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Expressions relating complex third-order optical susceptibility (x (3) 5 xR
(3) 1 ixI

(3)) with nonlinear refractive
index (n2) and nonlinear absorption coefficient (b) have been formulated that eliminate the commonly used
approximation of a negligible linear absorption coefficient. The resulting equations do not show the conven-
tional linear dependence of xR

(3) with n2 and xI
(3) with b. Nonlinear refraction and absorption result instead

from the interplay between the real and imaginary parts of the first- and third-order susceptibilities of the
material. This effect is illustrated in the case of a metal–dielectric nanocomposite for which n2 and b values
were experimentally obtained by Z-scan measurements and for which the use of the new formulas for xR

(3) and
xI

(3) yield a large correction and a sign reversal for xI
(3) . © 2004 Optical Society of America

OCIS codes: 190.0190, 190.3270, 190.4400.
1. INTRODUCTION
Third-order nonlinear optical effects are the physical ba-
sis of a number of applications in future high-capacity
communication networks1 in which ultrafast switching,
signal regeneration, and high-speed demultiplexing
would be performed all-optically through the use of third-
order optical nonlinearities. Thus, in recent years, third-
order nonlinearities have been studied experimentally in
a large variety of artificial materials, which include homo-
geneous bulk glasses and polymers2,3 and nano- and me-
soscopically structured materials such as semiconductor,
quantum-well structures4 or glasses doped with either
semiconductor5 or metal nanocrystals.6 Optimization of
the design of these materials for a given application de-
pends, to a large extent, on comprehension of the physical
mechanisms responsible for the nonlinear response. In
this context, it is important to remark that the real and
imaginary parts of x (3) are the physical parameters that
contain the information relative to the microscopic origin
of the nonlinearity since they are related to the hyperpo-
larizabilities of the system.7,8 However, these quantities
are not directly measurable in most cases. Instead, they
are obtained through experimental methods that are sen-
sitive to other macroscopic manifestations of x (3), such as
phase modulation, nonlinear refraction, wave mixing and
nonlinear absorption.9

In this work we report a general and simple determi-
nation of the relation between the real and imaginary
parts of the third-order susceptibility and the nonlinear
refractive index and absorption coefficient that is valid for
absorbing systems. The most interesting consequence of
the expressions obtained is that nonlinear refraction and
absorption are no longer directly related to the real and
imaginary parts of the third-order susceptibility, but are a
consequence of the interplay between the real and imagi-
nary parts of the first- and third-order susceptibilities of
the system. This gives rise to the appearance, for in-
stance, of nonlinear refraction effects in systems with a
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purely imaginary susceptibility or, on the other hand, to
the appearance of measurable nonlinear absorption ef-
fects in systems with a real third-order susceptibility.
The expressions obtained still permit one to determine
analytically the sign and magnitude of the third-order
susceptibility components, thereby avoiding the errors
that appear (particularly in the sign of the components)
when applying the usual expression (which assumes neg-
ligible absorption) to absorbing materials. The new for-
mulas have been applied to the case of a real absorbing
material with Kerr-type nonlinearity, a metal–dielectric
nanocomposite whose nonlinear refractive index and ab-
sorption coefficient were experimentally determined by
Z-scan experiments.

2. FORMULAS RELATING n2 , b, AND x (3)

In the case of Kerr-type nonlinearities, the expressions re-
lating the refractive index and the absorption coefficient
with the intensity I of the electromagnetic wave are
n 5 n0 1 n2I and a 5 a0 1 bI, where n0 and a0 are the
linear refractive index and linear absorption coefficient,
respectively.

In a system showing a negligible absorption (a0 ' 0),
the nonlinear refractive index n2 and the nonlinear ab-
sorption coefficient b are proportional to the real xR

(3) and
imaginary xI

(3) parts of x (3) through the following expres-
sions in the international system (SI) of units9:

xR
~3 ! 5 ~4/3!n0

2e0cn2 ,

xI
~3 ! 5 ~n0

2e0cl/3p!b, (1)

where n0 , e0 , and l denote, respectively, the linear re-
fractive index of the material, the electric permittivity of
free space (8.85 3 10212 F/m), and the wavelength. Un-
der this restriction of negligible linear absorption, it is
clear that a purely real third-order susceptibility will
manifest itself through purely refractive nonlinear ef-
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fects, whereas a purely imaginary susceptibility will lead
only to nonlinear absorption effects.

