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The semiclassical perturbation theory formalism of Hubbard and Miller [J. Chem. Phys. 78, 1801
(1983)] for atom surface scattering is used to explore the possibility of observation of heavy atom
diffractive scattering. In the limit of vanishing ¯ the semiclassical theory is shown to reduce to the
classical perturbation theory. The quantum diffraction pattern is sensitive to the characteristics of
the beam of incoming particles. Necessary conditions for observation of quantum diffraction are de-
rived for the angular width of the incoming beam. An analytic expression for the angular distribution
as a function of the angular and momentum variance of the incoming beam is obtained. We show
both analytically and through some numerical results that increasing the angular width of the inci-
dent beam leads to decoherence of the quantum diffraction peaks and one approaches the classical
limit. However, the incoherence of the beam in the parallel direction does not destroy the diffrac-
tion pattern. We consider the specific example of Ar atoms scattered from a rigid LiF(100) surface.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4722339]

I. INTRODUCTION

A variety of experiments have been carried out dur-
ing the past few decades in which one observed quantum
diffraction effects in the scattering of heavy atoms from
surfaces. The seminal diffraction peaks observed by Ester-
mann and Stern in their observations of scattering of He
atoms from a LiF surface have led to further studies of
scattering from surfaces.2 The observation of diffraction in
atoms heavier than He was discovered for Ne when scat-
tered from a LiF surface by Williams3 and Boato et al.4

Diffraction in Ne scattering on metallic surfaces was then
observed by Rieder and Stocker.5 Schweizer et al.6, 7 were
the first to measure diffractive scattering of Ar atoms from
a hydrogen covered tungsten surface. Very sharp diffrac-
tion features were measured for the scattering of Ne, Ar,
and Kr atoms as well as diatomics such as, D2 and N2

from a Cu(111) surface by Andersson et al.8, 9 Typically
though the quantum effects were observed for low energy
beams, presumably to assure that the deBroglie wavelength
is not too small as compared with the lattice length of the
surface.6

In more recent years, it was realized that quantum diffrac-
tion effects may be observed even at high beam energies10, 11

and very large masses.12–14 A critical property which deter-
mines the quantum nature of the scattering event is the ex-
tent of collimation of the incident beam. A well collimated
beam will have a large coherence wavelength in the direc-
tion perpendicular to the motion, so that diffraction may still
be observed. This is why diffraction was observed for very
fast atoms impinging on a surface at grazing conditions.10

a)Electronic mail: s.miret@iff.csic.es.
b)Electronic mail: eli.pollak@weizmann.ac.il.

It was also found in the scattering of very heavy molecules
through gratings. Moix and Pollak15 have recently used model
wavepacket propagation methods to demonstrate how the col-
limation of a beam of incident Ar atoms may affect the mea-
sured angular distribution. When the collimation was strong,
such that the perpendicular coherence wavelength was longer
than the lattice length, one found that the angular distribution
was dominated by diffraction peaks. When the angular reso-
lution of the beam was poor, the angular distribution reverted
to its classical limit.

In this present paper, we will adapt the semiclassical per-
turbation (SCP) theory of Hubbard and Miller1, 16 to study
how collimation affects the measured angular distribution.
In Sec. II, the SCP formalism will be adapted for the final
momentum and angular distributions. We show that the SCP
theory reduces to the classical perturbation theory we have
been using in recent years to analyze angular distributions of
heavy atom surface scattering.17–21 We then account for the
initial beam conditions by introducing an appropriate Gaus-
sian averaging over initial conditions. The classical distribu-
tion is obtained in the limit of a large angular width of the
beam as compared to the angular distance between successive
diffraction peaks. The formalism is then applied in Sec. III,
using a model potential whose parameters have been previ-
ously fitted18, 21 for the observed scattering of Ar from a LiF
surface.22 We demonstrate that the SCP based theory may be
used to estimate the effect of collimation of the incident beam
on the measured angular distribution. Depending on the ex-
tent of angular collimation one can move smoothly from a
fully quantum diffraction regime, to the fully incoherent clas-
sical regime for the angular distribution. We also find that the
incoherence of the beam in the direction of propagation does
not destroy the quantum diffraction pattern. We end with a
discussion in Sec. IV.

