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Charge quantization of axion-dilaton black holes
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We present axion-dilaton black-hole and multi-black-hole solutions of the low-energy string ef-

fective action. Under SL(2, R) electric-magnetic duality rotations only the "hair" (charges and

asymptotic values of the fields) of our solutions is transformed. The functional form of the solutions

is duality invariant. Axion-dilaton black holes with zero entropy and zero area of the horizon form a
family of stable particlelike objects, which we call holons. We study the quantization of the charges

of these objects and its compatibility with duality symmetry. In general the spectrum of black-hole

solutions with quantized charges is not invariant under SL(2, R) but only under SL(2, Z) or one of its

subgroups I'~. Because of their transformation properties, the asymptotic value of the axion-dilaton

field of a black hole may be associated with the modular parameter ~ of some complex torus and

the integer numbers (n, m) that label its quantized electric and magnetic charges may be associated

with winding numbers.

PACS number(s): 04.60.+n 11.17.+y 97.60.Lf

In this paper we are going to present general four-
dimensional static axion-dilaton black-hole solutions.
The independent parameters characterizing such solu-
tions are the black-hole mass, electric and magnetic
charges, and the values of dilaton and axion fields at
infinity. The dilaton and axion charges of these solutions
are functions of these independent parameters. Electric
and magnetic charges of these black holes will be quan-
tized.

Our solutions include zero-area, zero-entropy axion-
dilaton black holes, carrying quantized electric and mag-
netic charges. In this sense such objects resemble ele-
mentary particles: We will call them holons.

The SL(2, R)-duality symmetry of the classical equa-
tions of motion of the low-energy string efFective action
[1, 2] has been used in [3], [4], and [5] to find new solu-
tions with a nontrivial axion field. However, their final
form was not quite satisfactory either because the ax-
ion and dilaton fields at infinity were not independent
parameters or because the new solutions were expressed
in terms of the old charges and the parameters of the
transformation that have no physical meaning. Here we
present the most general static solutions that can be ob-
tained in this way, but expressed in terms of the new
charges only. Under a new duality transformation only
the "hair" (charges and asymptotic values of axion and
dilaton fields, i.e. , the boundary conditions) will change
in a well-established way, while the functional form of the
fields will remain invariant.

We also obtained axion-dilaton multi-black-bole solu-
tions. All fields in the solutions are naturally built out
of two complex harmonic functions, which are real when
the axion field identically vanishes [6, 7].

We will treat the SL(2, R) transformations in a way
that will stress the analogies and differences with the

well-known U(1) duality group of the Einstein-Maxwell
theory. In the Einstein-Maxwell case, with the elec-
tric and magnetic charges Q, P, one can build a two-
component duality vector (Q, P), as explained in [8].
With axion and dilaton fields, the canonical electric
and magnetic charges do not form SL(2, R)-duality vec-

tors. We will present combinations (q, p) of the canoni-
cal charges Q, P and axion-dilaton asymptotic value Ao,

which do transform as duality vectors.
The issue of quantization of electric and magnetic

charges and the question of which subgroup of SL(2, R)
will be compatible with the spectrum of black-hole
charges can be addressed in the context of these families
of black-hole solutions. In the context of general string-
theory solutions this problem has been studied by Sen [9]
by embedding the U(1) into the SU(2) gauge group. We
will Bnd the spectra of axion-dilaton black-hole charges
with and without non-Abelian embedding, and will clas-
sify the symmetry groups of the spectra allowed by Dirac
quantization condition.

For SL(2, Z)-invariant spectra, the SL(2, R)-duality
vectors (q, p), when properly normalized, take integer val-

ues (n, m) and label naturally the allowed states. We will

see that it is useful to describe the action of SL(2, Z) on
these spectra in terms of —1/Ao = 7. , the modular param-
eter of a complex torus and the winding numbers (n, m, )
of nontrivial homology cycles on this torus.

