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Refractive power of a multilayer rotationally
symmetric model of the human cornea
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Optical models of the human cornea and tear film typically employ a single homogeneous cornea with an av-
erage refractive index. I propose to use a more realistic multilayer model based on morphological data from the
literature. The mathematical methodology to derive the refractive power equation of this model is presented.
Special attention is given to the axial gradient index of the refraction structure of the stroma layer because of
its optical implications. The importance of considering this multilayer model is quantified in a specific example
(orthokeratology) with the help of the derived power equation. © 2006 Optical Society of America
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. INTRODUCTION
he human cornea and tear film provide most of the re-

ractive power of the eye. Hence, a classical problem in vi-
ual optics is to estimate their refractive power. Histori-
ally, two optical models have been used: a single-surface
odel and a single-lens (two surfaces) model. Both mod-

ls assume spherical surfaces (or conic surfaces in some
chematic models1) and an average refractive index for
he cornea and tear film. Such models are used with the
ope of being sufficiently accurate for most practical pur-
oses. However, much more is now known about the in-
ernal structure and optical properties of the cornea than
hen these models were originally proposed. Further, ac-

ual clinical practice has to deal with many situations
here the internal structure (in optical terms) of the cor-
ea is modified: for example, corneal pathologies or re-
ractive correction techniques such as orthokeratology or
efractive surgery. Clearly, the uniform single-lens models
annot predict the internal optical power changes in these
ituations, whereas a multilayer model can estimate
hether these internal changes are relevant for the opti-

al power. The main goal of this work is to employ a
ultilayer rotationally symmetric model of the human

ornea and tear film and to derive an equation of the cor-
eal refractive power as a function of all the available pa-
ameters: curvature, asphericity, thickness, and refrac-
ive index distributions of the different layers—tear film,
pithelium, and “extended stroma” (stroma and endothe-
ium). The extended stroma is modeled with a gradient re-
ractive index distribution. Pupil diameter and object po-
ition are also incorporated into this model. It will be
hown how the power equation of this model generates
aluable information about the contributions of the differ-
nt optical components to the overall power of the cornea.

The paper is organized as follows. Section 2 describes
he morphological model for the cornea and tear film. On
he one hand, the model emphasizes the optical
ultilayer structure of the cornea. On the other hand,
1084-7529/06/071578-8/$15.00 © 2
urfaces are assumed to be rotationally symmetric, de-
cribed by conics, in order to present a generic model. The
odel is based strictly on optical properties determined

xperimentally and available from literature. Section 3
iscusses the concept of plane of best focus. In Section 4
n algebraic expression for the paraxial power of the
ultilayer model is derived, and in Section 5 the formulas

or the spherical aberration are added. Section 6 gives a
pecific example of the application of the new model for
rthokeratology. Finally, Section 7 presents some discus-
ion of the results and conclusions.

. OPTICAL MODEL OF THE CORNEA AND
EAR FILM
he cornea and tear film constitute a multilayer structure

n which the refractive index and the shape of the sur-
aces change across layers. Although higher irregularities
nd astigmatism are presented in corneal surfaces (at
east in the outer surface), these are so variable among
yes that to model generic surfaces, it is reasonable to use
onics. Indeed, the conic model of ocular surfaces is the
ne used in the ocular biometry literature. To avoid con-
usion in the notation, I employ the conic explicit formula
2=2Rz− �1+Q�z2, where R is the apical radius and Q is

he asphericity (or deformation factor). Q is the most con-
enient parameter to define optical surfaces because (see
ection 5) it separates the asphericity from the spherical
ontribution in the spherical aberration formulas. To
tudy the refraction properties in biological tissues it is
ecessary to use a locally averaged refractive index.2 This

ssue will be specifically discussed for the stroma.

. Optical Structure of the Tear Film
he traditional three layer model of the tear film struc-

ure (lipid, aqueous, and mucus layer) has been super-
eded by a more complex structure,3 in which the transi-
ion between the mucus and aqueous layers is now
006 Optical Society of America
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epresented by a gradual transition from an aqueous
ominated medium at the lipid border to a mucus-
ominated medium at the epithelial border. This gradual
iochemical transition is optically consistent with a gra-
ient refractive index distribution because the refractive
ndex of the mucus is higher than that of the aqueous-
ominated medium. However, although the tear film may
ctually have a gradient index distribution, it can be rep-
esented by a homogeneous unique layer because it is
nly a few micrometers thick, and therefore the internal
ptical power (transfer) contribution is very small com-
ared with the surface power contributions (see Table 2
elow). I take 1.337 as a reference value, measured by
raig et al.4 with a critical-angle refractometer �589 nm�.
here is great diversity in the values of tear film thick-
ess in the literature, so I adopt the value of 4 �m as a
ossible average.