0021-9606/2012/136(20)/204707/7/$30.00 © 2012 American Institute of Physics136, 204707-1
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II. SEMICLASSICAL PERTURBATION THEORY
OF ATOM SURFACE SCATTERING

A. Classical perturbation theory

We will model the dynamics in terms of two degrees of
freedom, a vertical coordinate z (with conjugate momentum
pz) describing the distance of the atom (whose mass is M)
from the surface, and a horizontal coordinate x (with conju-
gate momentum px) for motion parallel to the surface. The
theory presented is readily generalized to include an addi-
tional (y) coordinate for motion parallel to the surface, but
usually, one measures the in-plane angular distribution so that
the limitation to a description with only two degrees of free-
dom is reasonable and illuminates the results. The usage of a
two dimensional model is justified whenever the corrugation
may be approximated as an independent sum of corrugations
in the two orthogonal horizontal directions. We also note that
this is the usual assumption made in many experimental4 and
theoretical papers (for a review see, for example, Ref. 21). The
Hamiltonian for the scattering of an atom of mass M from a
corrugated surface is then written as17–19

H = p2
x + p2

z

2M
+ V̄ (z) + V̄ ′(z)h(x), (2.1)

where the interaction potential is split into two terms. V̄ (z)
is the zeroth order term (for analytic purposes it is taken as
a Morse potential) and the perturbation term is given by the
product of the first derivative of the vertical potential times the
periodic corrugation function h(x), with period (lattice length)
l assumed for the surface.

The SCP is based on a classical perturbation theory, in
which the small parameter is the height h of the corrugation
potential h(x). The unperturbed motion in the vertical direc-
tion is governed by the vertical Hamiltonian

Hz = p2
z

2M
+ V̄ (z) (2.2)

while to zeroth order, the parallel momentum is conserved.
Using a time scale in which the particle reaches the turning
point of the vertical potential V̄ (z) at time t = 0 one has from
the solution of the classical equation of motion for the hori-
zontal momentum that the first order change due to the colli-
sion at the horizontal point of impact x0 is given by

δpx (x0) = −
∫ ∞

−∞
dtV̄ ′(zt )h

′
[
x0 + pxi

M
t
]
, (2.3)

where zt is the vertical motion as obtained from the zeroth
order Hamiltonian (2.2) and pxi

is the incident (positive) mo-
mentum of the particle in the horizontal direction. The change
in the vertical momentum is readily obtained from energy
conservation. Denoting the initial vertical momentum as pzi

(assumed negative) and retaining only linear terms in δpx, one
readily finds that the vertical momentum change is

δpz (x0) = δpx (x0) pxi

pzi

. (2.4)

The probability for observing the particle with final mo-
menta pxf

and pzf
is then obtained by averaging over the im-

pact points,

P (pxf
, pzf

) = 1

l

∫ l

0
dx0δ(pxf

− pxi
− δpx (x0))

× δ(pzf
+ pzi

− δpz(δpz (x0))), (2.5)

where δ(x) denotes the Dirac “delta” function. The (negative)
angle of incidence θ i and the final scattering angle θ f relative
to the normal to the surface are by definition

θj = tan−1

(
pxj

pzj

)
, j = i, f. (2.6)

The final classical angular distribution is then given in terms
of the final momentum distribution as,

P (θf )=
∫ ∞

−∞
dpxf

∫ ∞

0
dpzf

δ

(
θf − tan−1

(
pxf

pzf

))
P (pxf

, pzf
)

= 1

l cos2 θf

∫ l

0
dx0δ

(
tan θf + tan θi

(
1 + δpx (x0)

pxi
cos2 θi

))

×H

(
1 − δpx (x0) tan2 θi

pxi

)
, (2.7)

where H(x) is the Heaviside function; we used the identity

δ
(
θ − tan−1 (α)

) = cos−2 θδ (α − tan θ ) (2.8)

and to remain consistent with the first order perturbation the-
ory we have retained only terms which are up to linear in the
horizontal momentum change δpx(x0).

