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In this work, we present an extension of the Continuum-Discretized Coupled-Channel formalism to 
include the effects of absorption and excitation of the core through its interaction with the removed 
particle in the description of nuclear breakup reactions. This extension is performed via the inclusion of 
a complex energy-dependent interaction between core and removed particle and the use of a binormal 
basis to ensure orthogonality. The formalism is applied to neutron breakup reactions with a 12C target 
at 70 MeV per nucleon for the loosely-bound 11Be nucleus and the more deeply-bound 41Ca nucleus, 
finding a moderate reduction in the cross section for the weakly-bound case and a strong reduction for 
the more deeply-bound case. Possible implications for the interpretation of intermediate-energy knockout 
reactions are discussed.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Nucleon-removal reactions have a long and successful history in 
the study of the single-particle properties of nuclei [1–4]. In partic-
ular, nuclear breakup (or elastic breakup) reactions have been used 
extensively, specially in the study of loosely-bound and halo nuclei 
[5–9]. In these breakup reactions, a nucleon is removed from a nu-
cleus a via interaction with a target A, leaving the target A in its 
ground state, as well as a residual core b and nucleon x (a = b + x), 
all of them detected in what is called the elastic breakup channel. 
The usual description for these reactions relies in a single-particle 
model of the nucleus, where the interaction between core b and 
removed nucleon x is assumed to be well described by an effective 
real interaction Vbx which reproduces the properties of the bound 
system a and in some cases the low-energy continuum of the b − x
system. The eigenstates of this potential are then taken as a good 
description of the continuum of the b − x system and are used as 
the basis for Distorted Wave Born Approximation (DWBA) [10] or 
Continuum-Discretized Coupled-Channel (CDCC) [11] calculations 
to describe the reaction observables. However, in breakup reac-
tions core b and nucleon x may end up in states with significant 
relative energies, where new channels beyond the single-particle 
excitation open, in particular the excitation and possible disinte-
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gration of b. The mere interaction between b and x can populate 
these open channels, thus reducing the cross section to the elas-
tic breakup channel. These open channels cannot be considered 
in the description of breakup reactions described above but can 
nevertheless play a significant role, as has been shown for the 
breakup of 11Be [12,13]. Generally the exclusion of these non-
elastic channels restricts the description of breakup observables 
to low relative energies between the two fragments and to low 
binding energies of the removed nucleon, where their effect can 
be neglected. The exclusion of these open channels is particularly 
questionable when removing deeply-bound nucleons, where the 
large energy transfer enhances their population and subsequent 
decay of core nucleus b [14]. It is particularly in the removal of 
deeply-bound nucleons where a current open problem exists, in 
which theoretical predictions of nucleon-knockout cross sections 
severely overestimate experimental data [2,15], while for weakly-
bound nucleons, the agreement is much better. We therefore find 
timely to explore the effects of non-elastic channels in breakup 
reactions, which will be included through the use of an effective 
complex energy-dependent interaction, in an approach similar to 
the widely-used optical model [10] and to the Ichimura-Austern-
Vincent (IAV) description of non-elastic breakup [16]. It should be 
remarked that in Faddeev/AGS [17,18] calculations, the effects of 
complex potentials have been explored [19] but to our knowledge 
this study has not been extended to CDCC nor has it delved into 
the effects of non-orthogonality which naturally appear when con-
sidering complex potentials. The approach considered in this work 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Fig. 1. Relevant coordinates for the description of the A(a,bx)A reaction.

also opens CDCC to the use of state-of-the-art microscopic opti-
cal potentials [20–22], which are generally complex, non-local and 
energy-dependent, though their study will be left for a later pub-
lication.

This work is structured as follows: in Section 2 the formalism 
for CDCC with complex potentials is presented. In Section 3, results 
are presented for the 12C(11Be,10 Be + n)12C and 12C(41Ca,40 Ca +
n)12C reactions. Finally, in Section 4, the results of this work are 
summarized and prospective lines of investigation are presented.

