image 

itself should be preferred. The examples presented in this chapter are of this sort. These 

examples have been evaluated by measuring the Shannon (1949) entropy of the images. 

In general, as entropy measures uncertainty which is closely related to the information 

contents of the image, it is highly probable that the fused image shows a higher value of 

entropy than their corresponding inputs. Table 2.3 gives the entropy values of the 

different images used in the examples above and those of their corresponding fusion 

images. The two last examples in the table show that the fused image not always has a 

higher entropy value than the input images. This indicates that an entropic measurement 

based exclusively in the grey-levels of the image is not enough to identify the quality of 

the image and justify the use of a different kind of criterion. Quality measurement will 

be treated in depth in Chapter 5, where a new contribution to this topic will be presented 

and discussed. Here, we are only including some introductory remarks. 

TABLE 2.3 
Values in the table represent the Shannon entropy of the images. In general, but not always, the entropy of 

the fusion is greater  than any of the inputs, due to its greater information content. 

Figure Input a Input b Fusion c 

2.13 6.7118 7.0844 7.7916 

2.15 6.6282 7.3206 7.8046 

2.17 6.7650 6.3247 6.6002 

2.19 5.1689 4.7967 5.1468  

2.4     Spatial-variant image denoising  

This section provides information about the development and completion of objective 

OBJ4 as defined in Section 1.3. To do so, the fusion methodology already described in 

the preceding sections of this chapter has been extended to the cloud-covering removing 

problem. The starting source images in this application are a set of multi-temporal 
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registered images. The problem to be considered in this case is formally different from 

others previously treated in the chapter as explained below.  

     When the origin of the degradation is image blurring there are different possible 

scenarios. Out-of-focus affects digital camera images by segmenting the view generally 

in two regions, foreground and background . Microscopic images present a very 

narrow focus depth, originating a continuous changing of the in-focus regions on 

equally spaced realizations. Now, the origin of the image degradation is occluding 

noise, ranging from a light haze to a dense cloud. Therefore, this case has fundamental 

differences that require to be treated separately.       

The solution presented here to the cloud removal problem is based on the image 

fusion methodology introduced in this chapter and on a pixel-wise cloud model. The 

goal consists in providing a 2-D clean image, after removing the spatial-variant noise 

disturbing the set of multi-temporal registered source images. The procedure is based on 

a pixel-level measure. A statistically parameterized model of a cloud prototype has been 

taken as reference. This denoising procedure enables to choose the noise-free pixels 

from the set of given source images. The applicability of the method to the cloud 

removal paradigm is illustrated with different sets of artificial and natural cloudy or 

foggy images, partially occluded by clouds in different regions.   

2.4.1     The cloud removal problem 

Optical remote sensing, as typical satellite applications, has to cope with the so called 

cloud covering problem that can be regarded as an important difficulty affecting the 

observation of the earth s surface. Diverse techniques have been proposed including 

methods based on thresholding (Warner et al., 2001) or wavelet decomposition 

(Wisetphanichkij et al., 1999) to cope with the problem. Typically, a clean image can be 



Chapter 2     Image fusion 36

 
produced by creating a cloud-free mosaic from several multi-temporal images related to 

the same area of interest (Li, Liew and Kwoh, 2004) There exists difficulties inherent to 

this matter when radiance variations are used as the main feature to discriminate cloudy 

and clear conditions, given that the intensity of the cloud can occasionally match the 

intensity of the earth.   

2.4.2     A new spatial-variant enhancement method 

The method introduced here is insensitive to the intensity of image pixels, and it is 

based only on characterizing the frequency content of the cloud by a PWD pattern 

discernible from the earth s pattern by a local spectral measure. A set of multi-temporal 

images, containing partial cloud-covered views, are processed together to build an 

entirely clear image of the site. The cloudy areas in the input images are discarded and 

substituted by cloud-free areas from other images of the same set acquired at different 

time. The whole procedure can be considered as an automatic cut-and-paste method. 

The method operates in a pixel-wise scheme, allowing dealing with so diverse cloudy 

cases such as fogs or mists. 

     Fig. 2.21a and 2.21b show two images that present artificially generated cloudy 

regions, located in different parts of the image. Fig. 2.21c and 2.21d represent the 

PWDs of the same given pixel position in both images.  
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Figure 2.21. Simulation of a cloud covering condition. In this example the camera is static, and the aerial 
images are partially occluded by clouds that change in shape and position from a to b . c) PWD of a 
cloudy pixel. d) PWD of the same pixel position in a ground condition. Note the different frequency 
content of samples c and d . Horizontal axis in c and d represents spatial frequency position, 
whereas vertical axis represents spectral value contents.       

The 1-D PWD is a pixel-wise vector with the same number of components as the 

window used to its calculation.  

     Namely, 

, N/2 N/2 1PWD x y w ,  ... , ww                                                              (2.14) 

represents the PWD of a pixel located at position ,x y

 

in a given image, calculated 

with a window of N pixels.  
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     Some multi-temporal images, such as satellite images, are often corrupted by clouds 

and studies of the statistics of clouds, considered as noise, can be found in the literature 

(Galleani et al., 2002). According to this, the cloudy spots on multi-temporal images can 

be modeled by generating fractal noise through the Random Midpoint Displacement 

Algorithm (Hahn, 1997) or by generating a noise image with 1/f power magnitude 

spectra. An averaged prototype of the cloud has been synthesized from a collection of 

randomly generated clouds and, used to define a reference PWD pattern. Then, the 

cloud has been modeled by a vector as   

, [ ]cloud cloudPWD x y 0,0,  ... , 1,...,0,0w                                          (2.15)      

We use a normalized version for earth and cloud, i.e., 1cloudww . The smooth 

change of grey-values in the cloud model originates that all elements in (2.15), except 

the central one, turns to be zero (see Fig. 2.21c). Normalization makes the algorithm to 

be independent of the brightness of the pixels, i.e., darkness or brightness of the cloud is 

irrelevant, only local space-frequency content counts.        

Considering the frequency contents of the 1-D pixel-wise PWD, it is possible to 

process the data of a set of source images to identify the cloudy pixels. The method 

proposed herein involves scanning row by row the original images by a sliding window 

of N pixels and assigning to each pixel its N-component PWD vector. In such way, we 

are gathering local spatial-frequency information in each pixel of the image. If we have 

a multi-temporal information of the same area of observation, it is possible to compare 

the PWDs of homologous pixels with the cloud model, given by expression (2.15), to 

identify the cloudy pixels. A clean image is obtainable if the cloudy pixels are excluded 

and substituted by cloud-free pixels present in other images of the sequence.  
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     Provided that each pixel has a different PWD in each input image, the greatest 

distance to the reference

 
cloud model can be used as a measure to determine the noisy 

contents of each pixel.  The more cloudy an image is, the more the high frequencies will 

be diminished. A pure cloud is an extreme case where high frequencies are completely 

missing (see Fig.2.21c).  Consequently, at pixel level, the distance from each one of the 

M source images to the reference can be evaluated by means of their PWDs as:    

, , ,i i cloudd x y x y x y i 1, 2, ... , Mw w                          (2.16) 

   Notation 

 

indicates the Euclidean norm. The maximum value of d among the M 

different source images determines the image where the least cloudy pixel is located, i.e.  

, ,i
i

DM x y arg max d x y i 1, 2, ..., M                            (2.17) 

     Here ,DM x y  has the form of a decision map (DM), determining the image from 

which the gray pixel values have to be selected.   

 

Figure 2.22.  Result of processing images from fig.2.21a and 2.21b. a) Decision map. b) Cloud-free 
resulting image.  Black pixels in Fig. 3.22a represent which pixels from Fig. 2.21a have been incorporated 
to the fused image shown in Fig. 3.22b, whereas white pixels represent which pixels from Fig. 2.21b have 
been incorporated to the fused image shown in Fig. 2.22b.  
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     Figure 2.22a shows an example of the decision map obtained after processing the 

source images from Fig.2.21a and Fig. 2.21b. Black pixels, labeled as 1 indicate that 

those pixels have been taken from the image in Fig. 2.21a and pasted in the resulting 

clean image shown in Fig. 2.22b. Analogously, white pixels have been labeled as 2 

and indicate that pixels have been taken from the image of Fig. 2.21b and pasted into 

Fig. 2.22b.   

2.4.3     Experimental results 

A realistic example is presented in fig. 2.23. Here the camera is fixed looking at a city 

landscape, taking multi-temporal photographs through different foggy situations, 

ranging from a clear weather to a thick mist. The method produces a cloud-free result as 

shown in fig. 2.24.  

 

Figure 2.23. Ten frames corresponding to different realistic weather situations (April 2002). Source: 
WILD (Weather and Illumination Database), Columbia University, Computer Science Dept. In this 
example the camera is static in all the frames and therefore the registration process between them is not 
needed. 
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Figure 2.24. (a) Decision map corresponding to images of Fig. 2.23. Every gray-value encodes from 
which image the pixels should be taken, i.e., black from top left frame of Fig.2.23, white from bottom 
right frame of Fig. 2.23. (b) Fused image. Not all input images are necessarily represented in the fused 
output.          

The results in the examples presented in figures 2.21 to 2.24 illustrate the 

performance of the method presented here. It is worth noting that an area of the 

resulting image cannot be better than the best view of the same area in the source 

images. This is due to the fact that this method is actually a cut-and-paste method, and 

not an image enhancement method. For instance, the result shown in figure 2.22b, has 

the same quality level as the source non-degraded image areas.  The only benefit being 

that the cloud has been removed. It corresponds to the way the picture should look if 

there were no cloud when the pictures were taken.      

In order to quantify the objective quality of the method a numerical test has been 

performed using the six views and the six clouds shown in figure 2.25. Hence, thirty six 

examples, similar to the one shown at the bottom of that figure, are possible. The 

method had to discriminate cloud from earth. The DM generated by the process 

indicates the origin of the pixels used in the final cut-and-paste process which produces 

the estimated clean output. Black pixels in the DM indicate that pixels must be taken 

from input labeled as B, whereas white pixels indicate that they must be taken from 

input 3. In other words, white pixels indicate misclassified pixels. This special case 

have a percentage of correct decisions (PCD: see definition in Appendix A, Section 
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A.4.1) of 95.41, i.e., the percentage of earth identified as earth (here equal to the 

percentage of cloud identified as cloud). The numerical results with the thirty six 

examples elaborated with the images shown in figure 2.25 are summarized in Table 2.4.    

 

Figure 2.25. Top: Six views and six artificially generated clouds. Bottom: Paticular example when 
processing image B against cloud 3.  The DM generated by the process indicates the origin of the pixels 
to be used in the final cut-and-paste step. Black pixels in the DM indicate that pixels must be taken from 
input labeled as B, whereas white pixels indicate that they must be taken from input 3. In other words, 
white pixels indicate misclassified pixels. PCD is standing for the percentage of correct decisions and 
indicates the percentage of earth identified as earth.  

TABLE 2.4. QUALITY MEASUREMENTS 

PERCENTAGE OF CORRECT DECISIONS (PCD)  
Values represent the PCD averaged after processing every image with the six cloud realizations shown in 

fig. 2.25. The average of the thirty six possible cases appears in the last column of the table. 
Image A 

vs. 

clouds 1 to 6 

Image B 

vs. 

clouds 1 to 6 

Image C 

vs. 

clouds 1 to 6 

Image D 

vs. 

clouds 1 to 6 

Image E 

vs. 

clouds 1 to 6 

Image F 

vs. 

clouds 1 to 6 

Total average 

98.9890 93.3954 99.5539 99.3882 99.4233 83.2171 95.6612 
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The results shown in the table indicate that quality is highly depending on the 

morphological contain of the earth (see differences in the values from images A to F in 

Table 2.4). One observable consequence is that earth spots having a smooth surface 

morphology have been misclassified (image F). This effect can be justified thinking that 

some earth patterns are much alike to the cloud pattern used as model, preventing from 

obtaining an accurate discrimination. 

     To illustrate the above explanation, a new example is presented in figure 2.26, where 

nine multi-temporal MODIS views of the Mississippi River Plume are shown. 

 

Figure 2.26. Nine frames corresponding to multi-temporal MODIS views of the Mississippi River Plume 
(photographs from the Institute for Marine Remote Sensing of the University of South Florida).       

Here the cloud and the sea have similar spatial frequency contents. The meaning of 

this is that it is impossible to discriminate water from cloud surfaces simply by using the 

spatial frequency information of the source images. More information is required, as 

brightness differences between water and cloud. To process the images of this example, 

expression (2.16) was applied without a previous normalization of the vectors, keeping 

the intensity information active. As clouds in the images appear as the brightest areas, 

the model of the cloud has been restricted here to be a white surface with its 
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corresponding PWD. The result is shown in figure 2.27. Such figure indicates that under 

the previously described assumptions a close cloudy-free image can be obtained.  

 

Figure 2.27. (a) Decision map corresponding to images of Fig. 2.26. Each gray-value encodes from 
which image the pixels should be taken, i.e., black from top left frame of Fig. 2.26, white from bottom 
right frame of Fig. 2.26. (b) Fused image. Not all input images are necessarily represented in the fused 
output.          

Finally, to put the results of Table 2.4 in perspective with other results published 

elsewhere, they can be compared with the measurements performed by Warner et al. 

(2001) with similar images coming from the Measurement of Pollution from the 

Troposphere (MOPITT) instrument, aboard the Earth Observing System (EOS) Terra 

spacecraft. The validation results showed that their MOPITT cloud detection threshold 

work well for scenes with more than 5-10% of cloud covering. They obtained a PCD 

ranging from 99.11 to 99.89 and performing poorly when cloud cover is less than 5%. 

The method used for cloud detection was a threshold method comparing the observed 

radiance against a model-calculated clear radiance.  Jedlovec and Laws (2001), propose 

a new method named new bi-spectral threshold

 

(BTH) based in a modification to the 

bi-spectral spatial coherence (BSC) method developed by Guillory et al (1998) and they 

present some results with GOES imagery. Results range from 87.76 to 96.34 for the 

PCD related to the cloud detection.    

     The conclusion is that this new cloud removal method, based on a pixel-wise 

PWD analysis of multi-temporal source images,  shows to behave well when earth 

patterns present a rich morphological structure. Quality decreases when earth s 

morphology tends to by regular, approaching the specific characteristics postulated to 

define the cloud model. In such cases the intensity information must be taken in account 
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to define the cloud model, added to its frequency contents. Once the cloud model is 

defined and parameterized, the images can be processed in an automatic way.  

 

2.5     Discussion 

The results presented through the different sections of this chapter support the 

completion of objectives OBJ1 to OBJ4. As a general outcome, it can be stated that a 

new fusion methodology, based on the use of the PWD, has been introduced and tested 

with different kind of source images, as digital camera, microscopic multi-focus, multi-

modal and multi-temporal images. The current scheme has shown to provide the 

expected output from the fusion of the source images. Some quality metrics have been 

applied over artificially degraded images and it has been shown that this methodology 

brings equal, or even better, performance than the best existing methods. The use of a 

small 1-D window for the PWD analysis, greatly decreases the computational cost 

versus a full 2-D Wigner analysis, while providing a pixel-wise spectral information of 

the data. The applications of the method spread over many interesting areas, such as 

earth s surface, microscopy or biomedical images.            
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Chapter 3  

Blind image restoration 

This chapter provides information about the development and completion of objective 

OBJ5 as defined in Section 1.3.  

     The aim of image restoration is to supply an improved output from degraded input 

data. Classical linear image restoration has been exhaustively studied in the past 

(Andrews and Hunt, 1977, Katsaggelos, 1991). There is a more intricate problem 

known as blind image restoration   which has deserved a major research interest in this 

area (Kundur and Hatzinakos, 1996, Bronstein et al., 2005). We can define blind image 

restoration as the process for estimating the true image from a degraded picture, using 

only partial or even gross assumptions about the degradation process.       

