
FUNCTIONALLY GRADED MEDIACÉDRIC M. CAMPOS, MARCELO EPSTEIN, AND MANUEL DE LEÓNAbstrat. The notions of uniformity and homogeneity of elasti materials are reviewedin terms of Lie groupoids and frame bundles. This framework is also extended to on-sider the ase Funtionally Graded Media, whih allows us to obtain some homogeneityonditions. 1. IntrodutionThe mehanial response at a point X of a simple (�rst-grade) loal elasti body Bdepends on the �rst derivative F at X ∈ B of the deformation. In other words, B obeysa onstitutive law of the form:(1.1) W = W (F (X);X)where W measures the strain energy per unit volume. The linear map F (X) is alledthe deformation gradient at X. Of ourse, there are materials for whih the onstitutiveequation implies higher order derivatives or even internal variables as it happens withthe so-alled Cosserat media or, more generally, media with mirostruture, but suhmaterials will not be onsidered here.An important problem in Continuum Mehanis is to deide if the body is made ofthe same material at all its points. To handle this question in a proper mathematialway, one introdues the onept of material isomorphism, that is, a linear isomorphism
PXY : TXB −→ TYB suh that

W (FPXY ;X) = W (F ;Y )for all deformation gradients F at Y . Intuitively, this means that we an extrat a smallpiee of material around X and implant it into Y without any hange in the mehanialresponse at Y . If suh is the ase for all pairs of body points, we say that the body B isuniform. This has been the starting point of the work by Noll and Wang [10, 12, 13, 14℄in their approah to uniformity and homogeneity.In this ontext, a material symmetry at X is nothing but a material automorphismof the tangent spae TXB. The olletion of all the material symmetries at X formsa group, the material symmetry group G(X) at X. An important onsequene of theuniformity property is that the material symmetry groups at two di�erent points X and
Y are onjugate.A natural question arises: Is there a more general notion that permits to ompare thematerial responses at two arbitrary points even if the body does not enjoy uniformity? Ananswer to this question is based on the omparison of the symmetry groups at di�erentpoints. Indeed, we say that the body B is unisymmetri if the material symmetry groupsat two di�erent points are onjugate, whether or not the points are materially isomor-phi. From the point of view of appliations, this kind of body orresponds to ertaintypes of the so-alled funtionally graded materials (FGM for short). The unisymmetryproperty was introdued in [3℄ with the objetive to extend the notion of homogeneityto non-uniform material bodies. Let us reall that the homogeneity of a uniform bodyis equivalent to the integrability of the assoiated material G-struture [1, 2℄. Roughly1



2 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNspeaking, this material G-struture is obtained by attahing to eah point of B the or-responding material symmetry group via the hoie of a given linear referene at a �xedpoint; a hange of the linear referene gives a onjugate G-struture. In a more sophis-tiated framework, the set of all material isomorphisms de�nes a Lie groupoid, whih insome sense is a way to deal with all these onjugate G-strutures at the same time.In the ase of unisymmetri materials the attahed group is not the material sym-metry group, but its normalizer within the whole general linear group. This implies amore di�ult understanding of the generalized onept of homogeneity assoiated withunisymmetri materials. The main aim of the present paper is to provide a onvenientharaterization of this homogeneity property. In this sense, this work may be regardedas a ontinuation and improvement of the results obtained in [3℄.The paper is organized as follows. Setion �2 is devoted to a brief introdution togroupoids and Lie groupoids; in partiular, we de�ne the normalizoid of a subgroupoidwithin a groupoid, whih is just the generalization of the notion of normalizer in theontext of groups. An important family of examples is provided by the frame-groupoid,onsisting of all the linear isomorphisms between the tangent spaes at all the pointsof a manifold M ; if M is equipped with a Riemannian metri g, one an introdue thenotion of orthonormal groupoid (taking the orthogonal part of the linear isomorphismsgiven by the polar deomposition). If, without neessarily possessing a distinguishedRiemannian metri, M is endowed with a volume form, one obtains the Lie subgroupoidof unimodular isomorphisms. In Setion �3 we analyze the relations between Lie groupoidsand prinipal bundles; in partiular, we examine the relation between the frame groupoidand G-strutures on a manifold M . In Setion �4 we study the onepts of materialsymmetry and material symmetry groups, and in Setion �5 we disuss uniformity andhomogeneity. Finally, Setion �6 is devoted to study the ase of FGM materials, andthe geometri haraterization of homogeneity in this ase is obtained for both solid and�uids. 2. GroupoidsGroupoids are a generalization of groups; indeed, they have a omposition law withrespet to whih there are some identity elements and every element has an inverse. Fora good referene on groupoids, the reader is refered to Makenzie [8℄.De�nition 2.1. Given two sets Ω and M , a groupoid Ω over M , the base, onsists ofthese two sets together with two mappings α, β : Ω → M , alled the soure and the targetprojetions, and a omposition law satisfying the following onditions:(1) The omposition law is de�ned only for those η, ξ ∈ Ω suh that α(η) = β(ξ) and,in this ase, α(ηξ) = α(ξ) and β(ηξ) = β(η). We will denote Ω∆ ⊂ Ω × Ω the setof suh pairs of elements.(2) The omposition law is assoiative, that is ζ(ηξ) = (ζη)ξ for those ζ, η, ξ ∈ Ω suhthat eah member of the previous equality is well de�ned.(3) For eah x ∈M there exists an element 1x ∈ Ω, alled the unity over x, suh that(a) α(1x) = β(1x) = x;(b) η · 1x = η, whenever α(η) = x;() 1x · ξ = ξ, whenever β(ξ) = x.(4) For eah ξ ∈ Ω there exists an element ξ−1 ∈ Ω, alled the inverse of ξ, suh that(a) α(ξ−1) = β(ξ) and β(ξ−1) = α(ξ);(b) ξ−1ξ = 1α(ξ) and ξξ−1 = 1β(ξ).The groupoid Ω will be said transitive if, for every pair x, y ∈M , the set of elements thathave x as soure and y as target, i.e. Ωx,y = α−1(x) ∩ β−1(y), is not empty.



FUNCTIONALLY GRADED MEDIA 3A subset Ω′ ⊂ Ω is said to be a subgroupoid of Ω over M if itself is a groupoid over Mwith the omposition law of Ω.