In spite of the assumption of negligible absorption im-
plicit in Eqs. (1), they have been used very often10,11 for
finding the values of xR

(3) and xI
(3) in absorbing systems

(k Þ 0), particularly since Z-scan measurements10,12 be-
came one of the most popular methods for the assessment
of third-order nonlinearities. Formulas similar to Eqs.
(1) are also quite commonly applied to absorbing materi-
als in the field of near-resonance, nonlinear spectro-
scopy.13,14 In what follows we will derive a set of expres-
sions relating xR

(3) , xI
(3) , n2 , and b valid for absorbing

systems.
By following Ref. 8, the nonlinear response of a mate-

rial system under an applied external electromagnetic
field can be described by a series expansion of the polar-
ization as

P̃ 5 e0@ x̃~1 !Ẽ 1 x̃~2 !ẼẼ 1 x̃~3 !ẼẼẼ* 1 ...#, (2)

where P̃ denotes the complex polarization vector, x̃ (n) cor-
responds to the nth-order complex susceptibility tensor,
and Ẽ denotes the complex electric field.

The complex displacement vector D̃ is related to the po-
larization and the electric field through the expression
(using SI units):

D̃ 5 e0Ẽ 1 P̃ 5 e0~1 1 x̃ !Ẽ 5 eẼ. (3)

In centrosymmetric materials, by neglecting wave-
mixing, second-order effects, the susceptibility x̃ up to the
third order corresponds to

x̃ 5 x̃~1 ! 1 x̃~3 !ẼẼ* , (4)

which in the case of a material under a single, monochro-
matic, linearly polarized wave can be reduced to the sca-
lar expression9

x~v! 5 x~1 !~v! 1 3x~3 !~v!uEu2, (5)

where x (3)(v) now denotes the complex component
x iiii

(3) (v; v, v, 2v) of the third-order susceptibility tensor
and uEu denotes the amplitude of the electric field.

To determine the relation between the real and imagi-
nary parts of x (3) and the nonlinear refractive index and
absorption coefficient, we will use the expressions relat-
ing the complex dielectric constant (e 5 e1 1 ie2) and the
complex refractive index (ñ 5 n 1 ik) at a given wave-
length:

e1 5 e0~n2 2 k2!, (6A)

e2 5 e0~2nk !; (6B)

n 5 Aueu 1 e1

2e0
, (6C)

k 5 Aueu 2 e1

2e0
. (6D)

These are the basic formulas necessary to obtain the
change in the refractive index Dn and the absorption co-
efficient Dk associated with a variation of the dielectric
function of the material due to a nonlinear polarization
response. By using relations (3) and (5) we can express
the dielectric function as

e 5 e~1 ! 1 De, (7)

where e (1) 5 e0(1 1 x (1)) is the linear dielectric function
and De 5 3e0x (3)uEu2 is the nonlinear contribution to e
due to third-order nonlinear polarization of the material.
The real and imaginary parts of De are given by

De1 5 3e0xR
~3 !uEu2, (8A)

De2 5 3e0xI
~3 !uEu2. (8B)

In the case of a Kerr-type nonlinear response we can
express the dependence of the refractive index and the ab-
sorption coefficient on the intensity of light9

(I 5 2e0n0cuEu2) as

n 5 n0 1 Dn 5 n0 1 n2I, (9)

a 5 a0 1 Da 5 a0 1 bI, (10)

although in our case, it is more practical to express Eq.
(10) in terms of the imaginary part of the refractive index
k 5 la/4p as

k 5 k0 1 Dk 5 k0 1 k2I, (11)

where k2 5 bl/4p is included in order to have symmetri-
cal expressions for the nonlinear refractive and absorp-
tive indexes in subsequent equations. By using the ex-
pressions (6A), (9) and (11) we obtain that

e1 5 e1
~1 ! 1 De1

5 e0@~n0 1 Dn !2 2 ~k0 1 Dk !2#

⇒ De1 5 e0@2~n0Dn 2 k0Dk ! 1 ~Dn !2 1 ~Dk !2#,
(12)

which, by using the corresponding expressions for De1
[Eq. (8A)], Dn [Eq. (9)], and Dk [Eq. (11)], and assuming
that Dn ! n0 and Dk ! k0 , leads to

3xR
~3 !uEu2 5 2I~n0n2 2 k0k2!

