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Relations between the C-lescti-l Ephenssis Pole and several anes considered
in the Earth rotation theorica.

H.Jd. SEVILLA, P. ROHERO ,4.6.CANACHO.

Sevilla, H.J., Rosero, P.; Camacho,R.B6.,1985: Relaticns between the
Celestial Epheasris Pole a2nd several axes considered in the
Earth rotation theories. Proceedings of the Tenth International
Syeposiums on Earth Tides , pp.329-236.

Abstract: Relations between the nutational and polar motion for
different axes involved in the Earth®s rotation theories are pointed
out.

Keywords: Earth’s rotation, Nutation, Polar motion.

Introduction.

Froem the definition of the rotation, the angular scsentus amd the {figure
axesjand from a suitable definition of the Earth reference systea; it is
possible to obtain several geosetrical relations between these axes. So if
we obtain the expressions for the motion of an axis (rotation axis) , we
can easily depduce the spatial msotions (precession, nutation) and the
terrestrial =sotions (polar motion) for the other axes and also for their
aean (diurnal) positions . The position of a particular pole:" the
Celestial Epheaeris Pole “"has a special interest.Its corresponding axis has
an important role in the theories of Earth's rotation, precession-
nutation,and Earth reference systems.

1.Basic Assuaptions.

Let wus consider a general deforamable Earth's modelj and the +following
fundamental reference systems :a) A geocentric inertial frame (I} =(0XYZ}
{associated with a fixed ecliptic plane).b) An Earth fixed érame {T}={DOxyz}
{(rotating with angular velocity @ ; wusually, it can be associated with the
Tisserand axes,0z being the mean fiqure axis}.c) The Nutation reference
system (N} = (Ox®°y°z°)}, (with the 0z2° axis having a spatial constant
direction close to the Oz axis direction, and , being the constant
anqular velocity of rotation with respect to the inertial frame {1)). So,
we can write

W o= Wt s (-1

]

and (1-2)

8y
dw=la, | ”
I' '
in the (7) systea.

The Nutation systeas (N} used by Jeffreys & Vicente (1937);Holodensky
{1961), Shen & HWanshina (1976), Saith (1977);Warh {(1979) and Horitz (1981}
enables us to obtain in an easy way the spatial positions (nutation) and
the terrestrial positions {(polar motion) for the different axes considered
in the Earth rotation theories. Following Horitz (1980) ,we will obtain fo
a deformable eodel some geometrical relations between several iaportant
axes.

where
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As the &8y vector is an infinitesieal vector, we can msake the
transforeations between the (T} and (N} reference systeas using an
infinitesimal rotation matrix.So , the transformation equations

o
x= R‘(Oj) tho‘) RJ"J) x,
can be written as
=0 1+813x°, (1-3)
where x and x°represent the position vectors in the (T} and (N) references

respectively, I is the unit matrix and ®is an infinitesimal rotation
satrix given by

o e -9
©sf-0, o o,
o, -0, O

1f we define the vector

we can write the equations (1-3) in the fora
x = 3% - 04’ (1-4)

then, in a first order approximation, the inverse transformation equations
are

(1-3)

Ix
[}
I
+
L@
>
[

2., Polar sotion squations.

As the 0z° axis of the (N} reference systeas is fixed with respect to the
inertial frame (I}, the nutational motion with respect to (N} of the
rotation axis (R), the sean figure axis (z), the instantaneous figure axis
{(F), and the angular momentum axis (H), may be obtained (Moritz,1980) as

LT TR )
) o
n o8- ey,
~B T (2-1)
s " 8¢~ 8y
° °
LI YR
g; 125 12%,8°% ,and @ being the unit vectors along the Oz, = Ox; , R, 1z,

"

and H axes respectively.
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Syeilarly to obtain the polar sotion with respect to {T) we have

p - ea = 'o
LR - R =2’
- o = o
BT a7 fp (2-2)
Pr® 25~
Py ou- =
And we get for any axis
p =n - g_‘,. (2-3)

3. Unit vectors along the different axes.
3.1 Instantanecus rotation axis.

Let us consider the instantaneous rotation vector of the Earth with
respect to the inertial space. We write it as
win the (T} reference systes
) w®in the (N} reference systea.
S0, using the transformation equation (1-3), we have

W zw-gaw’ s (3-1)
On the other hand, we can decompose w°into two rotations : R, (rotation

with anqular velocity 8 of (T) with r!:pict to (N}) and R, (rotation with
angular velocity w,o0f {N} with respect to {I}).Then we have

w’®s= + W, (3-2)

To study the polar motion and the nutational motion, without considering
the variation of the rotation speed, we can take 84, = 0 then 8 is reduced

et
to 0 =/ 0,|.
- 0

If we now define the complex numsber w = 6, + i 8, , then we can write
9= n !: } and also, if we set w = a. expl{i(et+r) , we have

b=wel=irwel=ivo.
So the expression (3-2) becoses
.. ]
W=ivr0+Re,, _ (3-3)
and the unit vector along the rotation axis results

° w® Q. °

4
R AR T #o--- 0, (3-4)

3.2 Hean figure axis

The mean figure axis is the 0z axis of the {7} reference. Then,using
(i-3),in the (N} reference it can be expressed as

e, =@, + Oae
with = LSELETER
erei=t o0 1),
and
LA P -1
Then o N .
e.* !‘-ig. (3-3)
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3.3 Instantanecus Hgaro agie.

The instantaneous figure axis will be the one corresponding to the
eigenvector of the Earth inertia tensor. This is, the one which direction
cosines (f’, ‘,fs) relatives to the Earth fixed frame {7} oblige

(f ,f = maxisue .
’5

C, being the inertia tensor for the deformated Earth.Then, the following
expressions must be satisfied )

Ay -A) g +cg f5 40, 3 =0,
€y $4% (B & cy= 2 ) §, ¢,y #g =20
L fo v o,y o (A ey, -2 )4=0.

In a $irts order approxisation we can neglect products as ¢ .4, and also

take 5 = 1, in this way we obtain 4
c €
13
§ & —es §, = -=< s f, = 1.
t c-a 2 c-a 3

Using the complex numbers
‘ =8, +i £, ,
C 5 gt i Cugy
we can write
c
$ & -==

C-A

In order to express the f vector relative to the (N) reference, we use
the relation (1-3) getting

where

as e . = g:, the unit vector for the instantaneous figqure axis results

e. = fe° + 4 @° ¢ !; -39, (3-8)
3.4 Anguler-seeentus anis.

For a deforsable Earth model and in an Earth fixed frame, the anqguler
somentum vector H is given by

KeaLwed

where C is the inertia tensor, and h is the relative anqular amosentua
vector. -
Using expressions (3-1) and (3-3) the angular velocity w can be written
as
Wewi-gaw =W,

1® e

SeA(WH ) TW 48 -0AW,
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then

H =C We+ilr+2CO+h aCoe +iAlr+@) 9+h+ac,
and, in the (N) reference systea, it will be

B =H+0AH=CRe,+1 (r+2-CRA)O+Nh+2QcC.