Figure 1. The arrow piture.The elements ofM are often alled objets and those of Ω arrows due to their graphialinterpretation as we may see in the Figure 1 or in the example 2.2. By the very de�nitionof groupoids, the unity over an objet and the inverse of an arrow are unique. Note alsothat Ωx,x is a group and the unity 1x is the group identity.Example 2.2 (The trivial groupoid). Let M denote any non-empty set. The Cartesianprodut M ×M is trivially a groupoid over M . The soure of an arrow (x, y) is x andthe target y, and the omposition (y′, z) · (x, y) is (x, z) if and only if y′ = y.Example 2.3 (The ation groupoid). Now, let G be a group ating on the left onM . Thenthe produt G×M is a groupoid over M with the following strutural maps:
• the soure, α(g, x) = x;
• the target, β(g, x) = g · x;
• and the omposition law, (h, y) · (g, y) = (h · g, x) if and only if y = g · x.With these onsiderations, the unity over an element x ∈M and the inverse of an arrow

(g, x) ∈ G×M are respetively given by 1x = (e, x) and (g−1, g · x), where e ∈ G denotesthe identity and g−1 the inverse of g.Proposition 2.4. Let Ω be a groupoid over a set M . Then, given three points x, y, z ∈Msuh that they an be onneted by arrows, we have the relation(2.1) Ωx,z = g · Ωx,y = Ωy,z · f, ∀g ∈ Ωy,z, ∀f ∈ Ωx,y;in partiular,(2.2) Ωy,y = g · Ωx,x · g
−1, ∀g ∈ Ωx,y.For the moment, we have only algebrai strutures on groupoids. Let us endow themwith di�erential strutures.De�nition 2.5. We say that a groupoid Ω overM is a di�erential groupoid if the groupoid

Ω and the base M are equipped with respetive di�erential strutures suh that:(1) the soure and the target projetions α, β : Ω →M are smooth surjetive submer-sions;(2) the unity or inlusion map i : x ∈M 7→ 1x ∈ Ω is smooth;(3) and the omposition law, de�ned on Ω∆, is smooth.Additionally if Ω is transitive, then we all it a Lie groupoid.A subgroupoid Ω′ of a di�erential (or Lie) groupoid Ω whih is in turn a di�erentialgroupoid with the restrited di�erential struture is alled a di�erential subgroupoid (resp.Lie subgroupoid).



4 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNNote that the ondition (1) in De�nition 2.5 implies that the αβ-diagonal Ω∆ is anembeded submanifold of Ω × Ω, and then (3) makes sense. Ver Eeke showed (f. [8℄)that, even with more relaxed onditions, the inverse map ξ ∈ Ω 7→ ξ−1 ∈ Ω is smooth, andtherefore a di�eomorphism. In fat, there is a more general way to de�ne groupoids andsubgroupoids (di�erentiable or not) as the reader may �nd in [8℄, but for our purposesthese de�nitions will be su�ient.Example 2.6 (The frame groupoid). Let M be a smooth manifold with dimension n andonsider the spae of linear isomorphisms between tangent spaes to M at any pair ofpoints, namely(2.3) Π(M) =
⋃

x,y∈M

Iso(TxM,TyM).This set is alled the frame groupoid of M and, in fat, it is a Lie groupoid over M , aswe are going to show.First of all, we must give a manifold struture to Π(M). Let (U, φ) and (V, ψ) be twoharts of M and onsider the map given by(2.4) χ : W −→ φ(U) × Gl(n) × ψ(V )

A 7−→ (xi, Aj
i , y

j)where Gl(n) denotes the general linear group on R
n,(2.5) W =

⋃

x∈U,y∈V

Iso(TxM,TyM) and A

(

∂

∂xi

)

= Aj
i

∂

∂yj
.By means of the indued hart (W,χ) we endow Π(M) with a di�erential struture ofdimension 2n+ n2.The strutural maps are given in the following way:

• the soure and the target projetions: if A ∈ Iso(TxM,TyM), then α(A) = x and
β(A) = y;

• the omposition law is the natural omposition between isomorphisms when it isde�ned;
• and the inlusion: if x ∈ M , then the unity 1x over x is the identity map of

Gl(TxM) = Iso(TxM,TxM).These maps de�ne learly a groupoid over M and, through (2.4) and (2.5), they aresmooth for the di�erential struture naturally indued from the one of M .Example 2.7 (The unimodular groupoid). Let M be an orientable smooth manifold ofdimension n and let ρ be a volume form on it (in a more general ase, without theassumption of orientation, we an onsider a volume density). We an use ρ to de�ne adeterminant funtion over the frame groupoid Π(M) by the formula:(2.6) ρ(A · v1, . . . , A · vn) = detρ(A) · ρ(v1, . . . , vn) ∀A ∈ Π(M),where v1, . . . , vn ∈ Tα(A)M . Now, it is easy to hek that the set of unimodular transfor-mations(2.7) U(M) = det−1
ρ ({−1,+1}),whih is alled the unimodular groupoid, is a transitive subgroupoid of Π(M). In fat,it is a Lie subgroupoid of Π(M), sine detρ is a smooth submersion and thus U(M) is alosed submanifold.



FUNCTIONALLY GRADED MEDIA 5Example 2.8 (The orthogonal groupoid). Let (M, g) be a Riemannian manifold of dimen-sion n and onsider the spae of orthogonal linear isomorphisms between tangent spaesto M at any pair of points, namely(2.8) O(M) =
⋃

x,y∈M

O(TxM,TyM).This set is alled the orthogonal groupoid of M and, with the restrition to it of thestruture maps of the frame groupoid Π(M), O(M) is a subgroupoid of Π(M). Sine
O(M) is de�ned by losed and smooth onditions, namely

O(M) =
{

A ∈ Π(M) : A−1 = AT
}

,this set is a losed submanifold of Π(M), and thus a Lie subgroupoid.Furthermore, the orthogonal groupoid O(M) is also a Lie subgroupoid of the unimod-ular groupoid U(M) related to the Riemannian density indued by the metri.De�nition 2.9. Let Ω be a groupoid over M ; then the normalizoid of a subgroupoid Ω̃of Ω is the set de�ned by(2.9) N(Ω̃) =
{

g ∈ Ωx,y : Ω̃y = g · Ω̃x · g
−1, x, y ∈ B

}

.From the de�nition, it is obvious that a subgroupoid Ω̃ of a groupoid Ω is also asubgroupoid of its normalizoid N(Ω̃) whih is, in turn, a subgroupoid of the ambientgroupoid Ω.Note that the group over a base point in the normalizoid is the normalizer of the groupover this point in the subgroupoid, that is(2.10) (N(Ω̃))x,x = N(Ω̃x,x),whih explains the used terminology. The di�erene between a subgroupoid and its nor-malizoid an be huge. For instane, given a transitive groupoid Ω over a set M , onsiderits base groupoid, that is the subgroupoid onsisting of the groupoid unities:(2.11) 1(Ω) = {1x : x ∈M} .Then, the normalizoid of 1(Ω) in Ω is the whole groupoid Ω. From now on, we will fouson subgroupoids of the frame groupoid over a manifold and we will see how to redue thenormalizoid of a subgroupoid whenever an extra struture is avaible on the base manifold.First of all, reall that there exists a unique deomposition of a linear isomorphisminto an orthogonal part and a symmetri one. More preisely, let F : E −→ E ′ bea linear isomorphism between two inner produt vetor spaes E and E ′. There existan orthogonal map R : E −→ E ′ and positive de�nite symmetri maps U : E −→ E,
V : E ′ −→ E ′ suh that:(2.12) F = R · U and F = V · R.As we have mentioned, eah of these deompositions is unique and they are alled the leftand right polar deompositions of F , respetively; the orthogonal part R will be denotedby F⊥.Proposition 2.10. Let Ω be a (transitive) subgroupoid of the frame groupoid Π(M) of aRiemannian manifold (M, g). Denote by Ω̄ the set of the orthogonal part of elements of
Ω, that is(2.13) Ω̄ =