B. Semiclassical perturbation theory

Following Hubbard and Miller,1, 16, 23 the S-matrix ele-
ment or amplitude for scattering to a final diffraction chan-
nel characterized by the quantum number n from the specular
channel 0 is given within the SCP theory approximation by

Sn0 = 1

l

∫ l

0
dx0e

−i�kxx0e2iη(x0), (2.9)

where the phase shift η is given by

2η(x0) = − 1

¯

∫ +∞

−∞
dtV (xt , zt ), (2.10)

where xt and zt denote the zeroth order trajectories, as in the
classical perturbation theory. The diffraction order number n
is defined through the change of the horizontal component of
the wavevector �kx = kxf

− kxi
and guided by Bragg’s law

as,

n = l�kx

2π
= lδpx

2π¯
(2.11)

but here the horizontal momentum change is no longer a
function of the impact parameter x0 as in the classical case
(Eq. (2.3)). Equation (2.9) can be written in a more standard
form as

Sn0 = (2π )−1
∫ 2π

0
dqxe

−inqx e2iη(qx ) (2.12)

in terms of the angle variable

qx = 2πx0/l, (2.13)
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which is conjugate to the diffraction order number n. The
diffraction probability is given by

Pn0 = |Sn0|2. (2.14)

Hubbard and Miller have shown that the SCP estimate of the
transition probability is indeed a very good approximation to
the exact quantum probability.1

In quantum mechanics, the diffraction order number is
necessarily an integer so that the final distribution of momenta
is

P (pxf
, pzf

) =
∞∑

n=−∞
δ

(
pxf

− pxi
− 2π¯n

l

)

× δ(pzf
+ pzi

− δpz(δpx))|Sn0|2. (2.15)

The change in the vertical momentum is obtained as in
the classical case through the conservation of energy (see
Eq. (2.4)). The SCP expression for the angular distribution
is obtained as in the first equality in Eq. (2.7).

C. The classical limit of the SCP expression

It is of interest to show that the semiclassical expression
for the momentum distribution reduces in the limit that ¯→ 0
to the corresponding classical expression. If in Eq. (2.15) the
sum over n going from −∞ to +∞ is replaced by an integral
over the variable ¯n then the final momentum distribution is

P (pxf
, pzf

)= l

¯(2π )3

∫ 2π

0
dqx

∫ 2π

0
dq ′

xδ(pzf
+pzi

−δpz(δpx))

· exp

(
−i

lδpx

2π¯
(qx − q ′

x) + 2i[η(qx) − η(q ′
x)]

)
.

(2.16)

Using the sum and difference variables

Q = qx + q ′
x

2
, �Q = qx − q ′

x (2.17)

and linearizing with respect to the difference variable,

η(qx) − η(q ′
x) � η′(Q)�Q (2.18)

we readily find that in the limit that ¯→ 0, the momentum
distribution becomes (with �Q′ = �Q/¯)

P (pxf
,pzf

)� l

(2π )3

∫ 2π

0
dQ

∫ Q/¯

−Q/¯

d�Q′δ(pzf
+pzi

−δpz(δpx))

× exp
(−i¯n�Q′ + 2i¯η′(Q)�Q′)

= 1

l

∫ l

0
dx0δ(pzf

+ pzi
− δpz(δpx))

× δ

(
δpx − 4π

l
¯η′

(
2πx0

l

))
. (2.19)

Using the definition for the phase shift as in Eq. (2.10) one
readily finds that this is indeed the classical perturbation the-
ory expression given in Eq. (2.5).

D. The SCP theory for a sine corrugation function

If we now assume a sine corrugation function such that

h(x) = h sin(2πx/l) (2.20)

then

2η(qx) = 2η0 − h

¯

∫ +∞

−∞
dtV̄ ′(zt ) sin(qx + ωxt), (2.21)

where 2η0 = −(1/¯)
∫ +∞
−∞ dtV̄ (zt ) is the constant phase shift

due to the unperturbed potential V̄ (z) and the frequency along
the horizontal direction due to the rectilinear motion is ωx

= 2πpxi
/(Ml). By noting that V̄ ′(zt ) is an even function in

time and inserting Eq. (2.21) into Eq. (2.9) one finds that1

Sn0 = exp (2iη0) Jn

(
Ax

¯

)
, (2.22)

where Jn(y) is the nth order Bessel function,

Ax = h

∫ +∞

−∞
dtV̄ ′(zt ) cos ωxt (2.23)

and following from Eq. (2.14) the diffraction probability is

Pn0 = J 2
n

(
Ax

¯

)
. (2.24)

The action variable Ax is related to the rainbow shift an-
gle function K which arises in the classical perturbation
theory17–19

K(pxi
, pzi

) = 2π

lpzi

Ax. (2.25)