⇒ xR
~3 ! 5 ~4n0e0c/3!~n0n2 2 k0k2!.

(13)

A similar procedure for the imaginary part of e leads to

xI
~3 ! 5 ~4n0e0c/3!~n0k2 1 k0n2!. (14)

The second-order terms Dn2 and Dk2 have been ne-
glected since they become important only in extreme con-
ditions: very high third-order nonlinear effects (large
x (3) and intensity) and nonnegligible absorption, where
other effects such as thermo-optical ones or fifth-order
nonlinearities can also become significant.

Both expressions (13) and (14) reduce obviously to the
relations given in Eqs. (1) when the absorption of the sys-
tem is negligible (k0 ' 0). In absorbing systems, the
nonlinear absorption and refraction are thus the conse-
quence of the interplay between the real and imaginary
parts of the first- and third-order susceptibilities, and n2
and b are no longer proportional to the real and imagi-
nary parts of x (3). This can be seen more clearly when
looking at the inverse expressions obtained from Eqs. (13)
and (14):
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n2 5
3

4e0c~n0
2 1 k0

2!
FxR

~3 ! 1
k0

n0
xI

~3 !G , (15)

k2 5
3

4e0c~n0
2 1 k0

2!
FxI

~3 ! 2
k0

n0
xR

~3 !G ;

(16)

this latter can be expressed in terms of the usually mea-
sured b as

b 5
3p

le0c~n0
2 1 k0

2!
FxI

~3 ! 2
k0

n0
xR

~3 !G . (17)

From expression (15) we can see that actually n2 is simi-
lar to the value calculated using Eq. (1) (setting k0 5 0)
with an added correction term to xR

(3) given by k0xI
(3)/n0 .

The same applies to b with the correction term
2k0xR

(3)/n0 added to xI
(3) .

3. IMPLICATIONS OF THESE FORMULAS
IN ABSORBING MEDIA
One of the most remarkable consequences of expression
(15) is that in materials showing a purely imaginary
third-order susceptibility (xR

(3) 5 0) and nonnegligible ab-
sorption, n2 scales as @(k0 /n0)/(1 1 k0

2/n0
2)#xI

(3) , and
therefore, refractive nonlinearities could become observ-
able. Similarly, for a purely real third-order suscepti-
bility (xI

(3) 5 0), k2 will scale as @2(k0 /n0)/
(1 1 k0

2/n0
2)#xR

(3) , and nonlinear absorptive effects will
become more pronounced as the material absorption in-
creases. An evaluation of the magnitude of the correc-
tion to n2 introduced by expression (15) in absorbing ma-
terials can be obtained from the ratio of the nonlinear
refractive index n2 calculated using expression (15) and
that n2(k050) calculated with the approximation of negli-
gible absorption given by Eqs. (1):

n2

n2~k050 !

5 S 1 1
k0

2

n0
2D 21F1 1

k0

n0

xI
~3 !

xR
~3 !G . (18)

Remarkably, this ratio is dependent only on the ratios of
the absorption coefficient and the refractive index k0 /n0
and the imaginary and real parts of the third order sus-
ceptibility xI

(3)/xR
(3) .

Expression (18) helps to clarify when the formulas de-
duced in this work [Eqs. (13–16)] have to be used instead
of Eqs. (1), valid for k0 5 0. This can be seen more
clearly in Fig. 1 where the ratio n2 /n2(k050) has been plot-
ted as a function of the ratio k0 /n0 for different values
(positive and negative) of the ratio xI

(3)/xR
(3) .

For the curves corresponding to positive values of
xI

(3)/xR
(3) , the sign of n2 /n2(k050) is positive, and for trans-

parent materials (k0 /n0 , 1024), n2 is constant and
equal to the value given by Eqs. (1) (so n2 /n2(k050)

' 1). It is also seen that the correction term introduced
in this paper for absorbing materials becomes important
for low values of k0 /n0 when the ratio xI

(3)/xR
(3) is large.