. Corneal Optical Structure
he classical morphological model of the cornea is com-
osed of five layers: epithelium, Bowman’s membrane,
amellar stroma, Descemet’s membrane, and endothe-
ium. However, in terms of refractive index distribution, it
s reasonable to model the last four layers as a unique
ayer with a gradient refractive index. This has been pro-
osed by Patel et al.5 and is justified below.

. Thickness and Refractive Index
he epithelium is a highly stratified tissue formed by five
o seven cell layers.6 Patel et al.5 report an average value
f the epithelial layer thickness of 53.7 �m. In a previous
ork Patel et al.7 measured the refractive index (Abbé re-

ractometer D line) in ten subjects, finding an average
alue of 1.401 (ranging from 1.39 to 1.408).

The stroma is a connective tissue formed by a highly
egular arrangement of parallel strings of fibrous proteins
collagen fibrils) embedded in a polysaccharide gel8 (ex-
racellular matrix). Bowman’s and Descemet’s layers are
unction tissues for the stroma with similar structure,
oth very thin �8–12 �m6�. The variation in refractive in-
ex between the collagen fibrils and the extrafibrillar ma-
rix is spatially small scale, as the typical diameter of a

ig. 1. Refractive index along the optical axis coordinate (in
illimeters) in the cornea model. The y axis of the graphic is bro-

en from 1.02 to 1.32 for better visualization.
ollagen fibril is �30 nm in diameter,8 hence being re-
ponsible only for scattering effects. Refraction is modeled
sing a locally averaged refractive index that changes in

arge scale. Maurice9 proposed a model in which the
hanges of the local refractive index in the stroma are due
o two factors: the differences in the relative volume be-
ween collagen and extracellular matrix and the varia-
ions in the refractive index of the extracellular matrix.
hese factors change because of the biochemical differen-

iation between the anterior part (hydratation and glu-
ose) and the posterior part of the stroma—a fact that has
een known for some time.7 This observation has been
onfirmed by Patel et al.,7 who measured a difference in
efractive index in six eyes (Abbé refractometer D line)
rom 1.380±0.005 in the anterior part to 1.373±0.001 in
he posterior part. Considering this, it is reasonable to as-
ume a smooth and linear variation of the refractive index
n an extended-stroma model (Bowman’s and Descement’s
ayers included). The gradient refractive distribution is
long the normal to the stroma surface layer. However,
ince the radius of curvature of the surface is much larger
han the thickness of the stroma, it is a good approxima-
ion to assume that the transverse variation of the refrac-
ive index is negligible and therefore to assume a pure
xial gradient. The endothelium is a single cell layer
�m,8 where no refractive index information is available.
owever, because it is so thin, it is reasonable to inte-

rate it into the extended-stroma model. Finally, I use the
hickness for the extended stroma reported by Patel et al.5

igure 1 is a graphical visualization of the variation of the
efractive index along the optical axis coordinate in the
roposed model.

. Surface Modeling
he surfaces of the model are represented by conics. For

he anterior and posterior corneal surfaces I use the mea-
urements made by Dubbelman et al.10 (who used a Sche-
mpflug slit lamp); they found an average radius for the
nterior corneal surface of 7.87±0.27 mm and
.40±0.28 mm for the posterior surface (83 subjects,
anging in age from 16 to 62 yr). The Q value of the ante-
ior and the posterior corneal surfaces were −0.18±0.18
nd −0.38±0.27, respectively.
The tear film is attached to the epithelium predomi-

antly by surface tension; because of this, and with lack
f experimental information, it is reasonable to assume
hat the tear film, in normal conditions, is uniformly dis-
ributed in the effective optical zone. Therefore, the shape
f the air–tear-film interface is almost identical to that of
ear-film–epithelium interface, the slight difference being
ue only to the effect of the thickness on the radius.
The epithelium of the cornea has been found to have a