{

F⊥ : F ∈ Ω
}

.Then Ω̄ is a (transitive) subgroupoid of the orthogonal groupoid O(M). We all Ω̄ theorthogonal redution of Ω (or the redued groupoid, for the sake of simpliity).



6 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNProof. In order to show that Ω̄ is a subgroupoid of O(M), we only have to hek that itis a groupoid over M with the restrition of the struture maps of Π(M), whih is learone we note that for any three linear isomorphisms F1, F2, F3, suh that F3 = F2 ·F1, wehave by the uniqueness of the polar deomposition that F⊥
3 = F⊥

2 · F⊥
1 . �Note that the orthogonal redution of a normalizoid is not neessarily a subgroupoidof the original one.Proposition 2.11. In the hypotesis of Proposition 2.10, if Ω is suh that, for everybase point x ∈ M , Ωx,x is a subgroup of Ox,x(M) (the orthogonal group at x), thenthe orthogonal redution of the normalizoid of Ω oinides with the intersetion of theorthogonal groupoid and the normalizoid itself, i.e.(2.14) N̄ (Ω) = N (Ω) ∩ O(M).Proof. The inlusion N̄ (Ω) ⊃ N (Ω)∩O(M) is lear and, from the above Proposition 2.10,we have N̄ (Ω) ⊂ O(M), thus we only need to show that N̄ (Ω) ⊂ N (Ω). Let R ∈ N̄x,y(Ω),then there exist a linear isomorphism F ∈ Nx,y(Ω) suh that F⊥ = R. Sine F onjugatesthe orthogonal subgroups Ωx,x and Ωy,y, so does its orthogonal part (f. [3℄, Lemma A.2).Hene, R ∈ Nx,y(Ω) and N̄ (Ω) ⊂ N (Ω) ∩ O(M). �Similar results an be given whenever M is equipped with a volume form.Proposition 2.12. Given a smooth manifold M , suppose it is endowed with a volumeform (or density) ρ. If Ω denotes a (transitive) subgroupoid of the frame groupoid Π(M),then the set(2.15) Ω1 = Ω/detρ,is a (transitive) subgroupoid of the unimodular groupoid U(M) assoiated with ρ and itwill be alled the unimodular redution of Ω.Even more, if Ω is suh that, for every base point x ∈M , Ωx,x is a subgroup of Ux,x(M)(the unimodular group at x), then the unimodular redution of the normalizoid of Ω o-inides with the intersetion of the unimodular groupoid and the normalizoid itself, i.e.(2.16) N 1(Ω) = N (Ω) ∩ U(M).3. G-struturesLie subgroupoids of the frame groupoid of a manifold are losely related to anothergeometri objet: G-strutures, whih are a partiular ase of �ber bundles. For a om-prehensive referene related to prinipal �ber bundles and G-strutures see [4, 5, 6℄. Wegive here their de�nition and some results about the interonnetion with groupoids.De�nition 3.1. Given two manifolds P,M and a Lie groupG, we say that P is a prinipalbundle over M with struture group G if G ats on the right on P and the followingonditions are satis�ed:(1) the ation of G is free, i.e. the fat that ua = u for some u ∈ P implies a = e, theidentity element of G;(2) M = P/G, whih implies that the anonial projetion π : P −→ M is di�eren-tiable;(3) P is loally trivial, i.e. P is loally isomorphi to the produt M × G, whihmeans that for eah point x ∈ M there exists an open neighborhood U and adi�eomorphism Φ : π−1(U) −→ U × G suh that Φ = π × φ, where the map

φ : π−1(U) −→ G has the property φ(ua) = φ(u)a for all u ∈ π−1(U), a ∈ G.



FUNCTIONALLY GRADED MEDIA 7A prinipal bundle is ommonly denoted by P (M,G), π : P −→M or simply by P , whenthere is no ambiguity. The manifold P is alled the total spae, M the base spae, G thestruture group and π the projetion. The losed submanifold π−1(x), with x ∈ M , isalled the �ber over x and is denoted Px; if u ∈ P , Pπ(u) is alled the �ber through u andis denoted Pu. The maps given in (3) are alled (loal) trivializations.It should be remarked that a similar de�nition an be given for left prinipal bundlesusing left ations.Notie that any �ber Px is di�eomorphi to the struture group G, but not anoniallyso. On the other hand, if we �x u ∈ Px, then Pu = uG. We may visualize a prinipal�ber bundle P (M,G) as a opy of the struture Lie group G at eah point of the basemanifold M in a di�entiable way as it is stated by the trivialization property (3).An elementary example of prinipal bundle is the frame bundle FM of a manifold M .This manifold onsists of all the referene frames at all the point ofM . The frame bundle
FM is a prinipal bundle over M with struture group Gl(n), where n is the dimensionof M . As it is obvious, the anonial projetion π sends any frame x ∈ FM to the basepoint x ∈ M where it lies. The right ation of Gl(n) over M is de�ned in the followingway:(3.1) R : FM × Gl(n) −→ FM

(z, a) 7−→ Raz = z · a = (aj
ivj),where (aj

i ) is the matrix representation of a ∈ Gl(n) in the anonial basis of R
n and (vi)is the ordered basis given by z ∈ FM .De�nition 3.2. Let P (M,G) and Q(M,H) be two prinipal bundles suh that Q is anembedded submanifold of P and H is a Lie subgroup of G. We say that Q(M,H) isa redution of the struture group G of P if the prinipal bundle struture of Q(M,H)omes from the restrition of the ation of G on P to H and Q. In this ase, we all Qthe redued bundle.Consider the following (non rigorous) onstrution: take a prinipal bundle P (M,G),shrink its struture group to a Lie subgroup H of G, �x an element u ∈ P in eah �breof the bundle and apply the ation of H to eah of these hosen elements; this gives us asubset Q ⊂ P . The obtained set Q is a redued bundle when the seletion of the u's ismade smoothly and with ertain ompatibility.De�nition 3.3. Let M be an n-dimensional smooth manifold and G a Lie subgroup of