2. Theoretical framework

2.1. Effective three-body Hamiltonian

We start our derivation with the following Hamiltonian (see 
Fig. 1 for the relevant coordinates):

H = T R + Tr + Hb(ξ) + Vbx(r, ξ) + UxA(rx) + Ub A(rb), (1)

where Hb(ξ) is the core Hamiltonian, which depends explicitly on 
the core degrees of freedom ξ which couple strongly to those of 
the valence particle through Vbx . Its eigenstates will be denoted 
φ

(c)
b (ξ) (with c = 0 denoting the ground state). The interactions 

UxA and Ub A are assumed to be complex, as in standard in CDCC 
calculations, and represented by some optical potentials describ-
ing the respective fragment-target elastic scattering. By contrast, 
the potential Vbx(r, ξ) is assumed to be real and depending on 
the considered core degrees of freedom (the x particle is assumed 
to be structureless for simplicity). Note that the use of complex 
UxA and Ub A interactions assumes that a projection on the target 
ground state has been performed and hence the target internal co-
ordinates do not appear explicitly in the Hamiltonian above. The 
complex interaction Ub A implicitly takes into account the excita-
tion of the core b. However, the relevant core degrees of freedom 
that come into play in the interaction with the target Ub A should 
not significantly interfere with the degrees of freedom ξ that are 
excited due to the interaction with the valence particle Vbx . There-
fore, the interaction Ub A can be assumed to be independent of ξ . A 
similar approximation was taken in the IAV description of inelastic 
breakup [16].

The three-body scattering wavefunction consistent with the 
Hamiltonian (1) can be expressed in integral form as

�(+)(ξ, r,R) = χaφa + G3B V priorχaφa (2)

where

G3B = 1

E+ − T R − UxA − Ub A − Hbx
(3)

with E+ = E + iε , ε → 0 (E being the center-of-mass energy of 
the three-body system). V prior = UxA + Ub A − UaA is the transition 
potential in the prior representation of the matrix element, as con-
sidered, for example, in transfer and inelastic breakup [10,16], and 
2

φa is the projectile ground state wavefunction. The distorted wave 
χa is a solution of the (arbitrary) auxiliary potential UaA and Hbx

is the projectile Hamiltonian

Hbx(ξ, r) = Hb(ξ) + Tr + Vbx(ξ, r). (4)

The three-body wavefunction (2) depends, in addition to the 
internal and relative coordinates r and R, on the core degrees of 
freedom ξ . In the standard CDCC formulation, the effects of the 
excitations of core b are ignored. Practical solutions of this three-
body problem with core degrees of freedom have been recently 
carried out in a generalized CDCC method which includes these 
core excited components explicitly in the adopted model space
[23,24]. In the present work we adopt a different approach in 
which these core excited components are not treated explicitly, but 
embedded in the effective two-body interactions. In other words, 
we seek for an approximate solution of the projected wavefunction 
�(+)(r, R) ≡ 〈φ(0)

b |�(+)〉. As we will see, the presence of these core 
excitations generates modifications in the effective Hamiltonian 
which render the choice of the Vbx interaction more complicated 
than usually assumed in practical implementations. To see this 
in an approximate way, we assume that, in the projected model 
space, the ground state is well described by the product wave-
function φa(ξ, r) � ϕ0(r)φ(0)

b (ξ) (where ϕ0(r) describes the b + x
relative motion in the projectile ground state). With this choice, 
the projected three-body scattering wavefunction results

�(+)(R, r) = 〈φ(0)

b |(1 + G3B V prior)|χaφ
(0)

b ϕ0〉
=

[
1 + 〈φ(0)

b |G3B |φ(0)

b 〉V prior

]
χaϕ0

=
[

1 + 1

E+−T R−UxA−Ub A−Tr−Ubx
V prior

]
χaϕ0

(5)

where, in the last line, we have used the definition of the formal 
optical model Green’s function:

Gopt(z) = 〈φ(0)

b |
[

1

z − Hbx

]
|φ(0)

b 〉 = 1

z − Tr − Ubx
(6)

where Ubx is the formal b + x elastic scattering optical potential. 
The last line of equation (5) indicates that the formal elimination 
of the core degrees of freedom necessarily leads to an effective 
interaction (Ubx) which, in general, will be complex and energy 
dependent. Note that, even at excitation energies below the first b
excited state, the Ubx interaction will contain polarization effects 
which induce deviations from the bare b + x interaction [12,13].

