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Large-amplitude extensional standing waves in metals are studied theoretically and experimentally. 
Starting from the nonlinear elastodynamic equation for perfectly elastic solids, a one-dimensional 
second-order model is formulated for resonant rods. Losses are neglected and superposition of 
forward and backward waves is assumed. Spatial distributions of the force and particle velocity are 
obtained theoretically as well as the waveforms. The experimental work consists of measuring and 
analyzing the vibration signal along the length of cylindrical rod samples of a tiitanium alloy at 
constant temperature. Stepped rod samples are used to achieve higher strain amplitudes. The 
samples are driven by means of a piezoelectric transducer. The vibration amplitudes and waveforms 
are monitored by using a nonintrusive laser vibrometer. From a comparisc,n between the 
experimental and theoretical results a value for the nonlinearity parameter of the titanium alloy is 
derived. 

PACS numbers: 43.25.Dc, 43.25.Gf 

INTRODUCTION 

In this paper we present a theoretical and experimental 
study of finite-amplitude extensional standing waves in reso- 
nant rods of perfectly elastic isotropic solids. 

It is well known that the vibration of elastic solids can 

be described by linear laws only in the case of infinitesimal 
amplitudes. In fact, if the vibration is of finite amplitude, the 
strain and stress tensors contain higher-order terms and they 
are no longer linearly related. •'2 As a consequence, the equa- 
tions of motion become nonlinear 3'4 and the solid medium 
must be characterized by higher-order elastic constants. Ma- 
terials used in high-power ultrasonic transducers, such as ti- 
tanium alloys, which are subjected to very large mechanical 
displacements, have to be studied in the nonlinear range. 

The classical acoustic methods to study the dynamic 
elastic properties of solids under linear conditions involve 
the measurement of velocity and attenuation. The applied 
measurement procedure depends on the frequency range. For 
frequencies up to about 100 kHz the usual method is to ex- 
cite a resonant mode in a specimen and to measure the fre- 
quency and the resonant curves. For higher frequencies, 
pulse methods are better suited because the dimensions re- 
quired for the specimen to be resonant would be too small. 

Methods for studying the nonlinear dynamic properties 
of solids are not so well established. In fact, for many years 
nonlinear studies were mainly focused on fluid media. 5 More 
recently interest in the study of finite-amplitude propagation 
in solids has grown as a consequence of various practical 
problems such as the propagation of seismic waves in rocks 
or the increasing power used in sonic and ultrasonic applica- 
tions where the nonlinear properties of the solids cannot been 
ignored. 6'? In the literature there exist a number of theoretical 
and experimental investigations which determine the nonlin- 
earity parameters of solids. 4'6-1ø Two main acoustic methods 
for studying the nonlinear elastic properties of solids have 

a)Part of this research was presented at the 13th International Symposium on 
Nonlinear Acoustics, Bergen, Norway, 28 June-2 July 1993. 

been proposed. One of the procedures consists of applying a 
high static stress (hydrostatic or uniaxial) and measuring the 
time for small-amplitude waves to travel one round trip :in 
the sample. TM The velocity slope versus static stress is re- 
lated to the second- and third-order elastic coefficients? '•4 A 
recently modified version of this method based on the 
changes in frequency of small-amplitude standing waves in a 
rod as a function of an applied high uniaxial uniform stress. 8 
The other method employed consists in generating a sinu- 
soidal signal at the boundary of the material sample and in 
measuring the nonlinear distortion of the wave along the 
propagation path. The nonlinear elastic properties are in- 
ferred from the growth of the harmonics. Generally, the stud- 
ies were restricted to the second harmonic and they were 
based on one-dimensional models under the assumption of 
semi-infinite media. 3'4't5 The applied equations are similar to 
those developed for finite amplitude waves in fluids. 3'1ø']6-18 
This procedure requires tl•,e use of high ultrasonic frequen- 
cies to generate progressive waves under bulk propagation 
conditions. Few analyses on finite amplitude standing waves 
are found in the literature. Some papers describe the behavior 
of nonlinear standing acoustic waves in fluids? '2ø However, 
nonlinear vibrating elastic solids in resonance have only re- 
cently found attention in some investigation. Johnson et aL ? 
have presented a work where the nonlineartry parameters of 
rocks were measured by studying the resonant response of a 
bar subjected to finite amplitude deformations. The method 
was based on the measurement of resonance frequency varia- 
tions with changing vibration amplitude; no information was 
given about the harmonic distribution along the geometry of 
the sample. This method, which was applied to highly non- 
linear materials (rocks) by using very low frequencies (•-;1 
kHz), was not sensitive enough for studying nonlinearities in 
metals. 