Gl(n); then a G-struture G(M) is a G-redution of the frame bundle FM .Note that there may exist di�erent G-strutures with the same struture group. Asan example of G-struture, onsider a Riemannian manifold (M, g). The set of orthonor-mal referenes of FM gives us an O(n)-struture. In fat, any O(n)-struture on M isequivalent to a Riemannian struture (see [4℄).Now let us introdue two results from [7℄ that show how a G-struture may arise froma Lie groupoid.Proposition 3.4. Let Ω be a Lie groupoid over a smooth manifold M with soure andtarget projetions α and β, respetively. Given any point x ∈M , we have that:(1) Ωx,x = α−1(x) ∩ β−1(x) is a Lie group and(2) Ωx = α−1(x) is a prinipal Ωx,x-bundle over M whose anonial projetion is therestrition of β.Given a smooth manifoldM of dimension n, any referene z ∈ FM (at a point x ∈M)may be seen as the linear mapping ei ∈ R
n 7→ vi ∈ TxM , where (e1, . . . , en) is the anonialbasis of R

n and (v1, . . . , vn) the basis of TxM de�ned by z.



8 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNTheorem 3.5. Suppose that M is a smooth n-dimensional manifold and Ω is a Liesubgroupoid of the frame groupoid Π(M). If α and β denote the respetive soure andtarget projetions of Ω, then we have that for any point x ∈ M and any frame referene
z ∈ FM at x:(1) Gz = z−1 · Ωx,x · z is a Lie subgroup of Gl(n) and(2) the set Ωz of all the linear frames obtained by translating z by Ωx, that is(3.2) Ωz = {gx,y · z : gx,y ∈ Ωx} ,is a Gz-struture on M .One the referene z is �xed, the linear frames that lie in the Gz-struture are alledadapted or distinguished referenes.Even though the frame groupoid (and hene eah of its subgroupoids) ats on the lefton the base manifold, the strutural group that arises from a frame subgroupoid atsnaturally on the right on any of the indued G-strutures:(3.3) zy · gzx

= (gx,y · zx) · (z
−1
x · gx,x · zx) = gx,y · gx,x · zx = g′x,y · zx = z′y,where zx ∈ FxM , zy ∈ (Ωzx

)y, gzx
∈ Gzx

, gx,y ∈ Ωx,y and so on.Remark 3.6. It is readily seen from equation (2.2) that two G-strutures that ome fromthe same Lie groupoid are equal if and only if they have a referene in ommon,(3.4) Ωz1
= Ωz2

⇔ Ωz1
∩ Ωz2

6= ∅.Here �equal� means that the two G-strutures are the same as sets and they have the samestruture groups. By the above statement, given two G-strutures Ωz1
and Ωz2

induedby a Lie groupoid Ω, we an suppose without loss of generality that z1 and z2 are linearframes at the same base point. Thus, it is easy to see that their respetive struturegroups Gz1
and Gz2

are onjugate; more preisely:(3.5) Gz2
= z−1

2 z1 ·Gz1
· z−1

1 z2.In short, given a Lie subgroupoid Ω of Π(M), the frame bundle FM is the disjoint union of
G-strutures related to Ω by Theorem 3.5. Moreover, they have onjugate group struturesand one of these G-strutures may be transformed to another by mean of any element
g ∈ Gl(n) that onjugates their strutural groups. Hene, modulo these transformations,a G-struture related to a Lie subgroupoid Ω of Π(M) is unique, whih is lear sine Ω is�xed.A natural question is whether Theorem 3.5 has a onverse. Given a G-struture, itseems reasonable to be able to hoose di�erentially isomorphisms that transform adaptedreferenes to their ounterparts.Theorem 3.7. Let ω be a G-struture over an n-dimensional smooth manifold M . Thenthe set of linear isomorphism that transforms distinguished frames into distinguishedframes, that is the set(3.6) Ω =

{

A ∈ Π(M) : Az ∈ ω, z ∈ ωα(A)

}

,where Π(M) is the frame groupoid ofM and α the soure projetion, is a Lie soubgroupoidof Π(M). Furthermore, for any referene frame z ∈ ω, the G-struture assoiated to Ωand given by Theorem 3.5 oinides with ω, i.e.(3.7) Ωz = ω and Gz = G.



FUNCTIONALLY GRADED MEDIA 9Proof. The set de�ned by equation (3.6) is obviously a transitive subgroupoid of Π(M).It remains only to show that it is a di�erential groupoid with the restrition of the stru-tural maps. Given two loal ross-setions (U, σ) and (V, τ) of ω, onsider the set ofisomorphisms in Ω with soure in U and target in V , namely(3.8) ΩU,V = α−1(U) ∩ β−1(V ),where α and β are the restritions to Ω of the soure and the target projetions of Π(M).Given an isomorphism A ∈ ΩU,V , let x = α(A) ∈ U and y = β(A) ∈ V . If we denotethe omponents of the ordered bases σ(x) and τ(y) by (σi(x)) and (τj(y)) respetively,we have that there exist oe�ients Aj
i suh that(3.9) Aσi(x) = Aj

i τj(y).Sine σ(x) = (σi(x)) is a linear frame at x in ω, Aσ(x) = (Aj
i τj(y)) is a linear frameat y in ω too. But τ(y) = (τj(y)) is also a linear frame at y in ω, thus a = (Aj

i ) mustneessarily be an element of the struture group G. This onsideration being made, wede�ne the oordinate hart Φσ,τ by(3.10) Φσ,τ : ΩU,V −→ U ×G× V
A 7−→ (x, a, y)