In many imaging applications, we can consider an observed image g[x,y] as the 

result of a two-dimensional convolution of a ground truth image f[x,y] with a linear 

shift-invariant blur h[x,y] operator, known as point-spread function

 

(PSF). Assuming 

an ideal noiseless scenario, we have  
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( , )

, , ,

, ,

, , ,
i j

g x y f x y h x y

f i j h x i y j

x y i j

                                             (3.1)      

Here   denotes the two-dimensional linear convolution operator. The problem of 

recovering the true image f[x,y] requires the deconvolution of the degraded image 

g[x,y] from the PSF function, h[x,y]. Sometimes, the PSF h[x,y] is assumed to be 

explicitly known, prior to the deconvolution procedure. Then the problem can be solved 

through a classical linear inverse filtering image restoration technique (Katsaggelos, 

1991). Unfortunately, in many other practical situations, the blurs are unknown, and 

only scarce information about the ground truth is on hand. In these cases, the image 

f[x,y]  must be derived directly from g[x,y], having only partial or even absence of 

information about the blurring process suffered by the image. Assuming the linear 

degradation model given by equation (3.1), we cope with an estimation problem called 

blind deconvolution. The most important reason for justifying the use of blind 

deconvolution is that blind deconvolution is a feasible alternative for increasing image 

quality, especially when there is a lack of information about the degradation process 

produced by the imaging system. Even more, the classical image restoration methods 

that assume a known PSF do not cover all real image degradation possibilities. In these 

cases, a blind deconvolution approach becomes a practical method for image 

restoration. An introduction to the problem of blind deconvolution for images and an 

overview of the basic principles and methodologies behind the existing algorithms can 

be seen in Kundur and Hatzinakos,(1996).      

In this chapter we introduce a blind deconvolution method, where a set of random 

PSFs are used as mutation inductors in every generation of an evolutionary algorithm 

(EA) (Zitzler, 1999). Individuals of each generation are evaluated and selected prior to 



Chapter 3     Blind image restoration 49

 
contend with a new generation. Eventually, the last generation is obtained by a 

measuring/fusion process based on a Pseudo Wigner Distribution (PWD) technique, 

already described in Chapter 2 and  different quality measures are considered for 

determining their suitability.  

 

3.1      Description of the deblurring algorithm 

It is well known that the estimation of f[x,y] from Eq. (3.1) when h[x,y] is unknown and 

only the degraded image g[x,y] is available is an ill-posed problem. Thinking in such a 

problem, a new algorithm is introduced here based on the following identity    

, , ,f x y f x y x y

0 0 0

0 1 0

0 0 0

                                                   (3.2) 

where 

 

is any finite  square matrix of n n

 

elements, being n

 

an odd number, where 

all its elements are zero except the central one. This PSF convolution kernel can be 

considered composed by two other matrices, i.e., 

, , ,L Hh x y h x y x y                                                           (3.3)  

where L and H stand for low and high respectively and with properties that will be later 

established. Consequently, Eq. (3.2) can be re-written as   

, , , , ,L Hf x y f x y h x y f x y h x y                                    (3.4) 

     If we consider now that the blurred image g in Eq. (3.1), is given by 
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, , ,Lg x y f x y h x y

  
                                            (3.5) 

an iterative algorithm can be derived upon the scheme   

, , , ,

, , ,

H

L

f x y g x y f x y h x y

g x y f x y h x y
                                          (3.6) 

    Eq. (3.6) is the kernel of the new algorithm introduced here to solve the blind 

deconvolution problem. Here  ,f x y

 

and  ,f x y

 

represent the two consecutive 

iterative estimations of the true image ,f x y at time t and t+1 respectively. A different 

PSF ,Lh x y

 

is randomly generated at each iteration, and ,Hh x y is simply derived by 

substituting it in Eq. (3.3). ,Lh x y

 

must be excluded, to avoid the trivial solution: 

gfhh HL ,, 0 .  

     Two figures of merit can be defined for controlling the convergence process: 

Matching index: ,1 PSNR g g

 

is a peak signal-to-noise ratio as defined in 

section A.4.1 Here, the image is considered as a N x M gray-level image with 8 

bit/pixel. We can consider that the best estimate of ,f x y

 

corresponds to the output 

,f x y  with the biggest  1  value.      

Blur estimation: ,2 PSNR f g , is defined similarly to 1 . The best estimate of 

,f x y

 

corresponds to the output ,f x y

 

with a ,PSNR f g

 

value closest to a given 

minimum that must be estimated and which represents the actual degradation of the 

source image to be deblurred.      

These two conditions can be arranged as a feature vector ),( 21

 

that will allow 

controlling the convergence of the iterative algorithm. However, other additional 
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constraints have to be imposed to the estimated functions  ( , )f x y

 
and ,Lh x y for 

fulfilling convergence. These constraints are stated as follows: 

     PSF constraints 

     The following assumptions are made on the PSF:      

1) The PSF is positive, and the mean value of the image is preserved in the 

degradation process. That is,  

( , )

,
h

L
x y R

h x y 1

  

                                                                   (3.7) 

where Rh is the finite support of the PSF ,Lh x y . 

     2) The PSF should be symmetric with zero-phase.  

     Image constraints 

     1) Nonnegativity  

, ,
,

f x y if f x y 0
f x y

0 otherwise

 

                           (3.8) 

     2) Dynamic range clipping  

, ,
,

f x y if f x y 255
f x y

255 otherwise
                             (3.9)       

The main objective of the algorithm is to find an accurate approximation of f[x,y] by 

testing a random PSF and evaluating the two components feature vector , keeping the 

iterations until some given error is reached for a certain number of generations. The 

problem we are dealing with is a multi-objective optimization problem (MOP) that can 

be treated under the perspective of evolutionary algorithms (EA) (Zitzler, 1999).    
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3. 2     Evolutionary algorithms      

The term evolutionary algorithm (EA) stands for a class of stochastic optimization 

methods that simulate the process of natural evolution (see Zitzler, 1999 for details). All 

of these methods operate on a set of candidate solutions. Using strong simplifications, 

this set is subsequently modified by the two basic principles of evolution: selection and 

crossover. In evolutionary algorithms, natural selection is simulated by a stochastic 

selection process. Each solution is given a chance to reproduce a certain number of 

times, depending on its quality. Thereby, quality is assessed by evaluating the 

individuals and assigning them some fitness criterion. The other principle, variation, 

imitates natural capability of creating new living beings by means of recombination 

and mutation. 

     In general, an EA is characterized by three facts: 

1) a set of solution candidates 

2) these candidates undergo a selection process 

3) genetic operators are applied to the set of solutions 

     In our case, feature 1 is fulfilled by introducing in (3.6) a set ,k t
f x y

 

that we 

identify as population Pt at a certain generation t.   Feature 2 is satisfied by calculating 

individual s fitness on the basis of Pareto dominance criterion, first suggested by 

Goldberg, (1989).   

3. 2.1     Pareto dominance 

In a single-objective optimization problems (SOP), a feasible set fX is completely 

ordered according to a generalized objective function f. To be precise, for two solutions 

fXba, either )()( ba ff

 

or )()( ab ff . However, when several objectives are 
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involved, we deal with a multi-objective optimization problem (MOP) and the situation 

changes: fX  is, in general, not totally ordered, but partially ordered (Pareto, 1896).      

A general MOP includes a set of n parameters (decision variables), a set of k 

objective functions, and a set of m constraints. The optimization goal is to 

Yy

Xx

0xxxxe

xxxxfy

),,,(

),,,(

))(,),(),(()(

))(,),(),(()(

k21

n21

m21

k21

yyy

xxxwhere

eeetosubject

fffmaximize

                                (3.10) 

Here x

 

is the decision vector, y

 

is the objective vector, X is denoted as the decision 

space, and Y

 

is called the objective space. The constraints e x 0

 

determine the set 

of feasible solutions. The feasible set fX is defined as the set of decision vectors that 

satisfy the constraints e x , i.e., 0xexf )(XX . The inequality e x 0

 

can be 

changed to read any other condition depending upon the constraint criterion applicable 

in a given case. Consequently, the image of fX is the feasible region in the objective 

space and it is denoted as Yf.  

     For any two objective vectors u

 

and v , the following relations are fulfilled:  

   

, , ... ,

, , ... ,

i i

i i

=   when  u v   i 1 2  k

  

when  u v   i 1 2  k

>   when     

u v

u v

u v u v u v

                                                       (3.11) 

where the relations and are defined similarly. Therefore, two decision vectors 

ba , can have three possibilities with MOPs regarding the 

 

relation:  

)()()()(),()(),()( abbaabba fffforffff

 

(in contrast with the two 

possibilities for SOPs).  
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Following the previous statements, the Pareto dominance for any two decision 

vectors, a  and b , can be defined as: 

      

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

dominates when f f

weakly dominates when f f

is indifferent to when f f f f

a b a b a b

a  b a b a b

a ~ b a b a b b a

      (3.12) 

     The definitions for a minimization problem ,,, ~ are similar.       

The following definitions characterize the Pareto optimality and non-dominated sets 

and fronts: 

     A decision vector fXx is said to be non-dominated regarding a set fXA

 

when  

xaAa :                                                                                (3.13) 

x

 

is said to be Pareto optimal when  x

 

is non-dominated regarding fX . Let fXA . 

The function )(Ap gives the set of non-dominated decision vectors in A :  

AaAaA regardingednondominatisp |)(                            (3.14)       

The set )(Ap is the non-dominated set regarding A , the corresponding set of 

objective vectors ))(( Af p is the non-dominated front regarding A . Furthermore, the 

set )( fp p XX

 

is called the Pareto-optimal set and the set )( pp f XY

 

is denoted as 

the Pareto-optimal front.      

Feature 3 includes operations such as mutation, elitism, and clustering. Mutation 

implies modifications introduced to a given generation, i.e., by means of new generated 

PSF random functions. Elitism is a term coined by De Jong (1975) and suggests a 

strategy for always including the best individuals of population tP into 1tP in order to 

prevent losing them after comparing them with the new generation. Eventually, 
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clustering is a statistical classification procedure of individuals using representatives for 

reducing populations. 

3. 3     Implementation of the evolutionary algorithm  

The fundamentals of this EA for image deconvolution can be sketched as shown in Fig. 

3.1. Generation t is subject to a mutation by applying algorithm (3.6) to all the 

individual images, using a new set of random generated PSFs. The PSFs used in this 

algorithm are generated as follows:  

     1) Determine the PSF size, nn , being n an odd number 

     2) Generate randomly 21n /)( values in the range [0, 1] 

     3) Order these values in ascending order      

4) Mirror the values left to right to produce a vector h of n elements (avoiding 

duplicating the central one) 

     5) Generate a matrix H  by convolving h with its transpose vector, i.e., ThhH

 

     6) Normalize H to obtain the final PSF random function ,1 i jPSF H H
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Figure 3.1. One step diagram of the EA       

Each new individual is evaluated by an objective feature vector ),( 21

 

as 

defined in section 3.1.1. A Pareto dominance measure is used for determining a Pareto 

front, including the former generation in the selection process (elitism). Eventually, the 

survivors are subject to a fitness filtering consisting in eliminating the individuals whose 

),(2 gfPSNR

 

value is greater than the corresponding expectation value for such 

generation. After that, we conclude with a clustering process where only one 

representative of every class is selected and arranged in generation t+1. The process is 

iterated T times. The stopping criterion is 2
T
2 , i.e., when, after the Tth 

generation, the difference 0

 

between the stopping value 2

  

and the actual 

estimated average value T
2

 

is considered insignificant. The practical value for can be 

determined experimentally. After the Tth generation there is a set of possible solutions 

(the surviving individuals) which exhibit the best performance throughout the process, 

according with the given evaluation measure. Selecting the best image from a set of 
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images, when all the images have, apparently, a similar quality is not a simple task. Two 

options are presumably available:       

1) Apply a measuring method to the images and classify them by the results of the 

measurement.  

     2) Apply a fusion method.   

     Both alternatives have been considered and evaluated in this chapter.   

 

3.3.1     Complexity of the method      

Evolutionary algorithms are usually computationally costly and the PWD fusion 

method as well. Under this scenario, the proposed method requires an important 

computer time. In the example shown in Fig. 3.4, the PWD fusion method was applied 

after the 6th generation of the EA. At every generation, 50 random PSF s have been 

generated for mutating 5 input images taken from the previous generation and 

originating 5 new Pareto optimal survivors. This requires 250 image convolutions every 

generation, totalizing 1,500 convolution operations. On the other hand, the 

computational complexity of the PWD fusion method is bounded by the FFT. The PWD 

requires a FFT for each pixel of the image, therefore the computational complexity can 

be estimated as O(MNlog2N), where M is the number of pixels in the image and N the 

window size used for implementing the PWD. For example, with M = 256x256 and N = 

8, the number of operations ranges about 196,608x5 (as 5 images are involved in the 

fusion calculations). Nevertheless, the advantage of the method consists in achieving a 

good approximation of the ground truth original with a minimal input information and 

using a very simple blind scheme, without any further assumptions about the unknown 

PSFs.  
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3.4      Experimental results       

In order to evaluate the performance of the above described method, a set of ground 

truth images have been selected and processed, determining the quality of the enhanced 

images by means of different measurements, i.e., PSNR, RMSE (Zhang and Blum, 

1999, Wang and Bovik, 2002, Shannon, 1949, Rényi, 1961). Most measures require an 

original reference, normally called the ground truth image. However, in most of the 

cases the ground truth image is unknown, and therefore only the self-contained 

measures can be used.       

Let us consider the Lena image (255x255 bits, 8 bit/pixel) as a first example. A 

blurred copy was generated by convolving it with a low pass filter (Fig. 3.2). Then, the 

evolutionary algorithm described in this chapter was applied to the blurred copy of 

Lena.    

 

Figure 3.2. a) Ground truth image. b) Blurred image taken as input to the EA. The PSNR between both 
images is 28.4119 dB.   

     Table 3.1 gives data of the results after the PWD fusion for different PSF sizes and 

PSNR error limits.  
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TABLE 3.1 

RESULTS FROM PROCESSING LENA IMAGE USING DIFFERENT INPUT PARAMETERS. 

Values on the table represent the ),( ffPSNR , i.e., compares enhanced image with the ground truth 

image. Measurements have been performed after the 6th generation of the EA. Each generation was 
originated by operating 50 new random PSFs with the 5 survivors from the former generation (250 
mutations) and restraining the outputs to 5 by Pareto selection and clustering. The true ),( gfPSNR 

was 28.4147 dB. The best solution ( 043735ffPSNR .),( ), visualized in Fig. 3.4, is obtainable 

when 29gfPSNR ),( and a PSF of size 5x5 pixels are used as input parameters.  

PSF size 

 

3x3 5x5 7x7 9x9 11x11 

25

 

32.591 31.0759 30.4279 30.4557 28.7405 

26

 

31.321 32.4591 32.0653 32.4388 30.4318 

27

 

31.7793 34.048 32.7383 31.8647 30.2739 

28

 

32.33 34.987 33.5674 32.9672 30.1104 

29

 

32.7954 35.0437 33.603 32.6728 30.7651 

30

 

31.8312 35.0392 33.978 33.0921 31.6883 

31

 

31.975 34.5704 33.6202 32.8926 31.5283 

   

),( gfPSNR   

32

 

32.6867 34.5527 33.919 31.7785 31.4007 

 

          
Here the lower limit for ),(2 gfPSNR

 

and the PSF size must be chosen 

carefully, because it has an optimal value, namely ),(2 gfPSNR , although this value 

is in general unknown. If the lower limit for 2

 

is underestimated, then the deblurred 

image will result in a contrast-enhanced and contrarily if the lower limit for 2

 

is 

overestimated, not enough deconvolution is attained and the result still looks blurry. 

This parameter 2 and the PSF size are normally unknown and they need to be 

estimated prior to the application of the method. Without a previous accurate estimation 

of both, the result can be far from being optimal.  
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Figure 3.3. Results of the EA algorithm for three different values of 2 . a) Overestimation of 2 . b) 

Accurate estimation of 2 . c) Underestimation of 2 .    

     Figure 3.3 provides a qualitative pictorial result of the algorithm when the PSNR 

parameter has been either under or overestimated. 

     Figure 3.4 gives a visual account when accurate values for the above reference 

parameters are used. In Table 3.2 a quantitative comparison of the quality of the 

different images involved in the whole process using different known measures is given. 

Table 3.2 shows that different measures give different quality classification for the same 

set of images. Wigner fusion was applied at pixel level and the result was assessed 

using a quality criterion based in the Wigner-Eucledian distance (WED) (see section 

B.4.1 for details). Nevertheless, when the fusion result is measured and compared using 

different evaluation methods, the resulting values do not always match.   