onuniform thickness, being significantly thicker at the
eriphery than in the center (53.7 �m in the center and
6.2 �m at 1.5 mm from the center).5 Using these data of
he thickness distribution and the conic shape of the tear-
lm–epithelium interface, we obtain for the least-squares
tting of the epithelium–stroma interface to a conic a ra-
ius of 7.64 mm and asphericity of −1.55.
Table 1 summarizes the whole multilayer optical model

sed henceforth.
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. PLANE OF BEST FOCUS
t is reasonable to define an optical axis for the cornea
nd tear film shared by the different layers in normal con-
itions, although in some pathologies a single axis may
ot exist. With an optical axis and conic surfaces, a
araxial power of the cornea and tear can be evaluated
see Section 4). The conic model will manifest defocus and
pherical aberration when one considers only on-axis ob-
ects; extension to off-axis objects would add odd aberra-
ions. In addition, avoiding astigmatism simplifies the fi-
al algebraic expression significantly, since rotational
ymmetry reduces the number of parameters needed to
escribe the paraxial properties per surface to three
2�2 matrix).11

From wave aberrations, several objective metrics (usu-
lly correlated with visual performance) have been pro-
osed to define the optical quality in the human eye—see,
.g., Cheng et al.12 and references there. Considering that
he model includes only the cornea, I reduce the number
f available metrics for defining the plane of best focus to
pure optical metric. In the presence of significant aber-

ations (in this model, spherical aberration), diffraction
henomena have little effect on focus location.13 Thus, for
onvenience, I use a metric based only on geometrical op-
ics; moreover, the consideration of diffraction integrals
ould disable the derivation of a simple algebraic expres-

ion.
With all these considerations, the plane of best focus

an be defined as the plane that minimizes the radius of
yration of the ray spot diagram, i.e., the sum of the
quares of the distances of the ray spots to the optical
xis.14 Using this metric, we can derive a formula to ob-
ain the plane of best focus15:

f = fparax −
2�1�2

3v�
. �1�

ere f is the distance of the plane of best focus from the
rincipal plane, fparax is the paraxial focal length, �1 is the
ransverse-ray spherical aberration, v� is the paraxial
arginal-ray angle in the exit pupil of the cornea, and � is

he radius of the exit pupil. To compute this formula it is
ecessary to derive equations for the paraxial focal length
nd the spherical aberration.
Finally, I should note that, for simplicity, I restrict the

nalysis to monochromatic light; an extension to poly-

Table 1. Parameters of the Corn

Air–Tear Tear–Ep

adius (mm) 7.8710 7.8
−0.1810 −0.1

Tear Epith

entral thickness (mm) 0.004 0.0
efractive index 1.3374 1.4
hromatic light would imply knowing the dispersion rela-
ions of the different media in the cornea and tear film.16

. PARAXIAL OPTICS OF THE CORNEA
ND TEAR FILM
. Paraxial Optics
onsidering the cornea as a centered system with an op-

ical axis (z coordinate), ray propagation can be defined by
wo variables: the intersection point coordinate of the ray
ith a plane normal to the z axis (Y variable) and the
ngle of the ray vector with the z axis in that point (U
ariable). The cornea acts as an imaging system. Math-
matically this implies that there is a mapping: Y1
f�Y0 ,U0� and U1= f�Y0 ,U0� relating the coordinates of

he of the ray in the object plane �Y0 ,U0� and the coordi-
ates of the same ray in the image plane �Y1 ,U1�. More-
ver, in paraxial optics �sin�U��U� this mapping is lin-
ar. In matrix representation,

�Y1

U1
� = �A B

C D��Y0

U0
� , �2�

here ABCD is called the ray-transfer matrix and its el-
ments (paraxial coefficients) depend on the parameters
f the system,17,18 i.e., curvatures, thickness, and refrac-
ive indices. For basic operations, such as translation in a
omogeneous medium T and the refraction in a surface R,
he ray matrices are well known:

T = �1 t

0 1�, R = � 1 0

− P/n� n/n�
� . �3�

ere t is the distance of propagation along the z coordi-
ate, n and n� are the refractive indices in the first and
econd medium, respectively, and P is the refractive
ower in the surface defined as P= �n�−n� /R (R is the api-
al radius of the interface surface). An important property
n paraxial optics is that sequential applications of ray-
ransfer transformations are equivalent to a unique ma-
rix transformation calculated as the sequential multipli-
ation of the individual ray-transfer matrices.13 In
ddition, once the equivalent ABCD matrix of the system
s obtained, the cardinal points are straightforward to
valuate. The paraxial power is evaluated as P=−n C.