.Given a overing of M by loal setions of ω, say Σ, the atlas(3.11) {(ΩU,V ,Φσ,τ ) : (U, σ), (V, τ) ∈ Σ}de�nes a smooth struture on Ω, from whih it is a straightforward omputation to showthat the projetions α and β and the omposition law are smooth. �Remark 3.8. The result we have just proved, toghether with Theorem 3.5, shows theequivalene between Lie subgroupoids of Π(M) and redutions of the frame bundle FM .In fat it is still true for prinipal bundles in general: by Proposition 3.4 we are able toassoiate some prinipal bundles to a groupoid and, given a prinipal bundle P (M,G),the set of maps φx,y : Px −→ Py suh that φx,y(u · g) = φx,y(u) · φ(g), for a suitable groupisomorphism φ : G −→ G, is a Lie groupoid related to P by Proposition 3.4.De�nition 3.9. A G-struture G(M) over a manifold M is said to be integrable if thereexists an atlas {(Uα, φα)}α∈A of the base manifold, suh that the indued ross-setions
σα(x) = (Txφα)−1 take values in G(M).By the very de�nition, if a G-struture is integrable, the same happens to all its onju-gate G-strutures.Theorem 3.10. A G-struture over a manifold M with dimension n is integrable if andonly if it is loally isomorphi to the standard G-struture of R

n, that is, to R
n ×G.The next result will be useful in the next setion.Lemma 3.11. Let M be a manifold. If Ω and Ω̃ are two subgroupoids of the framegroupoid Π(M), then their intersetion Ω̂ := Ω ∩ Ω̃ is again a subgroupoid of Π(M) (andof Ω and Ω̃). Furthermore, if they are Lie groupoids, then we have the following relations:(3.12) Ω̂z = Ωz ∩ Ω̃z and Ĝz = Gz ∩ G̃z,where z ∈ FM a is �xed frame and Ωz, Ω̃z, Ω̂z, Gz, G̃z and Ĝz are the respetive G-strutures and strutural groups.



10 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓN4. The Constitutive EquationIn the most general sense (see [9℄, for instane), a body is a manifold B that an beembedded in a Riemannian manifold (S, g) with the same dimension, the ambient spae.Usually, the body B is a simply onneted open set of R
3 and the ambient spae is R

3itself with the standard metri. Eah embedding K : B → S is alled a on�gurationand its tangent map TK : TB → TS is alled an in�nitesimal on�guration. If we �x aon�guration K (the referene on�guration) and we pik an arbitrary on�guration K̃,then the embedding ompositon φ = K̃ ◦K−1 : K(B) ⊂ S → S is onsidered as a bodydeformation and we all its tangent map TXφ at a point X in B an in�nitesimal defor-mation or the deformation gradient, usually denoted by F . Sine (S, g) is a Riemannianmanifold, we an indue a Riemannian metri on B by the pull-bak of g by a refereneon�guration K. Sine the metri on B depends from a hosen referene on�guration,it is not anonial. However, for solid materials, we are able to de�ne an �almost� uniquemetri ompatible with the material struture, as we will show in setion �5.1.Usually, points in the body or in the referene on�guration (when they are identi�ed)are denoted by apital letters X, Y , Z, et., and by small letters x, y, z, et., in thedeformed on�guration. At the moment we have the piture shown at Figure 2.

Figure 2. Deformation in a referene on�guration.As stated by the priniple of determinism, the mehanial and thermal behaviors ofa material or substane are determined by a relation alled the onstitutive equation. Itdoes not follow diretly from physial laws but it is ombined with other equations thatdo represent physial laws (the onservation of mass for instane) to solve some physialproblems, like the �ow of a �uid in a pipe, or the response of a rystal to an eletri�eld. In our ase of interest, elasti materials, the onstitutive equation establishes that,in a given referene on�guration, the Cauhy stress tensor depends only on the materialpoints and on the in�nitesimal deformations applied on them, that is(4.1) σ = σ(FKr
, Kr(X)).This relation is simpli�ed in the partiular ase of hyperelasti materials, for whih equa-tion (4.1) beomes(4.2) W = W (FKr
, Kr(X)).where W is a salar valued funtion whih measures the stored energy per unit volume.Among other postulates (priniple of determinism, priniple of loal ation, prinipleof frame-indi�erene, et.), it is laimed that a onstitutive equation must not dependon the referene on�guration. It turns out that equation (4.1) (and (4.2)) now an bewritten in the form(4.3) σ = σ(F,X) (W = W (F,X), respetively),



FUNCTIONALLY GRADED MEDIA 11where F stands for the tangent map at X of a loal on�guration (deformation).De�nition 4.1. A material symmetry at a given point X ∈ B is a linear isomorphism
P : TXB → TXB suh that(4.4) σ(F · P,X) = σ(F,X),for any deformation F at X. The set of material symmetries at X ∈ B is denoted by
G(X) and it is alled the symmetry group of B at X. Given a on�guration K, we willdenote by GK(X) the symmetry group G(X) in the on�guration K, that is(4.5) GK(X) = TXK · G(X) · (TXK)−1.

Figure 3. Material symmetry.Di�erent types of elasti materials are given in terms of their symmetry groups. Forinstane, a point is solid whenever its symmetry group in some referene on�guration isa subgroup of the orthogonal group O(3) and, �uid whenever the orthogonal group is aproper subgroup of the symmetry group. In [7, 14℄ it is possible to �nd a lassi�ation,due to Lie, of the onneted Lie subgroups of Sl(3) and their orresponding Lie algebras.De�nition 4.2. Given an elasti material B, let X ∈ B and onsider its symmetry group
G(X). If there exists a on�guration K suh that:(1) GK(X) is a subgroup of the orthogonal group of transformations O(3), then X issaid to be an elasti solid point. If furthermore(a) GK(X) = O(3), then we all X a fully isotropi elasti solid point ;(b) GK(X) is a transverse orthogonal group (a group of rotations whih �x anaxis), then X is said to be a transversely isotropi elasti solid point ;() GK(X) onsists only of the identity element, then X will be a trilini elastisolid point ;(2) GK(X) is a subgroup of the unimodular group of transformations U(3) and hasthe orthogonal group O(3) as a proper subgroup, then X is said to be an elasti�uid point. If furthermore(a) GK(X) = Sl(3) then we still all X an elasti �uid ; and(b) GK(X) is a transverse unimodular group (a group of unimodular transforma-tions whih �x an axis or a group of unimodular transformations whih �x aplane) then we all X an elasti �uid rystal.The in�nitesimal on�guration TXK or the indued frame z = (TXK)−1 is alled anundistorted state of X.This material lassi�ation is pointwise. A body is solid if every point is solid.5. Uniformity and HomogeneityTo de�ne the uniformity of a material, we �rst have to give a riterion that establisheswhen two points are made of the same material. To ompare their symmetry groups is not