This article deals with a theoretical and experimental 
study of the nonlinear behavior of metals subjected to high- 
intensity ultrasonic stresses. The experimental study was car- 
ried out with resonant specimens employing longitudinal vi- 
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brations at frequencies of about 23 kHz. The material 
employed in this study was a titanium alloy (Ti 6 AI 4 V) 
commonly used in the construction of high-power ultrasonic 
transducers. 21 The theoretical model developed was based on 
an one-dimensional approach of the nonlinear elasticity 
theory, neglecting losses and assuming superposition of for- 
ward and backward waves. 

I. THEORY 

This study considers longitudinal waves in an isotropic 
rod with a small d/h ratio (d being the cross-sectional diam- 
eter and h the wavelength). Under these conditions it is as- 
sumed that the vibration of the specimen can be described by 
a one-dimensional model. In the present approach losses are 
neglected. This assumption can be justified by taking into 
account that the solids studied are polycrystalline metals in 
which the dissipation energy is small. The excitation ampli- 
tude stays within the range where no structural changes in 
the material are produced to maintain elasticity conditions. 
Only second-order terms of the strain are considered. 

A. Second-order one-dimensional wave equation 

Finite-amplitude vibrations involve sufficiently large de- 
formations that the ordinary (linear) theory of elasticity is not 
valid. Theories for finite deformations differ in two main 

points from the infinitesimal theory. First, the spatial or Eu- 
lerian coordinates are not interchangeable with the material 
or Lagrangian coordinates. Second, the expression of the 
strain energy contains higher-order terms and, therefore, 
more coefficients have to be defined to describe the 

solid. 1'2'4'1ø In this paper all equations are expressed in La- 
grangian coordinates. We call x the coordinate along the axis 
of the rod. The system is considered to be at constant tem- 
perature and, following from this, all the elastic constants 
involved stay at constant temperature. As mentioned above, 
we consider an isotropic material in which only longitudinal 
plane waves are propagating; therefore only the stress and 
strain components along the axis of the rod appear in the 
partial differential equation of the wave motion. Note that 
this assumption does not mean zero transverse strain as in a 
semi-infinite solid. The free energy •, of the system related to 
this strain component can be written as 1ø'22 

I 2 1 3 
PoX = 5Cl rl + •C2•7 , (1) 

where Po is the density in the initial state, C• and C 2 are the 
one-dimensional compressional, second- and third-order 
elastic constants, and r] the strain component along the axis 
of the rod which can be expressed in Lagrangian coordinates 
as 

oxj (2) 
with u being the displacement along the axis of the rod. 
Taking into account that only axial stress is applied to the 
rod, one may express the elastic constants in terms of the 
Lam• coefficients (k and •) and Mumaghan coefficients (l, 
m, and n) for an isotropic solid in the form: 1 

/t(3X+2tt) 
C 1 - , 

/.•3 •(3k + 2/.•)2 3k2 
C2=(•.+•) 3 l+ 2(k+/.t) 3 m+ 4()t+/.t)3 n. 

