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Abstract. We present a dilatonic description of the holographic dark energy by connecting the holographic
dark energy density with the dilaton scalar field energy density in a flat Friedmann-Robertson-Walker
universe. We show that this model can describe the observed accelerated expansion of our universe with
the choice c ≥ 1 and reconstruct the kinetic term as well as the dynamics of the dilaton scalar field.

PACS. 98.80.-k Cosmology, – 95.36.+x Dark energy

1 Introduction

The fact that the universe is undergoing an epoch of ac-
celerated expansion is well supported by recent cosmo-
logical observations from Type Ia supernovae (SN Ia) [1],
Cosmic Microwave Background (CMB) anisotropies mea-
sured with the WMAP satellite [2], Large Scale Structure
[3], weak lensing [4] and the integrated Sach-Wolfe effect
[5]. Within the framework of the standard Friedmann-
Robertson-Walker (FRW) cosmology, this present accel-
eration requires the existence of a negative pressure fluid,
dubbed dark energy, whose pressure pΛ and density ρΛ
satisfy ωΛ = pΛ/ρΛ < −1/3. In spite of this mounting ob-
servational evidence, the nature and origin of dark energy
remains unknown and has become a fundamental problem
in theoretical physics and observational cosmology. The
cosmological constant (or vacuum energy) is the most ob-
vious candidate to address this issue as it complies well
with the cosmological tests at our disposal. However, the
well known problem of the cosmological constant and the
coincidence problem [6] are enough reasons to look for al-
ternatives. Interesting proposals are the quantum cosmic
model [7] and f(R) theories (see [8] for recent reviews
and references therein). Likewise, we have a plethora of
dynamical dark energy models such as quintessence [9],
tachyon [10], phantom[11], quintom [12], etc. Neverthe-
less, these scalar field dark energy models are only seen as
an effective description of the underlying theory of dark
energy.

On the other hand, based on the validity of effective
local quantum field theory in a box of size L, Cohen et al
[13] suggested a relationship between the ultraviolet (UV)
and the infrared (IR) cutoffs due to the limit set by the
formation of a black hole. The UV −IR relationship gives
an upper bound on the zero point energy density

ρΛ ≤ L−2M2
p , (1)

where L acts as an IR cutoff and Mp is the reduced Planck
mass in natural units. This means that the maximum en-
tropy in a box of volume L3 is

Smax ≈ S
3/4
BH , (2)

being SBH the entropy of a black hole of radius L. The
largest L is chosen by saturating the bound in Eq.(1) so
that we obtain the holographic dark energy density

ρΛ = 3c2M2
pL

−2, (3)

where c is a free dimensionless O(1) parameter and the
numeric coefficient is chosen for convenience. Interestingly,
this ρΛ is comparable to the observed dark energy density
∼ 10−10eV 4 if we take L as the Hubble scale H−1 being
the Hubble parameter at the present epoch H = H0 ∼
10−33eV .

However, Hsu [14] pointed out that this does not lead
to an accelerated universe. This led Li [15] to propose that
the IR cut-off L should be taken as the size of the future
event horizon of the universe

Reh(a) ≡ a

∞
∫

t

dt′

a(t′)
= a

∞
∫

a

da′

Ha′2
, (4)

where a is the scale factor of the universe.
This allows to construct a satisfactory holographic dark

energy (HDE) model which presents a dynamical view of
the dark energy that may provide natural solutions to
both dark energy problems as showed in [15]. The HDE
model has been tested by various observational data in-
cluding SNIa [16], SNIa+BAO+CMB [17,18], X-ray gas
mass fraction of galaxy clusters [19], differential ages of
passively evolving galaxies [20], Sandage-Leob test [21],
and so on [22]. These analyses show that the HDE model is
consistent with the observational data, being even mildly
favoured over the LCDM [23].
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As a matter of fact, a time varying dark energy gives a
better fit than a cosmological constant according to some
analysis of astronomical data coming from type Ia super-
novae [24]. However, it must be stressed that almost all dy-
namical dark energy models are settled at the phenomeno-
logical level and the HDE model is no exception in this
respect. Its advantage, when compared to other dynami-
cal dark energy models, is that the HDE model originates
from a fundamental principle in quantum gravity [25], and
therefore possesses some features of an underlying theory
of dark energy. It is then fair to claim that the simplic-
ity and reasonable nature of HDE provide a more reliable
framework for investigating the problem of DE compared
with other models proposed in the literature. For instance,
the coincidence problem is substantially alleviated in some
models of HDE based on the assumption that dark matter
and HDE interact, with a decay of HDE into dark matter.