12 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNsu�ient sine this is only a qualitative aspet. Indeed, onsider two points in a rubberband, one point may be relaxed while another point may be under stress. But we are stillable to release the stress on the seond point and bring it to the same state as the �rstone, and then ompare their responses.De�nition 5.1. We say that two points X, Y ∈ B are materially isomorphi, if thereexists a linear isomorphism PXY : TXB → TYB suh that(5.1) σ(F · PXY , X) = σ(F, Y ),for any deformation F at Y . The linear map PXY is alled a material isomorphism.
Figure 4. Material isomorphism.Even if the de�nition of material isomorphism and material symmetries are mathemat-ially similar, there is an important oneptual di�erene. While the symmetry group ofa point haraterizes the material behavior of that point, a material isomorphism estab-lishes a relation between two di�erent points. In fat, as already pointed out, a materialsymmetry an be viewed as a material automorphism by identifying X with Y in theabove de�nition.De�nition 5.2. Given a material body B, the material groupoid is the set of all thematerial isomorphisms and symmetries, that is the set(5.2) G(B) = {P ∈ Π(B) satisfying De�nition 5.1} .It is easy to hek that the material groupoid G(B) is atually a groupoid. Furthermore,it is a subgroupoid of the frame groupoid Π(B), but note that it is not neessarily a Liegroupoid or even transitive as the frame groupoid. In fat, when all the points of a bodyare pairwise related by a material isomorphism, it means that the body onsists only ofone type of material. In this ase, it is materially uniform.De�nition 5.3. Given a material body B, we say that it is uniform if the materialgroupoid G(B) is transitive, and smoothly uniform when the material groupoid is a tran-sitive di�erential groupoid (and hene a Lie subgroupoid of Π(B)).A simple but important property of uniform materials is that the groups of materialsymmetries are mutually onjugate by any material isomorphism between the respetivebase points. To be more preise, equation (2.2) reads in terms of elasti bodies:(5.3) G(Y ) = P · G(X) · P−1, ∀P ∈ G(B)X,Y ,for any pair of materially isomorphi points X, Y ∈ B.When we look a material through di�erent on�gurations, there are prefered statesof the material we want to distinguish: e.g. transversely isotropi solids have a �xedaxis �invariant� under material isomorphisms that we prefer to align with the vertialaxis. Suh a state may be modelized in an in�nitesimal on�guration by a linear frame

z. As we have just said, in the material paradigm, this frame of referene z has some



FUNCTIONALLY GRADED MEDIA 13behaviors that will be mainted by material isomorphisms. If we onsider the set of allthese distinguished referenes that arise from material transformations of the `referenerystal' (see Figure 5), then we obtain the so alled material G-struture of B. As far aswe know, Wang was the �rst to realize that the uniformity of a material an be modelledby a G-struture [14℄, although this fat was emphasized by Bloom [1℄. For de�niteness,De�nition 5.4. A material G-struture of a smoothly uniform body B is any of the Gz-strutures indued by the material groupoid G(B) as shown in Theorem 3.5. The hosenframe of referene z ∈ FB is alled the referene rystal.
Figure 5. The referene rystal.De�nition 5.5. Given a smoothly uniform body B, a on�guration K that indues aross-setion of a material G-struture will be alled uniform. If there exists an atlas

{(Uα, Kα)}α∈A of B of loal uniform on�gurations for a �xed material G-struture, thebody B will be said loally homogeneous, and (globally) homogeneous if the body B maybe overed by just one uniform on�guration.The material onept of homogeneity orresponds to the mathematial onept of in-tegrability. By Theorem 3.10, a smoothly uniform body B will be loally homogenous ifand only if one (and therefore any) of the assoiated material G-strutures is integrable.Let K a uniform on�guration for a partiular integrable G-struture G(B) of a homo-geneous elasti material B. If (X, v1, v2, v3) denotes the ross setion indued by K, thusthe onstitutive equation (4.1) may be written in the form(5.4) σ = σ(FK , K(X)) = σ(F i
j , x

i),with obvious notation. Now note that, sine through K any material isomorphism Pmay be onsidered as an element of the struture group G, whih is lear for materialsymmetries, and sine the body B is uniform, we have that(5.5) σ(F i
j , y

i) = σ(FK , K(Y )) = σ(FK · PK , K(X)) = σ(F i
k · P

k
j , x

i) = σ(F i
j , x

i).Thus, we have just proved the following result:Theorem 5.6. If K is a uniform on�guration of a homogeneous elasti body B, theonstitutive equation (4.1) is independent of the material point and invariant under theright ation of the struture group G of the G-struture G(B) related to K. Thus,(5.6) σ = σ(F i
j ) and σ(F i

k · P
k
j ) = σ(F i

j ) for any P ∈ G.The physial interpretation of this theorem is that points of a homogenous elasti body
B an be put by means of a on�guration K in suh a manner they are all at the samestate, at least loally. This on�guration K is uniform.Even if the material G-strutures of a smoothly uniform body B are di�erent (butequal via onjugation), there must be at least one of them in whih the struture group
G satis�es a ondition of the material lassi�ation 4.2.



14 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNDe�nition 5.7. Aordingly to De�nition 4.2, a smoothly uniform elasti body B is solidor �uid, if all the points are solid or �uid, respetively. Any of the material G-struturesfor whih the struture group ful�lls the lassi�ation is alled undistorted.5.1. Uniform Elasti Solids. The following result is due to Wang (f. [14℄). In hispaper, Wang de�nes the material G-strutures from the point of view of atlases, familiesof ross-setions of the frame bundle, instead of our approah through groupoids. Thesefamilies are the ross-setions of the resulting G-strutures. When a material is solid, it ispossible to endow the body with a metri wih is ompatible with the material struture.Wang alls suh a metri an intrinsi metri.Theorem 5.8. Let B be a uniform elasti solid material; eah undistorted material G-struture G(M) de�nes a Riemannian metri g, invariant under material symmetries andisomorphisms.Proof. Given a ross-setion (U, σ) of a �xed undistorted material G-struture G(B), let
X ∈ U and de�ne(5.7) gσ

X(v, w) :=
〈

σ(X)−1 · v, σ(X)−1 · w
〉

, ∀X ∈ U, ∀v, w ∈ TXB,where 〈 , 〉 is the Eulidean salar produt. Thus, gσ is learly a smoooth positive de�nitesymmetri bilinear tensor �eld on U , sine it is nothing more than the pullbak of theEulidean metri. Let us hek that, in this manner, the metri gσ does not depend onthe hosen ross-setion (U, σ). Given any other ross-setion (V, τ), let X ∈ B be in theintersetion of their domains (if not empty, of ourse), then(5.8) gσ
X(v, w) = 〈σ(X)−1 · v, σ(X)−1 · w〉

= 〈Q · τ(X)−1 · v,Q · τ(X)−1 · w〉
= 〈τ(X)−1 · v, τ(X)−1 · w〉
= gτ

X(v, w),where we used the fat that, by hypothesis, Q = σ(X)−1 · τ(X) ∈ G is orthogonal.Now, let P ∈ GX,Y (B) be a material isomorphism; there will exist ross-setions
(U, σ), (V, τ) suh that P = τ(Y ) · σ(X)−1. Then, we have(5.9) gY (P · v, P · w) = 〈τ(Y )−1 · P · v, τ(Y )−1 · P · w〉