2.2. CDCC equations in a binormal basis

It is therefore required to extend CDCC calculations to consider 
complex and energy-dependent potentials for the core-valence in-
teraction. As a starting point, let us briefly re-derive the standard 
CDCC equations [11], starting from the Schrödinger equation:

(T R + Tr + Vbx + Ub A + UxA − E)�(R, r) = 0. (7)

Now we introduce the CDCC expansion for the wavefunction of 
the system �:

� =
∑

bγ Jπ

χ
Jπ

bγ (R)ϕ
Jπ

bγ (r) +
∑
γ Jπ

∫
dk χ

Jπ
γ (k,R)ϕ

Jπ
γ (k, r)

�
∑

bγ Jπ

χ
Jπ

bγ (R)ϕ
Jπ

bγ (r) +
∑

nγ Jπ
χ

Jπ
nγ (R)ϕ

Jπ
nγ (r) ≡

∑
i

χi(R)ϕi(r),

(8)
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where ϕ
Jπ

bγ (r) are the bound eigenstates of potential Vbx and 

ϕ
Jπ
γ (k, r) its eigenfunctions in the continuum as a function of k, 

the modulus of the relative momentum between b and x. Both sets 
of wavefunctions have a defined total angular momentum and par-
ity Jπ and γ = {(lsx) j Ib M}, the other quantum numbers required 
to describe the spin-angular configuration (the orbital angular mo-
mentum l, the spin of x sx , their sum j, the spin of b Ib and the 
total magnetic angular momentum M in this case). The continuum 
wave functions are approximated by a discrete set of functions ϕ Jπ

nγ

[11], built to be orthogonal. The following derivations do not dis-
tinguish between bound ϕ Jπ

bγ (r) and discretized continuum states 

ϕ
Jπ

nγ so we will use index i to denote both bound and discretized 
continuum states. χi is the coefficient of state ϕi and depends on 
R. As the wavefunctions are eigenvalues of the real potential Vbx , 
they are orthogonal so one can obtain a set of equations for χi by 
multiplying to the left by 〈ϕi |:∑

j

(
(T R − Ei)

〈
ϕi|ϕ j

〉 + 〈
ϕi|Ub A + UxA |ϕ j

〉)
χ j(R) =

∑
j

(
(T R − Ei)δi j + Uij

)
χ j(R) = 0, (9)

where the bracket denotes integration over r, and we have used 
(Tr + Vbx)ϕi(r) = εiϕi(r) with Ei = E − εi and introduced the cou-
pling potentials Uij = 〈

ϕi |Ub A + UxA |ϕ j
〉
.

In order to derive these expressions one fundamental assump-
tion is the orthogonality of states ϕi and ϕ j . However, if one were 
to consider a complex or energy-dependent potential, its eigen-
states would no longer constitute an orthogonal basis, as is well 
known. However, even in this case it is possible to derive anal-
ogous expressions through the use of a binormal or biorthogonal 
basis ϕ̃i , which is defined as [25]:〈
ϕ̃i|ϕ j

〉 = 〈
ϕi|ϕ̃ j

〉 = δi j. (10)

In this case, one needs only to multiply Eq. (9) by 
〈
ϕ̃i

∣∣ to obtain 
the set of equations for χ j :∑

j

(
(T R − Ei)δi j + 〈

ϕ̃i
∣∣ Ub A + UxA

∣∣ϕ j
〉)

χ j(R) = 0. (11)

Therefore, one can solve the Schrödinger equation for a com-
plex energy-dependent potential simply by modifying the coupling 
potentials Ũ i j = 〈

ϕ̃i
∣∣ Ub A + UxA

∣∣ϕ j
〉
, which however requires the 

knowledge of ϕ̃i , the binormal states to the eigenstates of the po-
tential. To compute the binormal states, we use a procedure which 
is similar to the discretized version of the expressions by McKellar 
and McKay [26].