TABLE 3.2 
RESULTS FROM PROCESSING LENA IMAGE. COMPARATION OF THE 6TH

 GENERATION CONSISTING IN 5 
INDIVIDUALS,SURVIVING AFTER THE LAST PARETO S SELECTION AND CLUSTERING PROCESS. 

            Bold: best result. Italic: worst result. 
Image PSNR RMSE

 

Wang

 

Shannon

 

WED 

Input image 28.4119

 

9.6815 0.8719

 

7.8383 0 
EA output1 35.0359

 

4.5159 0.9389

 

7.8847 0.1205

 

EA output 2 35.0971

 

4.4852 0.9390

 

7.8850 0.1227

 

EA output 3 35.0682

 

4.4992 0.9394

 

7.8819 0.1241

 

EA output 4 35.1442

 

4.4600 0.9382

 

7.8855 0.1232

 

EA output 5 35.1320

 

4.4662 0.9390

 

7.8826 0.1232

 

PWD Fusion

 

35.0437

 

4.5118 0.9372

 

7.8825 0.1290
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Figure 3.4. Fusion of the 6th generation of the EA, taking as reference the blurred image g, having a 
previous good estimation of the variable parameters of the image. If the input images are identified by a 
number, for a given position (x,y), the activity map indicates the number of the input image which shall 
provide the gray level that must be presented in the fusion.  

     Figure 3.5 shows three different outputs of the method applied to a scanned old 

paper photograph, with 320x384 pixels in size and 8 bit/pixel. Note the different 

appearance of the results depending on the PSNR threshold applied. Table 3.3 shows 

the measurements corresponding to Fig. 3.5d. Here the fusion method appears as the 

best option, according with the WED measure. Other relative measure, such as PSNR or 

RMSE cannot be applied in this case, because the ground truth image is unknown. 

Shannon entropy quality classification clearly diverges from the WED measure. 

References in the tables to outputs 1, 2, , 5 are related to elements of the set of 

simultaneous outputs obtained after the 6th  generation of the evolutionary algorithm. 

The results achieved in the previous generations are not reflected in the tables but are 

worse than the last one, provided that iteration increases the quality of the image 

processed. The key point is that after each generation five enhanced images are 
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generated as a descendent family of the input image and submitted to a new deblurring 

step, until no appreciable change in the outputs is obtained.      

Although the optimum solution is only possible when the two free parameters 

defined in section 3.1.1 are known, the method is able to produce an enhanced copy of 

the input even though when these parameters are completely unknown, as shown in the 

last example of this section (Fig. 3.5). Nevertheless, the only critical parameter is the 

PSF size. In most of the cases the PSF matrix fades out from the central position, the 

marginal positions having a decreasing influence. Then, any estimated PSF can be 

considered a truncated version of the original and able to produce an approximate 

solution. The other involved parameter, i.e., the amount of degradation can be estimated 

as a trial and error trade off, as figure 3.3 demonstrates.    

 

Figure 3.5. Old photograph after processing it with our method and different parameters. a) Original 
digitized copy. b) After fusion of the 2nd generation using 50 random PSFs of 25x25 pixels in each 
generation and 5 clustered survivors with a PSNR quality threshold of 25 dB. c) Same as case b but after 
the 3th generation. d) Similar case using a PSNR quality threshold of  20 dB and 6 generations.   
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TABLE 3.3 

MEASUREMENTS CORRESPONDING TO FIGURE 3.5-D. 

Image Shannon

 
WED 

Input image 6.8447   

 
0 

EA output1 6.8780 0.7913

 
EA output 2 6.8441    0.8210

 
EA output 3 6.8547   

 

0.7953

 

EA output 4 6.8454 0.8146

 

EA output 5 6.8481    0.8060

 

PWD Fusion

 

6.8443 0.8264

 

Bold: best result. Italic: worst result. 

3.5      Comparative quality performances of the method 

To put the results of this method in perspective with other existing image 

deconvolution methods, this method was applied to the images offered by. Bronstein et 

al. (2005). These authors have generalized the Newton algorithm, previously proposed 

for quasi-maximum likelihood blind source separation and blind deconvolution of one-

dimensional signals, for the blind  deconvolution of images. They propose a method of 

sparsification, which allows blind deconvolution of arbitrary sources, and show how to 

find optimal sparsifying transformations by supervised learning.  Partial results of both 

methods are presented and compared in Tables 3.4 and 3.5. 

TABLE 3.4 
METHOD OF M. M. BRONSTEIN ET AL. QUALITY MEASUREMENTS 

Image Observed image

 

PSIR [dB] 
Restored image

 

PSIR [dB] 
Quality gain

 

[dB] 
Susy 22.83 27.23 4.40 

Aerial 19.89  25.16 5.27 

Gabby 30.41  40.64 10.23 

Hubble

 

27.18 33.67 6.49 
TABLE 3.5 

METHOD OF S. GABARDA AND G. CRISTÓBAL. QUALITY MEASUREMENTS 

Image Observed image

 

PSNR [dB] 
Restored image

 

PSNR [dB] 
Quality gain

 

[dB] 
Susy 23.01 28.25 5.24 

Aerial 19.62  24.51 4.89 

Gabby 30.51  39.78 9.27 

Hubble

 

26.90 37.99 11.09 
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Even though the quality measuring methods are not the same (PSIR in one case 

and PSNR in the other case), the results can be compared through the gain values (see 

last columns of Tables 3.4 and 3.5), provided that in both cases the enhancement of the 

images are specified in decibels. The measurements indicate that the method presented 

here is able to produce competitive results, even in the case of any a priori knowledge 

about the degrading process of the images.  

3.6      Conclusions  

A new deconvolution evolutionary algorithm has been presented assuming a noise-free 

context. The best outcome can be selected by using a PWD distance measure (WED) 

applied to the last EA generation. Optionally, the PWD fusion method introduced in 

Chapter 2 for digital camera applications could be also applied, providing a suitable 

way to end up the EA, generating a single output out of several from the last generation. 

     However, image quality estimation empirically appears highly dependant on the 

metric used. Empirical results indicate that a practical way to end up the EA is by 

selecting one of the generated outputs by applying to the output images the WED 

measure.  Importantly, the outcome of the EA is dependent upon unknown parameters 

of the degradation process experienced by the ground truth image, such as the size of 

the degrading PSF function and the amount of degradation, here measured by the PSNR 

between the true and the blurred image. These values should be estimated prior to the 

application of the method. As a result, future research will focus in methods for 

estimating these (or even other possible) input parameters. Nevertheless, even with a 

rough estimation of these parameters, it is feasible to obtain significant enhancement 

results as it has been ascertained by comparing the results with other published 

deconvolution methods. These results grant the  completion of objective OBJ5.   



 
Chapter 4  

High-order texture discrimination 

This chapter provides information about the development and completion of objective 

OBJ6 (split in two modalities: OBJ6.1 and OBJ6.2) as defined in Section 1.3.   

     The information contents of time or space-frequency representations (TFR or SFR) 

of signals can be readily analyzed by means of generalized entropy measures. In such 

scenario, the Rényi entropy appears as an effective tool. Rényi entropy measures can be 

used to provide information of a signal in a local neighborhood. Localization is essential 

for comparing images in a pixel-by-pixel basis. This chapter presents a new method 

based on a generalized entropy measure, for discriminating isotrigon textures against a 

binary random background. The extension of the method to the problem of multi-texture 

discrimination is considered as well. Discrimination is performed through a local Rényi 

entropy measurement extracted from a spatially oriented 1-D pseudo-Wigner 

distribution (PWD) of the test image. The PWD has been conveniently normalized to be 

used as a good approximation to a probability distribution. A previous filtering step is 

carried out, consisting in substituting the original textures by their respective localized 

spatially oriented Allan variances. Discrimination is attained thanks to the anisotropic 

behavior shown by the Allan variances of the textures. The method has been empirically 

evaluated with a family of isotrigon textures embedded in a binary random background 

and extended also in the case of multiple isotrigon mosaics.  Discrimination results are 

compared with other existing methods.  
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An interesting feature of this method for isotrigon texture discrimination is that 

shares some special characteristics with the visual system, as spatial localization, 

restricted spatial frequency and orientation tuning. We do not intend that the method 

reveals the way the visual system works; the method simply take recognized 

mathematical tools as the Rényi generalized entropy and the PWD to implement a 

competitive algorithm with the already mentioned visual characteristics. 

4.1     Isotrigon textures 

Textures whose third-order correlation functions are equal to that of uniformly 

distributed noise patterns are denoted as isotrigon. Isotrigon patterns are a wide variety 

of binary (black and white) and ternary (black, white and mean luminance gray) texture 

patterns with spatial correlation properties and reproducible characteristics (Julesz, 

Gilbert & Victor, 1978). This chapter deals exclusively with the case of binary isotrigon 

textures. Specifically, they are created by a recursion procedure in which the product of 

three pixels determines the value of a fourth. Textures with correlation functions based 

on triplets of pixels (hence trigons) have been described by Julesz, Gilbert, & Victor 

(1978). Systematic methods for producing isotrigon textures have been developed by 

Maddess et al. (2004) and Purpura, Victor, and Katz (1994), suggesting that encoding 

features, such as edges or contours, requires correlations between three or more points. 

Isotrigon textures are useful for studying human sensitivity to these correlations. 

Maddess and Nagai, (2001)  have determined the human discrimination performance for 

a group of isotrigon texture types and they have compared the results with outputs from 

statistical discriminant models. They described several studies suggesting that we 

should use measures related with fourth or higher-order correlation to discriminate 

isotrigon textures. These models employed versions of the Allan variance (Allan, 1966) 

to emulate human performances in receptive field outputs. One of the models was based 
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upon a global variance measure, and the other was based upon a localized variance with 

an orientation bias. To do this, they employed Linear Discriminant Analysis (LDA) and 

Quadratic Discriminant Analysis (QDA) (Johnson & Wichern, 1992). They 

hypothesized that an obvious way to improve texture detection performance is to 

increase the number of orientations but this would require a large number of 

observations in order to estimate the covariance matrices. 

4.2     Description of the discrimination method 

This section presents a new method for discriminating isotrigon textures from a binary 

background. Here discrimination is not based on the statistics of the standard 

autocorrelation function, but in a directional measurement of the entropy shown by the 

Allan variances of the textures, or derived combinations. Entropy is measured through 

the pseudo-Wigner distribution (PWD) of local spatially oriented variances of the 

textures. Allan variances have shown to be the most suitable pre-processing step to 

capture directional anisotropy when dealing with isotrigon textures, and have been 

effectively used in the experimental examples described in this paper. The PWD 

includes important features, being especially suitable for signal analysis, providing a 

straightforward pixel-wise, joint space-frequency representation of a given texture, 

adding the possibility of being both spatially and directionally localized when used in a 

1-D scheme. Moreover, generalized Rényi entropy measurements can provide 

quantitative criteria to evaluate the importance of the joint spatial-frequency information 

around a given pixel location.    

4.2.1     Allan variance 

Isotrigon textures in their simplest configuration are essentially binary textures. This 

means that they can be described by two symbols with identical probability of 0.5. 

Globally considered, there is not difference between the entropy of a binary noise 
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texture and the entropy of an isotrigon texture. Hence, only directional entropy 

measures can identify differences between them. Isotrigon textures usually show some 

spatial anisotropic activity that can be revealed by extracting local and oriented 

variances. Allan variance has gained some interest as a measure of characterizing time 

series and f1 / noise and becomes a special case of local oriented variance when 

applied over two-dimensional data.  The conventional Allan variance is just half the 

sum of the squared differences between adjacent points of 1-D series of samples kx : 

           
/

/

n N 2 1
2

k n N 2

1
AV n x k 1 x k

2N
                                                            (4.1)                                                                                                                                                      

The factor   makes the Allan variance equal to the conventional variance of a random 

and uncorrelated distribution with a population mean defined as . 

            
/

/
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                                                                         (4.2)                                                                                                                                                                         

Allan variance can be extended to 2-D matrices as follows, 

     
/ /

/ /

, , ,
2p N 2 1 q N 2 1

2
k p N 2 l q N 2

1
AV p q x k l x k l

2N
                                 (4.3)                                                                    

where qpAV , is given by a pixel-wise operation associated to a particular 

pixel ,n p q , considered as the central one of a set of pixels 

,x k l ,  k  p-N/2, p N/2-1 ,   l  q-N/2, q N/2-1 , in the neighborhood of 

the object pixel. The values of 

 

, are limited to those indicated in Table 4.1 for the 

four only possible orientations when applied to 2-D discrete images, after considering 

adjacent pixels exclusively.    
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TABLE  4.1 

POSSIBLE PARAMETER S VALUES IN EXPRESSION (4.3)  

   
0º 0 1 

45º 1 -1 

90º 1 0 

135º 1 1 
The nature of isotrigon textures, whose pixel values are calculated following a law 

that engage only adjacent pixels, justify the use of a short length variance as the referred 

Allan variance. Fig. 4.1 compares the horizontal Allan variance of a particular isotrigon 

texture together with the horizontal Allan variance of a binary noise texture. Note that 

the binary noise is not specially affected by such operation (Fig. 4.1D), while the 

isotrigon texture shows predominant directionality (Fig. 4.1B). 

 

Figure 4.1. A) Particular sample of an isotrigon texture (Even Zigzag) of 512x512 pixels. B) Allan 
variance of the given texture, using a horizontal window analysis (note that the result reveals an 
anisotropic nature with a privileged direction tilted 45 degrees). C) Binary noise. D) Allan variance of the 
binary noise calculated in the same horizontal scheme (anisotropy is not detectable, as expected, 
indicating that binary noise is isotropic and all directionalities are equivalent). Variance calculations have 
been obtained by applying Eq. 4.3 for  N = 8  pixels.  

4.2.2.     Rényi entropy measures 

Entropy is a measure of the information contents of a given data. Textures can be 

considered as representations of the surface of objects. This opens a way to consider 

that different orientations can provide different information contents. In other words, 

information can be stored in an anisotropic way. Entropy can be applied as a global 

measure or as a local one, adding the possibility of different directionalities when 

dealing with images. Eventually, directional entropy measures reveal immediately a 

directional texture in the image, but in other cases directionality keeps hidden. In such 

cases, Allan variances or combinations of them can show up an anisotropic behavior 
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instead. Then, oriented Allan variances appear as a suitable pre-processing operation to 

reveal the hidden anisotropic character of the information content of a given texture. 

Consequently, entropy is an important feature to be considered, especially when 

orientation includes some specific information such as the anisotropy of two-

dimensional distributions. Subsequently, directional entropy measurements can be used 

for determining differences between different textures with different entropic 

characteristics. For this reason, Rényi entropy stands out as a very relevant entropic 

measure in this context.    

Details about Rényi measures can be found in Appendix A, Section A.2.3. The 

Quantum Mechanics wave function normalization (see Eisberg & Resnick, 1974) has 

been selected as the most suitable for this application. By assimilating the space-

frequency distribution, P , of a given position n

 

with a wave function, an 

approximation to a probability density function can be derived by means of 

knPknPknP ,,, , ( * indicates complex conjugation) together with a 

normalizing step to satisfy the condition 1knP
n k

, .  The distribution P taken 

here to calculate the Rényi entropy is the pixel-wise 1-D PWD already introduced in the 

preceding chapters. Hence, the equation that performs the entropic measure has been 

defined as:  

     
n k

3
23 knPlog

2

1
R ,                                                                                  (4.4)                                                                                                   

     This measure can be interpreted in a point-wise basis as follows 

      
k

3
23 knPlog

2

1
nR ,                                                                                  (4.5)                                                                                                                                                                                            

     

The term P in Eq. (4.5) derives from the 1-D point-wise PWD calculated according 

to the expression: 
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emnzmnz2knW *,                                                      (4.6) 

and it has been normalized in the way knPknPknQ ,,, , followed by  

,
,

,
k

Q n k
P n k

Q n k
 to meet the normalizing condition:  

, ,
k

P n k 1 1 n M , being M the size of the data and 12Nk2N //  the 

spatial window used to calculate the measure. 

In Eq. (4.6), n

 

and k represent the time and frequency discrete variables 

respectively, and m

 

is a shifting parameter, which is also discrete. Here nz is a 1-D 

sequence of data from the image, containing the gray-values of N pixels, aligned in the 

desired direction. Here *z

 

indicates the complex-conjugate of z . This equation is 

limited to a spatial interval ]/,/[ 12N 2N

 

(the PWD s window), giving to the 

information a local character. By scanning the image with a 1-D window of  N pixels, 

i.e., by shifting the window to all possible positions over the image, the full pixel-wise 

PWD of the image is produced. The window can be tilted in any direction to obtain a 

directional distribution. By normalizing and associating knW , with knP ,

 

in Eq. 