Our conventions and our action are those of Refs. [7]
and [5], but here we will use the complex scalar A = iz =
a+ ie ~, where a is the axion field, and P is the dilaton
field, and we will extend our analysis to a set of U(1)
vector fields A„", n = 1,2, . . . , N.(")

We find it convenient to define the SL(2, R) dualsi to
the fields F~(") = B„A ") —8 A~"l,
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0556-2821/93/48', '2)/742(6)/$06. 00 48 742 1993 The American Physical Society



CHARGE QUANTIZATION OF AXION-DILATON BLACK HOLES 743

F(&) —e
—24'*y (~) qng(g)) ds2 e2Udt2 e

—2UdT2 R2402

in terms of which the action reads
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In terms of the component fields, we have
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The advantage of using E(") is that the equations of
motion imply the local existence of N real vector poten-
tials A(") such that

P(") = id'(") .

The analogous equation F(") = dA(") is not a conse-
quence of the equations of motion but a consequence of
the Bianchi identity. If the timelike components A( )

play the role of electrostatic potentials, then the A("
will play the role of magnetostatic potentials. As we will

see in the next section, the SL(2, R)-duality transforma-
tions consist in the mixing of A(") with A(") and of the
equations of motion with Bianchi identities, as in the
Einstein-Maxwell case.

Let us stress at this point that the fields A(") are
not dynamical fields of this theory. They exist only on
shell. But they are particularly useful to describe the field
of magnetic monopoles from a strictly classical point of
view. The A( )'s are the fields we are ultimately inter-
ested in, and when we study the quantization problem,
the description provided by the A( )'s will not be sufB-
cient.

Here we present two different kinds of static solutions
to the equations of motion of the action (2), (3): spherical
black-hole solutions and multi-black-hole solutions, both
with nontrivial axion, dilaton, and U(l) fields. All the
previously known solutions of these kinds [Schwarzschild,
(multi-) Reissner-Nordstrom, the purely electric and mag-
netic dilaton black holes of Refs. [6], [10], and [11], the
electric-magnetic black holes of Refs. [7], and [5], and the
axion-dilaton black holes of Refs. [3] and [5]] are partic-
ular cases of them.

The static spherically symmetric black-hole solutions
are

(7)

When all supersymmetric bounds are saturated, i.e. ,
&+ ——M =

~

T ~, the objects described by this solution
have zero area of the horizon and vanishing entropy.
They may be considered as the ground states of the the-
ory, and we will call them hotons Adetailed . discussion
of thermodynamics of all solutions and their physical in-
terpretation will be given in [12].

Our second kind of solutions describes axion-dilaton
extreme multi-black-hole solutions. The fields are

ds2 e2Udt2 2Ud 2—
)

e 'U(x) = 2 Im [Ri(x) R2(x)],

'Hi (x.)
'H2(x) '

A,
"

(x) = e [k(")'H (x) + c.c.],
A,

"
(x) = —e [k(")'H, (x) + c.c.],

where'Hi(x), 'H2(x) are two complex harmonic functions:

I
~ ( )

e '
~ )-ApM~+ApT.

)
e40
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The horizon of the ith (extreme) black hole is at x; (in
these isotropic coordinates the horizons look like single
points) and has mass M, , electromagnetic charge I';, etc. ,
as can be seen by using the definitions in the Appendix

The complex electromagnetic charge I', axion-dilaton
charge T, and asymptotic values of the fields are defined
in the Appendix. The singularity is hidden under a hori-
zon if rp ) 0, and it is hidden or coincides with it (but
still is invisible for external observers) if rp ——0. The
conditions rp & 0 and M & ~T~ can be related to su-
persymmetry bounds [7, 5, 12]. All solutions given above
have the entropy

8 = vr(r+2 —~T~2) .
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in the limit ix —x, i

—+ oo. Charges without a label are
total charges. The constants k~"~ are

Using the definitions of the charges in the Appendix
and Eqs. (15), which can be written as

(A~" '(x), A~"l'(x)) = (A~" (x), A "l(x))R, (18)

The consistency of the solution requires, for every i,

kI"l = k~"l, Arg(T, ) = Arg(T) .

we get the following transformation laws for the "hair" of
any Geld configuration and, in particular, of our solutions:

1V

M'+ iT]'-4) r~"l]' = 0. (12)

Finally, for each i and also for the total charges, the
supersymmetric Bogomolny bound is saturated:

0 + P TI 2i A—rg(PAP+6') T
pAp+ b

'

p) +i Arg(PAD+6) I

(20)

(21)For a single U(l) vector field the extreme solution sim-
plifies to (k = ki, I' = I' )

M =iT, k=— (13)

