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We present in this paper binding energies and structures of non-rotating weakly bound 40Ca-nHe2

triatomic complexes. Two kind of systems are discussed: bosonic (n = 4) and fermionic (n = 3)
complexes at its singlet state (nuclear spin S = 0). Three different coordinate systems and methods
have been used to solve the relevant Schrödinger equation: Variational calculations 1) using satellite
coordinates and a discrete variable representation of radial functions, 2) employing pair coordinates
and products of distributed Gaussian functions as basis functions, and 3) Variational/Diffusion
Monte Carlo calculations in Cartesian coordinates. The potential energy surface is represented as
the addition of pair potentials. By using the most realistic interaction between each pair of particles,
present results from the three methods are in fair agreement. Only two bound states for each system
are found in our computations.

PACS numbers: 31.15.ac, 33.15.Bh, 33.15.Fm

I. INTRODUCTION

Helium nanodroplets have received considerable attention in recent years because of their very special properties
since a superfluid droplet made of 4He atoms can provide an ideal matrix for spectroscopic studied around 300-400
mK[1, 2]. The superfluidity of such nanodroplets is in fact instrumental in allowing even rotationally resolved spectra
of molecules solvated in 4He environment[3]: for the case of atoms, for instance, the shifts of the electronic transition
lines represent a very useful observable to determine the location of that foreign atom attached to a specific 3,4He
droplet since, while most impurities (atomic and molecular) are found to reside in the interior of the droplets[4], it is
also well established that, because of their weak interactions, alkali atoms preferentially reside in a ”dimple” at the
surface of the drops for both helium isotopes[5, 6]. The question of establishing solvation instead of surface location
for an impurity atom in a helium droplet is therefore of great importance to further understand the behavior of the
spectroscopic observations as a function of the droplet’ s size for a given alkali atom [7]. In particular in the case of
the Ca atoms it becomes important to be able to select the most realistic interaction between the electronic ground
state of the latter and the 3,4He droplet under consideration in order to then compare the strength of that potential
with the one describing the He-He forces within the droplet[8].

The needed interaction between Ca and He atoms has been studied and proposed by various publications in recent
years. The modeling of it via simple empirical formulae was put forward by Kleinekathöfer in the year 2000[9], where
he found a minimum well depth of about 15 K at a distance of 9.64 a0. Earlier calculations of Stinkenmeier et al.[10]
had provided a well depth of about 20 K at a minimum distance of 10.3 a0. On the other hand, ab initio, quantum
chemical calculations which came out after the above work suggested a very different scenario: The work of Lovallo
and Klobukowski[11] using Coupled Clusters with single, double and (perturbation) triple excitations (CCSD(T))
found an equilibrium distance of about 11 a0 and a well depth of about 5 K, in line with CASSCF calculations carried
out by Czuchaj et al.[12] that reported an req of 11.05 a0 and a well depth of about 6 K. Partridge et al.[13] also
indicated an req of 11.2 a0 and a well depth of about 5 K. Very accurate quantum chemical studies of R. J. Hinde[14]
of the Ca He complex indeed produced a well depth of about 5 K once more and an equilibrium distance of about 9
a0.

Thus, we can say that the recently proposed Ca–He potential energy curves (PECs) fall into two different groups
and , although both place the equilibrium distance in the region of about 10 a0, one set of estimates[9, 10] indicate
a well depth of about 16 K or more, while another group of ab initio studies[11–14] indicates that same well to have
a much shallower depth of about 5 K. A very recent computational study on the binding of the three partners[15]
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has employed the same potential form indicated by Eq. (1) and used the He–He PEC from Ref.[16] together with
the stronger Ca–He PEC of Ref.[9]. Here we present detailed calculations employing the form suggested by quantum
chemical ab initio studies, in particular that of Ref.[11].

In the present study we therefore intend to look in some detail at the features and strength of binding a calcium
atom with at most two He atoms, to model with them the simplest description of an helium aggregate attached to that
impurity. Choosing initially this three–particle complex will be able to help us in producing very accurate and realistic
descriptions of the forces at play, as well as giving us some indication on the likely evolution of the binding strength
for larger aggregates. The paper is organized as follows: The next section briefly describes the intermolecular forces
selected in the present study, while section III will provide details on our computational methods. Section IV will
present and discuss the results we have obtained on Ca4He2 and Ca3He2 complexes, while Section V will summarize
our conclusions.