nd Tear-Film Multilayer Model

Interface

m Epithelium–Stroma Stroma–Aqueous

7.64 6.410

−1.55 −0.3810

Medium

Stroma Aqueous

0.4735 —
�n=1.380−1.3737 1.336
ea a

itheliu

7
8

elium

5375

017
�
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. Ray-Transfer Matrix of the Cornea and Tear Film
ith a single surface or homogeneous lens corneal model,

he above formalism leads to the well-known paraxial
ormulas of the thick lens (which go back in time to
uygens’s work19). However, in the present model the

ormula is more complex. First of all, the paraxial
oefficients of the ray transfer inside the axial gradient
ndex of the stroma have to be calculated. A concise deri-

ation starting with the mixed characteristic Hamilton fi

T
p
e
v
N

unction can be found in Lunenburg’s book.17 Starting
ith the Euler–Lagrange ray equation, a fragmented
erivation was given by Buchdahl,18 followed by Sands.20

or completeness, a detail derivation of the ray-transfer
atrix for an axial gradient index, starting from the

tationary action principle, is presented in Appendix A.
sing translation, refraction, and axial ray transfer
atrices, the global ray matrix for the cornea and tear

lm is
�A B

C D� = � 1 0

− P4/n4 n32/n4
��1

t3n31 ln�n32/n31�

�n31 − n31�

0 n31/n32
	� 1 0

− P3/n31 n2/n31
��1 t2

0 1�� 1 0

− P2/n2 n1/n2
��1 t1

0 1�� 1 0

− P1/n1 1/n1
� ,

�4�
here P1, P2, P3, and P4 are the paraxial surface refrac-
ive powers in the interfaces: air–tear film, tear-film–
pithelium, epithelium–anterior stroma, and posterior-
troma–aqueous humor, respectively; t1 , t2 , t3 are the
hickness of the tear film, epithelium, and extended
troma, respectively; and n1 ,n2 ,n31,n32,n4 are the refrac-
ive indices of the tear film, epithelium, anterior stroma,
osterior stroma, and aqueous humor, respectively. In ad-
ition, for comparison, I use a homogeneous refractive in-
ex for the stroma equal to n3=1.3765. This value is ob-
ained, using the so-called Gladstone and Dale law
proposed for the cornea by Maurice9), as the mean refrac-
ive index equivalent to that of the axial stroma model.
rom Eq. (4) and using P=−n�C, we can derive the for-
ula for the paraxial power. This is easily done with sym-

olic software (the code written in MATLAB is available
rom the author).

. Paraxial Refractive Power of the Cornea and Tear
ilm
t is convenient to express the final algebraic expression
or the paraxial power in expanded form to reveal the
elative contributions of the layers of the model:

P = 

i=1

4

Pi − 

i=1

3

Ti + Tg, �5�

here Pi is the interface refractive power between two at-
ached layers, Ti is the individual transfer contribution
nside a layer, and Tg is a global transfer contribution
hat, as we will see, can be practically neglected. The for-
ulas for T1, T2, T3 and Tg are as follows:

Both homogeneous and gradient stroma

Table 2. Paraxial Power Contributions (D)

odel P1 P2 P3

radient stroma 42.8208 8.1321 −2.7487
omogeneous stroma 42.8208 8.1321 −3.2068
iou model 48.3912 0 0
avarro model 48.7047 0 0
T1 =
t1�P2 + P3 + P4�

n1
, T2 =

t2�P1 + P2��P3 + P4�

n2
;

Homogeneous stroma

T3 =
t3�P1 + P2 + P3�

n3

Tg =
t1t2P1P2�P3 + P4�

n1n2
+

t2t3P3P4�P1 + P2�

n2n3

+
t1t3P1P4�P2 + P3�

n1n3
−

t1t2t3P1P2P3P4

n1n2n3
,

Gradient stroma

T3 =
t31�P1 + P2 + P3�log�n32/n31�

n31�n32 − n31�

Tg =
log�n32/n31�

�n32 − n31� � t1t2P1P2�P3 + P4�

n1n2

+
t2t3P3P4�P1 + P2�

n2n3
+

t1t3P1P4�P2 + P3�

n1n3

−
t1t2t3P1P2P3P4

n1n2n3
� .

able 2 shows the contribution of the terms in the
araxial power equation (5) of the tear-film–cornea refer-
nce model of Table 1. The power contributions from pre-
ious single-layer models (Liou and Brennan model21 and
avarro model22) are also computed for comparison.