E. Averaging over initial velocities

Typically the incident beam has a Gaussian distribution
of velocities centered about some average values. We may as-
sume that this distribution takes the form

P
(
p‖, p⊥; p̄‖

) = 1

πσ‖σ⊥
exp

(
−

(
p‖ − p̄‖

)2

σ 2
‖

− p2
⊥

σ 2
⊥

)
,

(2.26)

where p‖ is the (negative) incident momentum in the direc-
tion of the average propagation of the beam while p⊥ is the
incident momentum perpendicular to the average direction of
propagation. The average incident (negative) scattering an-
gle θ̄i is by definition the angle between the average (nega-
tive) parallel momentum p̄‖ and the z axis. We then have that
the parallel and perpendicular momenta may be expressed in
terms of the vertical and horizontal incident momenta as,

p‖ = pzi
cos(θ̄i) + pxi

sin(θ̄i) = −pi cos(θi − θ̄i), (2.27)

p⊥ = −pzi
sin(θ̄i) + pxi

cos(θ̄i) = pi sin(θi − θ̄i), (2.28)

with

p2
i = p2

xi
+ p2

zi
=

√
2MEi. (2.29)
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Inserting these expressions into the incident momentum dis-
tribution (Eq. (2.26)) implies that it may be written as

P (p‖, p⊥; p̄‖, θ̄i) = 1

πσ‖σ⊥
exp

(
− (pi cos(θi − θ̄i) + p̄‖)2

σ 2
‖

− p2
i sin2(θi − θ̄i)

σ 2
⊥

)
. (2.30)

In the limit that we have “good” collimation in the perpendic-
ular direction we can approximate the distribution to be

P (p‖, p⊥; p̄‖, θ̄i)

� 1

πσ‖σ⊥
exp

(
− (pi + p̄‖)2

σ 2
‖

− p2
i (θi − θ̄i)2

σ 2
⊥

)
. (2.31)

Using the notation

Bn(θi) = 2π¯n

lpi cos θi

, (2.32)

and replacing Bn(θ i) with its value at the maximum, Bn(θ̄i)
and similarly for |Sn0|2 we find that the final angular distribu-
tion is

P (θ ; p̄‖, θ̄i)�
∞∑

n=−∞

∫ ∞

0
dpipi

|Sn0(pi, θ̄i)|2
πσ‖σ⊥

·exp

(
− (pi+p̄‖)2

σ 2
‖

− p2
i (tan−1[Bn(θ̄i)] − θ − θ̄i)2

σ 2
⊥

)
(2.33)

and the remaining integral over the initial momentum has to
be carried out numerically.

This result is already instructive. Note that the uncer-
tainty in the parallel momentum only serves to average out
the magnitude of the separate diffraction probabilities, but
it does not affect the diffraction pattern itself. Each separate
diffraction peak is smeared only through the uncertainty in the
perpendicular momentum, as expressed by the angular width
σ⊥/(

√
2pi). This demonstrates that sufficient collimation will

reveal the underlying diffraction structure of the angular mo-
mentum distribution. It also provides a quick estimate for the
collimation needed to expose the diffraction pattern. The an-
gular distance between successive diffraction peaks is

�θn = tan−1[Bn+1(θ̄i)] − tan−1[Bn(θ̄i)]. (2.34)

Thus, the condition for the observation of the nth diffraction
peak is

σ⊥
pi

	 �θn. (2.35)

We note that the angle difference between diffraction peaks is
not linear in the diffraction number. As the diffraction number
increases, the angle difference decreases and a better angular
resolution is needed to resolve the peak. As is well-known, the
angle difference decreases with increasing momentum of the
projectile and with increasing mass, as may be also discerned
from Eqs. (2.32) and (2.34).

If we further replace pi with its average value −p̄‖ in the
argument of the S-matrix element and the term tan−1[Bn(θ̄i)]

we readily find that the angular distribution reduces to a sum
over error functions

P
(
θ ; p̄‖, θ̄i

) �
∞∑

n=−∞

σ‖σ⊥|Sn0
(
p̄‖, θ̄i

) |2
2πC2

n

·
(

exp

(
− p̄2

‖
σ 2

‖

)
− p̄‖

√
πσ⊥

σ‖Cn

× exp

(
− p̄2

‖
σ 2

‖

[
C2

n − σ 2
⊥

C2
n

])
erfc

(
p̄‖σ⊥

σ‖Cn

))

(2.36)

and we used the notation

C2
n = [

σ 2
⊥ + σ 2

‖ (tan−1[Bn(θ̄i)] − θ − θ̄i)
2
]
. (2.37)

Equation (2.36) is a central result of this paper. Inserting
the SCP approximation for the diffraction probability gives a
closed expression for the angular distribution after averaging
over the Gaussian profile of the incident beam.