The states ϕi used in our CDCC calculations include the bound 
ground state ϕ0, which is an eigenstate of the nucleon-core Hamil-
tonian with a real potential Vbx , plus a set of bins of continuum 
states ϕ(−)

i of the complex potential Ubx (Vbx and Ubx can be dif-
ferent since we allow for energy dependence). These bins are, as 
per usual, constructed from continuum states which are asymp-
totically given as a unit-amplitude outgoing wave plus incoming 
waves ϕ(−)

i ∼ h(1)
� (kr) − C�h(2)

� (kr), with h(1) , h(2) being the out-
going and incoming Hankel functions. It is convenient to obtain 
ϕ

(−)
i as the complex conjugate of the solution ϕ′(+)

i of the con-

jugate potential U∗
bx , which verifies ϕ′(+)

i ∼ h(2)
� (kr) − S ′

�h(1)
� (kr), 

with unit-amplitude incoming wave plus outgoing waves [10].
In order to obtain the binormal states ϕ̃i to the states ϕi de-

scribed above, we start with the observation that, if the potentials 
were energy independent, the binormal states to ϕ(−)

i would pre-

cisely be the states ϕ(+)∗ , the conjugates to the solutions of the 
i

3

same complex potential Ubx , but with unit-amplitude-incoming-
wave boundary conditions [27]. This observation gives us a first 
approach for the binormal states.

ϕ̃
(−)
i � ϕ

(+)∗
i . (12)

Calculations using this approximation will be labeled as “Com-
plex non-orthogonal” or “Complex NO” in the following. Note that, 
in this approach, the binormal for the bound state would be the 
same bound state. Due to energy dependence, this approximation 
does not produce states that are strictly binormal. However, the 
states ϕ(+)∗

i can be taken as a first approximation to the binor-
mal states, which should be valid when the energy dependence of 
the potential is small. The approximation ϕ̃(−)

i ∼ ϕ
(+)∗
i also gives 

some insight on the effect of the complex potential in breakup 
reactions. In particular, for reactions at sufficiently high energies, 
the breakup process can be seen as one step from the bound 
state ϕ0 to the continuum state ϕi , led by the coupling potential 
Ui0 = 〈ϕi |Ub A + UxA |ϕ0〉 for a real Uxb interaction. The inclusion of 
an absorptive complex potential in Uxb results (within this approx-

imation) in a coupling potential Ũ i0 ∼
〈
ϕ

(+)∗
i |Ub A + UxA |ϕ0

〉
. Now, 

it is well known that the effects of absorption reduce the wave-
function in the nuclear interior, the region explored by Ui0, since 
ϕ0 is bound. As such, one can expect 

∣∣∣Ũ i0

∣∣∣ < |Ui0|, resulting in a 
smaller cross section, which is the intuitive effect of absorption.

The proper calculation of the binormal states ϕ̃i to ensure or-
thogonality can be performed starting from the states ϕ(+)∗

i and 
finding the adequate linear combination that fulfills:

ϕ̃
(−)
i =

∑
j

(
A−1)

ji ϕ
(+)∗
j (13)

Ai j =
〈
ϕ

(−)
i |ϕ(+)∗

j

〉
. (14)

Note that states of different angular momentum and parity 
Jπ are already orthogonal so the orthogonalization procedure 
only needs to consider bins with the same Jπ . Trivially, when 
the potential is real and energy-independent ϕ

(−)
i = ϕ

(+)∗
i and 〈

ϕ
(−)
j |ϕ(−)

i

〉
= δi j , so the binormal ϕ̃(−)

i is the same ϕ(−)
i .

3. Results

We will first consider as a test case the breakup reaction 
12C(11Be,n10Be)12C at 70 MeV per nucleon, for which experimen-
tal data exist [7]. For the real part of the interaction between 
neutron and 10Be, we have considered the potential from Capel 
et al. [28]. There is unfortunately no data on low-energy reaction 
cross sections for the n+10Be system. As such we have opted to fit 
the reaction cross sections taken from the compilation of [29] for 
p, n+9Be, rescaled by a factor (10/9)2/3 to account for the differ-
ent sizes of the nuclei. It should be noted that for 9Be non-elastic 
channels (in this case dissociation in n + 2α) already open at a 
relative energy between n and 9Be of 1.6 MeV while for 10Be the 
first non-elastic channel (excitation to the 2+ level) opens at a rel-
ative energy between n and 10Be, En10Be, of 3.4 MeV. As such, this 
procedure likely overestimates the imaginary potential for En10Be
in this range. For the imaginary part of the n+10Be potential, we 
have considered the parametrization (for En10Be > 0):