On the other hand, as is well known, the scalar field
models are an effective description of an underlying theory
of dark energy. They are popular not only because of their
mathematical simplicity and phenomenological richness,
but also because they naturally arise in particle physics
including supersymmetric field theories and string/M the-
ory 1. However, these fundamental theories do not predict
their potential V (φ) or kinetic term uniquely. We are inter-
ested in the following: if we assume the holographic dark
energy energy scenario as the underlying theory of dark
energy, how a scalar field model can be used to effectively
describe it. Therefore, it is meaningful to reconstruct the
V (φ) or kinetic term kinetic term of a dark energy model
possessing some significant features of the quantum grav-
ity theory, such as the HDE model. In order to do that,
the procedure is to establish a correspondence between the
scalar field and the holographic dark energy by identifying
their respective energy densities and then reconstruct the
potential (if the scalar field is quintessence or the tachyon,
for instance) or the kinetic term (k-essence or the dilaton
belong to this class) and the dynamics of the field. In this
paper, within the different candidates to play the role of
the dark energy, we have chosen the dilaton (when it be-
haves as a scalar field), as this has emerged as a possible
source of dark energy [34]. Some work has been done in
this direction. Holographic quintessence and holographic
quintom models have been discussed in [29] and [30], re-
spectively, the holographic tachyon model in [31] and the
holographic kinetic k-essence model in [32]. Other rele-
vant works can be found in [33]. As stated above, the aim
of our work is to construct a holographic dilatonic model
of dark energy, relating the dilaton scalar-field with the
HDE. The rest of the paper can be outlined as follows. In
Sec. 2 we build the holographic dilatonic model and plot
the kinetic term and the evolution of the dilaton field. The
conclusions are drawn in Sec. 3.

1 to see, for instance, how quintessence and tachyon models
arise quite naturally out of the framework of string theory,
consult [26] and [27,28], respectively

2 Holographic dilatonic model of dark energy

We consider as a starting point the four-dimensional ef-
fective low-energy string action which is generally given
by

S =

∫

d4x
√−ḡ{Bg(φ)R̃ +B

(0)
φ (φ))(∇̃φ)2

− α′[c
(1)
1 B

(1)
φ (φ)(∇̃φ)4 + ...] +O(α′2)} (5)

where φ is the dilaton field that controls the strength of
the string coupling g2s via the relation g2s = eφ. Here we
set κ2 = 8πG = 1. The low-energy effective string theory
generates higher-order derivative terms coming from α′

and loop corrections (here α′ is related to the string length
scale λs via the relation α′ = λs/2π).

In the weak coupling regime (eφ ≪ 1) the coupling

functions have the dependence Bg ≃ B
(0)
φ ≃ B

(1)
φ ≃ e−φ.

We shall work in the context of the so-called runaway
dilaton scenario [35] in which the coupling functions in
Eq. (5) are given by

Bg(φ) = Cg +Dge
−φ +O(e−2φ) , (6)

B
(0)
φ (φ) = C

(0)
φ +D

(0)
φ e−φ +O(e−2φ) . (7)

In this case Bg(φ) and B
(0)
φ (φ) approach constant values

as φ → ∞. Hence the dilaton gradually decouples from
gravity as the field evolves toward the region φ ≫ 1 from
the weakly coupled regime and we assume that the dilaton
is effectively decoupled from gravity in the limit φ → ∞
and therefore behaves as a scalar field.

Once we assume that the dilaton behaves as a scalar
field, we consider the following general 4-dimensional ac-
tion

S = Sgrav + Sφ =

∫

d4x
√
−g

[

M2
P

2
R+ pD(X,φ)

]

, (8)

where R is the Ricci scalar and the effective Lagrangian
density pD(X,φ) can be expressed as

pD(X,φ) = −X + deλφX2 (9)

being d a positive constant and X = 1
2 φ̇

2 the kinetic term
of the dilaton scalar field φ. This is a higher-order kinetic
correction to the usual kinetic term motivated by dilatonic
higher-order corrections to the three-level action in low
energy effective string theory [34]. Since the eλφ term in
Eq. (9) can be large for φ → ∞, the second term in Eq. (9)
can stabilise the vacuum even if X is much smaller than
the Planck scale.