e Terms in Eq. (5) in the Different Models

P4 T1 T2 T3 Tg

−5.7812 0.0001 0.0167 0.0694 9e−6
−6.3281 0.0002 0.0186 0.1038 1.2e−5
−6.2500 0.1209 0 0 0
−5.9385 0.1156 0 0 0
of th
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It is important to remark that the total power in the
omogeneous-stroma model is 41.541 D, while in the
radient-stroma model it is 42.509 D. Moreover, the total
araxial powers of the cornea in Liou’s and Navarro’s
odels, 42.262 D and 42.882 D, respectively, are closer to

he gradient model, supporting the importance of the gra-
ient stroma in the multilayer model.

. Entrance Pupil of the Tear-Film–Cornea Model:
ardinal Points
n immediate application of the ray-transfer matrix of

he tear-film–cornea model is to evaluate its cardinal
oints and from them the entrance pupil location and
agnification; I will need this information to evaluate the

pherical aberration in Section 5. It is straightforward to
nd expressions that relate the cardinal points and the
araxial coefficients [see, e.g., Eqs. (22)–(25) and (33)–(36)
n Ref. 23]. Figure 2 shows the cardinal points in the tear-
lm–cornea model. V and V� are the anterior and poste-
ior vertex points of the tear film and cornea, respectively.

and H� are the principal points, F and F� the focal
oints. C is the location of the physiological pupil. For a
eneric distance V�C=3.5 mm the magnification of the
ntrance pupil is 1.1434 and the distance from the poste-
ior vertex of the cornea to the entrance pupil is V�C�
2.9317.

. SPHERICAL ABERRATION
. Primary Spherical Aberration
consider only primary spherical aberration (neglecting
igher-order terms). From the addition theorem13 in ab-
rration theory, the aberration coefficients of the whole
ystem can be evaluated as the sum of the corresponding
oefficients associated with the individual elements. For
urface contributions, I use here the notation and deriva-
ion of the primary spherical aberration as done by
chwarzschild (see Born and Wolf13):

W40 =
1

8

i

hi�Qi

Ri
3 �ni − ni−1� + �ni−1� 1

Ri
−

1

si
��2

�� 1

nisi�
−

1

ni−1si
�� . �6�

ere R is the apical radius of the interface surface, Q is

ig. 2. Cardinal points for the tear–cornea model. Distances
rom the left to the right are positive sign. F and F�, focal points;

and H�, principal points; V and V�, anterior and posterior
ertex of the tear–cornea, respectively; C, location of the
hysical pupil; C�, location of the entrance pupil. If V�C is set
o be 3.5 mm, VF=23.5659 mm, V�F�=30.9858 mm,
F=−23.5243 mm, H�F�=31.4285 mm, VH=−0.0416 mm, V�H�
−0.4427 mm.
i i
he asphericity, ni and ni−1 are the refractive indices after
nd before the interface, respectively, si and si� are the dis-
ances to the surface vertex of the object and image point,
nd hi is a parameter depending on the incidence height
f the ray on the surface. si, si�, and hi are evaluated with
he recurrent paraxial formulas [e.g., Eqs. (14)–(16) in
ubsection 5.5.1 of Ref. 13]. The transverse-ray aberra-
ion coefficient �1 [needed for Eq. (1)] is obtained from the
ave aberration and the distance from the last surface to

he image paraxial plane13:

�1 = 4W40�si�/ni�. �7�

. Transfer Contribution of the Gradient Stroma to the
pherical Aberration
he transfer of rays inside an axial gradient structure in-

roduces spherical aberration. This was studied by among
thers, Sands, who derived expressions for primary
pherical aberration in axial gradients.24 However, such
ormulas are quite complex. Fortunately, when the varia-
ion of the refractive index is weak, it is possible to derive
simpler formula. Here I follow Wang and Moore.25 For-
ally, the weak condition imposes that the incoming Y co-

rdinate of a ray be much bigger than the output ray
ngle U. In the case of the stroma, the ratio between the
wo magnitudes is 31, which justifies the weak formula-
ion:

�1 = − �nhi�hi/si��. �8�

ere �n is the difference in refractive index between the
osterior and the anterior part of the stroma.
Table 3 shows the surface and stroma transfer contri-

utions to the wave primary spherical aberration �W40� in
he homogeneous and gradient models and, for compari-
on, in Liou21 and Navarro’s22 schematic models.