II. THE INTERACTION POTENTIALS

The weakness of the interaction between the partners of the present complex allows one to represent the potential
energy surface (PES) as a simple sum of two–body (2B) potentials

V (R1, R2, R3) =

2∑

k=1

VCa−He(Rk) + VHe−He(R3), (1)

where R1, R2 are the two Ca-He distances and R3 is the He-He distance. Therefore the next step in the implementation
is to select realistic descriptions of the relevant 2B PECs. For the He-He interaction potential we have selected the
one suggested earlier by Aziz and Slaman[16], which takes advantage of several features of the experimental data in
order to parameterize a final PEC which has been employed several times already in our previous studies of similar
clusters[17].
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FIG. 1: Ca-He interaction up to 4 cm−1 analytically fitted to the points provided by Ref.[11], and pair distribution functions
for the two helium isotopes, see text for further details. The dashed line refers to the bosonic dimer while the dots are for the
fermionic case. The inset shows both He-He[16] and Ca-He interactions, where the raw points of Ref.[11] are also included.
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The He-He [16] potential is analytical. We have also generated an analytical expression to describe the Ca-He
interaction of Ref.[11]. To this end, for distances r ≥ 4.6 Å, the raw points reported in Table VII of Ref.[11],and
excluding the point at 6.0 Å which was found to be somewhat out of range with respect to the others, have been
least-square fitted to an expansion in inverse even powers of r, while a Born-Mayer extrapolation of the curve has
been done towards shorter distances (r ≤ 4.6 Å)

VCa−He(r) = Ae−kr/r r ≤ 4.6 Å

=
7∑

n=3

c2n/r2n r ≥ 4.6 Å. (2)

The obtained values (distance in Å, energy in cm−1) of the parameters are: c6 = −231619.170, c8 = 15438995.509,
c10 = −2085441484.937, c12 = 82383199752.866, c14 = −852545635932.049, A = 2040362.862, and k = 2.088. The
fitted curve presents an equilibrium distance of r = 6.02 Å and a well-depth of -3.2956 cm−1. For energies below 5
cm−1, which are relevant to the present study, the standard deviation of the fit with respect to the raw points[11] is
only of 0.002 cm−1. In Fig. 1 we display the analytical Ca-He interaction together with the distribution corresponding
to the only vibrational bound state obtained for each isotopic variant of He. The high quality of the fit is clearly
shown in the inset of Fig. 1, where the He-He interaction is also depicted for comparison. As can be realized, the
latter presents its equilibrium distance around 3 Å, (two times shorter than the former) and a well-depth of ∼ 7.7
cm−1 (more than twice the Ca-He interaction). Within a classical picture this situation suggests a closer packing of
the helium atoms that pushes outside the calcium partner.

III. THEORETICAL METHODS

A. Discrete variable representation in satellite coordinates

After separation of the center of mass motion, the Hamiltonian describing the Ca–He2 triatomic system can be
written in satellite coordinates {Rk} as[18]

H =

2∑

k=1

[
− h̄2

2µ

∂2

∂R2
k

+
l
2
k

2µR2
k

+ VCa−He(Rk)

]
+ ṼHe−He, (3)

where Rk are the vectors from the Ca atom to the different He atoms, lk are the angular momenta associated with
Rk, µ is the reduced mass of the Ca–He system, and VCa−He represents the Ca–He interatomic potential. In Eq. (3)

the He–He interaction ṼHe−He includes the potential VHe−He(R3), which is readily expressed in terms of the internal
coordinates R1, R2, and cosγ=R1 · R2/R1R2 through the cosine theorem, and a kinetic cross term arising from the
use of non-Jacobi coordinates,

ṼHe−He = VHe−He(R1, R2, cosγ) − h̄2

mCa
∇R1

· ∇R2
. (4)

In a space-fixed coordinate system, we consider the following basis functions:

ΦL
q1q2

(R1, R2) = fm1
(R1)fm2

(R2)Y L
ℓ1ℓ2(R̂1, R̂2), (5)

where fmi
are radial functions associated with the Ca-He vibrations which will be further specified, and Y L

ℓ1ℓ2
are

angular functions in the coupled representation,

Y L
ℓ1ℓ2(R̂1, R̂2) = (−1)L

√
2L + 1

∑

ω

(
ℓ1 ℓ2 L
−ω ω 0

)
Yℓ1ω(θ1, φ1)Yℓ2−ω(θ2, φ2), (6)

where R̂k = Rk/Rk = (θk, φk) are unit vectors,
 

. . .