In string theory we have other non-perturbative and
loop corrections such as the Gauss-Bonnet (GB) curvature
invariant. Further, a dark energy model based on a string-
inspired Lagrangian must in general contain higher deriva-
tive terms. It is also important to acknowledge the role
that the GB coupling with the scalar field may play in the
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late-time universe [36,37]. Moreover, the cosmological im-
plications of the HDE density in the Gauss-Bonnet frame-
work have been investigated in [38].Therefore, it would
certainly be of interest to extend my analysis to such a
direction and this is left for a future work. However, in
this paper, I have carried out the analysis for a simpli-
fied Lagrangian in order to understand the basic picture
of the system. This seems to be justifiable [35], and the
dilatonic dark energy model obtained [34] possesses the
characteristics of a viable model of dark energy.

We assume a spatially flat Friedmann-Robertson-Walker
background spacetime ds2 = dt2 − a2(t) dx2 (where a(t)
is the scale factor). Unless stated otherwise, we consider

φ to be smooth on scales of interest so that X = 1
2 φ̇

2 ≥ 0.
The energy-momentum tensor of the dilaton is obtained
from Eq. (8), yielding

T (φ)
µν = − 2√−g

δSφ

δgµν
= gµνpD + p,X∂µφ∂νφ, (10)

where p,X ≡ ∂p/∂X . Since the energy-momentum tensor
(10) of the dilaton scalar field is that of a perfect fluid,

Tµν = (ρ+ p)uµuν + gµνp, with velocity uµ = ∂µφ/
√
2X,

we have the dilaton energy density ρD

ρD = 2XpD,X − pD = −X + 3deλφX2 (11)

and the Lagrangian density pressure in Eq.(9) corresponds
to the dilaton pressure pD. Throughout this paper, we
will assume that the energy density is positive so that
−X + 3deλφX2 > 0.

We know proceed to derive the stability conditions of
the dilatonic dark energy by considering small fluctuations
δφ(t,x) around a background value φ0(t) which is the so-
lution in the FRW spacetime. Then the field φ(t,x) can
be decomposed in the conventional form

φ(t,x) = φ0(t) + δφ(t,x) . (12)

Since we are interested in ultra-violet (UV) instabilities, it
is not restrictive to consider a Minkowski background. Ex-
panding pD(X,φ) at the second order in δφ, it is straight-
forward to find the Lagrangian and then the Hamiltonian
for the fluctuations. The perturbed Hamiltonian reads

H = (pD,X + 2XpD,XX)
(δφ̇)2

2

+pD,X
(∇δφ)2

2
− pD,φφ

(δφ)2

2
. (13)

The positive definiteness of the Hamiltonian is guar-
anteed if the following conditions hold

ξ1 ≡ pD,X + 2XpD,XX ≥ 0, ξ2 ≡ pD,X ≥ 0, (14)

ξ3 ≡ −pD,φφ ≥ 0 . (15)

When discussing the stability of classical perturba-
tions, the quantity often used is the speed of sound cs
defined by [39]

c2s ≡ pD,X

ρD,X
=

ξ2
ξ1

. (16)

In cosmological perturbation theory c2s appears as a coeffi-
cient of the k2/a2 term, where k is the comoving wavenum-
ber. While the classical fluctuations may be regarded as
stable when c2s > 0, the stability of quantum fluctuations
requires both the conditions ξ1 > 0 and ξ2 ≥ 0. These
two conditions prevent an instability related to the pres-
ence of negative energy ghost states. If these conditions
are violated, the vacuum is unstable under a catastrophic
production of ghosts and photon pairs [40,41]. The pro-
duction rate from the vacuum is proportional to the phase
space integral on all possible final states. Since only a UV
cut-off can prevent the creation of modes of arbitrarily
high energies, this is essentially a UV instability. In our
model the eλφ appearing in the second term of the RHS
in Eq.(9) can be large for φ → ∞, so that such a term
in Eq.(9) can stabilise the vacuum even if X was much
smaller than the Planck scale. In particular, since in our
model ξ1 = −1 + 6deλφX and ξ2 = −1 + 2deλφX , the
quantum stability is ensured for deλφX ≥ 1/2. The equa-
tion of state for the dilaton can be written as pD = wDρD
which rearranged gives the equation of state parameter

wD =
pD
ρD

=
dXeλφ − 1

3dXeλφ − 1
. (17)

Hence we have wD ≥ −1 under the condition deλφX ≥
1/2, which means that the phantom equation of state
(wD < −1) if not realised if we want the model to be
quantum mechanically stable.