. APPLICATIONS
n important application of the new equations is that

hey can be used in different clinical situations to esti-
ate changes in refractive powers where some knowledge

f the change of the optical parameters in the cornea and
ear film are known a priori. Now I present an example in
rthokeratology. Orthokeratology is an ophthalmic tech-
ique based on the application of contact lenses to modify
he shape of the cornea. The refraction changes generated
ith this technique are classically explained simply by as-

uming an overall bending model of the cornea. However,
ew hypotheses have recently been formulated to explain
he refraction changes with orthokeratology. Alharbi and
warbrick26 suggested that the redistribution of corneal
issue, especially epithelial tissue, could play an impor-
ant role in refraction changes (in orthokeratology
everse-geometry lens design). They measured the
hanges in the central and periphery thickness of the
troma and epithelium after 90 days of treatment in 18
ubjects for whom a correction of 2.63±0.67 D was
chieved.
Using their experimental data, I derived a model for

he cornea before and after treatment (see Table 4), where
kept constant the refractive indices and the shape of the
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rst interface (air–tear film) with the purpose of evaluat-
ng just the contribution to the refraction of the corneal
issue redistribution. With such a model it is easy to prove
hat the change in paraxial optical power is 0.36 D,
hereas refraction change measured clinically is 2.63 D.
his result suggests that the contribution of corneal tis-
ue redistribution to power changes is relatively small.
lattening of the tear-film–epithelial surface and/or pos-
ibly some change in the refractive indices could play the
ain role in power changes with orthokeratology.

. DISCUSSION
have derived the formulas to calculate the paraxial focal

ength and plane of best focus of a multilayer model of the
uman cornea and tear film. The usefulness of such for-
ulas lies in the straightforward analysis of the role of

he different parameters of the tear-film–cornea model to
ts optical power. I examine these roles using the refer-
nce model of Table 1. Table 2 gives the contributions of
he different surfaces to the paraxial power. As expected,
he major contribution is the air–tear-film-surface contri-
ution. However the other surfaces contribute signifi-
antly to the total power. Moreover, the consideration of a
troma with an axial index of refraction distribution im-
lies a reduction in the refractive index changes in the
troma interfaces (see Fig. 1) and therefore a less nega-
ive power contribution of these interfaces (see Table 2). It
hould be noted that the smoothing of the interface re-
ractive change due to the gradient structure of the
troma creates a natural gradient-index reflection-
eduction property compared with the case of a homoge-
eous stroma.
The spherical aberration of the multilayer model has

lso been analyzed in comparison with previous sche-
atic models. Figure 3 shows the changes of spherical ab-

rration with the pupil size radius in the multilayer
radient-stroma model in comparison with Liou’s21 and
avarro’s22 models. The higher ratio of the increase of

pherical aberration to pupil size in the multilayer model
gain reveals the role of the gradient index of the stroma.
It is also interesting to evaluate the change in the

lane of best focus with the position of the object in the
ptical axis. Figure 4 shows how the plane of best focus
hanges between typical near points �20 cm� to far points
10 m�. An interesting result is that the difference be-
ween plane of best focus in the gradient and the homo-
eneous model tends to decrease for near points. This oc-
Table 3. Wave Primary Spherical Aberration „W40… Contributions „mm−3
…

odels Air–Tear Tear–Epithelium Epithelium–Stroma Stroma–Aqueous Stroma Transfer Total

radient stroma 3.280�10−5 0.109�10−5 0.765�10−5 0.055�10−5 0.242�10−5 4.450�10−5

omogeneous stroma 3.280�10−5 0.109�10−5 0.873�10−5 0.051�10−5 0 4.310�10−5

iou model 3.490�10−5 0 0 0.45�10−5 0 3.940�10−5

avarro model 2.740�10−5 0 0 −0.541�10−5 0 2.200�10−5
Table 4. Parameters of the Cornea Multilayer Model before and after Orthokeratology Treatment
Considering Only Corneal Tissue Redistribution

Interface

Air–Tear Tear–Epithelium Epithelium–Stroma Stroma–Aqueous

Before Orthokeratology Treatment

Radius 7.8700 7.8700 7.8387 7.5185
Q −0.1800 −0.1800 −0.2310 −0.1647

Medium

Tear Epithelium Stroma Aqueous

Central thickness 0.0040 0.0499 0.5431 —

After 90 Days of Orthokeratology Treatment

Interface

Radius 7.8700 7.8700 7.5769 7.1326
Q −0.1800 −0.1800 −0.4533 −0.522

Medium

Tear Epithelium Stroma Aqueous

Central thickness 0.0040 0.0309 0.5431 —
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urs because the stroma axial transfer contribution to the
pherical aberration becomes smaller for nearer objects
Fig. 5).