In materials with high absorption (k0 /n0 > I) the term
(1 2 k0

2/n0
2)21 of Eq. (18) dominates the curve, and the

value of n2 /n2(k050) shows a decreasing behavior with in-
creasing values of k0 /n0 . This effect is more important
when the ratio xI

(3)/xR
(3) is small, in which case the value

of n2 calculated with the new formulas can be substan-
tially smaller than that calculated with Eqs. (1) and thus
n2 /n2(k050) can show values well below 1021. For nega-
tive values of xI

(3)/xR
(3) , corresponding to real and imagi-

nary parts of the third-order susceptibility having oppo-
site signs, the correction term reduces the nonlinear
refractive index n2 that can become zero or even reverse
sign.

In the case of k2 , the corrections introduced by Eq. (16)
when k0 Þ 0 are symmetrical to the ones for n2 (shown in
Fig. 1), since the correction term is analogous to the one
in Eq. (15) with the exchange of xR

(3) and xI
(3) and a sign

change. The cancellation of nonlinear absorptive effects
(and the subsequent change in sign) will occur in this case
when xR

(3) and xI
(3) have the same sign.

4. APPLICATION TO REAL MATERIALS
From the physical point of view, the implications of ex-
pressions (15) and (16) discussed above can be considered
to be hardly observable in real systems. In particular,
there are not many examples of materials with a third-
order susceptibility essentially real showing at the same
time a strong absorption. However, a dielectric media
heavily doped with absorbing centers, such as a laser rod
doped with transition metal or rare-earth ions, should
show a nonlinear refractive index (or nonlinear absorp-

Fig. 1. Calculated n2 /n2(k050) ratio as a function of k0 /n0 .
The curves correspond to the different indicated values of the
xI

(3)/xR
(3) ratio.
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tion coefficient) which could be potentially modulated by
the amount of doping (i.e., by modifying its absorption).
Obviously, the interplay between n2 , k2 , n0 , k0 , and x (3)

is much clearer in the case of strongly absorbing systems
(k0 /n0 . 1022) such as metals, or systems with resonant
nonlinearities. In the case of pure metals, although the
intrinsic third-order nonlinearities are very small (x (3) of
a Drude gas is expected to be imaginary and around
10213 esu),15 the ratio k0 /n0 can reach values of the order
of 1 (and of the order of 10 as we move further towards
the infrared). Equation (15) indicates that an absorbing
material with expected imaginary nonlinearities, could
show observable nonlinear refractive effects.

In the case of dielectrics doped with metal nanopar-
ticles, it is relatively easy to find values of k0 /n0 of the
order of 1 in the vicinity of the surface plasmon resonance
of the nanocomposite. In these systems, the real and
imaginary parts of x (3) have been quite often determined
from n2 and b values obtained by Z-scan.12 In our work
here, expressions (15) and (16) have been used to calcu-
late xR

(3) and xI
(3) in Cu:Al2O3 nanocomposites in which

the values of n2 and b were experimentally obtained from
Z-scan measurements.16 These samples are used to illus-
trate the impact of using Eqs. (1) instead of Eqs. (13) and
(14) in the case of real, strongly absorbing materials.

The samples used were synthesized by the alternate-
pulsed-laser-deposition technique, and consist of a film
comprising 20 layers in a sandwich structure alternating
a layer of Cu nanocrystals surrounded by an amorphous
Al2O3 matrix with a layer of pure Al2O3 , the total thick-
ness of the film being approximately 110 nm. The three
samples considered here have been grown in vacuum
(1026 torr) with an increasing Cu content (from 7.7
3 1015 to 16 3 1015 atoms/cm2/layer) that corresponds to
metal volume fractions ranging from 0.17 to 0.35, as
shown in Table 1. Accordingly, they have an increasing
value of the absorption coefficient at the vicinity of the
surface plasmon resonance of Cu (l 5 600 nm). Further
details on their synthesis and morphological characteriza-
tion can be found elsewhere.17–19 Their linear optical
properties were determined by ellipsometry and optical
transmission measurements, as also described else-
where.20

The nonlinear refractive index n2 and absorption b of
the samples were determined by Z-scan measurements
following the experimental configuration and the theoret-
ical framework first reported in Ref. 12. The laser pulses
used in the experiment had a duration of 7 ps at a wave-
length of 600 nm with an energy per pulse of the order of
hundreds of nanojoules and a maximum peak intensity of
2 GW/cm2. They were obtained from the output of a
1-kHz optical parametric amplifier (Spectra-Physics OPA-
800C) after frequency doubling the output signal beam
and passing it through a grating stretcher in a four-pass
configuration.