Let us study now the cosmological dynamics of the
dilatonic dark energy model in the flat FRW background.
As a matter fluid, with energy density ρm, we take both
baryons and cold dark matter. The Einstein equations in
this case are

3H2 = ρD + ρm , (18)

2Ḣ = −(2XpD,X + ρm) , (19)

ρ̇D + 3H(ρD + pD) = 0 , (20)

where from here onwards we set MP = 1. Inserting Eqs.
(9) and (11) in the above equations yields

3H2 = −1

2
φ̇2 +

3

4
deλφφ̇4 + ρm , (21)

2Ḣ = φ̇2 − deλφφ̇4 − ρm , (22)

φ̈(3deλφφ̇2 − 1) + 3Hφ̇(deλφφ̇2 − 1) +
3

4
dλeλφφ̇4 = 0 .

(23)

In order to study cosmological dynamics in the pres-
ence of the dilaton scalar field and a background fluid,
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it is convenient to introduce the following dimensionless
variables

x1 ≡ φ̇√
6H

, x2 ≡ e−λφ/2

√
3H

. (24)

which can be written in an autonomous form

dx1

dN
=

3

2
x1

[

1 + x2
1(dY − 1)

]

+
1

1− 6dY

[

3(2dY − 1)x1 +
3
√
6

2
λdx2

1Y

]

,(25)

dx2

dN
= −

√
6

2
λx1x2 +

3

2
x2[1 + x2

1(dY − 1)] , (26)

where N = ln a is the number of e-foldings which is con-
venient to use for the dynamics of dark energy and

Y ≡ x2
1

x2
2

= Xeλφ . (27)

The equation of state and the fraction of the energy
density for the dilaton field can now be written as

wD =
1− dY

1− 3dY
, (28)

ΩD =
ρD
3H2

= −x2
1 + 3d

x4
1

x2
2

. (29)

The condition for the stability of quantum fluctuations
corresponds to dY ≥ 1/2. The following fixed points are
relevant for viable cosmological evolution:

(a) Matter point: (x1, x2) = (0, 1/2). This satisfies
wD = −1, ΩD = 0 and Ωm = 1.

(b) Accelerated point: (x1, x2) = (−
√
6λf−(λ)/4, 1/2+

λ2f+(λ)/16), where

f± ≡ 1±
√

1 + 16/(3λ2) . (30)

This satisfies wD = (−8+λ2f+(λ))/(8+3λ2f+(λ)), ΩD =
1 and Ωm = 0. The cosmic acceleration occurs for −1 ≤
wD < −1/3, i.e., 1/2 ≤ dY < 2/3. This corresponds to
the condition 0 ≤ λ2f+(λ) < 8/3, i.e.,

0 ≤ λ <
√
6/3. (31)

It can be shown that this accelerated point is stable for
0 ≤ λ <

√
3 [34]. Hence the stability of the accelerated

point is ensured under the condition (31).
We also have other fixed points. For example, there is

another accelerated point (x1, x2) = (−
√
6λf+(λ)/4, 1/2+

λ2f−(λ)/16), but this corresponds to the quantum insta-
bility region dY < 1/2 (i.e. the phantom equation of state
wD < −1). During the matter era we also have the scal-

ing solution with (x1, x2) = (
√
6/(2λ), 1), ΩD = 3/λ2,

and wD = 0. However, the existence of a viable scaling
matter era requires the condition λ >

√
3, which is not

compatible with the condition (31).
We shall study the stability of the fixed points in the

case of d = 1. The eigenvalues of the matrix M were

numerically evaluated in Ref. [42] and it was shown that
the determinant of the matrix M for the point (x1, x2) =

(−
√
6λf+(λ)/4, 1/2 + λ2f−(λ)/16) is negative with neg-

ative real parts of µ1 and µ2. Hence this phantom fixed
point is a stable spiral. As already mentioned, the point
(b) is a stable node for 0 < λ <