W (En10Be, r) = − W0(En10Be)

1 + exp (r − R)/a0

W0(En10Be) = (a(En10Be − Eb) + b)E4
n10Be

E4
n10Be

+ E4
b

, (15)
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Fig. 2. n+10Be reaction cross section computed with the parametrization considered 
in this work. Experimental data have been adapted from those in [29] (see text for 
details). The top panel shows the reaction cross section while the bottom panel 
shows the depth of the potential as a function of energy.

Fig. 3. Quadrupole electric transition probability for the nucleus 11Be. The top and 
bottom panels correspond to Jπ = 5/2 and Jπ = 3/2, respectively. The red solid 
line corresponds to a calculation with a complex Un10Be potential and bins, the 
black solid line to a real Un10Be potential and bins and the green thin line to a 
real potential and exact continuum wavefunctions.

which presents the sharp increase seen in the data while being 
analytical. The results of the fit are shown in Fig. 2, where the top 
panel shows the reaction cross section and the bottom panel the 
depth of the potential, both as a function of En10Be. The parame-
ters giving this fit are as follows: R = 4.33 fm, a0 = 0.8 fm, Eb = 3
MeV, a = 0.0143 and b = 2 MeV. Despite the aforementioned over-
estimation of the imaginary potential, we consider this description 
of the n-10Be interaction to be realistic enough for the purposes of 
this work.

With this parametrization of the interaction we are able to ex-
plore the continuum of 11Be. The calculations were performed in 
general using 60 bins up to an energy of 30 MeV for each partial 
wave. States of negative energy except for the ground state have 
not been considered. We find results to be converged with this 
number of bins and verified the orthogonality between the bins 
and their binormal states, finding non-orthogonality in the norm 
which amounted to less than 10−8 between any pair of states. 
We first focus on the states with L = 2 between n and 10Be. We 
present in Fig. 3 the B(E2) quadrupole reduced transition proba-
bility for the 5/2+ and 3/2+ states as a function of En10Be. In the 
case of a complex energy-dependent potential the formula for the 
4

Fig. 4. Differential breakup cross section for the reaction 12C(11Be, n +10 Be)12C at 
70 MeV per nucleon. The top panel corresponds to final states with Jπ = 5/2+
and the bottom panel to states with Jπ = 3/2+ . The red solid line corresponds to 
calculations with a complex Un10Be potential and the black solid line corresponds to 
a real Un10Be potential. The red dot-dashed line corresponds to DWBA calculations 
with the complex potential while the red dotted line corresponds to a full CDCC 
calculation using Eq. (12) (see text for details).

B(E2) changes in the intuitive way: B(E2) ∝ |〈ϕ̃k|O(E2)|ϕgs〉|2. In 
the figure we present the calculation of the B(E2) with a real po-
tential (the one presented with W (r) = 0) considering exact con-
tinuum wavefunctions in the green thin line and continuum bins in 
the black solid line. For the complex potential, we can only com-
pute the binormal states for the bins. Hence only the results for 
bins are presented in the red solid line. In general, the results are 
very similar for real and complex potentials, as can be expected, 
since the imaginary part is very small for energies En10Be < Eb . 
Only for the narrow resonance we see a significant discrepancy 
between the results with bins and whose with exact continuum 
wavefunctions, due to the abruptness of the behavior of the B(E2), 
which makes it difficult to describe with bins of reasonable width.

However, for the very narrow 5/2+ resonance we see a small 
dip when comparing the results with bins for real and complex 
potentials. This effect is enhanced when studying the cross section 
as a function of energy for the 12C(11Be,10 Be+n)12C reaction at 70 
MeV/A, which is presented for the 5/2+ and 3/2+ states in Fig. 4.