= 〈σ(X)−1 · v, σ(X)−1 · w〉
= gY (v, w).The metri we where looking for is just the metri g de�ned in (5.7). �If we onsider the orthogonal groupoid O(B) related to this metri, we have that thematerial groupoid is inluded in it, G(B) ⊂ O(B). Reiproally, if B is a smoothlyuniform material suh that it an be endowed with a Riemannian metri for whih thematerial symmetries and isomorphisms are orthogonal transformations, G(B) ⊂ O(B),then B must be an elasti solid. Thus, elasti solids are ompletely haraterized byRiemannian metris with the property of being invariant under material symmetries andisomorphisms.Remark 5.9. Given two materialG-strutures, G1(B) and G2(B), of a uniform elasti solid

B, we know that they must be related by the right ation of a linear isomorphism F ∈
Gl(3), that is G2(B) = G1(B) · F . Thus, if G1(B) is undistorted, the G-struture G2(B)will be undistorted if and only if the symmetri part V of the left polar deomposition of
F , F = V ·R, lies in the entralizer of G1, that is V ∈ C(G1) (f. [14℄, proposition 11.3).But this does not imply that G1(B) and G2(B) de�ne the same metri, whih is true onlyif V = I.



FUNCTIONALLY GRADED MEDIA 155.2. Uniform Elasti Fluids. There are similar results for �uids as for solids. In thisase, the �uid struture indues volume forms.Proposition 5.10. Let B be a uniform �uid material, then eah undistorted material
G-struture G(B) de�nes a volume form ρ invariant under material symmetries and iso-morphisms.Proof. Given a ross-setion (U, σ) of a �xed undistorted material G-struture G(B), letus de�ne on U the volume form(5.10) ρσ = σ∗1 ∧ σ∗2 ∧ σ∗3,where σ∗ denotes the o-frame ross-setion of σ, that is σ∗ : U −→ F∗B suh that
σ∗i(σj) ≡ δi

j on U . Let us show that the volume form ρσ does not depend on the hosenross-setion (U, σ). In fat, let (U, σ), (V, τ) be two ross-setions with non-empty domainintersetion, then for any n vetors v1, . . . , vn ∈ TXB, with X ∈ U ∩ V , we have
ρσ(v1, . . . , vn) = det(vj

i )

= det((σ−1τ)k
i ) · det(ṽj

k)

= ρτ (v1, . . . , vn),where we have used vi = vj
iσi = ṽj

i τi, vj
i = (σ−1τ)k

i · ṽj
k and σ−1τ ∈ U(n). Sine thetangent vetors v1, . . . , vn are arbitrary, ρσ and ρτ oinide on the intersetion of theirdomains, U ∩ V . Thus, the volume form given in (5.10) de�nes loally a volume form ρon the whole material body B.Let us see how ρ is invariant under material symmetries and isomorphisms. Given

P ∈ GX,Y (B), there must exist ross-setions (U, σ), (V, τ) suh that P = τ(Y ) · σ(X)−1.Then, we have(5.11) ρ ◦ P = (P−1τ)∗1 ∧ (P−1τ)∗2 ∧ (P−1τ)∗3 = σ∗1 ∧ σ∗2 ∧ σ∗3 = ρ,whih �nishes the proof. �Considering now the indued unimodular groupoid U(B), by the invariane we havethe inlusion G(B) ⊂ U(B) whih also haraterizes elasti �uids.6. Unisymmetry and HomosymmetryAs we have seen, the onept of homogeneity must be understood within the frameworkof uniformity. But, there are materials that are not uniform by their very de�nition, theso alled funtionally graded materials, or FGM for short. This type of material an bemade by tehniques that aomplish a gradual variation of material properties from pointto point: for instane, erami-metal omposites, used in aeronautis, onsist of a platemade of erami on one side that ontinuously hange to some metal at the oppositefae. The material properties are also given through a onstitutive equation like (4.3).Therefore, we will have a notion of material symmetry and the symmetry groups will benon-empty as in the ase of uniform materials. For a FGM material, the symmetry groupsat two di�erent points are still onjugate, aordingly to the following de�nition.De�nition 6.1. Given a funtionally graded material B, let be X, Y ∈ B; we say that alinear map A : TXB −→ TYB is a unisymmetri (material) isomorphism if it onjugatesthe symmetry groups of X and Y , namely,(6.1) G(Y ) = A · G(X) ·A−1.As for uniform bodies, the material properties of a FGM are now haraterized by theolletion of all the possible unisymmetri isomorphisms.



16 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNDe�nition 6.2. Given a funtionally graded material B, the set of unisymmetri isomor-phisms, that is the set(6.2) N (B) =
{

A ∈ Π(B) : G(Y ) = A · G(X) · A−1
}

,will be alled the FGM material groupoid of B.
Figure 6. The FGM material groupoid.We may now extend the ideas of setion �5 using this new objet. Then we obtain:De�nition 6.3. A funtionally graded material B will be said unisymmetri if the FGMmaterial groupoid N (B) is transitive and, smoothly unisymmetri if it is a Lie groupoid.Note that the notion of unisymmetry overs a qualitative aspet in the sense that aunisymmetri FGM is made of only one �type� of material. For instane, it will be a fullyisotropi solid everywhere or a �uid everywhere, but it annot be a fully isotropi solidat some point and a �uid at another point.For this groupoid, we also have the assoiated G-strutures.De�nition 6.4. Let B be a smoothly unisymmetri body. Any of the asoiated G-strutures Nz(B), with z ∈ FB, will be alled a material N-struture. A ross-setion ofa material N-struture will be a unisymmetri ross-setion and a on�guration induingsuh a ross-setion will be a unisymmetri on�guration. If for any of the material N-strutures there exists a overing by unisymmetri on�gurations, the body B will be saidloally homosymmetri, and (globally) homosymmetri if the overing onsists of only oneunisymmetri on�guration.As we may see, the homosymmetry property is equivalent to the integrability of any ofthe material N-strutures. However, there is not an analogue result to Theorem 5.6 forhomosymmetri bodies. Sine, even if we have an N-struture and the group strutureis the same for any point through any unisymmetri on�guration, the symmetry groupsmay be represented by di�erent subgroups of N at eah point.6.1. Funtionally Graded Elasti Solids.De�nition 6.5. We will say that a funtionally graded elasti material B is a funtionallygraded solid if there is a Riemmanian metri on B invariant under material symmetries,that is every point is solid. Furthermore, B will be said(1) fully isotropi if every point is fully isotropi;(2) transversely isotropi if every point is transversely isotropi; and(3) trilini if every point is trilini.The ompatible metri is alled a material metri.We have not used the term �intrinsi� for the material metri, sine it does not arisefrom the material struture as for uniform elasti solids (f. Theorem 5.8). The materialmetri is an extra strutures that ensures that the solid points are glued in a solid way.