. . .

!

are 3 − j symbols, and Yℓkω are spherical harmonics. Here,

L is the quantum number associated with the total angular momentum L = l1 + l2, and ℓk and mk (k=1, 2) are
quantum numbers associated with the angular momenta lk and the vibrations, respectively. They are collected into
a set of quantum numbers {qk} = {mkℓk}.
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The symmetry operations of the system are the total inversion E∗, and the permutation of the He atoms P . The
functions of Eq. (5) are already eigenfunctions of E∗,

E∗
[
ΦL

q1q2

]
= (−1)ℓ1+ℓ2ΦL

q1q2
, (7)

while the action of the permutation operator is

P
[
ΦL

q1q2

]
= (−1)ℓ1+ℓ2+LΦL

q2q1
. (8)

Hence, one builds up a symmetry-adapted basis set of functions:

ΨLεκ
q1q2

= [2(1 + δm1m2
δℓ1ℓ2)]

−1/2 [
ΦL

q1q2
+ εκ(−1)LΦL

q2q1

]
, (9)

which are eigenfunctions of E∗ and P with eigenvalues ε = (−1)ℓ1+ℓ2 and κ, respectively. The Hamiltonian of Eq.

(3) is readily represented in this basis. In particular, matrix elements of both terms in ṼHe−He of Eq. (4), as well as
expressions for probability distributions of the variables R (R = R1 or R2), cosγ, or R3, can be found in Ref. [19].

In turn, the vibrational basis set of functions fm(R) chosen are the fixed-node ones of Muckerman[20] leading to a
discrete variable representation (DVR). They come from particle-in-a-box sine functions and are based on an equally
weighted Gauss-Chebyshev quadrature of the second kind. Within an interval [Rin, Rfin] of length RL = Rfin −Rin,
one chooses the equally spaced N points Rm = Rin + mRL/(N + 1), m = 1, N . The corresponding orthogonal
functions,

fm(R) = 2 [(N + 1)RL]
−1/2

N∑

k=1

sin
kmπ

N + 1
sin

kπ(R − Rin)

RL
, (10)

fulfill the standard DVR property

〈fm |V (R)|fm′〉 = V (Rm) δmm′ , (11)

while matrix elements of first and second derivatives become

〈fm | d

d R
|fm′〉 =

4

(N + 1)RL

N∑

k,k′=1

kk′

k2 − k′2
(1 − cos kπ cos k′π)sin

mkπ

N + 1
sin

m′k′π

N + 1
, (12)

and

〈fm | d2

d R2
|fm′〉 = − 2π2

(N + 1)R2
L

N∑

k=1

k2sin
mkπ

N + 1
sin

m′kπ

N + 1
, (13)

respectively.

B. Distributed Gaussian functions method

The distributed Gaussian functions (DGF) method [21–23] has been employed before for different systems with two
identical rare-gas atoms and an impurity atom as in the LiHe2 [17], He2H

− [24] and Ne2H
− [25] complexes. The total

Hamiltonian in this approach ( for a zero total angular momentum) can be expressed via atom-atom coordinates as

H(R1, R2, R3) = T + V (R1, R2, R3), (14)

where T is the kinetic operator and the potential V is expressed as the addition of pair interactions, see Eq. (1), in
terms of R1, R2 (the two Ca-He distances) and R3 (the He–He distance). The total wave function which ensures the
standard normalization condition [25]:

∫ ∫ ∫
dR1dR2dR3 | Φ |2= 1, (15)

is eigenstate of the following Hamiltonian:



5

H(R1, R2, R3) =
−h̄2

2µCa−He
T1 +

−h̄2

mCa
T2 +

2∑

i=1

VHeCa(Ri) + VHeHe(R3). (16)

The corresponding expressions for the T1 and T2 kinetic operators in terms of the interparticle coordinates are given
explicitly in Ref. [17].