If we write ¢ =(C-A)Q/A, ard we put e, = n:, ﬂ.finally becoses

R sCoejsihtr-sroshsnc 3-7
and, the unit vector e, along the H asis
[ ]
o« N > Ale-sy) h 3
N M R (3-8)
B LN ce ce ¢

4., Final forsulae to obtain the polar sction and the spatial nutatioens.
If we define the cosplex nuabers

ns=n, *ing,
p=p, *1ip,,

giving the nutations and polar motion respectively for any axis,and using
the expressions (3-4), (3-3), (3-6), and (3-8), then relations (2-1) and
(2-2) enables us to write

v
npg=i =---w,

ny = -i w

3 - y
n. = ---={iwu,
C-A

.(l'!‘) h c
n, 8§ eeo==== % b mee b ome

ce ce c

(4-1)

Aleeq) L] c

P B —meemm Y b == b oo

" ce ce c
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14 we put u =W iw,, fros (4-1) we obtain

A h (<
p.=---p $ e ==
" ¢ % o ¢

L4 (4-2)

A e-v¢ h 4
n, sl == ~=- 1p & === & o=,
g4Q L c

From a dynamical theory of the Earth's rotation foraulated in termas of
the comsponents of the polar esotion for the rotation axis (as the Liouville
equations) we can obtain p, . Calculating the variations of the Earth
inertia tensor components ¢ and the angular momentums h for the deformsable
earth model considered, and using expressions (4-2) we can easily obtain
the nutation and polar motion for any axis.

Lunisolar Torgue

We are looking for a general relation between the coeplex nuaber w = 8,¢
+4i 8, and the lunisolar torque L = L,+ i L, for a deformable model. Let us
consider the fundamental equation of amotion

vy :
H o 4w,aH=L . (5-1)

For a deforeable body, ﬂ' is given by (3-7), Then

W' e -ae (s - e ) 8¢+ i eh+ivse,

and . o s
WAH=2erH=-AR(r-r) B8 +iQh+i0cC.
Substituting these expressions into (3-1) we get

- A te Q) (v-cg) 8 +14 (¢ + Q) 2 +i2le+ Qe &o,
and from this, using the saee cosplex notation as above, we obtain

-L i (heQc)
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The gubstitution of this relation inte (4-1) glives éor the forced aotion
(L=0)

for ivk v {heQe)
N B ESSESESESCEss B SSRRESew '

iL he¢Qc
n#- ------------ ¢ mmcco=e
P oAles@)le-ey)  Als-gy)
for. 3 iL hé+Qe
N, & === 4 cmmcmmmnean b eeeeee -
C-A Ales@)le-0,) Als-g,)
o, -iL
n B ewcmoe -
CeigeQ)
‘ (3-2)
=1L (e+Q) (h+Qc)
p*'n - -
R pgle-vg) AR(r-ey)
Pt"' 0,
c
phen ——-
FoC-A
-iL h+Qc
e B ccccccns - ecccecces %
"

Cole-vs,) Alg-v_)

By means of these relations we can see the influence of the deforsations
in the forced polar motion. Obviously, it results that the forced nutation
for the anqular-aosentum vector does not depend on the internal
constitution of the earth amodel, and that the forced nutation for this axis
is zero.

Hutation series $or the Celestial Epheeseris Pole.

The nutation series sust be calculated for the Celestial Epheseris Pole,
which 1{¢ the pole having no quasi-diurnal sotions with respect to the
inertial frase (I} neither with respect to the Earth fixed frame (T}. This
corresponds to the position resulting of the forced nutation of the asean
figure axis It

O, " "3 !

(as its corresponding forced polar amotion is zero, 94:'-0)
The conversion from the nutation systee (N) to the Ecliptic systeam, to

whos the classical Nutation theories refer, may be calculated by ameans of
the following transformsation

86 +idymd= -4 n 2% |
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Aeplitudes of the polar sction 2nd spatial nutations ¢éroa the Sasao, Okubo,
and Saito’s esquations.

P.ROMERD, W.J. SEVILLA, A.8. CAHACHO

Romero,P.; Sevilla,M.J.; Casacho,A.B., 1983 : Asplitudes of the polar
motion and spatial nutations ¢roe the Sasao, Okubo and Saito’'s
equations.  Proceedings of the Tenth International Symposium on Earth
Tides, pp. 337-348.

Abstract ¢ One of the sost suitable formulation of the deformsable
earth’s vrotational wmotion is the Sasao, Okubo and Saito theory
developped for the Molodensky Easrth’s aodel. Their resulting
sguations, expressed in teres of the cosponents of polar motion for
the rotation axis , have been solved in order to obtain the asplitudes
of polar aoction , and from them the corresponding modifications to the
asplitudes for the less realistic rigid Earth’s wsodel. Also, the
amplitudes of polar motion and spatial nutations for several different
axes, including the Celestial Ephemseris Pole, have been obtained.

Keywords : Earth’s rotation, polar esotion , nutation.

1. The Sasac, Okubo, and Saito’s equations.

The Sasao, Okubo, and Saito equations (1980) describe the rotational
aotion ¢or the Molodensky’s Earth sodel (elastic mantle and liquid inner

core). The most suitable form of these equations is given by Moritz (1982)
as follows

Au-i(C-A) QusAlvediav)eficeinces=L,

Au+AvVEHICRVEQE=o, -
c=136™af 2k, w-f-13e’af ey,

c=o7'a_lr (wu-§ + v,

where, u s W, ¢+ {§ Wy corresponds to the rotation of the whole Earth with
respect to the inertial space and v = Y,# i X; to the rotation of the core
with respct to the mantle ;3 A, C, A, C. are the moments of inertia of the
santle and core respectively § c = ¢,y * i cyq and c= ¢S ¢ i t:. are the
variations of the inertia tensor of the whole Elrgﬁ and - the core
respectively 3 L = L, +1i L, is the lunisclar torque related with the
coeplex number § = 5‘0 i ié by the relation

iL=(C-A)Q¢, (1-2)

v, 8 are parameters given by Sasac ¥ all (1980), wich nuserical values are
depending on the geophysical Earth sodel adopted; and k and k are the
static and dynaamic Love’s nuaber ralated with the Love's nusber k by

v
k= ko + k‘;:; Y (1-3)
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14 we write

36(C-A)

k 2 =====m-

s .3 Q‘ ’
k, C-A

§ B = we= N (l")
k‘ A
1- k,/kg C-A

§ 8 cecem——e -e=

< 1+s A

k, C-A k, C-f
IR T TR § B ’
k, @ kg @
(1-3)
AT AR
2 -5- (u-f) e -2-y ’
Q 2

and the substitution of (1-5) and (1-2) into (1-1) gqives the +final
equations

AU1+8)U-10(148)AUsi LA ~(C-AIk, /k JQVALA = (C-AIk, /k Ive (1-k /k IL4ik,/k L/2
Au+r)6oa‘(10;)3¢ic‘9v-u\‘¢u(c-ma. (1-6)

2. Free sotion. Proper frecuencies.
Let us suppose the solutions for the free motion in the fora

u=ae exp.{iet),

(2-1)
v =b e exp.{iet},
then, with L = 0, we can express equations (1-6) as
Alt+g) (e-s Ju+lA _-(C-AIk, /k I(eeQ)v = O,
A‘(l§7)vu0th‘(146)v#CcQ]v = 0,
thererfore, the proper frecuencies ¢ must verify
A(1+s)(v‘vg)[Ac(lba)UOC‘Q]-h<(1+1)IA‘-(C-A)R’Iks]v(vbﬁ)-o. (2-2)