(4.5), the pixel-wise entropy of the image can be obtained. 

4.3     Experimental results 

4.3.1     Texture vs. noise  

     This section contains specific information about the completion of objective OBJ6.1. 

The discriminating process requires a test image and two reference images. The test 

image contains the target isotrigon texture embedded in a binary random background. 
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One of the reference images is an arbitrary sample of the isotrigon texture under test; 

the second reference image is an arbitrary sample of the binary random noise in the 

background of the test image. In the examples that follow, several digital images of 

512x512 with 8 bit/pixel have been considered. The previously mentioned three images 

have been processed by a pre-processing step consisting in substituting their original 

pixel values by their local Allan variances calculated according to expression (4.3) for N 

= 8 and using the right orientation which is empirically  determined (as described 

below). The four possible orientations, 0°, 45°, 90° and 135° will be referred as AV0, 

AV45, AV90 and AV135. Also combinations of these variances have been considered by 

squared sums and differences among them. The results are biased to have a minimum 

value greater than zero (+1 resulted experimentally suitable). Biasing the values is not a 

trivial operation, because the PWD and the Rényi entropy are non-linear operations and 

the result depends upon the range in which their values have been set up. Allan 

variances were then submitted to a PWD calculation process to obtain their joint 

spatial/spatial-frequency pixel-wise distributions. The PWDs were taken using a 1-D 

scheme and calculated as indicated by Eq. (4.6) by means of a sliding window with N = 

8  pixels, oriented according to the spatial anisotropy shown by the Allan variances of 

the textures (e.g., 45 degrees for even zigzag texture in Fig. 4.1). Finally, the Rényi 

entropies of the pixel-wise distributions have been measured and a decision map (DM) 

which determines the texture discrimination has been derived. 

The DM is derived as follows. Every pixel in the image has a different N-component 

PWD vector associated with it; the amount of information related to a given pixel of the 

image is measured by the Rényi entropy of this PWD, normalized according with 

expression (4.3). Distances can be measured at pixel level using the Rényi entropies 

associated to the test and the reference images, defined as    
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i 1,  2i i T N

D n R R n                                                                (4.7)                                                                     

  Here 

 
is the Euclidean norm and iR

 
is a matrix indicating the Rényi entropy of a 

given reference texture i

 
( 1i

 
noise sample, 2i

 
texture sample) in a pixel-wise 

scheme. Brackets indicate mean values corresponding to the samples of the textures. 

Finally, T N
R n indicates the mean value of Rényi entropy measured in the test image, 

calculated in a neighborhood of NN pixels around the position n . The maximum of 

1 2,  D n D n  is used to determine the DM:  

1,  2i
i

I n arg max D n i                                                            (4.8)                                                                    

As only two results are possible, a binary DM is derived. The white pixels can be set 

up to indicate the location of the isotrigon texture and the black ones to indicate de 

binary noise. Fig. 4.2 shows an example of a particular texture. Here a 45° tilted PWD 

of AV0 has been used to measure the entropy. 

 

Figure 4.2. Example of detection of a test texture (Even Zigzag) of 512x512 pixels. A) Texture 
embedded in a binary random noise background. B) Result of the application of the Allan variance  to A 
with an horizontal orientation (N = 8 pixels). C) Decision map after applying the Rényi entropy over a 
PWD of B tilted 45° and a window of N = 8 pixels.     

The method has been applied to a set of isotrigon textures, of 512x512 pixels in size, 

to determine its discrimination capabilities. The textures used in this experimental 

section belong to the nine families of isotrigon textures defined by Maddess and Nagai  
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(2001). Each member of such family contains two versions termed as even and odd. 

Therefore, the total number of cases considered is eighteen.  Directionality of the 

different textures was discovered after applying systematically all the possible Allan 

variances (or combinations) of them. Squaring of sums and differences of the AVs have 

been used when simple Allan variances did not show up directional preference. An 

example of this situation is illustrated in Fig. 4.3. 

 

Figure 4.3. Example of detection of a isotrigon texture (Even Triangle) by squaring of differences of 
Allan variances. A) Target isotrigon texture embedded in a binary random noise background. B) Squaring 
of Allan variances (AV45 

 

AV0)
2 obtained from A (N = 8 pixels). C) Decision map after applying the 

Rényi entropy, using a PWD tilted 90° and a window of  N = 8 pixels.    

This experiment has been statistically evaluated by considering ten different samples 

of every one of the eighteen different isotrigon textures selected. The local analysis has 

been performed using a window of 8 by 8 pixels in the neighborhood of the target pixel 

to evaluate the Allan variance (N = 8). Also a 1-D windowing scheme of N = 8 pixels 

has been used to evaluate the Rényi entropy through the oriented 1-D PWDs. 

Segmentation performance has been determined by comparing the DM with the mask 

used to build the test samples. The quality parameter used has been the Percentage of 

Correct Decision (PCD), defined as in Appendix A, Section A.4.1: 

number of accurate pixels

total number of pixels 
PCD                                                                          (4.9)                                                                       

     Texture and noise areas have been computed separately. Two PCD indices have been 

computed. The first one is called sensitivity (S) and is defined as the probability of 
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correctly recognizing an isotrigon field as a texture. The other is called specificity (Sp) 

and is defined as the probability of reporting random when the texture was random. The 

results have been interpreted through a receiver operating characteristic (ROC), by 

plotting the sensitivity vs. (1 - specificity), as normally used for binary classifier 

systems, when the discrimination threshold is varied. Fig. 4.4 shows the ROC for the 

Odd Cross texture vs. random noise. The highest simultaneous quality performance is 

selected to determine the threshold values (i.e.: iR values in Eq. (4.7)) as measured in 

the experiment indicated with a black dot circle (see Fig. 4.4). Table 4.2 shows the 

expected quality performances when using the optimal threshold values previously 

determined, after applying the method described here to the same set of test textures 

used by Maddess and Nagai (2001). Results for even isotrigon textures vs. binary 

random noise are compared in Fig. 4.5 with the most relevant QDA referenced by 

Maddess and Nagai.   

 

Figure 4.4. Example of ROC for the Odd Cross texture vs. random noise. The highest simultaneous 

quality is selected to determine the threshold values, i.e.: iR values in Eq. (4.4). The experiment 

indicated with a black dot circle provides the best threshold values to discriminate this texture from 
binary noise, using the directionalities indicated in Table 4.2 for this texture. 
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TABLE  4.2 

DISCRIMINATION QUALITY   

even odd 

Texture AV  PWD 

 
S Sp S&Sp AV  PWD 

 
S Sp S&Sp 

1 Box AV0 90° 0.9548 0.9986 0.9767 AV0 0° 0.9747 0.9960 0.9853 
2 Triangle (AV45-V90)

2 90° 0.9490 0.9967 0.9729 (AV45-AV90)
2 90° 0.9637 0.9893 0.9765 

3 Cross AV45 135° 0.9755 0.9894 0.9825 (AV45-AV135)
2 45° 0.9602 0.9840 0.9721 

4 Zigzag AV0 45° 0.9698 0.9955 0.9827 AV45 0° 0.9663 0.9950 0.9807 
5 Oblong AV90 0° 0.9657 0.9931 0.9794 AV90 90° 0.9742 0.9964 0.9853 
6 Tee (AV0-AV45)

2 0° 0.9654 0.9821 0.9738 (AV45-AV135)
2 90° 0.9565 0.9943 0.9754 

7 Wye (AV45-V135)
2 0° 0.9451 0.9966 0.9709 (AV45+AV135)

2 0° 0.9700 0.9874 0.9787 
8 Foot (AV45-V90)

2 90° 0.9561 0.9959 0.9760 (AV45+AV90)
2 90° 0.9684 0.9917 0.9801 

9 El (AV0-AV90)
2 90° 0.9433 0.9624 0.9529 (AV0+AV90)

2 90° 0.9624 0.9742 0.9683 

 

     Table 4.2 presents the names of the textures used to determine the quality of the 

method, indicating the best directionalities observed and the maximum accuracy 

obtained for S&Sp, according to the threshold values which are determined after the 

ROC process. 

 

Figure 4.5. Comparison of the results of this method for nine families of even isotrigon textures vs. the 
most relevant QDA results  referenced by Maddess and Nagai.    

     These results gives account of completion of objective OBJ6.1. 

4.3.2     Multi-texture discrimination 

This section contains specific information about the completion of objective OBJ6.2. 

The method introduced in Section 4.2 has been extended to the case of discriminating 

multiple isotrigon textures. For example, Fig. 4.6 presents a mosaic of five different 

textures. Using the discriminating directions indicated in Table 4.2 for these textures 
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and the algorithm previously described, textures have been segmented. Fig. 4.6B to 4.6F 

present the segmentation results for such isotrigon mosaics.  The input to the algorithm 

consists in a set of the eighteen isotrigon textures considered (nine even and nine odd) 

and the test image A that appears at the top left corner of Fig. 4.6. The result is a 

labeled decision map indicating the position where every texture matches the entropy of 

the test image. Differences in entropy between textures are not always enough 

discriminative, hence textures as, for example Even Triangle (Fig. 4.6A, region 1) 

cannot be segmented because the entropy measured is similar to the entropy measured 

in other regions. Hence, it requires to be segmented by elimination when the other 

regions have been already recognized. Also coincidence of entropy in a given Allan 

combination is possible, as for example Even Oblong (region 0) and Even Box (region 

4). In this case, region 0 has been isolated by subtracting region 4 . Fig. 4.7 presents 

another example of multi-texture isotrigon discrimination. Here regions 1

 

and 4

 

are 

clearly defined, but the other remaining regions present a certain amount of uncertainty. 

Single discrimination results have been combined to draw the complete decision maps 

for these examples (i.e., Figs. 4.6G and 4.7G).      

Nevertheless, this method clearly outperforms other existing methods applicable to 

the problem of multi-texture isotrigon discrimination. For example, methods based in 

multi-scale decompositions such as the complex wavelets methods failed to give an 

acceptable DM, as reveal Figs. 4.6H and 4.7H, which show the results obtained with 

that technique (Rivaz and Kingsbury, 1999 & Barilla, M.G.Forero and M. Spann, 2006).                                                                  



Chapter 4     High-order texture discrimination 78

  

Figure 4.6. A) Image consisting in five isotrigon textures. B) Segmentation of region 0 (Even Oblong). 
C) Segmentation of region 1 (Even Triangle). D) Segmentation of region 2 (Even Zigzag). E) 
Segmentation of region 3 (Even Cross). F) Segmentation of region 4 (Even Box). Regions 2, 3, and 
4 can be segmented straightforward by using the directionalities indicated in Table 4.2. Region 0 has 
the same entropy for the parameters given in Table 4.2 as region 4 , but has been isolated by difference 
with this one. Region 1 has been obtained by eliminating the other four, as no suitable directionality has 
been observed. G) DM after previous single results. H) DM by a complex wavelets method. Fig. 4.6H 
courtesy of M.G. Forero.   

 

Figure 4.7. A) Image consisting in five isotrigon textures. B) Segmentation of region 0 (Even El). C) 
Segmentation of region 1 (Even Oblong). D) Segmentation of region 2 (Even Wye). E) Segmentation 
of region 3 (Even Tee). F) Segmentation of region 4 (Even Zigzag). All regions can be segmented 
straightforward by using the directionalities indicated in Table 4.2. Only regions 1 and 4 have been 
perfectly identified. Regions 0, 2, 3 and 4 have been recognized with some degree of uncertainty. G) 
DM after previous single results. H) DM by a complex wavelets method. Fig. 4.7H courtesy of M.G. 
Forero.   

     A quantitative comparative study of the classification accuracy has been performed 

by considering texture pairs as shown in Table 4.3. The alternative method chosen was 
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a Gabor filtering technique optimally designed through a Genetic Algorithm for best 

performance in texture segmentation (Yegnanarayana et al., 1998). In that alternative 

method each Gabor filter has been tuned to each texture to satifying the maximum 

discrimination, where a pre-processing stage based on a second-order Shannon entropy 

has been considered for better performance. This study does not pretend to be 

exhaustive and only allows showing the limitations of other traditional methods in the 

discrimination of those high-order textures. Table 4.3 indicates that the Gabor-based 

filtering method is far to reach the performance of the current described method. Similar 

performance can be expected for other texture pairs, including even/odd combinations. 

On the other hand, it is worthy to mention that the current method produces few false 

positives located in the surround (see e.g. Fig. 4.2C). In order to avoid that, one could 

use other measure  than 1 2max ,  D n D n

 

as a threshold difference and then derive 

the ROC s by varying the threshold. However the max criterion combines the advantage 

of its simplicity and accuracy. In addition to that, some post-processing could be applied 

for eliminating isolated points, such as through median filtering. 

TABLE 4.3 
Percentage of correct decisions (PCD) of texture pairs corresponding to a Gabor-based filtering method 

and the current method 
Texture pair Gabor filtering method 

Yegnanarayana et al., 1998 
Allan/Renyi 

method 

Even_cross-Even zigzag 70.84 91.71 
Even_zigzag-Even_oblong 53.88 91.23 

Even_zigzag-Even_el 55.67 88.20 

Even_cross-Even_el 72,73 88.25 

 

     These results gives account of completion of objective OBJ6.2. 

4.4     Conclusions 

In this chapter, a new method for isotrigon textures vs. binary noise discrimination has 

been presented and evaluated. This new method is based in a particular Rényi entropy 

measure, through the Allan variances of the textures. The method has been evaluated by 
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means of a systematic study applied to eighteen different textures. The evaluations 

shows the high discrimination performance of this method, similar and in some cases 

better than other known methods as QDA. The method has been extended to the multi-

texture discrimination task, showing that the method provides good discrimination 

performance even in such cases. Although the multi-texture discrimination problem has 

not been yet completely solved by this technique, results are significantly better than 

other discriminating methods, as wavelets, indicating that further researches based in 

this approximation will be worthy to achieve a full isotrigon multi-texture 

discrimination.      

Also, this method provides new avenues to deal with the problem of discriminating 

high-order textures in general and open up some speculation related to the way the 

visual system works. Experimental results due to Purpura et al. (1994), show that there 

exist mechanisms in the monkey visual cortex that can discriminate between textures 

differing in certain fourth-order spatial correlations. Purpura et al. (1994), conclude that 

the visual cortex must have mechanisms capable of detecting spatial correlations 

involving three or more points in the image. Linear spatiotemporal filtering cannot 

detect spatial correlations higher than second order. However, oriented filters, combined 

with a special set of nonlinearities, may be a key computational component in the cortex 

area V1 for detecting these higher-order correlations. Thus the proposed method can be 

regarded as a suitable model that implements some essential salient features of such 

non-linearity, orientation selectivity and multiple spatial correlation mechanisms. 



  
Chapter 5  

Image quality assessment and noise measurement  

This chapter provides information about the development and completion of objectives 

OBJ7 and OBJ8 as defined in Section 1.3, and describes: 1) a new method to determine 

the quality of digital images and 2) a new method to detect noisy images. The quality 

assessment method is based on measuring the variability of the expected value of the 

entropy of a given image upon a set of predefined directions.  

     Entropy can be calculated on a local basis by using a spatial/spatial-frequency 

distribution as an approximation to a probability distribution function. The generalized 

Rényi entropy has been selected for this application, taking as probability density 

function a normalized pseudo-Wigner distribution (PWD). The association of a value of 

entropy to each pixel of the image is the result of the process. Hence, histograms of 

entropy are possible. Directionality is also possible by using an oriented 1-D PWD. 

Here it is experimentally showed that anisotropy is a property closely related to the 

quality of images. The variability of the expected values of the entropy measured as a 

function of the directionality has been taken as an anisotropy indicator. This index has 

experimentally shown to be a good classifier of the quality of natural images. Namely, 

in-focus-noise-free natural images have shown a maximum of this variance if compared 

to other versions, corrupted by blur or noise. This result opens new avenues of 

identifying in-focus-noise-free images from other more degraded versions, allowing the 

classification of images according to their relative quality.  
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Image noise measurement is another topic that will be considered in this chapter. By 

coupling a value of entropy to each pixel of a given image, entropy histograms of the 

images are possible. The analysis of such histograms has been the key to measure the 

noise content of images, as it will be shown later in this chapter. 