To complete the discussion, it is also worthwhile to write
down an expression for the classical angular distribution,
when averaged over the profile of the incident beam. For the
sine corrugation function (Eq. (2.20)) one finds that

δpx (x0) = −pzi
K(pxi

, pzi
) cos

(
2πx0

l

)
,

where the rainbow angle shift function K(pxi
, pzi

) has been
identified in Eq. (2.25). The classical angular distribution
becomes,

P (θf ) = 1

π

√
K2(pxi

, pzi
) cos2(θi + θf ) − sin2(θi + θf )

×H (K2(pxi
, pzi

) − tan2(θi + θf )). (2.38)

Averaging over the profile of the incident beam is then readily
approximated as

〈P (θf )〉 � p̄‖
π

√
πσ⊥

∫ π/2

−π/2
du

× 1√
1 + K2(pxi

, pzi
) − K2(pxi

, pzi
) sin2 u

· exp

(
− p̄2

‖
σ 2

⊥

[
sin−1

(
K(pxi

, pzi
)√

1 + K2(pxi
, pzi

)
sin u

)

− θ̄i − θf

]2
⎞
⎠ . (2.39)

The averaging over the angular width of the incident beam
smooths the classical divergence at the rainbow angles. In the
Appendix, we show that this expression is also obtained from
the SCP angular distribution (Eq. (2.33)) in the limit that the
angular width of the incoming beam is large as compared to
the angular distance between successive diffraction peaks.
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III. APPLICATION TO THE SCATTERING OF Ar
ON A LiF SURFACE

Kondo et al.22 have measured an angular distribution for
the scattering of Ar on the LiF(100) surface. In their ex-
periment, the incidence energy was varied between 300 and
700 meV. The angle between the incident beam and the detec-
tor was kept fixed at 90◦ and the final intensity was measured
as a function of the angle of incidence which was varied about
45◦. The angular distribution measured in this way is qualita-
tively similar to the angular distribution measured when the
incident angle is fixed at 45◦ relative to the vertical axis and
the final angle is measured. To simplify then we will discuss
here only the final angular distribution measured at the fixed
angle of incidence of 45◦.

In Refs. 18–21 we used a Morse potential and a sinu-
soidal corrugation to fit the experimentally measured results.
Here, we will use the same model, with a single sine cor-
rugation term with corrugation height h = 0.2 a.u. The lat-
tice length of the surface is l = 4 Å, the Morse potential well
depth was chosen as V0 = 88 meV and the stiffness parameter
α was chosen such that αl = 3. The various necessary analytic
expressions for this model may be found in Refs. 18–21, here
for the sake of completeness we just bring the relevant results.
The rainbow shift angle is given by the expression

K(pxi
, pzi

) = 4π2h

l


̄ cosh
(
�
̄

)
sinh

(
π
̄

) , (3.1)

where the dimensionless parameter


̄ = 2π

αl
|tan θi | (3.2)

and the energy dependent angle � varies from π /2 at high
incidence energies to π at low energies and is defined as,

cos � = −
√

V0

V0 + Ei cos2 θi

. (3.3)

In the experiment the uncertainty in the incidence energy
(�Ei/Ei) was ∼20% at all energies, implying a momentum
uncertainty for the parallel incident momentum of 10%. The
experimental paper does not report the angular resolution for
the Ar beam, here we use (as also in Ref. 15) a 2◦ angular
width as our base line. We thus have that at all energies stud-
ied experimentally we choose the Gaussian widths of the in-
cident beam as

σ‖√
2pi

= 0.1x‖ (3.4)

and
σ⊥√
2pi

= π

90
x⊥, (3.5)

where it is understood that the experimental conditions are
assumed to correspond to the scaling parameters x‖ and x⊥
equaling unity.