By using Eq. (2) the Piola-Kirchhoff tensor (T) 22 can be 
written in the form 

On 3C, +C2 ( c•ul 2 T=C 1 --+ -- (3) 
8x 2 8x ] ' 

Conservation of linear momentum leads to the following 
nonlinear wave equation: 4 

Pø/• = •xx = Y0 c)• + Y1 •xx •xx ' (4) 
where Y0 = C1 and Y1 = (3C1 + C2)/2. The nonlinear behav- 
ior of the material is usually described by the nonlineari F 
parameter 13 which can be defined as the ratio of the coeffi- 
cient of the nonlinear term to the linear term in the nonlinear 

wave equation, that is, 

•= Yi/Yo. 

Several approximate procedures are known to obtain solu- 
tions of Eq. (4). 23 Here we use the method of successive 
approximations in which the solution is assumed as an addi- 
tion of two terms in the form: ll=al+llnl , where u t repre- 
sents the first-order approximation and u,, t the second-order 
nonlinear approximation. Substituting u in Eq. (4) we obtain 
the equation 

O2ut 
pOi•l -- Y0 c•--•'T = 0 (5) 

for the first-order approximation, and the equation 

Poii,I- Yo Ox W= Yl •xx [[ 8x / ] (6) 
for the second-order approximation. 

For a plane longitudinal wave traveling in the forward x 
direction, the solution of the first equation has the form 
Ul=Ae j(tøt-kx), with A being the amplitude of the displace- 
ment at the origin, to the angular frequency, and k the wave 
number. The solution of Eq. (6) results to be 

ttn!= ( y lk2 /2 Yo)A 2xeJ2( tøt-kx). (7) 

Consequently, the solution of Eq. (4) in the second-order 
approximation for a longitudinal harmonic wave traveling in 
the forward direction is of the form 

U a =A e j(tøt-kx) + pA 2xe j2(tøt-kx), (8) 

where p = Ylk2/2Yo . 

B. Nonlinear extensional waves in resonant systems 

The main objective of this work is to study nonlinear 
extensional vibrations in resonant systems such as finite rods. 
To approach this problem we consider a longitudinal plane 
wave traveling along the axis of the rod, incident on the 
boundary where it is reflected in opposite direction. There- 
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fore, to set up a standing wave pattern we assume superpo- 
sition of two waves of finite amplitude traveling in forward 
and backward direction, i.e., 

u = u• + u•,. (9) 

The expression for the forward wave u a is shown in Eq. (8) 
while the expression for the backward wave takes the form 

u b = Be j(ø•t+kx) +pB2(l - x)e j2(•øt+&), (10) 

where l is the length of the rod and A and B are constants to 
be determined by the boundary conditions. If the system is 
excited by a sinusoidal source, the boundary conditions re- 
quire that 

u(x = O,t) = Uo(t) = u •e j'øt, 

T(x = O,t) = To(t ) = TleJ'øt , 
(11) 

where u • and T• are the amplitudes of the displacement and 
the stress at the input point. Applying these boundary condi- 
tions and neglecting again all third- and higher-order terms 
of cgu/cgx, we obtain for the displacement and the stress 

To(t) luo(t) 2 
u(x,t)=Uo(t)cos kx+ • sin kx-p • 

Tø(t)2 Tø(t)uø(t) re(x), +p 4k-•o • h(x)+p 2k2y ø 
r(x,t) To(t) 

where 

-- cos kx-kuo(t)sin kx 
Yo Yo 

kluo( t) 2 T0(t) 2 
P 4 g•:(x) +p 4k•-•o • h•:(x) 

To(t)Uo(t) 

+P 2kYo mr(x), 

877 

-- g(x) 

(12) 