As a consequence of all the identities obeyed by the
charges, it is possible to derive the following expression
of equilibrium of forces between two extreme black holes
[12]:

The pairs (q~"l, p&"l) and (A~"l(x), A~"l(x)) are duality
forms and the pairs (q~"l, p~"l) are duality vectors. It
should be possible to express any observable property
of a system of two dyons in terms of SL(2, R)-invariant
bilinears of their charges. The first invariant is the scalar
product of two duality vectors, which is equivalent to the
action of a duality form on a duality vector:

MlM2 + Z1Z2 + 6142 = Q1Q2 + Pl P2 (14)
(qi, pi) i i

= qiq2+ plp2 = Q1Q2+ P1P2 (22)4»)
SL(2, R) duality acts on the fields of our theory as

A&"l'(x) = ~A(x) —~A(x),

Ac "l'(x) = —PA(x) + ~A(x),
where n, p, p, and 6 are the elements of an SL(2, R)
matrix:

This is symmetric and appears in the expression of the
"Coulomb" force between two static dyons [see Eq. (14)].
The second invariant is the exterior product of two dual-
ity vectors or forms, which corresponds to the simplectic
form

Note that, since the A~"l 's are not independent fields, the
consistency of Eqs. (15) implies the transformation law
of A:

nA(x) + P
pA(x) + 6'

With no dilaton nor axion (A = i,) our theory coincides
with Einstein-Maxwell theory. In this case F = *F and
the consistency of Eqs. (15) would imply that R is an
SO('2) matrix, the duality group being just U(l).

As in the Einstein-Maxwell case, the duality transfor-
rnations (15) rotate continuously the equations of motion
into Bianchi identities. In both cases the equations of
motion are invariant under duality, but the actions are
not.

Many objects in this theory have well-defined trans-
formation properties under duality; i.e. , they transform
according to some representation of SL(2, R), usually the
vector representation or its dual. We can speak about du-
ality vectors (pairs that transform with R) and duality
forms (pairs that transform with R 1), in the language
of Ref. [8].

This is antisymmetric and will appear in the quantization
condition.

Now, using Eqs. (15) in the solutions presented in
the previous section, one can check that the eÃect of
an SL(2, R) transformation on them is equivalent to an
SL(2, R) transformation of the "hair" according to Eq.
(21). The transformation of the fields at any point of
the spacetime is equivalent to the transformation of the
boundary conditions only.

It is well known that, in general, the introduction of
magnetic charges is not compatible with quantum me-
chanics. In the case of two dyons interacting through
their electric and magnetic monopole fields, the quanti-
zation of the system will be consistent only if the charges
obey the Dirae-Schwinger-Zwanziger condition [13]

n
QiP2 —Q2P1 = —,

2 ' (25)

where n is any integer number. Naively, Eq. (25) can

It is obviously invariant under Sp(2, R) = SL(2, R):

(qi pi)~ I

= (qi pi)~ — = Q»2 Q2P1 .
(q2 q2

J» P2

(24)
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Q1P2 Q2jP1 —Q1P2 g2P1 2' (26)

that is, the exterior product [8] of the charge duality
vectors or forms of the two dyons is a half-integer. This
statement is invariant under the full SL(2, R).

However, these conditions only restrict the product of
the charges and do not tell us anything about what the
individual charges might be. To go further we need ad-
ditional information (basically the spectrum of electric
charges allowed by gauge invariance). In Ref. [4] infor-
mation about the spectrum of electrically charged states
was taken from string theory. Here we will study two
cases: with and without non-Abelian embedding. In the
first case we essentially follow the approach of Ref. [4],
embedding our U(1) vector field in SU(2): A& ——Bs„.
Asymptotically, our theory is equivalent to a sponta-
neously broken SU(2) theory with a CP-violating term
of the form 8F*F. The relation between g, the cou-
pling constant, s and 9 of this theory and the asymptotic
values of the dilaton field Po and axion field ao are given

4x
e

g2
8

Gp = 2' '

be obtained by quantization of the angular momentum
of the electromagnetic field. This condition ensures the
single valuedness of the system's wave function, i.e. , that
the string singularity in the vector potential cannot be
detected in an Aharonov-Bohm-like experiment. On the
other hand, Eq. (25) is invariant under the U(1)-duality
rotations of Maxwell's theory whose preservation was the
main idea behind Dirac's work.