√
3, whereas it is a saddle

point for λ >
√
3. This critical value λ∗ =

√
3 is com-

puted by setting the determinant of M to be zero. The
point (x1, x2) = (

√
6/(2λ), 1) is physically meaningful for

λ >
√
3 because of the condition Ωφ < 1, and it is a stable

node [42]. Hence the point (x1, x2) = (
√
6/(2λ), 1) is sta-

ble when the point (b) is unstable and vice versa. It was
shown in Ref. [43] that this property holds for all scalar-
field models which possess scaling solutions. We recall that
the point (x1, x2) = (−

√
6λf+(λ)/4, 1/2 + λ2f−(λ)/16)

is not stable at the quantum level. The above discussion
shows that the only viable attractor which satisfies the
conditions of an accelerated expansion and the quantum
stability is the point (b). Finally, we recall the sound speed
of the dilatonic model is smaller that the speed of light
because the condition p,XX ≥ 0 holds. The sound speed
squared in this case is given by

c2s =
2dY − 1

6dY − 1
. (32)

The condition (31) for the existence of the late-time ac-
celerated point gives 1/2 ≤ dY < 2/3. Hence the sound
speed runs in the interval

0 ≤ cs < 1/3 (33)

which means that this model does not violate causality.
We shall proceed with our study in the light of the

HDE with c ≥ 1 as the future event horizon is only well
defined when wD ≥ −1 (see [15]) and we also want to
ensure quantum stability.

In order to build our holographic model, we impose
the holographic nature to the dilatonic dark energy, i.e.,
we identify ρD with ρΛ.

We consider a universe filled with a matter component
ρm and a holographic dilatonic component ρD, the Fried-
mann equation (18) can be equivalently expressed as

H(z) = H0

(

Ωm,0(1 + z)3

1−ΩD

)1/2

(34)

where z = (1/a)− 1 is the redshift of the universe. From
the definition of the HDE and the definition of the future
event horizon, we find

∫ ∞

a

da′

Ha′2
=

∫ ∞

x

dx

Ha
=

c√
ΩDHa

(35)

The Friedmann equation (34) implies

1

Ha
=

√

a(1−ΩD)
1

H0

√

Ωm,0

(36)

Inserting (36) into (35), we arrive at
∫ ∞

x

ex
′/2

√

1−ΩDdx′ = cex/2
√

1

ΩD
− 1, (37)
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where x = ln a. The differential equation for the fractional
density of dark energy is obtained by taking the derivative
with respect to x in both sides of equation (37), yielding

Ω
′

D = −(1 + z)−1ΩD(1−ΩD)

(

1 +
2

c

√

ΩD

)

, (38)

where the prime denotes the derivative with respect to the
redshift z. This equation has an exact solution [15] and
describes the evolution of the HDE as a function of the
redshift. Since Ω

′

D is always positive, the fraction of dark
energy increases with time. From the energy conservation
equation of dark energy, the equation of state parameter
of dark energy can be expressed as [15]

ωD = −1− 1

3

d ln ρD
d ln a

= −1

3

(

1 +
2

c

√

ΩD

)

. (39)

Note that the formula ρD = ΩD

1−ΩD

ρm,0a
−3 and the dif-

ferential equation of ΩD, Eq.(38), are used in the second
equal sign.

The use of Eqs. (34),(11) and (17) allows the derivation
of the kinetic term X in terms of holographic quantities

X

ρcr,0
=

ΩDΩm,0(1 − 3wD)(1 + z)3

2(1−ΩD)
, (40)

where ΩD and wD are given by Eqs.(38) and (39) respec-
tively, and ρcr,0 = 3H2

0 is the critical density at the present
epoch.

Moreover, from the definition of the kinetic term X =
1
2 φ̇

2 and Eq. (40), we can deduce derivative of the holo-
graphic dilatonic scalar field φ with respect to the redshift
z

φ′ = ∓
√

3ΩD(1− 3wD)

1 + z
, (41)

where the sign is in fact arbitrary as it can be changed by
a redefinition of the field φ → −φ. The evolutionary form
of the holographic dilatonic field can be easily obtained
integrating the above equation numerically from z = 0 to
a given value z. The field amplitude at the present epoch
(z = 0) is taken to vanish, φ(0) = 0. Changing this initial
value is equivalent to a displacement in φ by a constant
value φ0 = φ(z = 0), which does not affect the shape of
the field.