In a ¢irst order approximation, we take 8§ = 0 and €=(C_-A_ )/Ccz0,
then (2-2) is reduced to

1+7 k1
[Ale-s ) = === [A_~(C-R) -= 1 r] (s+Q) =0 ,
1+s kg
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with the solutions v; and v: being

§ B ceccccpecccccccccane
i R e X
1- 33 [A-(C-A) K,)

o
== Q.
In a second order approximation, we take

o
LA T, e 2w B,

o

% 0t¢€ MR ALY
and it results
A
§ B meccccopecwceccocaceaacmas [ 4
t 12Y - & <!
LI L LS S T ol
AlQee ) (€-p)
€% = [ ] & =mmmmeeco e e 1@
Y - 1y -(c-a) S '
Algery) = 1358 [A -(C-R) - )
or
A ko C-A 4 k,
Al bt Bt Tl SRl B
A k A A ks
- * - (2-3)
A
£2 -1 4--(€6-8)31298,

<

corresponding to the Chandler Wobble (CW) and to the Nearly Diurnal Free
Hobble (MDFH) respectively.
Mith (2-3) the solutions for the free sotion are
u"m = a e exp.lic t) + a e exp.(igt)
‘ 1 : * (2-4)
yi't o b4| exp.{ig, t) ¢ b e exp.lie,t)

where the asplitudes a, and a, aust be determined by observation.

3 Asplitudes for the forced aotion.

Let us take the solutions of eguations (i-4) in the fors- (1-2)3 then,
using (2-1) we obtain

k, e+ K
All+s) (s-e ) u ¢ [A_~- (C-A) == ] (e+Q) v = = (] = === == J{C-A)Q¢ ,
kg 2k,

A li+7) lu#(ﬁc(hl) r#CCQ lv=A_rve#¢, (3-1)
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the detersinant A of this systes being "
O = At1es) om0 ) [A_(148)¢ + C 21 - A_(147)TA_- (C-A) - Jrlssn),

kg
and with the saee procedure used by Moritz (1980) in the integration of
equations for the Poincare’s sodel, we write

B =K (e-0,) lo-¢,) ,
with
K = Alles) A_ (148) - A_(l¢7) [A_ - (C-A) -- 1,

A s
= A A (1~ ;- 1 ""z) (e=v,) = Ac l\-(v-l‘) ('"a.’ s

(3-2)
Froe (3-1) we obtain the solutions
- 42 Kk k, e+ A
u =8 (-[A_(148)¢ ¢ C Q1 = === == 1 = (A~ (C-A) == ] =--= --Z Te) (C-R)QF,
k‘ k’ “ C'“
3 k, #¢@
valdTL A (1e9) (3 - o= o= ) ¢ AR (148) (e -0 ) 7§,
k, @
¢ (3-3)

uith 4 given by (3-2).

82 now try to obtain q relating the zaplitudes for the forced setion
of the HMolodensky’'s model with the aeplitudes corresponding to a rigid
Earth. This is

Q= u/ u, (3-4)

u, being obtained #roe (3-3) with k,=k, =0, A. =0, and ¢,%8 ¢,. To
avoid the indetersination appearing with this procedure let us write

- A ) tesm 1 =B3RSR (coane
U8 = ccccccccceeast R V - ceecetcacad L
Alies) (e~v.) Atieed (-0}
and froe this expression we obtain
u,= - (C-RIQF / Ale-v,) . {3-5)

Finally, using (3-2), (3-3) and (3-3) we obtain q as

A lg-e5) e+ &k
L (TA_{1eg)e ¢ C_RIIL = <=~ -= ]
A A (o=, ) (s=5,) g8 kg
k, ¥ A,
+ [A_- (C-A) == ] --= -== L3N § I (3-6)
K 2 C-a

4
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4 Precession, nutatioa and polar eotion.

Let us consider the folinwing relations between the different axes for

2 deformable Earth’s model (Sevilla, Roamero, Camacho, 1985):

Py * u/Q N, = Pya (e/e+Q)
" o, n,® -9 (Q/e+Q)
Pe = c/C-A , N, = c/C-A - p, (Q/ee+@) = p ¢

P, = P, A/C + h/CQ + c/C , n, *Pa

L)

(A/C - Q/9+Q) ¢+ h/CQ + c/C = Pt "

(4-1)

F 34

Before applying these formulae to deduce the nutation and polar motion we
sust obtain h and ¢ for the Holodensky’s model. As we have taken Tisserand
axes for the mantle, h is reduced to the relative angular-aomentua produced

by the core. Thus
h = E‘!- X, 8. X, c. X,
in a first order 1;- 0 , then the coaplex nueber h ie
h=A_v.
To obtain ¢ we use (1-3), this is
k, C-A k‘ C-A k, C-A

L B == === |] = == wee Yy = == === §

kg @ ks 2 ks

S Polar motion.

(4-2)

(4-3)

For obtaining the free smotion, L = § = 06 ;, we use the solution (2-4)
to obtain froe (4-2) and (4-3)
&
h 'JE.A; b. e exp.{is .t} ,
¢ k, C-A k, C-A
c= ] (== == a; = == === b.} e exp.{ive;t) . {3-1)
ok, @ ky @
Then, substituting (2-4) and (5-1) into (4-1) it results
2 a-
pg"z 1 = e exp. (ir L,
R a1 g
&n
$
Pa (3-2)
k, a: k, ®
‘“'- £ (-2-2.2.2,, exp.{ivg;t} ,
P i k. @ kg 2
" Ak, C-A A. k C-A 1
phttl(--i-:---)a.+(-5--3-~-)b‘-l--.np.(lr;t).
S TR S T - 4 L 2
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For the $orced sotion, L ¥ 0 , ¢roe (3-4) and (3-1) we have the
soclutions

U= qu,, (35-3)
vegqgu+r §, (5-4)
with q given by (3-8), and q’ and r being
A_t147) @

B = cecccecccccccce=

(3-5)
A_(148)0 + C 9

as g, q', r are depending on the frecuency ¢, we write q;, 93, and r .
Now, let us write the lunisolar torque L (Moritz, 19&0) as follows

L= (c-m 2% 1 Byo exp.(-itw;tes; ), (5-6)
J

let us write also ¢ = -w;, then using (3-6) and (1-2); the expression (3-3)
giving u becoses

w_ = i 8 I == B;e exp.{-ilwjt+g;)), (5-7)
and érom (3-3) and (3-7) we have
usjiQ § ----- 9; Bse exp.{-ifw;t+8;)). (5-8)
in the same way, we obtain from (1-2), (3-4), (5-8) and (5-4)

¥y=i QL ( -=-=- qjq3 4 r ) le exp. {~ilw t+p;)). (3-9)

h=i@ A L (---2-qq> +r) Be exp.l-ilwtep;)), (5-10)
j “J'" ) 3 a
k k ' k k
€ = 1UC-A) T 00 =2 - -2 qu) —--f- g - <Ep - 223 Be exp. (-1 (wstes ),
i kg k, owireg P kg kg

Then, substituting (35-8), and (S-10) into (4-1) it ¢inally results
for the polar sotions

[ 4
o™ s g -t gq. 5.0 oxp. (-1 (w;t+8;)),
8 i wjf’! 3 ]
ph =0,
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[} k. kl '. tl k.
p¥ =i L L -- - -- g ---%- a.- =% r - =71 B;e exp. (-itw;+s)),
" Ik kg 7w T kg kg
A A c-A k, k v A
p‘*-ig(t--o-iqzo---(-!--145)1---5-q;¢--r- -
" i C ¢ ¢t kg kg ' weed o C
C-A &k k,
- === (=2 r 4 =) ) Boe exp.(-itwites;)), (3-11)
€ % ks ?