We have described our solutions in terms of the "dual
potentials" A„", but the fundamental objects in quan-

tum mechanics are the potentials A~"). Their spacelike

components A,
" can be expressed in terms of the mag-

netostatic potentials AIi" . In the presence of magnetic
charges they will exhibit string singularities or will have
to be defined in diferent gauges in diferent regions of
the space [14]. To achieve consistency, conditions such
as Eq. (25) will have to be satisfied.

If we want to study a quantum system consisting of two
of our dyons moving in each other's very distant field, 2

only the asymptotic behavior of the potentials matters
and the black-hole nature of our dyons becomes irrele-
vant But . this is just the same of dyons in Minkowski
space, and the same string singularities must be present.
Then, the consistency condition (calculated with our
charge conventions given in the Appendix) takes the stan-
dard form of Eq. (25).

In terms of our duality vectors and duality forms the
quantization condition is

In this theory there is a natural unit of charge c, which
with our charge conventions is

C = g e+$0
v'4~ (28)

When ao ——0 the electric charge of a dyon is an integer
multiple of this elementary charge Q = nc However,
Witten showed in Ref. [15] that in presence of the CP
violating 8 and magnetic charge P, the value of Q is
corrected by a term proportional to 8. In our case the
corrected charge is given by

Q = nc — c P = e+~'(n —aoe+~'P),8
27r

which means that q = n. Using Eq. (26) for a purely
electric state and a state with magnetic charge, we see
that the allowed values for P are P = m/2c, that is,
p = m/2. However, since this theory admits particles
with elementary charge c/2, the half-integer values of p
have to be excluded in case such particles exist (all the
magnetic charges have be multiples of the elementary
charge of the 't Hooft —Polyakov monopole). Hence, if we
denote each dyon state by the duality vector (q, p), then
the spectrum will be given by

Q+i P = e+~'(n —A() m), (q, p) = (n, m), n, m e Z .

(30)
This is a one-dimensional version of the spectrum of

Ref. [4]. It is clear that the form of the spectrum in
Eq. (30) is not respected by arbitrary SL(2, R) transfor-
mations, but only when a, P, p, b are all integers. Then,
the spectrum (30) is invariant under SL(2, Z) (the trans-
forrnations act on the states as permutations). In partic-
ular, when ap = 0, the spectrum is invariant under the
Z2 subgroup Q —+ P, P ~ —Q. This is possible because
c = e&' does change according to c -+ c i under the for-
mer transformation. This invariance is not present in the
Maxwell-Dirae case Q = ne, P = me i because e does
not change under the U(l)-duality group.

How do our results depend on the embedding of U(l)
in a non-Abelian group? The most important difFerence
would be the absence of a natural unit of charge. Once a
unit of charge c is defined, because of U(1) gauge symme-
try, the electric charge is quantized in integer multiples
of it. In general, the spectrum will break completely the
duality invariance as in the Einstein-Maxwell case, since
the duality group does not act on c. A more interesting
starting point would be to assume that the elementary
charge is a factor ( times e+~', c = (e+~', and so the elec-
tric charge is again given by Eq. (29). Using the most
general magnetic charges allowed by Eq. (25), we are led
to the spectrum

For the sake of simplicity we consider a single U(l) field in
this section.

Only in the framework of a non-Abelian theory is this iden-
tification possible, since in the Abelian theory the term I"
does not contain couplings between charged particles.

This case is particularly important for supersymmetric
black holes [7, 12]. It was also stressed by Maharana and
Schwarz [2] that it is not known how to maintain the SL(2, A)
symmetry when non-Abelian vector fields and/or charged
fields are introduced.
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(V, p) =
I n(
( m)

(31)

This spectrum includes states qp =
z (mod Z) that be-

have as fermions [16], while (30) does not. Again, for
general (, the spectrum (31) breaks SL(2, R) completely
because, in principle, SL(2, R) does not act on ('. Naively,
the introduction of ( seems to be completely equivalent
to a rescaling of e+~' such that e+&o = (e+4". How-
ever, there is no reason why (e+~' should transform like
e~o. We can consider both possibilities [( invariant and
( transforming under SL(2, R) in the right way] by using
explicitly an SL(2, R)-invariant (. The case in which it
is legitimate to absorb ( in a rescaling of e+&', that is,
the case in which the elementary charge c transforms as
e+&', will be just the case ( = 1 in what follows.