The parameter c plays an essential role in describing
the evolution of the HDE model and should be determined
by cosmological observations. From Eq. (39) we see that
the equation of state parameter satisfies −(1 + 2/c)/3 ≤
wD ≤ −1/3 due to 0 ≤ ΩD ≤ 1. If c = 1, the dark energy
equation of state parameter would asymptote to that of
a cosmological constant and the Universe would enter the
de Sitter phase in the future; if c > 1, the equation of
state parameter of dark energy would always be greater
than −1, behaving as quintessence dark energy; if c < 1,
the equation of state parameter of HDE would be initially
greater than −1, but it would decrease and eventually
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Fig. 1. Variation of X(z), where X is in units of 3H2

0 . We take
here Ωm,0 = 0.27 and show the cases for c = 1, 1.1, 1.2, 1.3.
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Fig. 2. The evolution of the dilaton scalar field φ(z) with the
(−) sign in Eq.(41). We take here Ωm,0 = 0.27 and show the
cases for c = 1, 1.1, 1.2, 1.3.
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Fig. 3. Reconstructed X for the holographic dilaton where X

is in units of 3H2

0 . We take here Ωm,0 = 0.27 and show the
cases for c = 1, 1.1, 1.2, 1.3.
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cross the phantom divide line (wD = −1) as the Universe
expands, acting as a quintom.

The best-fit analysis on the HDE model, by using the
latest observational data including the Union+CFA3 sam-
ple of 397 Type Ia supernovae (SNIa), the shift param-
eter of the cosmic microwave background (CMB) given
by the five-year Wilkinson Microwave Anisotropy Probe
(WMAP5) observations, and the baryon acoustic oscil-
lations (BAO) measurement from the Sloan Digital Sky
Survey (SDSS) favors quintom behavior slightly. However,
quintessence-like behavior is also still allowed with the
present data [23], [44]. That is why the case c ≥ 1 is
worth investigating in detail. In addition, [23] shows that
c < 1.2 at more than 3σ which is consistent with the pos-
sible theoretical limit of the parameter c from the weak
gravity conjecture (see [45]). It was also found that the
HDE model fits mildly better than the ΛCDM, but with
the data available at present the difference is not signifi-
cant.

The holographic evolution of the kinetic term can be
obtained numerically and it is shown in Fig.1 where we
can see that X is a positive and monotonically increasing
function with z for an accelerating Universe with HDE.
Likewise, the behavior of φ(z), obtained through Eq.(41),
is displayed in Fig.2.

The holographic dilatonic dark energy, represented by
X , is plotted in Fig.3 as a function of φ. From Figs. 2
and 3 we can see the dynamics of the field explicitly. Se-
lected curves are plotted for the cases of c = 1.0, 1.1, 1.2
and 1.3, and the present fractional matter density is cho-
sen to be Ωm,0 = 0.27. Given that the kinetic term de-
creases gradually with the cosmic evolution, the equation
of state parameter of the dilaton wD tends to negative
values close to −1 according to Eq. (39) as φ̇ → 0. As
a result dwD/dlna< 0. Note that φ(z) increases with z
but becomes finite at high redshift. This means that φ
decreases as the universe expands. Similar behavior was
obtained in [29] for the holographic quintessence and in
[31] for the holographic tachyon model. Another paper
[30] also dealt with the holographic dilaton but the start-
ing point, objectives, contents and conclusions in it are
different from ours.

3 Conclusions

We have proposed a holographic dilatonic model of dark
energy with the future event horizon as infrared cut-off.
This has been done by establishing a correspondence be-
tween the HDE model and the dilaton field. We have also
carried out a detailed analysis of its evolution and explore
its cosmological consequences.

By assuming that the scalar field models of dark en-
ergy are effective theories of an underlying theory of dark
energy and regarding the scalar field model as an effective
description of such a theory, we can use the dilaton scalar
field model to mimic the evolving behavior of the HDE.
As a result, we have reconstructed the holographic dila-
tonic model in the region −1 < wD < −1/3, which is the

allowed region for this model when c ≥ 1 and that is also
quantum mechanically stable.

Therefore, we have shown that the holographic evo-
lution of the universe can be described completely by a
dilaton scalar field for c ≥ 1.
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