The experimentally determined values of n2 , b, and k0
of the samples at 600 nm are shown in Table 1 along with
the Cu content per layer18 and volume fraction of the dif-
ferent nanocomposites.21 For all the nanocomposite
samples the linear refractive index was n0 ' 2. It can be
seen in Table 1 that n2 and b increase with the Cu con-
tent. The influence of using expressions (13) and (14) in-
stead of Eqs. (1) is illustrated in Fig. 2 where the values of
xR

(3) and xI
(3) calculated with both approaches have been

plotted as a function of k0 . Each point in Fig. 2 corre-
sponds to a different sample in which the variation of the
amount of Cu leads to a modification of the size, morphol-
ogy, and concentration of the nanoparticles, giving rise to
a modification of the absorption and the effective third-
order susceptibility of the composite, as discussed
elsewhere.21 We can see in Fig. 2 that although the cal-
culated values of xR

(3) are not greatly modified if one as-
sumes negligible absorption [thus using Eqs. (1)], the
magnitude and sign of xI

(3) are highly influenced. It is re-
markable that whereas small and negative values of xI

(3)

are obtained by assuming negligible absorption, positive

Fig. 2. Real and imaginary parts of the third-order nonlinear
susceptibility of the Cu:Al2O3 nanocomposites shown in Table 1
as a function of k0 . The plotted values correspond to the deter-
mination of xR

(3) and xI
(3) from the experimental values of n2 and

b measured by Z-scan by use of Eqs. (1)—open squares, xR
(3) ,

open triangles, xI
(3)—and by use of the correct expression for ab-

sorbing materials, Eqs. (15) and (16)—filled squares, xR
(3) , filled

triangles, xI
(3) .
Table 1. Structural and Optical Properties of Cu:Al2O3 Nanocomposites

Cu Areal
Content
(31015

atoms/cm2/layer)
Cu Volume
Fraction, p

Linear
Absorption
Index,a k0

Nonlinear
Refractive
Index,a n2

(10210 cm2/W)

Nonlinear
Absorption

Coefficient,a b
(1025 cm/W)

7.7 0.17 0.95 0.9 0.8
11.5 0.25 1.45 3.2 2.0
16 0.35 2.00 10 4.0

a At l 5 600 nm.
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values are determined if xI
(3) is rigorously calculated.

This indicates that the experimentally observed satura-
tion of absorption (b , 0) is caused actually by a positive
xI

(3) . Furthermore, for the highest value of k0 , the value
of xI

(3) becomes comparable to that of xR
(3) .

Unfortunately, with the existing theoretical models—
not valid for metal volume fractions as high as that of the
samples used here, as discussed in Ref. 21—it is not pos-
sible to extract the intrinsic third-order susceptibility of
the metal particles from that corresponding to the com-
posite. Therefore, we cannot correlate the obtained ex-
perimental values of xR

(3) and xI
(3) with the microscopic

mechanisms responsible for the nonlinear response of our
nanocomposite samples, something that is also beyond
the scope of this paper. In any case, the results obtained
in these metal nanocomposite samples clearly show that
the use of Eqs. (1) for absorbing materials can lead to
large errors in the determination of x (3).

5. CONCLUSION
We have obtained analytical expressions relating the real
xR

(3) and imaginary parts xI
(3) of the third-order, nonlinear

optical susceptibility to the nonlinear refractive index n2
and the nonlinear absorption coefficient b or k2 that are
valid for absorbing systems. These expressions show
that in the case of nonnegligible absorption, nonlinear re-
fractive or absorptive effects are the consequence of the
interplay between the real and imaginary parts of the
first- and third-order susceptibilities of the material sys-
tem. This interplay gives rise, for instance, to the ap-
pearance of an observable nonlinear refractive effect in
systems with a purely imaginary third-order susceptibil-
ity. Applying these expressions to a real absorbing me-
dium, it is shown that the use of the negligible absorption
assumption (k0 5 0) can lead to large errors in the deter-
mination of the sign and magnitude of xR

(3) and xI
(3) from

n2 and b.
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