Within the DGF framework, the total wave function is expanded as follows:

Φk(R1, R2, R3) =
∑

j

a
(k)
j φj(R1, R2, R3), (17)

where

φj(R1, R2, R3) = N
−1/2
lmn

∑

P∈S2

P [ϕl(R1)ϕm(R2)]ϕn(R3), (18)

and the basis is symmetrized by means of the proper P permutation operator for the R1 and R2 coordinates. Here,
j denotes a collective index such as j=(l ≤ m; n).

The corresponding normalization constants, Nlmn, are

Nlmn = 2snn(sllsmm + s2
lm), (19)

expressed in terms of the overlap integrals

spq = 〈ϕp|ϕq〉. (20)

The ϕp functions are chosen to be DGFs centered at the Rp position [26]:

ϕp(R) =
4

√
2Ap

π
e−Ap(R−Rp)2 . (21)

where the coefficient Ap is defined in terms of the the centers of ϕp−1 and ϕp+1 as follows:

Ap =
4β

(Rp+1 − Rp−1)2
. (22)

For the specific cases of the first and the last DGFs we have the values A1 = β/(Rp=2 − Rp=1)
2 and ANlast

=
β/(Rp=Nlast

− Rp=Nlast−1)
2, respectively. In all the previous expressions β is a dimensionless parameter taken to be

close to one. The product of DGFs ϕlϕmϕn is included in the basis set if the corresponding centers verify the triangle
requirement

| Rl − Rm |< Rn < Rl + Rm. (23)

The non-orthogonal character of the chosen basis sets requires solving the generalized matrix eigenproblem:

HΦ = SΦE , (24)

where H and S are the Hamiltonian and the overlap matrix, respectively, for the {φj} basis set.

C. Quantum Monte Carlo Methods

The quantum stochastic simulation employed in this work has been previously explained (see Refs. [27–29], for
instance) and we present here only a brief outline. It is formed by a pure Variational Monte Carlo (VMC) calculation
followed by a Diffusion Monte Carlo (DMC) approach. In the VMC step the energy is optimized with respect to the
parameters of the trial wavefunction ΨT (R), which in the case of a system formed by an impurity and N helium
atoms can be expressed as the product of purely nodeless exponential forms [28]:

ΨT (R) = ΨCa−He(R)ΨHe−He(R). (25)
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R ≡ {Ri}N
i=1 is the collective index that bring together the coordinates Ri of the rare gas particles, while ΨCa−He(R)

and ΨHe−He(R) are the Ca-He and the He-He part of the wavefunction, respectively:

ΨCa−He(R) =

N∏

i=1

ϕCa−He(Ri), (26)

ΨHe−He(R) =

j=N−1,k=N∏

j=1,k=i+1

ϕHe−He(Rjk). (27)

Ri ≡ |Ri|, Rjk ≡ |Rj − Rk| and ϕ(·) = exp {−f(·)}, with f the Jastrow functions whose variable and parameters
depend on whether we are considering the Ca-He or the He-He interaction:

f(R) =
(p5

R

)5

+
(p3

R

)3

+
(p2

R

)2

+ p1R + p0 ln(R). (28)

The diffusion equation associated with the Hamiltonian (3), expressed in Cartesian coordinates, is solved by consid-
ering Eq. (25) as trial wavefunction. The calculation is performed Nw times, and each of these simulations is called
replica or walker. The DMC stage relies on the short-time approximation [30] and now the addition of weights to
the walkers corrects the variational estimate towards a more realistic expectation value (with the wavefunction fixed).
The imaginary time evolves a quantity △τ on each step. After a large enough number of M steps the distribution
function stabilizes on its ground state Ψ0ΨT (“mixed estimator”).[31–33]

IV. RESULTS

The masses used were: m(Ca)=40.07878, m(4He)=4.0026, and m(3He)=3.01604 amu. For comparisons, the con-
version factors 1 K = 0.69503877 cm−1 and 1 a0 = 0.52917726 Å have been employed.