(13) 

g(x)=cos kx+2j sin kx-cos 2kx-j sin 2kx 

2x 

+j •- sin 2kx, 

h(x)=kl cos kx-8 sin kx+j2kl sin kx-kl cos 2kx 

-jkl sin 2kx+ 2kx sin 2kx, 

rn(x)=jkl cos 2kx-2kl sin kx-j2 sin kx 

+j2kx cos 2kx-jkl cos 2kx+kl sin 2kx, 

gr(x)= 2j cos kx-sin kx + 2 sin 2kx-j2 cos 2kx 

4x 2 8 sin2kx 

+j •- cos 2kx + • sin 2kx + k-•--' 

hF(X)=-kl sin kx- 8 cos kx +j2kl cos kx 

-2kl sin 2kx-j2kl cos 2kx+2 sin 2kx 

+4kx cos 2kx+ 8 cos 2 kx, 
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FIG. 1. Theoretical distribution of the linear (----) and nonlinear ( -) 
particle velocity at different times within a period for a cylindrical rod 
(t=x/2). 

mF(ix)=- 2jkl sin 2kx-2kl cos kx-j2 cos kx 

+j2 cos 2kx-4kx sin 2kx+j2kl sin kx 

+ 2kl cos 21x-4 sin 2kx. 

For comparison with experimental data it is more useful to 
express Eqs. (12) and (13) in terms of particle velocity and 
force, i.e., 

Fo(t) 
•(x,t)=rio(t)cos kx + j --•-- sin kx 

+ jn klriø(t)2 Fø(t)2 2 g(x)+jn •- h(x) 

Fo(t)tio(t) 
+ n Z rn(x), (14.) 

F(x,t) =F0(t)cos kx + jrio(t)Z sin kx 

rio(t) :/ Fo(t) 2 
+nklZ-•---gF(x)+n • hF(X) 

Fo( t)rio( t) 
-in 2 ml•(x), 

where n is defined as n =p/kto and Z is the impedance of the 
rod, Z--pocS, with c being the sound propagation velocity 
( c2= Yo/Po). 

We can apply these results to the simple case of a free 
cylindrical rod of uniform cross section with length I corre- 
sponding to the linear resonance condition /=(•/2), with • 
being the wavelength. The results obtained for the particle 
velocity and the force are :shown in Figs. 1 and 2 for a rod 
made of Ti 6 A1 4 V (c =4750 m/s, p0=4400 kg/m3). The 
value of the nonlinearity parameter has been arbitrary taken 
as •=50. Note that the maximum harmonic distortion occurs 
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FIG. 2. Theoretical distribution of the linear (-----) and nonlinear ( ) 
force distribution at differents times within a period for a cylindrical rod 
(l=X/2). 

in the center of the rod while at the end of the rod no har- 

monic generation is found. This behavior is similar to that 
obtained by Dah-You 2ø for the nonlinear resonance of a one- 
dimensional air-filled tube. We find that in the linear behav- 

ior the node is perfectly defined, while in the second-order 
approximation the point of zero vibration amplitude changes 
with time, i.e., it is not a real node. This result follows from 
the fact that amplitude of the second harmonic is maximum 
at the node of the fundamental. 

Taking into account that in any case it is possible to 
write F• =Ziti•, with Z i being the mechanical impedance at 
x=0, Eq. (14) can be written in the form 

t}(x,t) = tileJ•øta(x) + ti12eJ2•øt[3b(x). (16) 
Equation (16) shows that for every x value the amplitude of 
the second harmonic, •2flb(x), follows a parabolic behavior 
with respect to the amplitude of the excitation velocity (fit). 
The coefficient of this parabola is proportional to the nonlin- 
earity parameter/3 of the material and dependent on the spa- 
tial coordinate in the rod. Computing this parabola for dif- 
ferent points of the rod and fitting the computed curves with 
the experimentally obtained data, the value of the nonlinear- 
ity parameter fl for the material can be determined. In this 
way a new procedure for calculating the nonlinearity param- 
eter/3 is proposed. The practical application of this method is 
presented in Sec. III. 

II. EXPERIMENTS 

The experimental setup for measuring amplitude and 
frequency components of the particle velocity at different 
points along resonant specimens is shown in Fig. 3. It con- 
sists of a driving system to excite the samples at resonance 
and data acquisition equipment. 

Piezoelectric 

.e.•e ._c[••l•l • •--] OSCILLOSCOPE 
VOL%E. ,,'---? 