 

5.1     Image quality 

This section provides information about the development and completion of objective 

OBJ7.  

     The target of a great amount of applications of image processing is to build up an in-

focus-noise-free version from one or various input images. Quality evaluation of the 

result is not a minor issue, especially if more than one enhanced image competes to be 

the best realization. Naked eye is surely a good classifier, but an atomatized method 

would spare time and should simplify the task. Quality evaluation of images is still an 

open, unsolved problem. Typically, methods for determining the quality of the 

enhanced images (Zhang and Blum, 1999, Wang and Bovik, 2002 ), such as PSNR, 

RMSE, and many others, require a reference or ground truth image to fulfill the 

measure. To avoid this requirement, a new self contained method is introduced here 

which does not require a reference image to determine the quality of the images under 

scrutiny. This method is based on measuring the anisotropy of the images and it has 

confirmed to be robust and akin to the way the human visual system works. Hence, the 

automatized selection of the best image , from a set of possibilities, coincides well 

with the criterion of the human visual system, as the experiments performed here with a 

set of natural images will further demonstrate.  

Classically, entropy is used as a number to indicate the amount of uncertainty or 

information of a source (Shannon and Weaver, 1949). Quality and entropy are somehow 
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related subjects. If the source is a given image, the obstacle for entropy to be considered 

an index of quality is that noise can not be distinguished from information, being, as 

noise is, a kind of information itself. From a human point of view, objects are the 

elements of interest in a picture, and the target of the human visual system is to identify 

objects the most sharply as possible. Noise and blurring are identified as disturbing 

effects by the visual system. Analytically, entropy increases with sharpness but, in 

general, there is not a fair correlation when images are noisy. Hence, entropy by itself 

cannot indicate the image quality. To avoid this problem, we propose in this chapter the 

anisotropy as a suitable parameter to measure image quality. Entropy has been already 

proposed to identify the anisotropy of binary images (Kirsanova and Sadovsky, 2002). 

Anisotropy is certainly one of the properties of natural images. Our experiments have 

shown that image anisotropy is sensitive to noise and blur, hence quality can be 

measured this way. Following this line of reasoning, we have extent the applications of 

entropy to the problem of measuring image quality where a ground-truth is absent. That 

is, no reference is required to sorting images according to their visual quality. The 

generalized Rényi entropy has been selected to calculate the entropy on a local basis, by 

associating a distribution to each pixel of a digital image. Entropy histograms provide 

information about the image information contents, in the same way as image histograms 

give information about the distribution of gray-levels. By the use of a normalized 

windowed pseudo-Wigner distribution (PWD), used as an approximation to a 

probability

 

distribution function, a particular Rényi-wise entropy can be defined at pixel 

level. This PWD is considered in a 1-D oriented windowing set-up, allowing in such a 

way to measure entropy in the desired direction. Differences in entropy as a function of 

the directionality are taken to measure image anisotropy and hence to provide an 

estimate of the image quality. 



Chapter 5     Image quality assessment and noise measurement 84

 
5.1.1     Description of the method 

To study the statistical performances of the entropy distributions of natural images, a set 

of thirty six images of 256x256 pixels in size have been manually selected and 

processed in the way described afterwards (Fig.5.1).  

 

Figure 5.1. Thirty six images used to empirically determine the behavior of entropy in natural images. 

           

First, a set of ten progressively blurred images has been generated by iteratively 

applying a blurring PSF to the source image (labeled as 0 in the example shown in 

Fig. 5.2).  
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Figure 5.2.  Test scheme consisting in twenty one degraded images. Blur decreases from -10 to 0 and 
noise increases from 0 to 10 . The central one is the original source image.        

The maximum blurring appears in the left side of Fig. 5.2 (labeled as -10 ). Also 

another set of ten progressively noisy images has been generated by iteratively adding a 

constant amount of Gaussian noise, starting from the same 0 original. The noisiest 

image is in the right side of Fig. 5.2, labeled as 10 .  This composes a set of twenty one 

registered versions of the same view, degraded by blur or noise with different strength. 

 

Figure 5.3.  Expected value of the pixel-wise Rényi entropy of the twenty one images of the test set 
presented in Fig. 5.2.      

A testing experiment has been carried out, consisting in calculating the expectation 

value of the Rényi entropy of all the versions in each test set. The test has been applied 

to the 36 images shown in Fig. 5.1. The entropy has been calculated by:  
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nR ,              (5.1) 
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The supporting distribution P is a normalized version of the PWD of the image, 

given by: 
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Normalizing details can be consulted in Appendix A, Section A.2.3. Here f 

represents the image, n is a pixel position and fP W

 

in expression (5.1). The 

calculations have been arranged in an horizontal basis, row by row. N = 8 has been 

taken as a representative window value for this calculation. The resulting mean pixel 

values of entropy for the set of images shown in Fig. 5.2 have been represented in Fig. 

5.3.       

This experiment has been repeated with all the natural images represented in Fig. 

5.1. In all the cases, the shape of the graphic representing the expectation values of 

entropy has been steadily similar to the one appearing in Fig. 5.3. The results indicate 

how entropy increases when blur goes down, but also increases when more and more 

noise is added. This avoids entropy to be a good indicator of quality by itself. Only if 

noise-free versions are compared, entropy and quality can be directly correlated. These 

results are in agreement with other theoretical studies based on the multi-resolution 

information analysis of images that conclude that the entropy per pixel is strictly 

decreasing with respect to decreasing resolution (Román, Quesada and Martínez, 1991).  

The criticism with this statement is that this is only true when images are noise-free, 

provided than entropy increases when noise is added to the images.  

     Natural images can be considered to be constructed by textures and edges. Generally 

speaking, any single image shows a diversity of textures. Such diversity of textures and 

edges is the origin of the anisotropy of images. Entropy can be locally measured 
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through the spatial-frequency content of the image in a directional scheme. Hence, 

anisotropy is really another kind of information that may be the subject of entropic 

measures. Entropy measures information. Hence, differently oriented measures will 

provide different values of entropy, according to the anisotropy of the images. Natural 

images can be considered random processes. Consequently, anisotropy tends to 

statistically cancel out, and images should be isotropic on average if their size were 

infinite.  However, image processing and the human visual system handle limited size 

images. This spatial limitation of the images gives significance to slight variations in the 

anisotropy, greater as the spot is smaller and relevant when entropy is considered at the 

pixel level. These entropy differences are fundamentally due to the large influence of 

edges in the values of entropy, added to the impossibility of statistically canceling out 

the anisotropy of edges due to the limited size of the images(Consider, for example, a 

forest with many vertical components due to the stems of the trees; here the horizontal 

component of the entropy will be unbalanced with the vertical component).  

Expression (5.1) provides a value of entropy ,3 sR n

 

for each pixel. Here 

s 1 2 S, , ... , are S different orientations taken to measure entropy. To define a 

figure of merit for the image, the expected value of this expression is calculated as  
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                                                                                        5.3) 

Where M represents the total amount of pixels in the image and t 1, 2, ... T

 

has 

been introduced to take into account the T different images integrating the test set. In the 

experiments, the expected value of the entropy of all these images in a test set has been 

measured using six equal-spaced predefined directions (0º, 30º, 60º, 90º, 120º and 150º).  
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Finally, the variability (standard deviation or range) of these expected values has 

been selected as an indicator of the anisotropy of the images. The common expressions 

for these two statistical parameters have been used afterwards. 

Let us suppose that ( , )sR t is the expected value of entropy for image t, measured 

along the direction s 1 2 S, , ... , . Then, the standard deviation for the   resulting 

set of values, relative to image t, can be defined as 

( , )
( )

S
2

t s
s 1

R t
t

S
                                                                                      (5.4) 

where t  is the mean of the values ( , )sR t , as defined by the expression 

     
( , )

S

s
s 1

t

R t

S
                                                                                                      (5.5) 

and the range in image t can be defined as 

     ( ) max ( , ) min ( , )s sspan t R t R t                                                                 (6.6) 

The value t

 

given by expression (5.4) has been taken to define an anisotropic 

quality index (AQI) for image t . 

 

Figure 5.4.  A) Standard deviation of the expected values of the Rényi directional entropy for the images 
in Fig. 5.2. B) Range of the expected values of the Rényi directional entropy for the images in Fig. 5.2. 
The variability (standard deviation or range) refers to six different equal-spaced orientations of the 
entropy in the image. The maximum variability corresponds to the original image, as an in-focus-noise-
free version of the test set defined in Fig. 5.2.   
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Results using the example depicted in Fig. (5.2) and the standard deviation defined 

by Eq. (5.4) are shown in Fig. 5.4. The same experiment has been repeated with all the 

images shown in Fig. 5.1. Experimentally, the standard deviation and the range of the 

entropy have confirmed to be good indicators of anisotropy for natural images. In-

focus-noise-free natural images have shown a steady maximum of anisotropy if 

compared to other corrupted versions.   

5.1.2     Measuring arbitrary images 

The method has been tested to classify different results from different algorithms 

(Fischer et al., 2007). Figure 5.5 illustrates the classification obtained with two sets of 

registered images (Lena and MIT). In both cases the classification agrees well with the 

human visual preference. From left to right, images seem to degrade with increasing 

blur or noise. Standard deviation of the expected values of the Rényi directional entropy 

have been taken to achieve the classification and the resulting values  have been 

normalized by taking the highest value as 1 in order to facilitate the visual estimation.   

1 2 3 4 5 6 

 

Figure 5.5.  Classification obtained with two sets of test images. From left to right, image degradation 
increases with more blur or more noise (images are a courtesy of Sylvain Fischer). 

     Table 5.1 shows the quantitative results provided by the described method in 

comparison with the PSNR and the SSIM metric (Wang and Bovik, 2002).     
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TABLE  5.1.COMPARISON OF DIFFERENT IMAGE QUALITY MEASURES 

LENA

 
PSNR

 
SSIM

 
t

 
MIT

 
PSNR

 
SSIM

 
t

 
1 - 1 1 1 - 1 1 
2 26.01 0.79 0.82 2 21.77 0.66 0.77 
3 25.51 0.78 0.80 3 21.24 0.63 0.74 
4 24.99 0.75 0.72 4 20.57 0.59 0.66 
5 24.36 0.71 0.71 5 20.00 0.56 0.65 
6 20.34 0.55 0.55 6 15.56 0.40 0.39 

 

     Similar results have been observed with other families of images. Nevertheless, 

images to be classified by this method require fulfilling some requirements in order to 

guarantee the reliability of the measurement.  Images to be classified must be registered 

and degradation must be uniform. To illustrate this statement, another example is shown 

in Figure 5.6. The images shown in this figure present spatial-variant blur as two 3-D 

objects compete to be in focus at the same time. Hence, as images are 2-D 

representations of 3-D objects, different areas in the same image may suffer from 

different amount of degradation. Bearing in mind that in this method the quality is 

measured as an average, classification can not be completely satisfactory, i.e., some 

areas are in focus while other areas are out of focus in the same photogram. Hence, in 

average, images are good classified but, in isolated regions (the face of the child, the 

shirt, the head in the foreground, etc.) some visual disagreement is possible. 

 

Figure 5.6.  Classification obtained with a set of test images. From left to right, image quality decreases. 
A quantitative figure of quality (standard deviation of directional entropy per pixel) has been written at 
the foot of each image (images are a courtesy of Filip roubek).     
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5.1.3     Application to interpolated images 

The method described in this chapter represents a measuring method for determining 

image quality. The method can be applied to classifying images according to their 

visual quality. Nevertheless, to do this the images require fulfilling some constraining 

conditions. These conditions are: 1) Images must represent the same scene. 2) Images 

must be equal in size. 3) Images must be registered.  

 

Figure 5.7.  Classification obtained with the AQI for a set of test images. From left to right, image 
degradation increases with more noise or more blur. The degradation agrees with the AQI indicated in 
the bottom line. Note that the relative entropy/pixel values for these images are: A: 0.49, B: 1.00, C: 
0.04. The maximum of the entropy in the set corresponds to the noisiest version. This is an example of 
how entropy by itself isn t a good indicator or image quality.  

     Fig. 5.7 presents and example of classification of images using such a constraining 

conditions. Nevertheless, some digital image applications, as super-resolution 

processing, require a final evaluation for input and output products which are different 

in size. Comparative measures for images with different size are not possible due to the 

different ratio between the parameters of the measuring method (e.g.: the analysis 

window size) and the image size. One way of solving the problem is by interpolating 

the images to have the same size. Then comparative measures are possible. 

Nevertheless, image interpolation may introduce some unfair artifacts to the images, 

masking the measure.       

To show how interpolation affects the measurement, the images B and C, shown in 

Fig. 5.7, originally 256x256 pixels in size, have been decimated (interpolated) and then 
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interpolated (decimated) back by a bicubic process and then measurements have been 

performed and their relative quality compared. Results are shown in Table 5.2. 

TABLE 5. 2 
COMPARISON OF AQI  RESULTS FOR INTERPOLATED IMAGES  

Pixels resampling 

(Fig. 5.7, versions B & C ) 

AQI of version A AQI of version B AQI of version C 

256 to 64 & 64 to 256  1.00000 0.20349 0.15026 

256 to 128 & 128 to 256 1.00000 0.41366 0.15003 

256 to 512 & 512 to 256 1.00000 0.54898 0.13857 

Original test 1.00000 0.32310 0.13664 
      

     The results shown in Table 5.2 suggest that the re-sampling process minimally 

affects the blurred version C, while the noisy version B produces a more severe 

difference with the original test. The qualitative justification is that noise becomes 

smoothed after the re-sampling process and then quality is positively affected, except 

for a severe decimation. 

     A realistic example is shown in Fig. 5.8. Images in Fig. 5.8 show one of the inputs to 

a super-resolution process (right) and the outcome from the process (center). An 

original image is also shown (left). The set of input and output images was 67x109 

pixels in size. These images have been bicubic interpolated to the size of the original 

image (226x344 pixels) in order to apply the measuring process. The AQI results are 

indicated in the bottom line of Fig. 5.8.      

If we consider that images in the test set are noise-free, then such quality measures 

can be trusted even after the interpolation process, or at least, errors are not significant 

enough to alter the right classification of the images.  
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Figure 5.8.  Classification obtained with the AQI for a set of test images in a super-resolution example. 
Super-resolution and input images were 67x109 pixels in size, while the original has 226x344 pixels. The 
input and resulting images have been interpolated by a bicubic method in order to be compared with the 
original one. The AQI of the images are represented in the bottom line.   

5.1.4. Discussion 

The above results allow the completion of objective OBJ7. Namely, a new concept 

(image anisotropy) has been introduced as an image quality assessment parameter. The 

main contribution introduced here is the possibility of measuring image quality without 

a reference or ground-truth image. Another interesting feature is that this measure 

considers noise as a disturbing effect and the figure of merit decreases when noise is 

present. The method is based on measuring the averaged anisotropy of the image by 

means of a pixel-wise directional entropy. The robustness of the method for natural 

images has been experimentally established and results have been used to determine the 

relative quality of diverse image processing results after applying different algorithms. 

Outcomes indicate that classification matches well with the visual inspection but some 

assumptions, as registration and degradation uniformity, must be fulfilled by the images 

under test. Under noise-free circumstances, images of different size can be compared by 

matching their size by interpolation. This method has been also extended for the 

evaluation of super-resolution imaging processes. 
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5.2     Image noise measurement  

This section provides information about the development and completion of objective 

OBJ8. As previously stated in this chapter, entropy is used as a number indicating the 

amount of uncertainty or information of a source.  The meaning of this is that noise 

cannot be distinguished from information by simply measuring entropy. However, the 

Rényi entropy can be handled to give information about the noisy condition of images 

as it will be shown later on.  Entropy can be calculated in a pixel-wise basis. When the 

source of information is a digital image, the association of a value of entropy to each 

pixel of the image is the result of the process. Consequently, entropy histograms of 

images are possible. As stated before in this chapter, entropy histograms give 

information about the information contents in the image in the same way as image 

histograms give information about the distribution of gray-levels. Hence, histograms of 

entropy can be used to quantify differences in the information content of the images. In 

this section, the behavior of entropy histograms of noisy images has been analyzed and 

results have been applied to define an index that measures the noise content of natural 

images. The pixel-wise entropy of digital images has been calculated through the use of 

a spatial/spatial-frequency distribution. The generalized Rényi entropy and a normalized 

windowed pseudo-Wigner distribution (PWD) have been selected to define a specific 

pixel-wise entropy. By means of this, a histogram of entropy values has been derived. 