In Figure 1 we plot the dependence of the angle differ-
ence function as defined in Eq. (2.34) as a function of the
quantum number n of the nth diffraction peak at two incident
energies. At the lower energy (E = 315 meV), the angle dif-
ference function is of the order of 1.5◦ over the whole region

FIG. 1. The angle difference function �θ (n) (in degrees) needed to resolve
individual diffraction peaks is plotted versus the diffraction number n for a
model of Ar scattered on a LiF(100) surface at two energies of incidence.
The green (dashed) line is at an energy of 315 meV, the red (solid) line is at
E = 705 meV.

in which one finds measurable scattering amplitude. At the
higher energy (E = 705 meV) the angular difference in the
experimentally relevant region is ∼1◦. Clearly a higher an-
gular resolution is needed for the higher energy, as expected
from theory and from the observation that as the projectile’s
energy increases, one may expect it to be closer to the classi-
cal limit.

The angular distributions predicted by our model are
shown in Figure 2 for the low energy case (315 meV) and in
Figure 3 for the high energy case (705 meV). The uncertainty
in the parallel momentum is kept fixed in all computations at
10% . In each of the plots, we show four results. The SCP an-
gular distributions as obtained from Eq. (2.36) are plotted for
three values of the perpendicular variance parameter x⊥ = 1,
0.25, 0.1 corresponding to angular widths of 2◦, 0.5◦ and 0.1◦,
respectively. We also show the classical distribution averaged
with an angular width of 2◦ as obtained from Eq. (2.39).

We first note that the SCP angular distribution is almost
identical to the classical one when the angular width is 2◦.
This is to be expected, since as one can see from Figure 1,
the angular difference between successive peaks is at most
1.6◦ at this energy. It is also evident that increasing the reso-
lution by an order of magnitude is sufficient for resolving the
complete diffraction pattern. At the higher energy, the angu-
lar difference between successive peaks is smaller. Although
all diffraction peaks are resolved with a width of 0.2◦, one
notes that the base line is not zero as it is in the lower energy.
One would need to decrease the angular width of the incident
beam a bit more.

This analysis also explains why typically, one should ex-
pect that the diffraction peaks will be less noticeable around
the classical rainbow angles. These angles are at the edge of
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FIG. 2. The SCP angular distribution for the scattering of Ar on LiF(100)
at E = 315 meV is plotted for different angular widths of the incident beam.
The gray (solid), green (dashed), and red (dashed-dotted) lines correspond to
angular widths of 0.2◦, 0.5◦, and 2◦, respectively. The blue (dotted) line is
the classical distribution obtained with an angular width of 2◦. Note the well
resolved diffraction peaks for a beam width of 0.2◦, while for a beam width
of 2◦ the SCP and the classical distributions are almost identical.

the observable distribution, where the diffraction number is
higher, so that a higher angular resolution of the incident beam
is needed to resolve the separate diffraction peaks appearing
under the envelope.

FIG. 3. The SCP angular distribution for the scattering of Ar on LiF(100) at
E = 705 meV is plotted for different angular widths of the incident beam. The
notation is as in Figure 2. Note that due to the higher energy, the resolution
in this figure is somewhat poorer than the resolution with the same beam
characteristics as shown in Figure 2 at the energy of 305 meV.

IV. DISCUSSION

In this paper we used the semiclassical perturbation the-
ory of Hubbard and Miller1 to show how the angular width
of an incident atomic beam may be used to resolve the quan-
tum mechanical diffraction pattern of an atom scattered from
a surface. The SCP approximation was shown to reduce in
the limit of ¯ → 0 to the classical perturbation theory ex-
pression for the angular distribution used by us extensively
in recent years to analyze the experimental data of heavy
atom surface scattering experiments.5–9 Representing the an-
gular spread of the incoming beam of atoms in terms of a
Gaussian distribution, we demonstrated how good collima-
tion of the incident beam may resolve the quantum diffrac-
tion peaks even for heavy atom scattering, or high energies.
The critical parameter which determines whether one may ob-
serve diffraction is the angular width of the incident beam as
compared to the angular distance between successive diffrac-
tion peaks. This distance, depends inversely on the speed of
the projectile and decreases as the square root of the inci-
dent particle mass is increased. Both of these aspects are well
demonstrated by the experimental results of Boato et al.4 Al-
though they use an effusive beam, the strong collimation of
the beam to an angular width of less than 0.1◦ enabled them
to observe diffraction in the scattering of Ne from LiF(001).
Finally, we showed how the quantum diffraction pattern
decoheres and reduces to the classical angular distribution
when the angular spread of the incident beam is sufficiently
large.