The breakup cross section has been computed using the CDCC 
formalism, with similar inputs to those in [30], in particular the 
optical potentials: Between 10Be and 12C a folding potential with 
the CEG07 interaction [31] was considered, while between n and 
12C the Köning-Delaroche interaction (KD) [32] was used. In Fig. 4, 
the black and red solid lines correspond to real and complex po-
tentials respectively. Here it can be seen that for Jπ = 5/2+ the 
effect of the complex interaction is strongest in the resonance, 
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Fig. 5. Breakup cross section for the 12C(11Be, n +10 Be)12C reaction at 70 MeV per 
nucleon as a function of n−10Be energy. The solid red line corresponds to calcula-
tions with a complex Un10Be potential and the solid black line corresponds to a real 
Un10Be potential. Experimental data are taken from [7].

whose peak is reduced by a factor of 40%, while the tail above 
the resonance presents a reduction of ∼ 10% and the overall cross 
section is reduced from 23.8 mb to 19.9 mb. For jπ = 3/2+ , the 
effect is quite more noticeable, with a clear reduction of the cross 
section starting around Eb = 3 MeV, reaching 40% at 5-6 MeV and 
slowly reducing to 20% at 10 MeV, with the cross section reduced 
from 16.1 mb to 13.7 mb.

The increased effect of the complex potential in the 5/2+ res-
onance can be understood, as a resonant state is enhanced in the 
nuclear interior, where the absorption due to the imaginary part 
of the potential is largest. This, in turn, also explains the reduced 
effect in the B(E2), which is more sensitive to larger n+10Be dis-
tances than the (mostly nuclear) 12C(11Be,10 Be + n)12C reaction. 
The larger reduction found for the 3/2+ states has a similar expla-
nation, as the 3/2+ continuum for this potential presents a broad 
resonant-like structure that spans the interval between 3 and 8 
MeV and is thus more sensitive to absorption, although perhaps 
not to the extent of the narrow 5/2+ resonance. In fact, for the 
other partial waves considered (s and p waves), which do not 
present a resonant behavior, the effect of absorption is smaller, of 
less than 10%.

The effects of the complex potential on the cross section should 
not be understood only as a consequence of absorption for the fi-
nal channel, as the orthogonalization of the continuum states and 
the more standard coupled channel effects can also play a role. 
In order to clarify their relevance in Fig. 4 two additional calcula-
tions are presented: In the red dot-dashed line, a DWBA calculation 
is performed to study the effects of coupled-channels, which are 
found to be minor in this case, with a 4-5% change in the total 
cross section, although in the 5/2+ case at ∼4 MeV the changes 
reach ∼ 10%.

The red dotted line in Fig. 4 corresponds to the complex non-
orthogonal approximation where, instead of the binormal states 
ϕ̃

(−)
i , the functions ϕ(+)∗

i were used. These states are not orthog-
onal and should formally not be used, as they introduce spurious 
contributions due to non-orthogonality. However, in this case they 
are found to give identical results to the binormal states, which can 
be related to the rather small energy dependence of the complex 
potential and the fact that the bound state does not correspond to 
these two waves.

As a final observable for this reaction, in Fig. 5 the full breakup 
cross section (including s-, p- and d-wave breakup, as in [33,34]) 
for θcm = 0 − 12◦ is presented for the real (black solid line) and 
5

complex (red solid line) potential. Due to computational limita-
tions the discretization of the continuum for each partial wave 
corresponds to 30 bins instead of 60. Experimental data from [7]
are shown for reference. Although in this work we do not seek 
agreement with the experimental data, it is worth mentioning that 
this reaction was shown in [12] to have an important contribution 
from the dynamic excitation of the 10Be core due to its interaction 
with the target. This contribution is not included in the present 
models. Therefore, the calculation with the real potential underes-
timates the data, and more so the one with the complex potential, 
which produces a smaller cross section due to the nucleon-core 
absorption. This disagreement could be improved through the ex-
plicit inclusion of core excitation in the reaction model together 
with a complex potential. This, however, is beyond the objectives 
of this work. For the full cross section, the effects of absorption 
follow the trend shown in the previous results, showing no effects 
for small energies except for the resonance, which is significantly 
reduced, and then a small reduction in the cross section appearing 
around E ∼ 2.5 − 3 MeV and remaining for larger energies. The in-
tegrated cross sections are 80 mb for the real potential and 73 mb 
for the complex one, so the effect of the imaginary part of the po-
tential amounts to a moderate reduction in cross section of ∼ 9%. 
The overestimation of the imaginary part of the n−10Be interac-
tion at low energies mentioned previously may produce too large 
a difference between the two calculations in the region of the res-
onance, so the reduction factor could be even smaller.