In the variational DVR treatment we have considered 25 points of R in the interval [2.6, 21.2] Å for describing the
relevant region of the Ca-He potential[11]. For a total angular momentum L = 0, and for boson as well as for singlet
fermion systems, up to 31 values, from 0 to 30, of ℓ1 and ℓ2 were accounted for, while 101 points of a Gauss-Legendre
quadrature in the interval [−1, 1] were used to describe cosγ = R̂1 · R̂2. In this way, energy convergence to the second
decimal figure (cm−1) was achieved. As already mentioned, it is straightforward to obtain probability distributions
of R, the Ca-He distance, or cosγ[19]. However for R3, the He-He distance, the calculation of the corresponding
distribution is rather expensive and since the DMC and DGF methods produce it in a natural, low time-consuming
way, we perform an approximate estimation which rests on the assumption that the distributions of D(R1), D(R2)

and D(cosγ) are independent. Defining a grid of M equally spaced points in R3, {R(1)
3 , R

(2)
3 = R

(1)
3 + ∆, . . . , R

(M)
3 },

the distribution is obtained by simple binning as

D(R
(i)
3 ) ≈ R2

L

∆(N + 1)2

∑ ∑ ∑
wj D(Rm)D(Rn)D(cosγ(j)), (29)

where wj are weights of the Gauss-Legendre angular quadrature, the pre-factor R2
L/(N + 1)2 comes from two Gauss-

Chebyshev radial quadratures, and R
(i)
3 is the nearest value to R3 =

√
R2

m + R2
n − 2RmRncosγ(j) fulfilling the cosine

theorem.
With respect to the VMC part we have used the Powell method [34] along a total of M = 5× 105 steps to find the

absolute minimum of the trial wavefunction ΨT in the space formed by a total of 10 parameters, 5 for each Ca-He
and He-He interactions. The number of walkers Nw is ranged between 1000 and 3000, sampled in their propagation
through a Langevin procedure, with the variance of EL as the cost function to be minimized [28, 35]. In the DMC stage
of the calculations a similar number of steps have been used; as 50 ≤ △τ ≤ 300 hartree−1 a total of 5×105−1.5×108

hartree−1 has been considered, time long enough so as all the quantities were in convergence. The branching scheme
for the walkers was that proposed by Blume et al [36]. For a fixed Nw we have fitted the energy to a simple straight
line E = m ×△τ + n, which tends to n when △τ → 0. The couples (Nw, n) have been extrapolated, in turn, to the
function n = a + b/Nw. The parameter we are interested in is a, which is the value of the energy when the number
of walkers tends to infinity. The error presented in Table I corresponds to the error associated with the fitting of a.
All the shown geometry distributions belong to the calculations with Nw = 3000 and △τ = 300 hartree−1.
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For the DGF calculations 37 Gaussian functions with centers between 2.1 Å and 21.2 Å with a distance of 0.5 Å
between consecutive DGFs were chosen for the He–He distances (R3), whereas for the two Ca-He distances (R1 and
R2) and given the difference between the position of the corresponding interparticle potentials (see Fig. 2), the center
of the first DGF was taken at 4.8 Å. With this choice a total number of 14254 φj basis functions in the expansion
of Eq. (17) were taken into account. The β parameter of Eq. (22) was taken to be 1.05. A numerical grid of 5000
points between 0.3 Å and 24.9 Å was considered for the numerical integrations.

In Table I we report the results obtained using the three procedures mentioned above for dimers and trimers.
For dimers, the system containing boson Helium is more bounded than that with the fermionic partner. This is
an expected consequence of the higher mass of 4He as compared with 3He. Both, DMC and DVR methods yield
energies in very good agreement, being also very close to exact Numerov calculations (-0.359476 cm−1 for Ca-3He,
and -0.545039 cm−1 for Ca-4He, respectively).

In Fig. 1 we present the DVR distributions of the dimers (multiplied by 10 and referred to its own energy). The
maxima of the distributions are located at ≈ 7 Å, a slightly larger distance than the minimum of the PES which is
at ≈ 6 Å. The distribution of the fermionic case is more delocalized than in the bosonic scenario, and reflects the
difference between the binding energies of the two systems.