If 2(2 = t 6 Z, it is not hard to check that (31) is still
invariant under I t, the subgroup of matrices of SL(2, Z)
with p = 0 (mod t). The case / = 1 is special, since I'q =
SL(2, Z). This means that for ( = 1/v 2 the spectrum
(31) has the maximum amount of symmetry.

When t P 1, the spectrum has less symmetry than
I'q = SL(2, Z). Nevertheless, if we restrict m to be a
multiple of l, m = rl, projecting out of the spectrum the
other states, we recover full SL(2, Z) invariance and the
spectrum will have the form

n, mC Z.

(c,p) = (n, r), n, r, t 6 Z. (32)

The spectrum will contain fermionic states if l is odd.
The first spectrum (30) which results from the embedding
in SU(2) is the case l = 2 of (32). On the other hand, (32)
seems to be the most general form of a spectrum invari-
ant under the full SL(2, Z). The lesson is that no part of
the original SL(2, R)-duality symmetry will be respected
by the spectrum after quantization if the elementary elec-
tric and magnetic charges (which are essentially the in-
verse of each other) do not have the right transformation
properties under duality. However, if they do have spe-
cial transformation properties under duality, the largest
subgroup of the classical symmetry, which is compatible
with quantization, is SL(2, Z).

The solutions presented in this paper provide explicit
realizations of the states in all these spectra.

A useful way of thinking of the transformation rules
of the hair of our black holes after quantization is the
following. It is always possible to interpret Ao as the
modular parameter of some complex torus, transforming
under the modular group as described in Eq. (21). But it
is also possible to consider —1/Ao as the modular param-
eter r of another (conformally equivalent) torus. This
means that we have chosen a canonical basis of homol-
ogy cycles A, B on the torus and we have normalized the
unique Abelian differential ~(z)dz by

Under the SL(2, Z) transformation (21), r transforms as

br —P
jt'7 + A

which corresponds to the following transformation of the
homology basis:

B'l ( b —Pl Bl

Now, if we have any homology cycle C on the surface
of the torus, it can be expressed in terms of the basis
A, B as C = mA+ nB, where the equal sign means "ho-
mologically equivalent. " The integers n and m count the
number of times the cycle C wraps around the cycles
B and A, respectively, and are called mnding numbers.
In terms of the transformed basis A', B', we will have
C = m'A'+ n'B', and the new winding numbers will be
related to the old ones by

(37)

For any SL(2, Z)-invariant spectrum of the form (32)
this is exactly the way our integer quantum numbers
(n, m) transform. Then, in this framework, we can
state our result in this way: To any static spheri-
cally symmetric dilaton-axion black hole with the hair
M, Q(n, m), P(m), Ac, we can associate a complex
torus of modular parameter r = —1/Ao and a homology
cycle C of winding numbers (n, m) on it.

We hope to present a detailed discussion of diferent
aspects of quantized axion-dilaton black holes in a sub-
sequent publication [12].
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University. The work of T.O. has been supported by a
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APPENDIX: DEFINITIONS OF THE CHARGES

We define the complex charges in terms of the asymp-
totic behavior (r ~ oo) of the different complex fields

2M -2 .2T
g, g 1—,A Ap —ier r

e+&'Q q „ i e+~'P ip= —,*F,„- = —. (A1)r r ' "
. r r

The relation between these charges and the canonically
normalized SU(2) charges of Ref. [15] is

~(z)dz = 1,
A

and when we integrate over the B cycle we get

cu(z)dz = r = —1/Ao . (34)

can ~canQ=, P=
g4~ '

v'4~ (A2)

The real axion (4), dilaton (E), electric (Q), and mag-
netic (P) charges and the asymptotic values of the axion
(ao) and dilaton (Pe) are
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T= Z —iA, ,' (Q—+iP), &o = ae+ie '&' 'Q, q = (e ~oQ+ ace+~'P),
p= (e P —aoe 'Q), p = e+~' j'.

(A5)

The de6.nition of the charges associated with F are

2P — Q
(A4)r2 r2

and so we have, for the components of the duality vectors
and forms,

In every single black hole in our solutions the charge of
the complex scalar is related to the N gauge charges by

(A6)
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