FUNCTIONALLY GRADED MEDIA 17If B is a FGM solid and we onsider the orthonormal ross-setions (U, σ) of the O(3)-struture given by a solid metri, then they must verify:
σ(X)−1 · G(X) · σ(X) ⊆ O(3) ∀X ∈ U ∀(U, σ),(6.3)

σ(X)−1 · τ(X) ∈ O(3) ∀X ∈ U ∩ V ∀(U, σ), (V, τ);(6.4)where G(X) is the material symmetry group of B at X. In fat, these two onditions areneessary and su�ient to de�ne a solid metri ompatible with the material strutureby means of a family of ross-setions of FB.On the other hand, if we onsider another O(3)-struture, giving a seond solid metri,the two strutures are not a priori related by the right ation of a linear isomorphism
F ∈ Gl(3). But if they are, then the symmetri part of the polar deomposition of Fmust be spherial, a homothety. This an be interpreted as the material being in bothases in the same state but the measures of stress, or strain, are performed with di�erentsales.De�nition 6.6. A solid FGM B will be said to be relaxable if the O(3)-struture given bysome solid metri is integrable or, equivalently, if the Riemannian urvature (with respetto this metri) vanishes identially. We then say that the O(3)-struture is relaxed.De�nition 6.7. We say that a body B is homosymmetrially relaxable if B is an unisym-metri solid material for whih there exists a overing Σ of loal on�guration that areboth, unisymmetri and relaxed on�gurations.Let B be a homosymmetrially relaxable elasti solid, then we have these two strutures,the unisymmetri and the orthogonal, whih are in ertain manner interonneted. As Bis a solid, intuitively we may pereive that only the orthogonal part of a unisymmetriisomorphism must be important. In what follows, we will explain this fat in more detail.A diret onsequene of the previous Lemma 2.11 and Proposition 3.11 is the followingtheorem, whih implies a result proved by Epstein and de León [3℄.Theorem 6.8. If B is relaxable elasti solid that is also homosymmetri, we have(6.5) N̄ (B) = N (B) ∩O(B),where N̄ (B) onsits in the orthogonal part of the isomorphisms of N (B). Therefore, if
N̄z(B) is a smooth N̄z-struture, B will be homosymmetrially relaxable if and only if theredued material groupoid N̄z(B) is integrable (where z ∈ FB is �xed).Let B a relaxable and homosymmetri elasti solid and let g denote the ompatiblematerial metri

• If B is fully isotropi, whih means the symmetry group G(X) of eah pointX ∈ Bis equal to the orthogonal group O(TXB, g) itself, then the redued FGM materialgroupoid N̄ (B) oinides with the orthogonal grupoid O(B).
• If B is trilini (the only element of the symmetry group is the identity map),the FGM material groupoid N (B) is the full frame groupoid Π(B), and thus
N̄ (B) = O(B) as before.

• If B is transversally isotropi, at eah point X ∈ B there exists a basis of TXB inwhih the material symmetries g ∈ G(X) may be represented by matries of theform:




1 0 0
0 cos θ − sin θ
0 sin θ cos θ







18 C. M. CAMPOS, M. EPSTEIN, AND M. DE LEÓNThus, for this basis, the normalizer of G(X) is
N (X) =

〈





1 0 0
0 cos θ − sin θ
0 sin θ cos θ



 ,





α 0 0
0 β 0
0 0 β





〉where the brakets denote the group generated by the elements enlosed, andwhere θ, α, β are real numbers, α, β being in addition positive. Therefore, thegroup at any base point of the redued FGM material groupoid oinides with therespetive symmetry group, that is
N̄ (X) = G(X) ∀x ∈ B.This means that, even if the material groupoid G(B) (the set onsisting of mate-rial isomorphisms and symmetries) is not transitive (i.e. B is not uniform), theredued FGM material groupoid N̄ (B) is, and it oinides with G(B) on the sym-metry groups. Thus, there is some kind of uniformity that generalizes the lassialone. Finally, note that any G-struture related to N̄ (B) will have a transverselyisotropi strutural group as mentioned before.Finally, note that we reover an analogue result to Theorem 5.6, whih is alsotrue for fully isotropi FGM solids. If B is homosymmetrially relaxable, thenfor a unisymmetri and relaxable on�guration K, the onstitutive equation willbe invariant under the ation of the struture group of the redued N-stuture,related to the on�guration K. In this ase, the struture group will oinidethrough K with the symmetry group GK(X) at any point X in the domain of K.However, the onstitutive equation will not be independent of the point.6.2. Funtionally Graded Elasti Fluids. In the same way we have generalized thede�nition of elasti solids in setion �6.1, we are going to give a new de�nition of elasti�uids. Classially, an elasti �uid is a uniform elasti material whih posses a unimodularmaterial struture, that is a U(3)-struture (see [12℄ for instane), even though there aresmaller �uid strutures as the ones of �uid rystals (f. [7℄).De�nition 6.9. We will say that a funtionally graded elasti material B is a funtionallygraded �uid (or a funtionally graded �uid rystal) if there is a volume form ρ on Binvariant under material symmetries suh that every point is �uid (or, respetivelly, ifevery point is a �uid rystal). The volume form is alled a material form.As in the ase of funtionally graded elasti solids, the following two onditions onross-setions (U, σ) of the frame bundle FB,

σ(X)−1 · Gx · σ(X) ⊆ U(3) ∀X ∈ U ∀(U, σ)(6.6)
σ(X)−1 · τ(X) ∈ U(3) ∀X ∈ U ∩ V ∀(U, σ), (V, τ)(6.7)haraterize the �uid material struture.Given a funtionally graded elasti �uid B, onsider the unimodular groupoid U(B)related to the volume form ρ (Example 2.7). When two �uid points have onjugatesymmetry groups, only the unimodular part of the onjugate transformation plays a rolein the onjugation. That is, if P is the transformation that onjugates these two groups,then the unimodular transformation P/detρ(P ) still realizes the onjugation.Proposition 6.10. If B is a unisymmetri elasti �uid, then(6.8) N 1(B) = N (B) ∩ U(B),where N 1(B) is the unimodular redution of the FGM material groupoid.



FUNCTIONALLY GRADED MEDIA 19Let B a �uid rystal of �rst kind (see [7, 14℄), that is, an elasti �uid as in 6.9 suhthat, for eah material point X ∈ B, the symmetry group G(X) may be represented forsome referene z at X by matries of the form
A =





a b 0
c d 0
e f g
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