The shape of such a distribution of entropy indicates the amount of noise present in the 

image. Some examples are presented and discussed.  

5.2.1     Applications to natural images                                                                                            

Fig. 5.9A represents a natural image from a digital camera.  Versions B, C, and D are 

the result after adding Gaussian noise to the image A. The pixel-wise Rényi entropies of 

these images have been calculated by means of Eq. (5.1), using a sliding window of N 
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data (N=8 in this example), line by line until cover the whole image. The results have 

been used to draw the histograms shown in the right column of Fig. 5.9.       

This example shows that the behavior of the pixel-wise entropy is highly sensible to 

changes in the noise contents of the image. Differences can be measured through the use 

of some measures associated to histogram shape. 

     Two remarks have been derived from the observation of the histograms of entropy of 

a large collection of natural images. These remarks are:      

Remark 1: The position of the maximum of the entropy histogram for a natural 

image moves monotonously to the right when Gaussian noise is added to the image.  

     Remark 2: The height of the maximum of the entropy histogram for a natural image 

decreases monotonously when Gaussian noise is added to the image.  

     A heuristic justification of both remarks can be found in the combinatory diversity of 

the gray-levels of the images. To calculate the entropy of each position n in a given 

image, N pixels in a given neighborhood are used. The number of different possibilities 

of gray-values occurrence can be measured through a combinatory number as 8 NC 2

 

for images with 8 bits/pixel. In practice, natural images do not cover all the possible 

mentioned combinations C . Let us suppose that the number of combinations observed 

in a given image is 0C C

  

and we add a certain amount of Gaussian noise. The noise 

added to the image increases the number of gray-level combinations to 1 0C C , then 

the histogram of the pixel-wise entropy of the image gains diversity, spreading it out 

and shifting the maximum to the right. Also, the maximum of the histogram decreases 

its value, as new counts are added to the new upcoming values of entropy, provided that 

the total amount of counts is a fixed number in the histogram. This process has a 

saturation effect and finally a limit distribution is obtained (see Fig. 5.10). 
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     In order to define an algorithm to measure the noise content of images, Remark 1 has 

been considered. The practical sequence of calculations to define an index indicating the 

noise incidence can be summarized as 

1) Calculate the pixel-wise image entropy using Eq. (5.1) 

2) Normalize entropy values to the interval [0, 1]      

3) Build an entropy histogram h(i) with 256 bins 

4) Use logarithmic scaling logH i h i 1 instead of h i to a better visualization 

of the entropy values. The frequency values are normalized to have 
i

H i 1

 

5) Find the position, J, where the maximum of the histogram H is located. 

6) Define a entropy histogram noise index, EHNI, by the equation: 

                  log
1 1

4 H J
EHNI                                                                              (5.7) 
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Fig. 5.9. Left column: A) Source image. B) Image plus 20% of Gaussian noise. C) Image plus 40% of 
Gaussian noise. D) Image plus 60% of Gaussian noise. Center column: Pixel-wise entropy. Right 
column: Histograms of the entropy of the images. (axis: x= entropy values, y= relative frequency of x 
values). EHNI is a noise index as defined by Eq. (5.7).  
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Fig. 5.10. Left: Gaussian noise (mean value: 128, standard deviation: 83). Right: histogram of the 
entropy of the image. The noise index EHNI has been calculated as described in the text (EHNI = 1 
indicates maximum noise).  

     The EHNI measure has been normalized to range the values inside the interval ,0 1

 

according to experimental results. The 0 value corresponds to a flat image where all 

the gray-values are equal to 0g . The index increases as the presence of noise in the 

image becomes more and more important, until a saturation limit is attained (see Fig. 

5.10).  

 

Fig. 5.11. Example of noise comparison. Image labeled as original has been subdued to different 
denoising processes. The EHNI has been included next to the names of the images.   
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      For a single image (without reference), the absence of noise is difficult to determine, 

because noise and information are both of a kind. However, if different image sources 

are available, comparative measures are possible. Results of the application of Eq. (5.7) 

to the measuring of noise in a comparative test appear at the foot of the histograms 

shown in Fig. 5.9. As more noise is present, the EHNI increases indicating the 

progressively higher degradation of the different versions A to D. 

 

Fig. 5.12. The image labeled as Original has been corrupted with different kinds of noise. The EHNI 
measures the objective degradation of the resulting images.         

Another example appears in Fig. 5.11. In this example, the image labeled as original 

represents a region of a human retina that has been processed with four different 

denoising methods and results have been measured with the EHNI metric, according 

with expression (5.7). Such measures indicate that the resulting enhanced images have a 

lesser incidence of noise than the original and the differences can be quantitatively 

evaluated by the EHNI index. Although visually is quite difficult to give an estimate of 

which of them is better or worse, or even to give an ordering preference in terms of 
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quality, the EHNI measure enables us to provide a quantitative measure, based on an 

objective noise estimator.    

     Fig. 5.12 shows another example of noise measuring with the EHNI. Here the 

original image has been corrupted by adding different kinds of noise. The measure is 

proportional to the strength of the noise in each image. The minimum value corresponds 

to the original image. The visual comparison of the images agrees well with the order 

given by the measures, suggesting the order the images must be arranged according to 

their noise contents.    

5.2.2     Conclusions 

The above results represent the completion of objective OBJ8. Summarizing, a new 

method for the noise measurement in images has been introduced. This method is self-

consistent in the sense that it doesn t require the existence of a ground-truth image to be 

implemented. The most interesting feature is that this measure is sensible to the noise 

that embodies the image and the figure of merit (EHNI) grows monotonously with the 

noise increment. The robustness of the method for natural images has been 

experimentally established. Results indicate that classification coincides well with the 

visual inspection.      



 
Chapter 6 

Event detection in time series 

This chapter provides information about the development and completion of objective 

OBJ9.  

     Generalized Rényi entropy measurements can provide a quantitative criteria to 

evaluate the importance of the information content of a signal at a given moment t and, 

it can be used for adaptive and automatic selection of parameters in a time-frequency 

analysis (Stankovic, 2001). It can be applied through a time/time-frequency 

representation of the signal, interpreted as a probability distribution. The PWD is 

especially suitable for non-stationary analysis and provides a straightforward 

instantaneous-wise, time-frequency representation of the signal. In this chapter we 

describe a new methodology on the problem of detecting normal and anomalous events 

in biomedical recordings, based on the application of the Rényi entropy under a 

particular normalization.   

6.1     Biomedical signals 

Time-varying properties of the biomedical signals can be studied by the application of 

time-frequency analysis techniques, including entropy measures (Zou et al., 2002, 

Yadollahi et al., 2005). In such time-frequency analysis, Rényi entropy appears as a 

suitable measure to identify information performances. Nevertheless, the Rényi entropy 

can be approached under different normalizations, having not a unique representation. 
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In this chapter, one specific normalization, under an instantaneous-wise basis, is shown 

as a suitable tool for digital analysis of biomedical signals. The aim of the method is to 

accurately detect anomalies through the discordances observed between a normal 

regular pattern of the signal and its singularities.  

 

6.2     Description of the method 

An event is something that takes place at a particular place and time. Biomedical signals 

embody special time sequences that specialized people give a significant meaning. The 

proposed method provides valuable information about the delimitation of these 

biomedical events, since it reveals their position starting from an unprocessed signal. 

This makes easier the task of event detection, since considering only the amplitude of 

the signal is frequently not enough for providing precise information about the situation 

of the events. 

     In any case, the biomedical signal to be treated requires a conditioning step, basically 

by keeping the values in a limited range and applying some bias to the signal, in order 

to set all values above zero. Down-sampling of the signal is also possible for reducing 

the computational time. Once the biomedical signal has been digitized and biased, the 

PWD of the data is obtained using   
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W n k 2 z n m z n m e                                                       (6.1)  

 by a sliding window of N values. In practice, N will be a small number (e.g.: N = 8, 10, 

etc.) to ascertain temporal localization of events. Anyhow, the exact value of this 
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parameter will depend on the particular characteristics of the signal and the sampling 

frequency used to record it.  

After producing the PWD of the temporal signal, each instant n can be associated to a 

vector of N components, which represents its instantaneous PWD. Then, the Rényi 

entropy can be measured in an instantaneous basis as:  

     ,3
2

k

1
R n log P n k

2
                                                                                 (6.2) 

following the Quantum Normalization

 

(see section A.2.3) to approximate the PWD 

obtained by Eq. (6.1) to  a probability distribution P . As a result, a new temporal 

sequence of data is obtained, where normal and anomalous events can be better detected 

and visualized, by providing a more discriminative distinction between them. It is 

important to remark that parameters such as the window size or the bias amount given 

to the signal will originate changes in the shape and in the absolute value or the 

resulting entropy. The observed results have a meaning when comparing different 

signals submitted to identical processes. Additionally, it is essential to point out that the 

Quantum Normalization is the key of the powerful discriminative behavior of this 

method. 

6.3     Experimental results 

In this section some examples are presented for illustrating how the above described 

method works. The signals have been rescaled to fit the [0, 1] interval and have been 

biased to set their minimum values to +1 . A window of N = 8 data values has been 

preferred to calculate the PWD of signals around 300 samples per cycle. Qualitative 

results with electrocardiograms (ECG) and phonocardiograms (PCG) will be described 

and discussed in this section.  
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An electrocardiograms (ECG) is a time-varying signal indicating the current flow 

which causes the cardiac fibers to contract and relax. The term sinus rhythm is used in 

medicine to describe the beating of the heart. The peaks in the ECG waveform are 

labeled as P, Q, R, S, and T. Fig. 6.1 shows one cycle of the ECG corresponding to a 

normal human heart beating (McSharry, 2003).  

 

Figure 6.1. Example of events detection in an electrocardiographic signal (ECG corresponding to a 
normal human heart beating). A) One cycle of a normal human heart beating (sinus rhythm). B) Events 
detected by the method described in the text. The PWD has been calculated using a window of N=8 data.  

     Fig. 6.1B represents the change of entropy with time inside one cycle of a normal 

heart beating, as measured using the method we have described. Events Q, R and S are 

exactly identified and detected. Contrariwise, events P and T are not recognized as 

events.   

The RR-interval is the time between successive R-peaks. The inverse of this time 

interval gives the instantaneous heart rate. Fig. 6.2A represents an ECG of a patient 

affected by arrhythmia, spanning over three cycles of the heart activity. The entropy of 

this sample is represented in Fig. 6.2B. 

In this case, peaks Q, R and S of the ECG have been also detected. It is worthy to 

note how the strength of peaks Q and S as shown in Fig. 6.2B look unbalanced if 

compared with their amplitude in Fig. 6.1B, while this feature is indistinguishable in Fig 

6.2A. Note also that the relative strength of the R peaks in the ECG (Fig. 6.2A) do not 

hold their relative amplitude correspondence in the entropy representation, as Fig. 6.2B 
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shows. Also Fig. 6.2B reveals that consecutive R peaks are unbalanced in comparison 

with Fig. 6.2A. The explanation to this is the frequency character of the information 

provided by entropy against the voltage amplitude variation of the ECG.   

 

Figure 6.2. Example of event detection in an electrocardiographic signal (ECG of a patient affected by 
arrhythmia). Three cardiac cycles are represented. A) Electrocardiographic signal. B) Events detected by 
the described method. The PWD has been calculated using a window of N=8 data. 

      

Fig. 6.3 presents a new case of a more severe ventricular arrhythmia. Only one 

cardiac cycle has been represented. The window used to calculate the entropy in this 

case has been selected as 8N .  The result in Fig. 6.3B is radically different from the 

result in Fig. 6.1B. Differences between both realizations embody the base for disease 

identification through entropy. 

 

Figure 6.3.  Example of events detection in an electrocardiographic signal (severe ventricular 
arrhythmia). One cardiac cycle has been represented. A) Electrocardiographic signal. B) Entropy of the 
signal in A. The PWD has been calculated using a window of N=8 data.    

Results using different window sizes with the same signal in Fig. 6.3A are shown in 

Fig. 6.4, where the outcome of using 16, 32 and 64 data values, respectively, has been 
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represented. Changing the window size originates a change in the shape of the filtered 

signal, with a less localized pattern, i.e., the filtered signal shows an enveloping effect.    

 

Figure 6.4. Example of events detection in an electrocardiographic signal (severe ventricular arrhythmia). 
One cardiac cycle is represented. A) Entropy of the signal in Fig. 6.3A, calculated using a window of 
N=16  data values. B) Entropy of the same signal, calculated using a window of N=32  data values. C) 
Entropy of the same signal, calculated using a window of N=64  data values.   

As a second example of biomedical signal which is suitable to be analyzed with this 

method is the phonocardiogram. A phonocardiogram (PCG) is the graphical 

representation of the sounds produced by the heart. The generation of these sounds is 

caused not only by the opening and closure of the cardiac valves, but also by the 

vibrations of the whole cardiovascular system originated by blood pressure gradients 

(Rushmer, 1961). A normal cardiac cycle has two main sounds, S1 and S2, which 

define the start of systole and diastole, respectively. However, abnormalities and 

problems in the cardiac valves or walls generate turbulences in the blood flow, which 

are heard as murmurs. These murmurs are often pathologic and must be detected in 

order to provide proper treatment to the patient. 

A common problem in the processing of the PCG is to detect the main events of the 

cardiac cycle (S1, S2, murmurs ) in order to diagnose the valvular state of the heart. 

Methods have been developed to treat this problem (Liang et al., 1997), usually by 

applying a threshold and detecting the events that are bigger than the threshold. 

However, in pathological recordings, the delimitation of the individual events is a more 

difficult task, because the events are usually very near, and their separation may be not 
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clear using thresholding techniques. Thus, new methods have been developed 

(Martínez-Alajarín and Ruiz-Merino, 2005) with the aim of detecting more accurately 

the limits of the events. 

The method presented in this section has been designed to outperform the previous 

existing methods. Figure 6.5A presents two cardiac cycles of a control PCG record. Fig. 

6.5B shows the filtered signal obtained after applying the method to the 

phonocardiographic signal. Heart beatings are then identified as clean and independent 

events. The strength of this method lies in its capability to remark the events, while the 

rest of the signal (ambient noise and internal noise) presents very low values, thus 

making easier the detection of events.  

A new example is presented in Fig. 6.6. Here the signal represents two cardiac cycles 

of the PCG signal of a patient affected by aortic stenosis, showing a systolic murmur 

between S1 and S2 (Fig. 6.6A). The murmur has greater amplitude (and energy) than S1 

and S2, so the threshold-based method to detect events would not work properly in this 

case.    

 

Figure 6.5. Example of events detection in a phonocardiographic signal belonging to a normal person. 
Two cardiac cycles are represented. A) Phonocardiographic signal. B) Events detected by the described 
method.  

After filtering out the signal with this method, the result (Fig. 6.6B) shows the 

detected events: S1 joined to the systolic murmur, and S2, whereas the values for the 
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rest of the signal are very near zero (silent periods). The amplitude in the silent periods 

due to internal and external noise is higher than the signal of Fig. 6.5A, but the filtering 

has set the values again to practically zero.  

This result in Fig. 6.6B is clearly different from the result in Fig. 6.5B. Murmurs 

extend through silent periods when compared with a normal signal as the one in Fig. 

6.5B, for example. Differences between anomalous and normal signals are obvious 

from the results provided by this method, constituting the basic information to the 

diagnosis of diseases by an expert trained clinician or for devising an automatic device 

for disease detection and identification. 

Besides that, the height of the resulting events seems to be related with their 

frequency contents. For example, S2 contains higher frequencies than S1. This is shown 

in Fig. 6.5B with S2 events higher than S1 ones, thus making easier distinguishing 

between S1 and S2 in PCG signals. In the same way, the systolic murmur due to aortic 

stenosis contains higher frequencies than S1 and S2. Fig. 6.6B shows this effect, with 

the amplitude of the murmur in the filtered signal being higher than the amplitude of S2 

and S1.   