I -75".5277S5 / '1 

I I I 
OSCIL•TOQ• 

FIG. 3. Experimental setup. 

A. Excitation system 

The excitation system consisted of a specially designed 
electronic generator and a piezoelectric transducer. The elec- 
tronic generator used to drive the transducer implemented a 
feedback system to automatically adjust the excitation fre- 
quency to the transducer's resonant frequency? In addition, 
a switching circuit was designed to produce periodic inter- 
ruptions in the excitation signal; in such a way the time of 
excitation could be controlled to keep the temperature of the 
sample constant. This circuit essentially consisted of a pro- 
grammable counter and an output stage which acts on the 
power amplifier input signal? The excitation driving time 
could be varied between 1.5 and 9.6 s and the off time be- 

tween 1.5 and 180 s. Within these ranges it was possible to 
keep the temperature constant for all the samples and exci- 
tation levels studied. In addition, a resistive network which 
matched the generator to the load was inserted at the output 
of the electronic generator to increase the stability of the 
system by widening the electric bandwidth. 

The driving transducer, a resonant system at about 23 
kHz, was constructed from an assembly of two half-wave 
elements: A piezoelectric sandwich and a stepped horn (Fig. 
3). The sandwich element consisted of four piezoelectric ce- 
ramics between two metallic cylindrical rods. A damping 
material (silicone rubber) was attached at the backing rod to 
increase the mechanical bandwidth of the system and to im- 
prove the system stability. The stepped horn acted as a me- 
chanical amplifier to achieve higher vibration amplitude at 
its thinner termination where the sample was attached. 

B. Samples 

Cylindrical stepped titanium alloy (Ti 6 AI 4 V) samples 
with thinned-out central sections were designed to achieve 
higher strain within the material (Fig. 4). The samples were 
sized to meet the resonance condition of the transducer. In 

deriving the equations for this sample shape, the resonance 
condition tan(roL/4c)=d2/d • is obtained, 26 where •o is the 
resonance frequency, L the length of the sample, c the sound 
velocity, and d 2 and d• the diameters of the central and the 
end sections, respectively. A number of small rectangular 
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FIG. 4. Strain amplitude for a cylindrical rod with I=M2 (----), and 
stepped rod with a ratio dr/d2=2 ( ). 
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flanges along the length of the samples (Fig. 3) allowed the 
measurement of the longitudinal vibration at different points 
of the sample. Because of their small size with respect to the 
wavelength the flanges did not affect the impedance or the 
resonance frequency of the sample. The flanges were sized 
so that their flexural modes were not close to the frequency 
of excitation. For comparison, uniform cylindrical samples 
were used to determine the linear range of the transducer 
(Fig. 4). All the measurements were carried out by keeping 
the excitation of the driving transducer within this linear 
range. However, the stepped samples vibrated nonlinearly 
under these conditions due to the high strain amplitude in 
their central section. 26'27 

C. Data acquisition system 

The amplitude of the displacement was measured by us- 
ing a vibrometer based on a He-Ne laser interferometer. The 
vibrometer measures frequencies of up to 1.5 MHz and par- 
ticle velocities between 10/.tm/s and 10 m/s. The vibrometer 
was connected to a PC 386 computer to store and analyze the 
waveshapes. In the analysis FFT methods were applied. The 
temperature of the sample was monitored by an infrared ther- 
mometer to avoid load through a contact point. 28 

III. RESULTS 

This section presents the experimental results, their 
comparison with theoretical predictions, and the determina- 
tion of the nonlinearity parameter of the studied material. 

To verify the assumption of one-dimensional behavior, 
measurements of the linear strain along the stepped rod were 
conducted and the obtained values were compared with the 
corresponding results from the theoretical one-dimensional 
approach (Fig. 5). The experimental strain was obtained from 
measurements of the transverse displacement along the 
length of the sample assuming that this strain is constant in 

FIG. 5. Lincar strain dislribution for a stepped rod with a ratio dl/d2=l.6. 
theoretical ( ) and experirrenlal 

the whole cross section (d.•X). Figure 5 shows good agree- 
ment between measurement and theory and confirms the va- 
lidity of the assumption. 