The theory was then applied to a model for the scat-
tering of Ar on the LiF(100) surface. Assuming a 2◦ angu-
lar spread of the incident beam, we showed that this would
prevent observation of quantum diffraction, even if the sur-
face is rigid. However, reducing the angular width by a factor
of 10 to 0.2◦ is sufficient for observing the full diffraction
pattern. Of course, the results presented ignore the effects
of phonons on the scattering. At room temperature one may
assume that the phonon interaction is sufficiently strong so
as to destroy the quantum coherence and even with a 0.2◦

resolution one would not observe diffraction. However, in
this paper we limited ourselves only to consideration of the
angular spread, without taking into account additional ef-
fects. We do note, that the SCP approach is well adapted
also to treat phonons, as may be seen from Ref. 23. An
analysis of the effect of phonons on the angular distribu-
tion as described within the SCP formalism will be discussed
separately.24
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APPENDIX: DERIVING THE CLASSICAL LIMIT WHEN
THE ANGULAR SPREAD OF THE INCIDENT
BEAM IS LARGE

In this appendix, we demonstrate analytically, how the
quantum angular distribution reduces to the classical, in the
limit that the angular width of the incident beam is large com-
pared to the distance between successive diffraction peaks.
From Eq. (2.33) we have that the Gaussian averaged quantum
angular distribution is well approximated as

P (θ ; p̄‖, θ̄i) �
∞∑

n=−∞

1√
πσ

|Sn0(pi, θ̄i)|2

× exp

(
− (tan−1[Bn(θ̄i)] − θ − θ̄i)2

σ 2

)
, (A1)

where we denoted the dimensionless angular width of the in-
cident beam as σ . In the spirit of the perturbation theory we
assume that the angular range of the scattered distribution
does not deviate too far from the specular angle, or equiva-
lently that the rainbow angle shift K 	 1 (in the Ar-LiF model
considered above, K � 0.2–0.3). We may then approximate

tan−1[Bn(θ̄i)] � Bn(θ̄i). (A2)

The fact that the angular width of the incoming beam is larger
than the distance between successive peaks implies that

σ � Bn+1(θ̄i) − Bn(θ̄i) = B1(θ̄i). (A3)

Using the integral representation of the Bessel functions
(see Eqs. (2.9) and (2.22)), replacing the summation over the
diffraction quantum number n with an integration over the
variable u = B1

(
θ̄i

)
n/σ (which is permitted due to the cen-

tral assumption of a large angular width as given in Eq. (A3))
allows us to rewrite Eq. (A1) as

P (θ ; p̄‖, θ̄i) � 1

4π2B1(θ̄i)

∫ 2π

0
dqx

∫ 2π

0
dq ′

x

× exp

(
i
(θ+θ̄i)(q−q ′)

B1(θ̄i)
+ iAx

¯
(sin q− sin q ′)

− σ 2(q − q ′)2

4B2
1 (θ̄i)

)
. (A4)

Reverting to sum and difference variables as in Eq. (2.17) then
gives

P
(
θ ; p̄‖, θ̄i

) � 1

4π2B1
(
θ̄i

) ∫ 2π

0
dQ

∫ Q

−Q

d�Q

× exp

(
i
(θ+θ̄i)�Q

B1(θ̄i)
+2iAx

¯
cos Q sin

(
�Q

2

)

− σ 2�Q2

4B2
1

(
θ̄i

)
)

. (A5)

Scaling the difference variable as �r = σ�Q, noting that
σ is large so that the integration limits ±σQ may be replaced
with ±∞ and that sin (�r/(2σ )) ∼ �r/(2σ ) allows us to per-
form the Gaussian integral over the variable �r,

P
(
θ ; p̄‖, θ̄i

) � 1√
πσ2π

∫ 2π

0
dQ

× exp

(
− 1

σ 2
[θ + θ̄i + K cos Q]2

)
,

(A6)

where we made use of the fact that B1
(
θ̄i

)
Ax/¯ = K (see

Eqs. (2.25) and (2.32)). Changing variables such that

sin (K cos Q) = K√
1 + K2

sin u (A7)

and noting that to order K2 one may assume that cos Q � sin u
then gives the classical result as in Eq. (2.39).
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