& Nutational eotion.

The substitution of expressions 2-4) and (5-1) into relations (4-1)
gives for the free nutational sotions
feee > 8 4
8 come= == e exp.{ig; t),
R 3 ,J.,,,Q e
1 37
nh = - [ e ® exp. (u-t),
= e v +Q
(6-1)
k. a- k b a;
‘:‘ = t(-'—-:----------)lnp (ie;t,
kg 8 ks ] ;R
‘:' =0,
This nutational motion refers to the Nutation ¢rame {(N}. To obtain the
nutation with respect to the inertial frame (I} we sust consider the
transformation (Moritz, 19B0)
A6 ¢+ 1 Ay sin 8 = - i n e exp.{ift).
Then, it results
frae “ 05 3;
(Ae+illysin 8) 8 =f [ ~==- o= e exp,{i(e; +2)1t),
R i g0 Q
J
fme ¢ .J
(08 0+i Ay sin e)é 2 i I -==- @ exp.{ils; +Q)t7,
st v+
(6-2)
h_ 3 k l» ." ] ‘-
(Q0+id¥sin 0, = =i L (== - - -2 - - —-3-) e oxp. (i le;+@) L),
= kg @ kg Q v +Q

( A8+i M gin o»‘,(',& =0 .
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For the #orced nutational asotion, the frecuency ¢ will be -«
corresponding to the lunisolar torgue. The substitution of expressions (5-
B8) and (5-9) into relations (4-1) gives the nutational amotion in the (N}
reference system. Using the transformation equation (6-2) we obtain the
nutational weotion in the (I) reference system. As we have used for
obtaining (5-8) and (3-9) the Nutation reference systesm (N}, with this
procedure the precession terms corresponding to the frecuency ¢=Q2 don’t
appear. But, if we derive the forsulae obtained after integrating from ¢t
to t , it finally results

SOOI, oS s RS - R I (-1 (s 485 1)

+ilysin s -f --- - 4 <2 ---- g.B.e exp.{- - ;

M R £ ® b 90 0% uJ-Q" ERR . L '
for cC-A 2 (A

(Ao+idysin 8) , = -i -E- B 2(t-t,) 05’3' ;«;5 ;::;‘ g Bjn exp, (-1 Buwt+s;)),
W = M K [ “ k, k,

{ 506+iby sin o), = LIl == = == g’ ¢ === ) =====qg.= == p.+ = ==]

kg kg ° % wae 7 okg Y kg
(-i‘Aujt"j’)'

50 s
!; @ exp.

. for C-A L] v,
taoribysin 0) = -i Y B R(t-t ) ¢+ - ii--l:’:' B; @ exp.{-1(dw;tes;)),
(6-3)
with du;= w;- @.

7 Celestial Ephemeris Pole.

For obtaining the Celestial Epheaseris Pole motion we sust take

feee
P, =P
and ¢ .
for
n = .
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DISCUSSION

Which amplitude do you find for the annual nutation in longitude?. Is it
different from Wahr's value?. (P. Melchior)

Yes, but it must be pointed out that the flattening of the core in the

reference Earth model chosen plays a great rote in the computed values
of nutations. (P. Romero)
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Variations of the inertia tensor for deformable models.
A.6. CAMACHO, H.J. SEVILLA, P. ROMERO
with 7 figures

Casmache, A.6., Sevilla, H.J., Rosmero, P., 19835: Variations of the
inertia tensor for deformable amcdels. Proceedings of the Tenth
International Symposium on Earth Tides, pp. 347-352.

Abstract: General foraulae to deteraine the infinitesieal variations
éC of the inertia paraseters produced by inner infinitesieal redis-
tributions of eatter are developped for a general stratified msodel.

Keywords: Earth’s inertia tensor, deformations.

1. Introduction.

A lot of dynamic and kinematic properties of the Earth (polar naotion,
precession-nutation, rotation speed) are depending on the eass distribution
and its tiese variations. The global confiquration of easses can be
described by the inertia tensor.

In a general case the inertia tensor is time dependent, and , just fros
the time variations of the inertia parameters, other dynamical effects can
be deduced. He study the theoretical expressions of the inertia tensor
coaponents for a general model in function of the displacement zoaponents
along the outer surface normal direction and the aditional gravitatory
potential.

2. BGeneral foraulae.

Hith respect to a reference system { Ox; , i=21,2,3), the cosponents of
the inertia tensor of a general body are given by ( Moritz, 1980):

= CU ’IIJVH X P dv ip]
Cs =IIjv({f + x:)y dv igjek

where V is the body volume, x; the Cartesian coordinates of a variable
point, P the sass density at this point, and dv the corresponding elesent
of voluse.

To study the time variations of the inertia paraseters C produced by
infinitesimal redistributions of eass, let us consider in these +{ormulae
variations of volume and density at the point P (x,,%,,%x53 ) . Thus, we

sust study:
4 I” X, x; p(t) dv .
at lfyiif

fAccording to the rules of the Integral Calculus { Apestol, 1960) we have:

£t}

(e
= !og(t,n ds = glt, $(8))-§7 (1) + [o ot 8,

§,9 being continuous functions with continuous first derivatives in V.
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R{aN)

S

L]

Fig 1. Volume of integration.

(Mg o[l

I being the unit sphere. Thus, with d¢ =
R(8

d 4

o (t,x) d (—
de I”wz) e ’”l ‘*‘-I v
-.I]:Q(Q;RIO,A s),8,2) RIdR de¢ +
Now we

; .ot
. A
‘/\\d
rde s where

and out

Let us now consider a triple
inteqral for a volume V which
contains the coordinates origin O,
and which is bounded by a regular
closed and orientable surface S
{and whose section with a radial
direction from 0 is a single
point), then we can write:

R(8,2,¢)
gltjr,8,2 ) r dr) sen® dé da ,
sen® d6 dA , we have:

RRIE
tyr,0,A) ridr) des =

R a
els e gltyr,0,)) r2dr do .

have:
R2de = ds cose ,

@ is the angle between the radial
er normal directions at a point of

the surface S.

an inf

Fig 3. Diferential elesents. Here,
surfac

Thus, we have the time variations:

Also by a simple geometrical reasoning
and. supposing that the displacement u is

initesimal and continuous function

in the space, ®e have:

dR = u, /cos & .

u, is the cosponent of u along the
@ normal.

§ I]I qlt,z) dv = ji git,x) u, ds ¢ [I] § glt,x) dv
vit) - S - v -

In our case: glt,x) = l;{i’(g,t)
continuous in the space-time):

and (supposing that the deasity is

-aclj = Hsui_xj Un § d."j”v"‘xj tp-p) dv , itj ,
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and similarly:

S5C;. = ” (x1 + xé) Un P ds + }‘”v(,‘:‘l + "i”?'ﬁ,) dv , ifjigk .
L]

S, ¢

(The first term at the right hand side can be interpreted as an infinitesi-
sal wmass expansion or contraction across the initial boundary surface and
the second tere as the effect of the density variation inside the initial
voluse).