Ca-3He Ca-3He2
∗ Ca-4He Ca-4He2

DMC −0.362 ± 0.004 −0.778 ± 0.002 −0.5427 ± 0.0006 −1.2242 ± 0.0009

DVR -0.3575 -0.7631 -0.5450 -1.2174

-0.3840 -0.8663

DGF -0.7633 -1.2226

-0.3835 -0.8916

TABLE I: L = 0 energies (cm−1), obtained with the three methods used in this work, for the different species studied. They
are measured with respect to the total dissociation limit. For the triatomic complexes, the second row of DVR and DGF results
refers to the only excited state obtained for each system.∗ Singlet fermionic state.

In the case of the trimers we also report in Table I their energies obtained by using the three methods described
above. The trimer and dimer energies follow the independent particles model (IPM): E(Ca-3,4He2) ≈ 2× E(Ca-3,4He).
All the three methods described above show a good agreement and in the case of the DVR and DGF procedures not
only for the ground but also for the single excited state.

For the ground states, in the upper panels of Fig. 2 we plot the Ca-He pair distributions for the trimers Ca-4He2

(left panel) and Ca-3He2 (right panel) calculated by means of the three methods, which essentially produce the same
results: in both cases there is a peak at ≈ 7 Å, although in the fermionic case the distribution extends over larger
distances than the bosonic one. They are almost identical to the corresponding distributions of the dimers indicating
that IPM is fulfilled. The He-He pair distance distributions for bosonic (left panel) and fermionic (right panel)
complexes, calculated via the DMC and DGF methods, are shown in the lower panels of Fig. 2. For comparison
we also plot approximate DVR distributions obtained by assuming the independence of distributions in the Ca-He
distances and cosγ (the latter being shown in Fig. 3) as suggested by the IPM framework. Points were used to
stress the approximate character of those DVR distributions. It is worth noticing that “exact” DMC, DGF and
approximate DVR results present a remarkable accord and confirms the validity of IPM. However, there is some
minor discrepancy between the DGF estimates and the two other methods in the fermionic case, which suggests that
the DGF basis should be extended towards longer He-He distances. For bosons, the He-He distance distribution
spreads out till ∼ 20 Å although presents a clear peak around 5 Å. Provided that the peak of the distribution on

Ca-He distances is located near 7 Å, an isosceles arrangement of the trimer with an angle ̂4He − Ca−4He of ∼ 40
degree, i.e. cosγ ∼ 0.77, is found. The distribution of the fermionic species presents a very broad profile which almost
extends over the whole accessible spatial region and explores smaller He-He distances than the Ca-He ones as well as
linear He-Ca-He arrangements where RHe−He ∼ 2 × RCa−He. It advances a much more isotropic distribution in cosγ
than in the bosonic scenario.

In Fig. 3 we plot angular distributions in terms of cosγ for ̂4He − Ca−4He (upper panel) and ̂3He − Ca−3He
(lower panel) obtained through DVR and DMC methods: they again produce very similar results. According to the
previous discussion on He-He distances, boson distribution exhibits a clear peak around cosγ ∼ 0.77, that is, with the
helium atoms closer each to the other than both of them are to the calcium atom, although there is a non-negligible
probability of collinear He-Ca-He arrangements (cosγ ∼ −1). The fermionic case, although showing a slight preference
for the helium atoms to be close each to the other, presents an almost isotropic distribution. In the same figure DVR
distributions for the existing first excited state of each species is also depicted: they show a marked population increase
around collinear configurations and present a clear nodal pattern. Since the distributions on the RCa−He distance are
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FIG. 2: Comparison of the radial distributions of the Ca-He and He-He distances for the ground states of the two Ca-nHe2

complexes obtained using the three different computational methods of the present work. Left panels, bosonic system; right
panels, fermionic (singlet) system. Red points in the He-He distance distributions correspond to DVR estimations assuming
the independence of probability densities in Ca-He distance and cosγ, see text.
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almost the same than that corresponding to the ground state shown in the upper panels of Fig. 2, see below, one
may conclude that they are almost pure excited bending states of the boson or fermion trimers. In this regard, we
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should mention the numerical difficulties that the DGF method may present when the system explores quasi-linear
geometries. The triangle requirement in Eq. (23) suffices in this case to properly describe both the energy values of
excited states and the pair distributions (see below), in good accord with DVR results.
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FIG. 4: Distributions of the Ca-He and He-He distances for the excited states of the two Ca-nHe2 complexes obtained through
DVR and DGF procedures. Left panels, bosonic system; right panels, fermionic (singlet) system. We remark that DVR
distributions (with points) of the He-He distance are approximate.