 

Figure 6.6. Example of events detection in a phonocardiographic signal belonging to a patient affected by 
a murmur due to aortic stenosis. Two cardiac cycles are represented. A) Phonocardiographic signal. B) 
Events detected by the described method.  
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6.4     Conclusions 

The above results correspond to the completion of objective OBJ9. In this chapter, a 

new method for events detection in biomedical signals has been presented. Examples 

show that this method can provide a way of identification and discrimination of normal 

and abnormal events in these signals that will be useful for expert diagnosis or as the 

input information to an automatic discriminating system. However, further research is 

required in order to calculate the parameters characterizing normal an anomalous events 

by means of the filtered signal originated by this method. Namely, position, and 

strength of identifiable events and their relationship with the original biomedical signal 

must be statistically analyzed. Additionally, this methodology can doubtless be 

extended to other kind of biomedical signals as, for example, electroencephalograms, 

for detections or prevention of epilepsy onsets. Also, the analysis of geological signals 

can obtain some profit with the help of this technique.               
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Chapter 7  

Conclusions      

7.1     Scope of this thesis 

In this thesis, a directional 1-D PWD has been experienced as a tool for image 

processing. Following a predefined methodology, several applications have been 

developed. The calculation has been performed in a pixel-wise scheme that permits the 

reduction of the computational time, converting the PWD in a real-time processing tool. 

The mission has been carry out by establishing specific objectives, OBJ1 to OBJ9, as 

described in Chapter 1, Section 1.3.  Many illustrative applications have been described 

and results have been presented and compared with other methods, showing the 

excellent behavior of the new methodology described here, that performs equally and 

some times outperforms other schemes. In addition to the experiments with images, it 

has been shown that this new methodology can be extended to other fields, such as 

biomedical signals, where it has been successfully applied for the detection of events.   

7.2     Contributions of this thesis 

Based on the objectives declared in Chapter 1, here follows a list of the contributions 

provided by this thesis:  
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     OBJ1. 

 
Given a set of registered digital camera images, affected by spatially-

variant blur, a fusion method based on the PWD has been developed. Statistical quality 

measures have been presented that support the suitability of the method (Section 2.1). 

     OBJ2. 

 
Given a sequence of registered digital microscopic images, taken with 

different focal length, a fusion method based on the PWD has been developed to obtain 

a 2-D representation of the 3-D object included in the input sequence (Section 2.2).   

     OBJ3.  Given a set of registered multi-sensor images, a fusion method based on the 

PWD has been developed to combine these data and produce enhanced images with 

high spatial and high spectral resolution (Section 2.3). 

     OBJ4. 

 

Given a set of multi-temporal images from optical remote sensing the cloud 

covering problem has been undertaken and a fusion algorithm based on the PWD has 

been developed to produce a cloud-free view from the several multi-temporal source 

images. The objective quality of the method has been stated by a numerical test and the 

results have been compared with other existing methods reveling appreciable 

advantages (Section 2.4).   

     OBJ5. 

 

Given a blurred digital camera image, a blind deconvolution method has 

been developed based on a genetic algorithm, ending with a discriminating step to select 

or generate by fusion the best realization. An objective test has been achieved with 

successful performance, comparing the results with other published method (Chapter 3). 

     OBJ6. 

  

Given a set of digital images representing a given family of high-order 

binary textures known as isotrigon textures, a method based on the PWD has been 

developed able to: 

     OBJ6.1.  Discriminate the isotrigon texture vs. random binary noise. 

     OBJ6.2. 

 

Discriminate a single isotrigon texture vs. the remaining textures in the 

family. 
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     Comparative measures have been achieved with other discriminating methods that 

confirm the suitability of the method (Chapter 4).  

     OBJ7. 

 
Given a set of registered digital images, representing different realizations 

of a natural scene, an image quality assessment method based on measuring the 

anisotropy through the PWD of the images has been developed. This method, as 

expected, allow the classification of the source images according with their absolute 

quality. A comparative test has been carried out that indicates the suitability of the 

method (Section 5.1). 

     OBJ8. -    Given a set of registered digital images, representing different realizations 

of a natural scene, an image noise detection method based on comparing the pixel-wise 

entropy histograms of the images has been developed through the PWD of the images 

(Section 5.2).  

     OBJ9. 

 

Given time series signals as phonocardiographic or electrocardiographic 

signals, a event detection method based on the PWD has been developed able to reveal 

characteristic features to identify heart diseases (Chapter 6).      

Additionally, a fuzzy filter for binary maps has been developed as an auxiliary tool 

for digital camera image fusion (Appendix B).     

It is worthy to note that the PWD had been sided out as a real-time tool for image 

processing until now due to its huge calculation time. To shorten this time some 

solutions have been proposed including hybrid optic-digital processors without 

complete success.  One of the aims in this thesis has been to approach the PWD to real-

time applications. Certainly, the reason for the success of the processing tools that have 

been developed here relays in the small format given to the PWD (few pixels, 

directional, 1-D window). This is a crucial argument to give flexibility and speed to the 

algorithms built after this scheme. With the processing tools developed in this thesis, the 
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PWD is now a real-time tool for image processing in many applications and a near-real 

time in many others. Also, there is no evidence until now of any publication associating 

a 1-D PWD and the generalized Rényi entropy in a pixel-wise scheme for image 

processing. Hence, it can be stated that a new way of presenting image entropy and 

image anisotropy has been introduced. Importantly, the algorithms introduced open up a 

new line to deal with image quality assessment and noise discrimination in a way 

unknown until now. The anisotropy measure that has been introduce here enables us for 

establishing an objective quality assessment for images, based in calculating an absolute 

quality parameter, no related to a previously known reference or original image. 

Histograms of the pixel-wise entropy introduced in this thesis are also a new concept 

that appears as a useful tool for noise detection.   

 

7.3     Further research 

Surely, one of the open issues of image processing is image quality measurement. In 

this thesis a new tool able to measure the anisotropy of images under an easy scheme 

has been introduced. The possibilities of this new tool have not been completely 

explored and will be the matter of future researches. Also, there exist many open 

avenues in the study of isotrigon textures that can be boarded after the successful results 

obtained in this thesis. In the one-dimensional signal area, further in-depth study of the 

results can be pursued and extended to other biomedical or geological signals that can 

be analyzed to obtain useful information, applicable to the task of event detection or 

forecasting.      



   

Appendix A   

Fundamental background   

This thesis is fundamentally oriented and originally conceived to deal with digital 

images. The purpose of this appendix is to present some of the basic concepts behind 

the methods introduced in this thesis. There are many excellent books on image 

processing (Pratt, 1991, Haralick and Shapiro, 1992) together with other references that 

have been cited in the text. All these additional information can be consulted for a more 

detailer information. The aim here is to give the fundamental background to follow the 

applications that have been described through the different chapters.      

Although all the applications have been designed to operate with the image 

luminance, results can easily be extended to color images. Typically, the image 

luminance is an M x M array of integers, each element of this array is named pixel, 

whose values are chosen from a specified gray-scale, ranging from 0 to L 

 

1. 

Normally, nL 2 . The goal of image processing is to use the information provided by 

the gray-level values in one or more source images to obtain a new image, considered 
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better than any of the sources, under some specific quality metric. Following the 

methodology introduced in Chapter 1, Section 1.4, the signal processing task has been 

divided in four meaningful stages. These stages can be identified as:  

1) Feature extraction  

2) Feature evaluation 

3) Signal mixing  

4) Method evaluation  

A.1     The feature extraction stage  

A.1.1     The pseudo-Wigner distribution  

This step consists in using the grey-level values of the source images to obtain an 

spatial/spatial-frequency representation of the images. This information will be used 

later on to determine the pixel-wise quality of the images.  Empirical studies suggest 

that joint spatial/spatial-frequency representations are fundamental for encoding visual 

information (Jacobson and Wechsler, 1988) and cast into a common analytical 

framework previously introduced by Cohen (1966). One of the most representative joint 

representations is the Wigner Distribution (WD), which is a quadratic signal 

representation introduced by Wigner (1932) and later applied by Ville (1948) to signal 

analysis. A comprehensive discussion of the WD properties can be found in a series of 

classical articles by Claasen and Mecklenbräuker (1980).   

     Originally, the WD has been applied to continuous variables as follows:  

     Consider an arbitrary 1-D function ( )f x , x . The WD of ( )f x

 

is given by 

     
( )

, ( ) *( )
i u

fW x u f x f x d
2 2 e                                                      (A.1) 

here * denotes complex conjugation and the integral must be interpreted as Lebesgue.  
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     By considering the shifting parameter 

 
as a variable, Eq. (A.1) represents the 

Fourier Transform (FT) of the product f(x+ /2)f*(x- /2), where u denotes the spatial-

frequency variable and, hence, the WD can be interpreted as the local spectrum of the 

signal f(x).  

    The Wigner Distribution satisfies many meaningful mathematical properties that can 

be summarized as:  

P1: ( , ) ,f fW x u W x u          ( The WD is a strictly real-valued function) 

P2: If  a bf x 0       x x  or  x>x       then      ,f a bW x u 0       x x  or  x x

  

(finite duration (or bandwidth) signals have a Wigner representation with the same 

property). 

P3: for real f(x),   ( , ) ( , )f fW x u W x u . 

P4: ( , )d ( )
( )

2

fN

1
W x u u f x

2

  

P5: ( , )d ( )
2

fW x u x uF           (F (u) represents the FT of function u) 

(P4 and and P5 are customarily referred as marginals) 

P6: ( ) ( ), ( , ) ( , ) ( )0 g f 0If g x f x x then W x u W x x u    shift property .

 

P7: ( )( ) ( ) , ( , ) ( , ) ( )0i u x
g f 0If g x f x e then W x u W x u u      modulation property .

 

P8: ( ) ( ) ( ), ( , ) ( , ) ( )f g h
x

If  f x g x h x then W x u W x u W (x,u)      convolution property .

 

P9: ( ) ( ) ( ), ( , ) ( , ) ( ).
( )f g hN u

1
If  f x g x h x  then W x u W x u W (x,u)   windowing property

2

 

P10: ( , ) diux
f

1
W x 2 u e u f x f 0

2

 

     (inversion property).      

The WD has an obvious interpretation as defining a local power spectrum at each 

point x of the signal. Remarkably, property P1 implies that the phase of the WD is 
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implicit (phase remains hidden in the real-valued WD function). Also, P10 indicates 

that the WD is a reversible transform and the original signal can be recovered up to a 

constant factor f 0  (Claasen and Mecklenbrauker, 1980).       

Although the WD was initially defined for continuous variable functions, Claasen 

and Mecklenbrauker (1980) proposed a first definition for discrete variable functions. 

However, some attempts to extend definitions of the WD to discrete signals have not 

been yet completely successful (O Neill, Flandrin and Williams, 1998). For the 

applications in this thesis, the following discrete Wigner distribution, similar to the one 

proposed by Claasen and Mecklembräuker (1980) and also by Brenner (1983)  has been 

selected:  

     
( )

, *

N
1 2 m2 2i k

N
f

N
m

2

W n k 2 f n m f n m e                 n,m,k                   (A.2) 

     This equation, designed for discrete time or space signals, shows a great similarity 

with the original continuous version, but it also presents some differences and therefore  

has been referred as a pseudo-Wigner distribution (PWD). Simply considered, the PWD 

involves using finite bounds of integration (i.e., a sliding analysis window). This 

originates a function which, relative to the true WD, is smoothed with respect to the 

frequency domain only. One important property preserved within the definition given 

by Eq. (A.2) is the inversion property (P10), which is a greatly desirable feature for the 

recovering of the original signal. Then, local filtering operations are also possible.  

     Eq. (A.2) represents a PWD limited to a spatial interval 2N 2N /,/ . Here, n and k 

represent the spatial and space-frequency discrete variables, respectively, and m is the 

shifting parameter, which is also discrete. The values of n represent the sampling 

positions in the signal considered as a digital replica of an original continuous 

representation. In this case, the numerical value of the n-th position in the sequence is 
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equal to the value of the analogical signal at position nTx . That is, the analog 

position x is represented in the digital image by pixel n. Here T is recognized as the 

sampling period and it is the inverse of the sampling frequency. Eq. (A.2) originates a 

N-component vector in each position n . Furthermore, Eq. (A.2) must be interpreted as 

the discrete Fourier transform (DFT) of product ,r n m f n m f n m

 

in this 

interval or window.  

A.2     The feature evaluation stage 

In this stage the spatial/spatial-frequency information of the image is measured. The 

idea consists in associating a feature value to each pixel position. This feature value can 

be used to take decisions about the source information and determine the output value to 

be given to each pixel. In order to be consistent, any possible measure require fulfilling 

some mathematical constrains to be considered as a metric.  

A.2.1     Definition of a metric 

A metric is a function which defines a distance between elements of a set. For 

simplicity, it is normally called distance. Mathematically, the concept of distance can be 

defined as follows: 

     Given a set X, a metric on the set is a function  

XXd : 

     

 

is the set of real numbers. For all x, y, z in X, this function is required to satisfy 

the following conditions: 

   1.      ( , )d x y 0      (non-negativity) 

   2.      ( , )d x y 0  if and only if   x y         (identity of indiscernibles) 
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   3.      ( , ) ( , )d x y d y x      (symmetry) 

   4.      ( , ) ( , ) ( , )d x z d x y d y z      (triangle inequality).    

   

A.2.2     The Euclidean distance 

One of the simplest measures that can be used to compare multidimensional elements is 

the Euclidean distance. For two points, ( , ,..., )1 2 np p pp and ( , ,..., )1 2 nq q qq , the 

distance in a Euclidean n-space is computed as: 

     ( , ) ( )
n

2
i i

i 1

d p qp q                                                                                          (A.3) 

     If p is a feature vector associated to a pixel that belongs to image A and q is a feature 

vector associated to a pixel that belongs to image B, expression (A.3) give us a 

quantitative measure of some qualitative difference between the two pixels.   

A.2.3     Entropy 

Classically, entropy is used as a number to indicate the amount of uncertainty or 

information of a source. Entropy was initially proposed independently by Shannon 

(1949) and Wiener (1948) as a measure of the information contents per symbol, coming 

from a stochastic information source.       

A signal can be understood as a realization from a source S generating symbols si. 

Associated with a symbol source S, there is a number, H(S), called the entropy of the 

source, which measures the amount of uncertainty or information in the source. The 

entropy of the source S is defined by 

     
q

1i
i2i sPsPSH )(log)()(                                                             (A.4) 
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where )( isP number of times si occurs. Here, q is the number of possible symbols in 

the signal (e.g.: dealing with 8 bits/pixel this number is 256). 

     Later, Rényi (1961) extended this notion to yield the generalized entropy. A review 

of the existing Rényi measures, can be found in L. Stankovic (2001). Different 

distributions have been considered to define Rényi entropy measures. These measures 

have been introduced in the time-frequency analysis area by different authors (Williams 

and Brown, 1991, Sang and Williams, 1995), with a significant contribution of other 

authors (Flandrin, Baraunik and Michel, 1994) in establishing the properties of these 

measures. The Rényi entropy measures applied to a discrete 1-D spatial/spatial-

frequency distribution knP ,  have the form 

     
n k

2 knPlog
1

1
R ,                                                                             (A.5) 

     Here n

 

is the spatial variable and k the frequency variable. Also 2

 

are values 

recommended for space-frequency distribution measures (Flandrin, Baraunik and 

Michel, 1994). Unless Rényi measures of joint spatial/spatial-frequency distributions 

formally look like the original entropies, they do not have the same properties, 

conclusions and results derived in classical information theory. The positivity, 

0knP , will not be always preserved, along with the unity energy condition, 

1knP
n k

, . In order to reduce a distribution to the unity signal energy case, some 

kind of normalization must be done (Sang and Williams, 1995). The normalization can 

be done in various ways, leading to a variety of possible definitions of such measure 

(Stankovic, 2001, Flandrin, Baraunik and Michel, 1994). The experimental results 

obtained with the different normalization indicate that the best result correspond to one 

that can be identified as quantum normalization, following the classical wave function 
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normalization used in Quantum Mechanics (Eisberg and Resnik, 1974). Hence, the 

following normalization has been selected for the applications described in this thesis.    