If the volume of integration is
bounded by two initial surfaces S,,S,
we have:

tey = [y -

B ”sj"i i Al ”v:uj (P-p,) dv .

(The sign ainus in the right hand side comes fros the fact that the inside
of V is ‘outside of S ).

Now, we suppose 2 body bounded by
the initial surfaces S,, S5, but
with an inner surface s of density
discontinuity , so that we have
the volume divided in two initial
volumes V., , V.. Then we writes

discontinuity surface. - sciJ. = - JCfJ - JC{;‘-

= ”S:i."j“ﬂﬁ»ds = ”sxilj u,.y.(e) ds + ”I\l::’j tp=pY dv +
+ jj'x;xj u"f'(i) ds - st:i.'j u,,s)ods + j““;‘:j (?-)‘-:) dv =

= I”v""‘i (p-p) dv + I[s:inju,.g ds - Hszixju..zus -

- LI TN (y"(')-z(i)) ds

s

.
13

f.le) is the density in the surface as limit ¢from the exterior of this
surface, f,'“) from the inside.

1 we have several inner initial surfaces s_ of discontinuity for the

density, then:

-8y = ”va.‘xj (p-p) dv + ”s:‘lju,,r.ds - Hs:ilju_ﬁ ¢ -

1

4 XU (ple)-p(i)) d
3 !:'_x_,u f. f: Sic
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and sisilarly for &C. .

The function P-f of density redistribution is not suitable for further
developments, but it can be connected to the aditional gravitational poten-
tial Wa created by the mass redistribution. By the Poisson foraula
(Heiskanen, Moritz, 1974):

A Ha = -Avs(f-ﬁ)

Thuss

[”v(r-f,’-; x %y dv = - (4387" I”vou "%y .

Here we can substitute safely Wa by any other function Wa ¢+ § , § being
a harmgnic function in V (for instance, the tidal potential).

Now, for two functions of class two, ¢, g , the first Breen’s identity
give us (Heiskanen, Moritz, 1967):

o) of
I”v(i-bg - g4f) dv = ”5(657 - 95;.-) ds ,

and, for a volumse bounded by two surfaces S§,, S,.

([ ros - w0 or= [ - o280 an- [, o
v S’ '.-‘»z

Taking inta account that A(x;xj) =0 and A(x}# xl) = 4. , it is

easy to see that, for each volume \-I-, y We have:

[], v e -

i)
X% - Wa 5 (xg%;)2ds - ”{(:;

Fig 6. A layer voluse. I” Ada (leo xl)dv =
V.
J

a8 ”[ Wa dv ¢ ” (%u-‘u.u x1) ¢ Ha%(x.ﬂ x1))ds - ” id.
Y; 5,1 4. % J 5, te)

Additioning $or the several volumes between discontinuity surfaces, we
get:

4 el - ?
‘cij = o ”5:(5-"‘. = QtSnu,‘) Xpy - Ia,;'-‘ (llxj)) ds§ -

‘ : ” 'j(“ = ”
- cm— (i‘) 'Y e id.
=6 LTeG
4 . sj ’_,-(') S,

-

and similarly 4for §C.e -
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The additional gravitational potential Wa cam be considered as a varia-

tion of:
4
W o= =~ B p(t) dv
”Ivm‘- $ ’

L being the distance between the integration variable point and the point
where W is calculated. And then, with 2 similar developaent that {for the
tensor cosponents, we have:

Na = u s ”Jv% Blp-prdv ¢ ”s-‘f 5 uy g ds, - ”s T 6 unpds

4 2
sl L eucptir-pen g
0§ PR Al AL &
3 448

14 we study the normal derivative QWa/2n , only the #irst tera of
the rigth hand side gives a continuocus term in 3 Wa/3n . In fact, let us
consider a general tera :

2 .
Ha = IIST 6u,( f.(i)-’:(l)) ds

We can see this term as a single
layer potential with surface density

Fig 7. Normal displacesent. F o= u, (f(i) - f (e)} .
L o

From the theory of single layer potential we can write (Heiskanen,
Moritz, 1976):

sl ] |
— Ha - =~ Wa = 436 ¢ = 4yB6 u_(5) {p(i) - (e)} .
an g P lgce) " £ f

Also, if we suppose that outside the surface 5 there is no mass (f' o),
we have:

? >
- Ha] - —h] = 4y6 (1) upts )
2n g™ | g L "

Inserting this results in the last expression of 48Cy ,. and taking into
account that Ha-2/2 n (x;x;5) and Ha-2/9n (x} + x1) are continuous
functions along the whole voluase, we write finally ~ (see Molodensky, 19B1)

{ - 2 _ ™ (1)
GC;_j- ine . {(5'-\“ - thcn,,) o Wa 3n ('L"j,” ds]s(.) ’
<

and sisilarly:

4 3 2
o B o - —_— =Wa - 13 x2) -
8C;; = o IL’O Wa dv oy ”s((,a“ﬂa iy S!:u,,)(xj +xl)
. :
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2 §41)
- Wa g~ tx2e x2)) ds} b
= o 54e)

I¥ now we suppose, in particular, a body bounded only by an initial
surface S, and so that there is an eapty space (f- o ) outside af S we
haves

i = — || (@wa - Wa 2 (x.x:)) 08
"J #nG g iut X't x‘i '9'\ !LKJ o ?
(-]
o = Wi dv = —— et uar, e 1) - Ha 2 (a3 x2)0d6.,
L G v 476 3 bn ext 3 on K ()
-]

We conclude that we can obtain the time variations of the inertia
parameters for a wmodel composed by of layers of continuous density and
subjected to infinitesimal continuous displacements, by calculating the
values and the normal derivatives of the functions u and Wa at the inner
and outer boundary surfaces of the model;, whatever the inner surfaces
disconntinuity values are.
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Global and core inertia tensor coepcnente for a clasical Earth sodel.
A.8, CAMACHO, M.J. SEVILLA, P, ROWERD

Camacho, A.6.; Sevilla, M.J.; Romero, P. 1985: Global and core inertia
tensor cosponents for a clasical Earth model. Proceedings of the Tenth
International Symposium on Earth Tides, pp. 353_360.

Abstract: Seneral foreulae are applied to determine the several inertia
tensor comsponents for an elastic elliptical rotating Earth model with
liquid core and tidal disturbing effects.

Keywords: inertia tensor, Earth sodels, liquid core.

t. Introduction.

In Camacho, Sevilla, Romero (1985) we present a general formulae to
calculate the infinitesimal variations 4C; of the inertia tensor compo-
nents for a general model in function of the boundary values of the aditio-
nal gravitational ppotential Wa and the displacement u, along the boundary
surface normsal. In a reference system {Dx;, , i=1,2,3) connected with the
body we have:

" 2 - 8 (1)
§Cj= (416) 5 (GGRWa - 436 u,p) xpx = Ma o= (xgx;)) dS Ism it
2

= -t
5C. = - (Gvsy‘ljjvl Wa dv - (4% B) JIS((gaul - 4y%6 u,ﬁ}({;§x:) =

°

® 841)
= oo Gfeln w8 | 1434k
PA

for a body-with initial desity g (x)
and bounded by the surfaces S,, S5; (and
with other inner density discontinuity
surfaces).
I we suppose now a body bounded
only by an initial surface So and so
R . that there 1is empty space | f = 0 )
Fig 1. Model bounded by two outside So we have:
initial surfaces.