The modesty of the effects of the complex potential can be 
ascribed to three factors. Firstly, the strength of the imaginary po-
tential is quite small. As seen in Fig. 2, it barely reaches 2 MeV for 
energies below 20 MeV. Secondly, the nucleus considered, 11Be, is 
weakly bound and exhibits a halo structure so the breakup reac-
tion explores large n−10Be distances, where the effect of the imag-
inary potential is weaker. Thirdly, the breakup of a weakly-bound 
nucleus preferably populates states with smaller momentum and 
energy, where the lack of open channels which could absorb flux 
results in a smaller imaginary potential at these low energies, and 
thus in a smaller effect on the observables.

It is therefore interesting to explore a more deeply-bound nu-
cleus, to assess how the effects of absorption between nucleon 
and core evolve with binding energy. We have therefore chosen 
to study the reaction 12C(41Ca, n +40 Ca)12C at 70 MeV/A, which is 
analogous to the previous one save for the studied nucleus. For the 
optical potentials in this reaction, we have kept the KD interaction 
for neutron-12C, and used the São Paulo interaction [35] with the 
standard normalization factors 1 and 0.78 for the real and imagi-
nary parts of the 12C-40Ca interaction. For the interaction between 
neutron and 40Ca we used the KD global potential, which repro-
duces the reaction cross section between neutron and 40Ca for a 
wide range of energies as well as the binding energy of the va-
lence neutron in 41Ca, at which the interaction becomes real. The 
calculation considered for the continuum all partial waves with 
L = 0 − 3 between n and 40Ca. Each partial wave was described 
with 25 bins up to a n-40Ca relative energy (En40Ca) of 30 MeV. 
The ground state was the only negative-energy state considered, 
as other bound states are not reproduced by the KD interaction.

The cross section as a function of energy is presented in Fig. 6, 
where the red solid line corresponds to the full complex energy-
dependent interaction between neutron and 40Ca while the black 
solid line corresponds to the real energy-independent interaction, 
which is taken as the KD interaction at the (negative) neutron sep-
aration energy, thus producing the same bound state. As can be 
seen in the figure the effects of the complex interaction are in this 
case significantly larger, reducing the cross section by ∼ 50%. The 
distribution for the real energy-independent potential presents a 
resonant-like structure with Jπ = 5/2+ at En40Ca ∼2 MeV and an-
other very broad structure with Jπ = 7/2− at En40Ca ∼6-7 MeV, 
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Fig. 6. Energy differential breakup cross section for the 12C(41Ca, n +40 Ca)12C re-
action at 70 MeV per nucleon as a function of the relative energy between n and 
40Ca. The solid red line corresponds to calculations with a complex Un40Ca poten-
tial and the solid black line corresponds to a real Un40Ca potential. The dot-dashed 
red line corresponds to a DWBA calculation with the complex potential while the 
dotted red line corresponds to the full CDCC calculation using Eq. (12) (see text for 
details).

both of which are significantly reduced by the complex energy-
dependent potential. As in Fig. 4, we present in the red dot-dashed 
line the results of the DWBA calculation, finding also in this case 
that higher-order effects are minor, which can be expected, as the 
energy of the reaction is similar. However, we find a very strong 
effect when considering the complex non-orthogonal approxima-
tion (i.e., using ϕ(+)∗

i instead of ϕ̃(−)
i ), producing a cross section 

that is much larger than even that for a real potential. Further ex-
ploration shows that the 7/2− wave presents the largest effect for 
this calculation. This large spurious contribution originates in the 
non-orthogonality between the continuum states and the bound 
state (which has also Jπ = 7/2−). This shows that it is fundamen-
tal to ensure the orthogonality of states, specially for the partial 
wave associated to the bound state.