Similarly to Fig. 2, but for excited states, we show at Fig. 4 distributions of Ca-He distances (upper panels)
and He-He ones (lower panels) for boson (left panels) and fermion (right panels) systems. Since excited states are
unaccessible in the DMC framework, they where calculated through DVR and DGF methodologies. Both distributions
of RCa−He are essentially the same and differ very little indeed from those corresponding to the ground level (see Fig.
2). Regarding distributions of the He-He distance, we stress that DVR ones are only approximate and are shown by
points. In spite of some differences that can be observed, both methods predict the same qualitative features. In
particular, the nodal structure obtained in terms of cosγ is well reproduced along the corresponding inter-particle
distance. Being cautious again about DVR approximate results, the discrepancies of the DVR/DGF distributions
could be attributed to a reduced extension of Gaussian functions accounted for in DGF as it was mentioned above.

V. CONCLUDING REMARKS

In the present work we have endeavored to analyze in some detail the special properties of fairly small clusters of
weakly interacting atomic partners: Ca-3,4He2. Such a simple species may provide a useful paradigm for illustrating
the general structural features of even larger clusters containing several He atoms. Three very different computational
approaches (a discrete variable representation, a distributed Gaussian functions approach and a Variational/Diffusion
Monte Carlo technique) have been employed for obtaining relative binding energies and spatial distributions.

The use of a very realistic atom-atom potential for the Ca-He dimer[11] produces only two very weakly bound
states in bosonic as well as in singlet fermionic clusters, a very different result from that reported by the calculations
of Ref. [15], where an entirely different empirical potential describing the Ca-He interaction[9] has been used. For
each species considered the excited state is close to the ground state and not very different from the latter in terms of
spatial extension: it chiefly describes a bending excitation of the cluster. Furthermore, the fermionic states are found
to be even more weakly bound and also more spatially extended than the bosonic states. For the two species studied,
we have shown the fulfillment of the independent particle model.

Regarding ground levels, the radial distributions within the clusters (e.g. see the data in Fig. 2) additionally
indicate that the two boson He atoms are closer to each other than both of them are to the calcium ”doping” partner:
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by extrapolating this feature to larger aggregates (with a much greater network of He-He interactions) one could
therefore argue that the calcium atom will eventually locate itself outside the formed cluster of He components, thus
confirming the possible formation of a structure where the atomic dopant sits on a ”dimple” outside the bosonic
droplet. This feature is no longer envisaged for the much more floppy fermionic aggregates as suggested by the data
in the right-side panels of Fig. 2, and the Ca atom could become solvated by the 3He environment. This finding is
in accord with calculations in the frame of density functional theory[7] which conclude, using a similar Ca-He(1X)
interaction to that used here, that the impurity resides in a deep dimple at the surface of 4He nanodroplets, while it
goes to the center of 3He drops. Addressing this point, excitation spectra of alkaline earth atoms attached to helium
nanodroplets have been recorded using laser-induced fluorescence spectroscopy[37–39], and more recently through a
variety of spectroscopic techniques[40]. In particular, it has been established that Ca atoms reside on the surface of
superfluid boson helium nanodroplets[38].

The angular distributions reported by Fig. 3 further suggest an isosceles configuration as the dominant structure
for the ground state of the bosonic cluster with a marked spatial delocalization of the He partner atoms attached
to the calcium dopant. In the fermion scenario, the structure is much more diffused in such a way that extreme
quasi-collinear He-Ca-He and Ca-He-He arrangements are being explored.

In conclusion, we have shown in the present work that it is indeed possible, albeit requiring the use of reliable
numerical methods, to gain consistent information on the structures of small, weakly interacting clusters and that
such information can help us a great deal to better predict how such systems could spatially grow when one increases
the number of He partners in a cluster. In order to make a significant test of the sensivity of the results to the particular
choice of the PES, a similar study to the presented here, maintaining the He-He interaction[16] but replacing the Ca-He
potential[11] by the stronger interaction[9] as recently used in Ref. [15], is now in progress.
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