5C;5 = 46" H ((,?—ﬂunu,_ Xy - u.% (x;%;)) &8, , 51
So

-4 - 2 [
JC;;_- - (=86) I[Ivua dv - (4%6) ”s((,;‘\u) (x}ﬂ:) - Wa Py (xj#xé)) ds, ,
o

(-]

He will apply these foraulae for a clasical Earth’s asodel.
2. Application for a classical Earth’s aedel,

We suppose a sodel composed by an elastic mantle and an inner liguid core,
subjected to variable (about a msean value) rotation and subjected to the
differential tidal body force. For siaplicity of further development we
suppose the model studied $rom & suitable 'initial’ spherical configuration.
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1§ @ is the mean value of the rotation speed, the rotation velocity vector
can be written w = Q (m,,m,,1+mn;) for a movile reference systea connected
to the elliptical sean figure of the model ( m;:infinitesimal parameters).
The corresponding centrifugal potential U «can be written (Munk & MacDo-
nald, 1973):

U= 1/2 (wax)? = 1/3 riQl + Ur
wheres

]
Ur = - % riQl (142m,) P lcos &) - 3 rzg? ( lqcosA + m,sen) ) P

2 :‘(CO! 8)

is harmonic function of second degree.

The teres 1/3 r2Q2 js just a radial one. Then, we consider as spherical
reference configuration (of radius a and equal inertia moments Ae ) the
figure obtained from a spherical stratified non rotating earth in hydrosta-
tic equilibrium applying the radial centrifugal deformation associated to
1/3 r292 , We suppose also that in this reference state the spherical
surfaces of equal rigidity p , comprensibility X coincide with the equi-
potencial surfaces ( whole potential = gravitatory + radial centrifugal for
1/3 riQz ),

The Hookean elasticity of the model connects the additional stress asso-
ciated to the inner displacements u with these same displaceesents in the
fore (Love, 1944):

= % div $:: o ’:;uJ)
t‘j ¢ - i ’ ng ’D:L !

for a rotating reference system connected to the mean elliptical confiqura-
tion. We suppose an inner liquid (p =o0) core of initial radius c.

As +$inal hypotesis we develop the differential tidal force as the gra-
dient of the tidal potential, whose second degree terms we write for a point
{r,8,%), in a general foram, is (Melchior, 1978):

we s we| = -2 [ p (cos 0 I a,
2 4 j

3 cos @; + P, (cos O)JZ “«“J senfa; +1) -
<

%

- gu(cos 8) § aaj Col(lj +22)

where cj = GHST + ¥ +’A¢J y Ba; 2 dstronomical long period arqueent.

From these hypotesis we can develop the general equations of displace-
ments in a continuous medium and the Pocisson equation. With a rather labo-
rious work (see Shen & Mansinha, 1976) it is possible to obtain a general
system of parcial (time-space) differential equations in u and Wa .

For the resolution of this equations, the functions u can be developped
in the forms of torsional and spheroidal components and in sinuscidal teramss

for the several frequencies: us= u .+ ug
The torsional teras are characterized by: divus=o, (u) = 0.
u ot T with 1
m,n,j
(7

_nmj’r =0
-4
(Trmjlg = = 8 Touir) (sen 8) PR,,(cos 8) cosis;t - ad)

(Tamy)y = = T,..j(r) 55 Parm(cos 8) un(cjt - BA)

The sphercidal terms of the displacements contain the radial coaponents
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and the deformations

u = L §v\m‘
> nya,j J

withs

(§“,J~)r= U,‘_j(r) Fimlcos 8) cos(eg t - al)

(S amjly = Vami(r) S5 Pam(cos 0) cos(rt - aA)

(Somj)y = 8 Vnmjlr) (sen o' Pim(cOS 8) sen(e;t - ad)

Also we can write MWa by a similar expression, but it is more suitable
to write a development for Ha + Ur + He

Ha + Ur + MWe =“’f‘ R,,,,,j(r) Fim (€Os 8) cos(et - ak)
™)

Sustituting these developments in the general equations and applying the
relations between Legendre functions, the general equations {for the
functions Un, Vo 3 Rn; Tn tit is not necesary to write the subscrips m,j)
can be obtained.

The resolution of the resulting equations is different for the mantle and
for the liquid core.

For the mantle the torsional terms can be neglected. The resulting systenm
is of second order. PRut we can obtain a system of s8ix linear ordinary
diferential equations definning the auxiliary functions Y (r), Z,.(r), Q(r):

Y“S v(on’éun'%vn)
2

Ton= 2p Up * %0 Ua ¢ 2

Up = 2 (041D Vo)
Q, = i.i,\ = hsgou,\

(Yn is the coefficient for the radial stress T, In for T.p and Bn for
©rr Wa - 436 p u. ).

With a rather laborious work and starting from the initial spherical
confiquration, the resulting system is (Shen & Mansinha, 1976):

L Ae2p Ton A+2p In *+ Re2p T

g . # A L ntnsi) ¥,

- = Ae2p 4 - ..
1a = gn rng+4p%1)‘r,_)u 4 p

] 3‘102&
+ (-I; n(nﬂ)f:q - 2nin+l)p Zzﬁ e gV

2K+ 2p) i
R o,-“v,\
in-(%y.g-zp-r-%}zﬁ-))un -%%z,\ - pERa - I3V
s =g ‘;:-2;21‘ [(2n2+ 2n -1)  + 2(n2+ n -1)p Jéz_) Vo
R, = iEpUL ¢ Bn 3

i
G.= - 4r B p Talaeldl Vo + S nlne) R - 120,
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The solution of this systea also sust verify a boundary conditions in the
¢ree outer surface (initially, r=a ). So, the condition of null radial
stress gives us: lata)=o Yala)=o0 . And the condition of known
discontinuity for the radial derivates of the additional potential gives us:

2 )
“o-q-")ut. - ‘a.—""uc ]r = 4y Ef.(a) ufa)

=a

Writing the aditional potential ®a as an harsonic function outside of the
boundary surface and using the expression of Wa ¢+ HWe ¢+ Ur , we have, for
n=2 :
cos st cos ot
] - 5/a [2-]‘_,"0 e, .(a) [ ] = 0

3/a R, (a) [
sen ot

sen st
wheres

{201 = [- -‘srlﬁl (1+2a5) - E;:— ri "zoj cos @)
<

1 .‘ GMg sen ﬂj
[21]’[°3f1ﬁ‘[.] -—di—l'l A"‘J'[ ]]

2 cos q;
GMg
[22) = ( d: r? “zg;‘“‘('J + 221

For the liquid core the situation is sosething different. The amean prob-
lea is that we must considere torsional terss in the solution, with another
additional complications. The treatement of this problem is very different
for several scientifist as Poincare, MHolodensky, Jobert, Shen & Mansinha,
Sasao, Okubo & Saito. Here, we make a simple treatement supposing that the
only own torsional motion in the liquid core is a global rotation of veloci-

ty vector w= @ (nf,-;,-;) . This hypotesis let us write , for the
torsional displacements:

U, o -85 a§qr x u, ajcosA - afsen)

[al]- Q[ o o -nf][ l;] " [ ﬁ:} = rn[-gscno - aScos® cos) - aScosd son)}
u3T L-af af o Xy U T o

Additioning this torsional teras to the usual spheroidal termss and making a
sisilar developsent than for the santle "(now, div u = o, (uy)_ =0, p = 0),
we can obtain the corresponding systes of diferential equations. W¥e observe
that for n=2 the new equations can be obtained froe the mantle equations
(for this sieplified hypotesis) if we take p =0 and substitute Ur by

Ur - Ur withs

Ur = 173 r2git 2 8§ B, lcos @) + (sfcosA + agsen)) Bglcos )]

R, by R3 withs

2

(4

Wa + We ¢+ Ur + Ur = .io R:njr) cos{ st - al) E_S:oc 8)
and 0, by Q3 with: .