The importance of considering gradient structures in
he human eye, specifically in the crystalline lens, has a
ong tradition in visual optics, from the classical works of
ullstrand27 to more recent works; see, e.g., Ref. 28 and

eferences therein.

ig. 3. Spherical aberration coefficient W40 versus pupil radius
in millimeters) in the gradient multilayer model (solid curve),
iou’s model (short-dashed curve) and Navarro’s model (long-
ashed curve).

ig. 4. Plane of best focus (in millimeters) with respect to the
xit pupil versus on-axis object position with respect to tear an-
erior vertex. The solid curve shows the gradient and the dashed
urve the homogeneous stroma model.

ig. 5. Spherical aberration coefficient W40 versus on-axis object
osition with respect to the cornea. The solid curve shows the
radient and the dashed curve the homogeneous stroma model.
The great potential of the present work lies in studying
ituations where the internal structure of the cornea and
ear film are modified, as shown in a practical example in
ection 6. The author is now preparing a continuing work
here some other examples will be studied in more detail:

hanges in the power with epithelial distortion, cornea
welling, and corneal refractive surgery.

As a final remark, it should be considered that this
nalysis could be extended to the whole eye, including the
rystalline lens. In fact, an analysis of the paraxial prop-
rties of the crystalline lens has been done recently by
erez et al.23

The code used in this paper (written in MATLAB) is
vailable from the author.

PPENDIX A: DERIVATION OF THE
ARAXIAL COEFFICIENTS FOR AN AXIAL
INEAR GRADIENT INDEX
he stationary action principle in geometrical optics is ex-
ressed in a variational equation:

� N�r�ds = 0, �A1�

here N�r� is the refractive index function of spatial co-
rdinates and ds is the differential line segment of the ray
rajectory. When the system is rotationally symmetric
ith respect to the z axis, ds can be written as

ds = �dY2 + dz2�1/2 = dz�dY2

dz2 + 1�1/2

, �A2�

here Y is expressed as a function of z (physically mean-
ng that the rays do not reverse their trajectory on the z
xis). Thus, we can rewrite Eq. (A1) as

� N�Y,z��1 + Y�2�1/2dz = � L�Y,Y�,z�dz = 0, �A3�

here the prime denotes the differential with respect to z
nd L is the Lagrangian, which depends on three vari-
bles: Y, Y�, and z. A necessary condition for the varia-
ional equation (A3) is stated by the Euler–Lagrange dif-
erential equation.29 L, considered a function of three
ndependent variables, must satisfy

�L�Y,Y�,z�

�Y
−

d

dz� �L�Y,Y�,z�

�Y�
� = 0. �A4�

n an axial gradient, N depends only on z �N�z��. Thus the
agrangian depends only on Y� and z �L�Y� ,z��:

d

dz�N�z�
���1 + Y�2�1/2�

�Y�
� =

d

dz�N�z�
Y�

�1 + Y�2�1/2� = 0.

�A5�

quation (A5) is the general differential equation for
xial gradients. In the paraxial approximation of Eq.
A5), Y� (the angle tangent of the ray with the z axis) is
ery small, Y �1:
�
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d

dz
�N�z�Y�� = 0. �A6�

n other words, the product NY� is invariant with z:

Y��z� =
N�0�Y��0�

N�z�
. �A7�

ntegrating Eq. (A7),


0

t

Y��z�dz = Y�z� − Y�0� = N�0�Y��0�
0

t dz

N�z�
, �A8�

here t is the propagation distance in the z axis. For a lin-
ar gradient, N�z�=Na+ �Np−Na / t�z, the integral of Eq.
A8) can be easily computed:

Y�z� = Y�0� + NaY��0�
t ln�N�z�/Na�

�Np − Na�
. �A9�

inally, from Eqs. (A7)–(A9) we get the paraxial coeffi-
ients:

A = 1, B =
tNa ln�N�z�/Na�

�Np − Na�
, C = 0, D =

N�0�

N�z�
.

�A10�
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