The factors that explained the modesty of the effects of the 
complex potential in the weakly-bound 11Be can be used to un-
derstand the larger effect on 41Ca. The larger binding energy in 
41Ca extends the cross section to larger n-40Ca energies, where the 
effect of the imaginary potential is larger. In addition, the imagi-
nary potential is larger in the KD interaction, with a surface term 
that is present even at zero energy, which explains the strong ef-
fect even at low energies.

This reduction of the cross section, which is found to be heavily 
dependent on the binding energy of the removed nucleon, bears 
a tantalizing resemblance to that found in nucleon-knockout re-
actions at intermediate energies, where experimental cross sec-
tions show a significant reduction when compared to theoreti-
cal calculations when removing the deeply-bound species in an 
asymmetric nucleus, but barely any reduction when removing the 
weakly-bound species [2,15]. This reduction is a currently heavily-
debated topic, since a similar trend was not found for transfer [36]
and quasifree proton-induced removal reactions [37–39]. A recent 
overview on this topic can be found in [40].

It should be noted that the kind of effects explored in this work, 
that is, the absorption of the valence particle due to the interac-
tion with the core (which may lead to a destruction of the core) 
are not considered in the usual treatment of high-energy nucleon-
knockout reactions, which is usually described in the eikonal sud-
den approximation [41] in which, during the collision, the core and 
valence nucleon are assumed to move independently and not in-
teract. On the other hand, both in proton-induced reactions, with 
6

the usual description with the Distorted-Wave Impulse Approxima-
tion (DWIA) [3,42–44], and in transfer reactions, with the widely-
used DWBA, this interaction and possible absorption is considered, 
at least in an approximate way.

The method presented in this work has been developed for the 
so-called exclusive or diffractive breakup reactions, in which the 
valence and core particles survive and are detected. However, in 
nucleon-knockout reactions, specially for deeply-bound nucleons, 
the main contributor to the cross section is the stripping reac-
tion, in which the valence particle is absorbed and only the core 
is detected. This requires a description beyond CDCC, such as the 
aforementioned eikonal sudden approximation or the quantum IAV 
model [16,45]. Extensions of these models to include core-valence 
absorption are, by the results of this work, promising avenues 
to solve the open problem of the reduction factors in nucleon-
removal cross sections and their exploration is currently underway.

4. Summary and conclusions

In this work, we have presented a method for extending the 
CDCC formalism to include absorption and excitation effects be-
tween core and valence particle via the use of complex energy-
dependent potentials, which require a binormal basis for dis-
cretized continuum states to ensure orthogonality. The method has 
been applied to study the breakup cross sections for the reactions 
12C(11Be,10 Be + n)12C and 12C(41Ca,40 Ca + n)12C at 70 MeV/A, 
finding a moderate reduction of the cross section for the breakup 
of 11Be and a much larger reduction for 41Ca, which is associ-
ated to the larger binding energy of the latter. This dependence 
of the reduction of the cross section on the binding-energy of 
the removed species is very similar to the open problem of the 
reduction factors in nucleon-knockout reactions and offers an ex-
planation for these reduction factors in the absorption due to the 
interaction between valence nucleon and residual core. Further in-
vestigation is required on this topic, in particular the extension of 
these effects to stripping cross sections. The method presented in 
this work permits the inclusion of open channels in the study of 
breakup reactions, whose effects are ignored in their usual descrip-
tion. Therefore, it allows for a more realistic treatment of these 
reactions, in particular in the removal of more deeply-bound nu-
cleons, for which these effects are more important. The effects 
of absorption on resonant states are found to be particularly in-
tense, for resonances at moderate and high excitation energies, 
where open channels exist. So, they should be considered for a 
proper understanding of the relation of the structure properties of 
these resonances with the measured cross sections. Given that the 
present method only modifies the coupling potentials, its inclusion 
in standard nuclear reaction codes such as fresco [46] is straight-
forward. The results of this work also open up the study of breakup 
reactions with microscopic optical potentials, which up until now 
were precluded from use in CDCC calculations due to them being 
complex and energy-dependent. Therefore, the presented formal-
ism serves as a connection between state-of-the-art descriptions 
of nuclear reactions and nuclear structure.
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