A.2.3.1     Quantum normalization 

Quantum Mechanics (Eisberg and Resnik, 1974) inspires a normalization by 

assimilating the spatial-frequency distribution, P , of a given position n with a wave 

function and deriving its probability density function by means of 

knPknPknP ,,,

 

(where *P

 

is the complex conjugate of P ), followed by a 

normalizing step to satisfy the condition 1knP
n k

, .  The general case in 

expression (A.5) with 3 gives 

          
n k

3
23 knPlog

2

1
R ,                                                                            (A.6) 

     This measure can be interpreted in a point-wise basis as follows 

      
k

3
23 knPlog

2

1
nR ,                                                                                 (A.7)      

The term P in Eq. (A.7) has also to be normalized in the way knPknPknQ ,,, , 

followed by  
k

knQknQknP ,,,

 

to meet the normalizing condition: 

, ,
k

P n k 1 1 n M , being M  the size of the data and 12Nk2N // 

represents the spatial window used to obtain the measure.   

A.3     The signal mixing stage 

     Once the source images have been analyzed and features extracted and evaluated 

with some of the previously described methods, a decision rule must be applied, in 

order to build up a resulting image or approximation to an unknown original. The way 
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this reconstruction is performed has been one of the subjects in the preceding chapters 

through this thesis.  

A.4     Method evaluation stage 

The target of a great amount of applications of image processing is to build up a in-

focus-noise-free version of an unknown original. Quality evaluation of the result is not a 

minor issue, especially if more than one enhancement algorithm competes to produce 

the best result. Naked eye is surely a good classifier, but an automatized method would 

spare time and should simplify the task. Quality evaluation of images is still an open 

issue. Typically, methods for determining the quality of the enhanced images, such as 

PSNR, RMSE, and many others, require a reference or ground truth image to fulfill the 

measure (Zhang and Blum, 1999, Wang and Bovik, 2002). However, not always a 

ground truth image is available to perform comparative quality measures.       

Some of the most classical comparative measures are enumerated here after. In these 

definitions, X and Y represent two generic images. Images are mathematically 

considered as real valued matrices. Each element of these matrices, ijx X

 

or ijy Y , 

represents the intensity of a pixel and this intensity is normally quantified. Typically, 8 

bits, i.e. 256 levels are considered a suitable quantification for image processing.   

A.4.1     Quality measures 

Quality, referred to images, can be defined as the degree of excellence that an image 

possesses. Customarily, excellence is based on human perception modeled by means of 

some physical aspects. Then, objective quality measurement methods can be applied. 

These methods are, in general, restricted to still image quality evaluations. However, 

objective image quality measurement methods can not easily be generalized and 
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physical image quality is not completely adequate to evaluate the accomplishment of a 

visual representation by itself. Typically, the following measures have been used to 

evaluate the quality of image processing applications:   

A.4.1.1     Root mean square error 

The root mean square error (RMSE) is a measure of the difference between values 

predicted by a model or an estimator and the values actually observed from the thing 

being modeled or estimated.  

     ,

2N M

ij iji 1 j 1
x y

RMSE X Y
N M

                                                          (A.8)       

The RMSE can be used to compare differences between two images X and Y. If one 

of the images is considered the ground truth , the measure estimates the quality of the 

other.   

A.4.1.2     Peak signal-to-noise ratio 

This measure is a logarithmic application of the RMSE  

       , log
,

2

10

MAX
PSNR X Y 10

MSE X Y
                                              (A.9)  

     In this expression, MSE and RMSE are related by RMSE MSE . Referred to 

images, MAX  is the maximum value that can be assigned to the pixels according to the 

quantizing code. Typical values for the PSNR in image compression are between 30 and 

40 dB.  
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A.4.1.3     Percentage of correct decisions 

This measure compare images X  and Y pixel-to-pixel and counts the number of gray-

values coincidences (number of correct decisions = NCD) and compares it with the size 

of the images (number of total decisions = NTD).  

     100
NTD

NCD
PCD                                                                                               (A.10) 

This measure is specially suitable for cut-and-paste methods, when comparing resuts 

with a known ground truth .   

A.4.1.4     Wang-Bovik index 

This image quality index was introduced by Wang and Bovik. Given two images X  and 

Y of size MxN, then 

    XY
0 2 2 2 2

X Y

4 X Y
Q

X Y
                                                                                   (A.11) 

where 

    
M N 22

X ij
i 1 j 1

1
x X

MN 1
                                     (A.12) 

     
M N

XY ij ij
i 1 j 1

1
x X y Y

MN 1
                                                     (A.13) 

X , Y denote the mean of X and Y respectively.  

A.4.1.5     Joint Spatial/spatial-frequency representations 

A quality index can be derived from the Euclidean distance between the PWDs of two 

homologous pixels: 

              
, ,

,
,

X Y

Y

i j i j
WED i j

i j

PWD PWD

PWD
                              (A.14) 
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Here ,X i jPWD  represents the Pseudo-Wigner Distribution for the pixel of position 

[i, j] in image X. Analogously, ,Y i jPWD is the PWD for pixel [i, j] in image Y. 

Eventually, all the ,WED i j

 
values are averaged to produce an image quality index. 

The rationale of this method consists in evaluating the quality index by comparing a 

estimated enhanced image X with a worst case reference Y. This measure has been 

proposed by Gabarda and Cristóbal (Oct. 2006). A similar PWD-based logarithmic 

measure, but considering image X as original and Y as distorted has been proposed 

independently by Beghdadi and Iordache (2006).       

All these measures and many other that can be found in the literature require a 

reference to be computed. This causes them to be completely useless when the ground 

truth is unknown. This difficulty has been treated in Chapter 5, introducing a new self-

referenced measure to solve the problem.     



  
Appendix B   

Binary image filtering  

In a binary segmentation process, small isolated areas or single pixels are generally 

considered as noise and have to be eliminated. Therefore, the binary-segmented image 

must be post-processed by a de-noising algorithm. This process can be achieved in 

different ways (Haralick and Shapiro, 1992). Here we have developed a method that can 

be classified among the fuzzy digital topology methods (Tizhoosh, 1998, Senel et al., 

2001). By defining a characteristic function (probability) for the degree of 

connectedness (DOC), isolated pixels can be removed from the object while selecting 

their size and keeping the edges of the remaining areas (object) unaffected.  

     When exploring a binary image with a window of wxw pixels, different 

configuration of 1 s and 0 s are obtained (Fig. B.1). The window boundary divides the 

image in two sets: inside and outside window pixels. The inside of the window is 

connected with the outside upon the topology of the 1 s and 0 s around the boundary of 

the window. To keep consistency, we require the central pixel of the window to be a 1. 
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Figure B.1. Examples of different binarized pixels, inside an analysis window. 

     A measure of the number of pixels close to the boundary is taken and a DOC value 

can be assigned to the central pixel of the window as a probability value ,P 0 1 . 

Then, the suppression of the 1 s inside the window is decided by a threshold value. 

Moreover, a small DOC value provides a strong argument to delete the inside of the 

window. This uncertainty in connectedness, which is not due to randomness but to the 

ambiguity about the situation of 1 s and 0 s on the image, provides a solution to this 

problem, from a fuzzy image processing approach.  

     As stated earlier, the criterion, in which the algorithm is based, refers to the 

connectivity of the pixels inside and outside the window through a probability measure. 

For this analysis, the inner pixels (I) and the outer pixels (E) next to the window 

boundary are taken. Next, 0 s and 1 s are compared in both sets to evaluate the 

probability P of region I being connected to region E. The fuzzy rule imposed to delete 

all ones  inside a window is as follows: Given a binary image and a window centered 

in a pixel, whose value is 1, if the degree of connectedness P between inside (I) and 

outside (E) window regions is smaller than a certain value P0 , then, the 1 s  inside such 

a window must be changed to 0 s. 

 

A given region of the image limited by a square 

window must be considered for estimating the probability P required to make a 
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decision,  (Fig. B.1). The inbound pixels of the window are connected with the 

outbound pixels under a 4 neighborhood connectivity criterion (Haralick and Shapiro, 

1992). Accordingly, two pixels are considered neighbor pixels if they are adjacent in the 

same line (row or column). Thus, the inner region of the window is connected with the 

outer region if there are at least two neighboring pixels of value 1, and, one of the pixels 

is inbound while the other one is outbound the window. 

     Let us  consider the assumption that Q is the total number of pixels for set E,  with q 

1 s and Q-q 0 s. Similarly, the set I has Q-4 pixels, of which p are 1 s and the rest are 

0 s. After straightforward combinatory calculations, the probability of regions I and E to 

be connected is given by   

     

p

4Q

q

Q

q

kpQ

k

4

kp

8Q

1P

)pmin(4,

0k                                                                   (B.1) 

where  

     
Q 8
p k

Q 8 C if Q 8 p k

p k 0              otherwise

 

     
Q p k
qQ p k C if Q p k q

q 0             otherwise

 

     Eq. (B.1) entails a high computational cost, hence, a simpler approximated 

expression has been derived, by considering that areas I and E have the same number of 

pixels Q. Such approximation is based on the assumption that corner pixels in the inner 

region have a double connectivity valence . Moreover, we can assign the same number 

of 1 s (p0) to E and I, since they are neighboring areas with the same number of pixels 

and therefore their expected values are the same. Since the probability 

 

of finding a 1 
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filling a corner is the same of filling any other location, it follows that 4)/(Qp0 .   

Therefore, the probability to have k corners filled by 1 s in region I is  

     k40)(1
k

4
P(k) k4k                                                                        (B.2) 

     The expectation value of 1 s in the corners is 4pcor

 

and the effective number or 

1 s to be considered in each region is given by, 
4Q

4p
pp 0

0 . This yields to the 

following probability: 

     

p

Q

p

pQ

1P                                                                                                       (B.3) 

where  

     
Q p
p

Q p C if Q p p

p

 

0              otherwise

  

     Fig. B.2 shows the connection probability plots for a window size of 15x15 pixels. 

Results by using both equations Eq. (B.1) (exact) and Eq. (B.3) (approximate) are 

practically identical when considering appropriate p and q values. However, the 

computational cost of using Eq. (B.3) is much lower than of Eq. (B.1). Fig. B.3 shows 

an example of the behavior of the algorithm for different window sizes. Note that the 

holes in the object can be suppressed by interchanging the role of 0 s and 1 s in the 

above described algorithm.     
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Figure B.2. Comparative results for exact and approximate connectivity in a window of 15x15 pixels. 
(+): Plot from Eq. (B.1) with p= p0 and q=p0+4 p0/(Q-4). (o): Plot from Eq. (B.3)  with p=q= p0+4 p0/(Q-
4).   

Figure B.3. Decision map from Fig. 2.1, smoothed by using a threshold value of P0=0.5 and different 
window sizes, (a) 3x3, (b) 7x7,(c) 11x11 and (d) 15x15. Note the robustness of the scheme in relation 
with the smoothing window size. The main structures are preserved without introducing smoothing and 
the isolated points have been removed. The algorithm can be iterated originating successive cleaning, but 
finally there is a stopping end.          
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Appendix C 

List of contributions 

PATENTS 

1. S. Gabarda and G. Cristóbal, Sistema automático de análisis de señales 
fonocardiográficas , ( Automatic system for fonocardiographic signal 
analysis ), filed in 2006 with the OEPM (Spanish Patent Office), pending patent 
nº 200601425 

2. S. Gabarda and G. Cristóbal, Método para la mejora automática de imágenes y 
secuencias con degradación espacialmente variante , ( Method for automatic 
enhancement of images and sequences with spatially-variant degradation ), filed 
in 2007 with the OEPM (Spanish Patent Office), pending patent nº 200701574  

PUBLICATIONS 

1. S. Gabarda and G. Cristóbal, Multifocus image fusion through the pseudo-Wigner 
distribution , Optical Engineering, Vol. 44 (4), 047001-1/047001-9, Apr. 2005 

2. S. Gabarda and G. Cristóbal, On the use of a joint spatial-frequency representation 
for the fusion of multifocus images , Pattern Recognition Letters, Vol. 26 (16), 
2572-2578, Dec. 2005 

3. S. Gabarda and G. Cristóbal, An evolutionary blind image deconvolution 
algorithm through the pseudo-Wigner distribution , Journal of Visual 
Communication & Image Representation, Vol. 17 (5), 1040 1052, Oct. 2006 

4. S. Gabarda and G. Cristóbal, Cloud covering denoising through image fusion , 
Image and Vision Computing, Vol. 25 (5), 523-530, 2007, May 2007 

5. S. Gabarda and G. Cristóbal, Discrimination of isotrigon textures through the 
Rényi entropy of Allan variances , Journal of the Optical Society of America, 
submitted for publication 

6. S. Gabarda and G. Cristóbal, Image quality assessment through anisotropy , 
Journal of the Optical Society of America, accepted for publication, edition 
pending 

7. S. Gabarda and G. Cristóbal, Generalized Rényi image entropy: a new noise 
measure , Fluctuation and Noise Letters, accepted for publication, edition pending  
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CONFERENCE PAPERS 

1. S. Gabarda, G. Cristóbal and F. Sroubek, Image fusion schemes using local 
spectral methods , Proceedings of the Workshop on Applications of Computer 
Vision 04, pp. 17-24, May 2004 

2. S. Gabarda, G. Cristóbal, L. Galleani and L. Cohen, Cloud denoising , 
Proceedings of SPIE, Vol. 5467; Fluctuations and Noise in Biological, Biophysical, 
and Biomedical Systems II, pp. 428-432, May 2004 

3. R. Redondo, S. Fischer, G. Cristóbal, G. Forero, A. Santos, J. Hormigo and S. 
Gabarda, Texture segmentation and analysis for tissue characterization , 
Proceedings of SPIE, Vol. 5559; Advanced Signal Processing Algorithms, 
Architectures, and Implementations XIV, pp. 401-411, Oct. 2004 

4. S. Gabarda, G. Cristóbal, S. Fischer, R. Redondo, L. Galeani and L. Cohen, 
Volumetric image fusion using the pseudo-Wigner distribution , Proceedings of 

SPIE, Vol. 5558; Applications of Digital Image Processing XXVII, pp. 624-631, 
Nov. 2004 

5. S. Gabarda and G. Cristóbal, Blind image deconvolution using an evolutionary 
algorithm and image fusion , Proceedings of SPIE, Vol. 5839; Bioengineered and 
Bioinspired Systems II, pp. 453-459, Jun. 2005 

6. F. Sroubek, S. Gabarda, R. Redondo, S. Fischer and G. Cristóbal, Multifocus 
fusion with oriented windows , Proceedings of SPIE, Vol. 5839; Bioengineered and 
Bioinspired Systems II, pp. 264-273, Jun. 2005 

7. S. Gabarda and G. Cristóbal, The Rényi entropy as a decision measure for a 
pseudo-Wigner distribution image fusion framework , Proceedings of SPIE, Vol. 
5910; Advanced Signal Processing Algorithms, Architectures, and Implementations 
XV, Sep. 2005 

8. S. Gabarda, G. Cristóbal, J. Martínez-Alajarín, R. Ruiz-Merino, Detection of 
Events in Biomedical Signals by a Rényi Entropy Measure , Proc. of the 5th 
International Workshop on Information Optics (WIO 06), Vol. 860, pp. 210-219, 
Jun. 2006 

9. S. Gabarda and G. Cristóbal, On the development of a high-order texture analysis 
using the PWD and Renyi entropy , Proceedings of SPIE, Vol. 6313; Advanced 
Signal Processing Algorithms, Architectures, and Implementations XVI, 63130V, 
Aug. 2006. 

10. S. Gabarda, G. Cristóbal, J. Martínez-Alajarín and R. Ruiz-Merino, Detection of 
anomalous events in biomedical signals by Wigner analysis and instant-wise Rényi 
entropy , 14th European Signal Processing Conference, Florence, Sep. 2006 

11. S. Gabarda and G. Cristóbal, Quality evaluation of blurred and noisy images 
through local entropy histograms . Proceedings of SPIE, Vol. 6592; Bioengineered 
and Bioinspired Systems III, 659214, May 2007 

12. S. Gabarda, and G. Cristóbal, The generalized Rényi image entropy as a noise 
indicator . Proceedings of SPIE, Vol. 6603; Noise and Fluctuations in Photonics, 
Quantum Optics, and Communications, 66030K, Jun. 2007 

13. S. Gabarda, G. Cristóbal, , Generalized Rényi entropy as new image quality 
metric. Proceedings of ECVP, Aug. 2007. 

14. S. Gabarda, , G. Cristobal, , F. Sroubek, A Model-Based Quality Improvement and 
Assessment of Hazy Degraded Images . Proceedings of EUSIPCO, paper ID 8554, 
Sep. 2007. 
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