07 = Ry - 456 pln

1f we take the initial core-mantle boundary as a sphere of radius ¢ we
can write the following boundary conditions for n=2 3

cos et cos st

R;;Jc‘) [ sen st + [2.1ic = RZ”JC’T [ sen st {continuity of Wa)
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cos ot i cos ot 2 ~ os st
OZM(C*‘)[ sen vt] 2 Rymlc )[ sen ctJ * = [211'_“.- 43 Sg(c ) Uz(c) sen tt]

(known discontinuity for 2Wa/ar ) , where:

120)° = (- 2/3 r2g2 of )

o}
1213 = ¢ - 1/3 rm[ } ]

<
.Z.

1223 = 0 .
Applying ortogonality properties of spherical harmonics in (1), we have:

2 4
=4
‘Cg = (47 B) ” g ritg, (r) - é"zm('”“z*j’l:' Bnicos 8) cos(st- ad) dw

2
éC = - %-I R,(r) r2 dr - (4)
st [[ £ 1 to, Zr T
- (4%6) . r P - 3 1;r)] {j* xk)|r-§“4:nl 8) cos(st- ad) duw
£

For the core, we can sustitute 0, and R,  for Ozn and R;ﬂn .

To have more suitable expressions we connect now the last coefficients
with the relations for the Love numbers theory.

1¢ we neglect the liquid core effects and study the displaceesents of our
sodel, we get the general equations (3). We see that this equation connect
the second degree teras of uc,,ug,uy, Wa with the same degree terms of the
potentials Ha , Ur by an homogeneous linear systea of diferential equa-
tions. So, without lost of generality, we can write the soclutions in the
following form:

1
u.= I = H (r) Balr,8,A)
n 3
4 ]
u, = I = L.(r) — H.(r,8,))
@ a3 " ‘98 M7
1 -4 9
u, = ﬁ gLnU)(sm 8) ETIJrJ)) s

where He ¢ Ur =1 Wa . These expressions are general enough to veriéy
the boundary conditions. . :

For n=2 the connection of this Love coefficients with the spheroidal
coefficients gives uss

cos st
Upalr) [ sen ot ] = 1/9 Hytr) [2m]

cos st
Ya_(r) [ sen et ] = 1/g Lz(r) (28]

cos et
RZFJr) [ sen et l = (1 + Kylr)) [2a)

And we can write the boundary conditions for this coefficients. So we have:
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cos et
e, (a) [ sen ot = {/a (2 - 3 K,(a)) (2e]
And then: - . ree
cos st

IOI'JI) - 2/a R, (a)] [ sen et ] = - 3/a K, (a) [2m]

rzoo

For a weodel with liquid core we have seen that the equations in the
liquid core, for n=2, are sisilar to that for the eantle but taking
We + Ur ¢+ Ur instead of We +# Ur . So, we could use an expression like:

cos et é
Usmmlr) [ sen ot = 1/g Hy(r) ([28) ¢ [20]7) ,

but, though ¢the diferential equations can be satisfied with these expres-
sions, in the boundary conditions the liquid core effects appear with a
different role that the rest of disturbing potentials. So, it is more conve-
nient to write the relation with two coefficientss

s d c
= 1/9 Hy(r) [2s] i/9 Hylr) [2m]

cos ¢t
uz,m‘" [ sen st ]

and similarly:

cos st . d <
Vzwjr) [ sen ¢t ] = 1/9 L(r) (28] - 1/q Lp(r) [2a]
cos st = d
Ramir) [un rt ] = (1% Ky (r)) (28] - Kplr) [2a3°

cos et J

c s d
Rzmir) | sen ot (1% Ko (r)) (201 = (14 Kp(r)) (28T

This is for the core, but also for the mantle, because, though the liquid
core effects do not appear in the differential equations, they appear in the
core-mantle boundary conditions.

For this model with liquid core effects we have:

cos st c
0, la) - 2/a R, (2)] [ sen st ] = - 5/a (k (2] + k, (28] )

where:
S

k, = K;(a) , K, = Kgla)

Also:

2 cos st . (<”)
(0547 - SRS (eI [nn e ] =t e kS -2 - aes 9’—3- Mzle) ) [2a]_ -

3 - 2 4
- 1+ KSte) - 4w £le =) 3 Hate)) [2a)

= - 156 Ac et pr2e) -8 (2005

<
=
ral

tor a suitable coefficients y and 8 .(see Sasao et-al., 1980)

With these relations we can substitute in the expressions of the inertia
paraseters:

{1) For the whola model:

-1 2
lC;j- al(ae8) I (@, (a) - az— Rymia)l ” 285 ] Picos 8) coslst-sAldw
r=a

a=0 -
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2
-4 2
JC;.‘- - al{4wB) .zo [91,"(:) Si= Rzm(a)] H (x}ﬂi)ho.on(cos 8) cosist-ar)dw

w

4Cy3 g -1 Z { cosi) -cos st
6[:1_.s = a (4%6) [Gut'a) = R, (2)1 3 Pa!v (cos 9) seni) -sen ¢t dw =
w

& cos et }

: .
= z a6 IR0 - 2.0 [ sen ot | = - @76 (K [211___+ k(2115 ,)

~

And similarly:

S50, = - 2 a%/6 { k(201 _,+ k [2015.,)

§Cy % e =

GCu = -2 a /t36) ( k.tzol'" + k,[zO]“. + kb £22]1 .42
§C,, = & &/0(38) € k(201 _,+ k02005 o)

We observe that ([20] has a secular parts - 1/3 riQ2 . So, we can
expect a secular (80 )

c‘_j’ (c't-j’o + 5[:‘:’- = (c;j)o * (8C;j )-\'K + CLJ

From the last relation we conclude:

(Cilg =0 (6C;J Jiec = 0 for i)
‘Cij )y = Ae (6C,, V™ lﬁtu)ms - 172 (8C33) sec
[4 we name:
Ae + (80, ) = Re + (8C33) = A

Ae ¢+ (JCB)R = C
then:

1/73 (A + A +C ) = Ae

For this secular part we suppose that the Love nusber k_ has a special
value kg . Thuss

C-a=ka /(38 tal
and then:

kg = 36 (C-A)/(a 92)

Sustituting this parameter k,, E 336:‘ EA and the expressions of [2al,
we get finally: da C

<
Cqy kg a, ke sen a; i, ny
[ Czs} = - (C-4) [ ':.] + - EC § Azg [ cos cJ-J b k—, (C-A) [ ag ]