To compute the nonlinear theoretical values for the 
stepped rod samples described above. the boundary condi- 
tions are defined as 

fi(x=0) = rio(t), F(x=/):0. (17) 

with the conditions of continuity of displacement and force 
in every change of section of the rod. Applying these condi- 
lions to Eqs. (14) and (15), the distribution of velocity and 

20 

-10 

L 

tt=0 

t2-r•/4 

t 3 =3•/2 

t 4 =• 

-20 

0 00 0 02 0 04 0 06 0 0g 

Spatial coordinate (m) 

biG. 6. Theoretical distribution of the linear (----) and nonlinear ( ) 
particle velocity at different times within a period for a stepped rod 
(ddd2=l.6). 
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FIG. 7. Measured second harmonic versus fundamental at the thinner 

( ) and thicker ( ) sections. Stepped rod (d•/d2=l.6). 

force is obtained. Figure 6 shows the calculated particle ve- 
locity distribution along the length of a Ti 6 Al 4 V stepped 
rod with d•/d2=l.6. As for uniform cylindrical rods, the 
generation of harmonics is maximum at the central point 
which is not more a real node. Figure 7 shows the measured 
amplitude of the generated second harmonic versus the am- 
plitude of the fundamental at two different sections of the 
sample. A strong parabolic generation of the second har- 
monic is observed at the central section as compared to mi- 
nor nonlinearities at the end section. This result agrees with 
theoretical predictions. Figure 8 shows a comparison be- 
tween experimental and calculated amplitudes of the second 
harmonic versus the fundamental at two different points in 

0.4 

0.3 

0.2 

0.1 

0.0 

(b) 

o.oo 0.50 1.oo 1.50 2.00 

Exdtafion signal am0itude (m/s) 

' I 

FIG. 9. Fundamental versus excitation at two different points in the thinner 
section of the stepped rod. Theoretical ( ) and experimental (•). 

the thinned-out section of the stepped rod. All computed and 
measured parabolic curves were fitted by means of a single 
value which, according to the method proposed in this paper, 
corresponds to the nonlinearity parameter/• of the material. 
For the titanium alloy here studied this parameter resulted to 
be/•=28. 

Finally, a comparison between experimental and com- 
puted fundamental amplitudes, as a function of the excitation 
at the same points as in Fig. 8, is presented in Fig. 9. Again 
good agreement is observed. 

0'25 t F (D I (b) 0.2o I©1 

I (a) 
0.15 

0.10 

0.0 0.1 0.2 0.3 0.4 

Fundamenta arrO•ude (m/s) 

FIG. 8. Second harmonic versus fundamental at two different points in the 
thinner section of the stepped rod. Theoretical ( ) and experimental 
(,). 

IV. CONCLUSIONS 

Large amplitude standing waves in a titanium alloy (Ti 6 
Al 4 V) were studied theoretical and experimentally. The 
theoretical approach consisted of a one-dimensional 'model 
based on the nonlinear elasticity theory. Superposition of two 
finite-amplitude waves was assumed propagating in positive 
and negative spatial direction. This model predicts a strong 
parabolic increase of the second-harmonic versus the funda- 
mental at the central part of a resonant rod while at its end no 
distortion of the sinusoidal wave is expected. The experi- 
mental work was carried out with resonant, stepped samples 
to achieve higher strain amplitudes. The measurements 
showed good agreement with theoretical predictions. From 
curve fitting of the experimental and theoretical results a 
value for the compressional nonlinearity parameter fl of the 
material could be obtained. This method provides useful in- 
formation about the nonlinear behavior of materials used for 

the construction of high-power ultrasonic transducers. The 
upper threshold of the linear range for those materials was 
determined as well as the vibration features of resonant 

structures in the nonlinear range. 
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