€z ® k /kg EC1L “zzj sen &;

3
Cas 2 k, kg 2 ke €
[ CZL] = 2 = (l'.'-h)k—S 2, 3 k; EC 5 (Azo_j b} “uj’ cos Gj 4 S:s l3(C-R)



2k 4 k, <
Cay = 4/3 (C-A) k_/lrs e, + s:sE c § Auj cos 'J 3 k’(C A) By
(2) Inertia paraseters for the liquid cores
R ZRe (01 | (xyx:) P, _(cos &) (srt-s)) d
:cij = c?(4%6) z e, tc) - 2 zm," . XX e e €08 cosle w
< -4 2 < >
§C; = - c? (46} g te, () by Fim(c)l (x.}“x:)n‘P‘Acos 8) coslist-a)) duw

Also we writes

€ < < c
tij = (C;j lo + 6!:-“i ) P c.‘.i
where . &
(Cij), = Ae
Thust

<
Re ¢ (BCS,)gq = AR + (BCS),ec ® Ac
Al + (8C53)uec = Cc

And, with a2 sisilar method than for the whole model, we have:

[B]« mg (5] ony 3 ca (8] - s [5]
= IGMg
- A‘I ;E:;:

JI “I’j sep %,
131 36Me sen a
[ C{;] = - 23 &“ 8, - U3 Ay T H Azoj[ cos aJ.] +2/3 A8 a5
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Abstract: We present a simple model of the motion of an elliptical
homogeneocus liquid core envelopped by an elastic mantle.

Keywords: Core motion, slastit deformations, Earth Tides.

1. Introduction.

In this paper we present a simple, rather geometrical, description of
the inner motion in an elliptical homogenecus liquid core envelopped by an
elastic mantle.

We shall describe the total displacements of the particles in the
deformed core as:

u=t+s
where s represents the rotational and tidal deformations and t represents a
particular free motion in the core that we suppose simple in the sense of
Poincare (Poincare, 1910).
For t we use the
Poincare representation by
means o¢ the squivalent
sphere. The terms s of
deformation will be treated
in function of Love nuambers
in the usual forma for the
global tidal and centrifugal
deformations. g , and amaking
a special study for the
centrifugal deformations ﬁ
associated with the
particular cere rotation.

LA AR
This representation has an interesting application for the polar amotion
study. In fact, we can study the effects of this displacesents in the
inertia paraseters and in the anqular eosentuajy after we must substitute in

the Liouville esguations. Cosplesentary equations {hidrodynamical equations)
for the simple sotion parameters will be necesary.

Fig t. Core inner displacements.

2, Bieple additional metion § .

14 we suppose that the displacements s are taken 4rom the aean
elliptical configuration, we use, to develop the simple additional motion,
the following approach.

¥e suppose the usual reference axes Dx coanected to the sean elliptical
configuration. The components of the &, 8, u vectors will be t, ,s8 , u;
i=1,2,3.
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I+ x is the position vector #for the deformed configuration then
X -8 = X, describes an elliptical confiquration of semiaxes a, a, c
for the liquid core. Now the coordinate transformation:
x' =P x =P {x - 8)

with:

1/c

give us a position vector x’ for a spherical configuration. The resulting

sisple motion for this sphere can be expressed, for the time derivates
%’= dx’/dt , in form of a global diferential rotations

X = Mwf) x’

with angular velocity vector w° , where:
0 -wj wi
Miw) = wy 0 -wf
- wy wy 0

Collecting this steps, the components of the velocity vector
for a particle of the deformed core for the t displacements are

. -1 . = 13
t = x = P oMW).Pix -8 +§ = P oMuh.P.x + &

neglecting the products of the infinitesimal magnitudes ug , wy,

3. Beneral tidal and centrifugal deformations q.

14 we suppose an elastic rotating earth model subjected to the tidal
effects and also we suppose a disturbing effect created by the variations
of the rotation velocity vector W= Qim ,m,;l+my) (M3 components of the
pole motion), the liquid core, as a part of the elastic model, is subjected
to the tidal and centrifugal global deformations.

These effects can be studied from the disturbing potentials. The second
degree terms of these potentials in a point (r,0 ,x ) are (Melchior, 1978):

e = Hp' = -%‘ r2 T I A, senlg;+A) P, (cos 8) +
2 de j i

+ § a“j cos @ on(cot 9 - )J: Anj cos(a, 422 ) Pa_z(cos 8) 1]

where a; = BMST + v + Aaqj and Aa; is a long period astronosical
argument 3§ and { Munk & MacDonald, 1973 ):

Ur = - é-rlﬂl [ (142m3) go(co! 9) + ( l4cusk + mysend) ﬁu(:os 8) 1
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For this kind of deformations it is more suitable to use a reference
systea 0 x.xg %, associated to the mean (initial) position (r,8,x) of
the particle:

Xg Xy
[ X5 ] = R,( 8 ) RylA) [ Xy ]
X Xy

Ryt+), Rz(:) being rotation matrices.
Using the Love nusbers theory for this elastic sodel, the deformsations
e from an initial sphere (we use the spherical confiquration obtained with
the radial centrifugal deformation associated to the term 1/3-r2 Q2 of
the centrifugal potential from a non rotating spherej this is the aean
spherical confiquration) ( g} =g +g ) can be written, for second degree
(Melchior, 1978): sec

Qb = 1/ Hy(r) (Ur + We)

e 0]
(:|o s 1/9 L!(r) %— (Ur + We)

LR L,(r) (sen 07 2 (Ur + We)
9% 9 'z )

The functions H, , L, represent the elastical properties of the body.

From the resulting expressions we can separate the secular terms (from
spherical to ellipsoidal confiquration) #from the periodical infinitesimal
terns.

4. Additional centrifugal deformations p from the particular core motion,

The simple wmotion of the liquid core (a global rotation for the
equivalent sphere) can create an additional centrifugal deformation in the
liquid core which load upon the elastic aantle.

For this kind of deformations in the core we make a special study. In
fact, the siaple motion and its possible associated centrifugal
detormations depend on the shape of the core-mantle boundary surface. He
can not use the same expressions starting from the initial spherical
confiquration (necesary for Love numbers theory), from the aean ellipsoidal
configuration and from the deformed configuration, as it is posible for the
global tidal and rotational deformations. Even, this deformations are of
dificult treatesent by disturbing potentials from the mean ellipsoide.

He try to solve the problem making the changé to the equivalent sphere.
For that, the simsple motion iz a global rotation and we can use the usual
development of rotational deformations. So;, the problem of the tise
variations in the simple motion and its associated deformations with the
core shape variations is transformed into the tise variations of the
coordinate transforeation Ox; - Dx{ for the core shape variations.

For the aquivalent sphere ( x! coordinates) the simple motion is
-an  additional infinitesimal global rotation of velocity vector
Wt = Q (mf,as, a5) . The corresponding additional teras of the rotational

potential in the eguivalent sphere will be:

= 2/3 r’202 g5 Bolcos 8°) - 1/3 r'iQli{s cos A+ m,sen X’} P, (cos ")

where r’y 8°, )X are the polar coordinates in the eguivalent sphere for
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the initial state without additional rotational deformation.
We have the relations:

x, = r sen 8 cos = ax;, = ar’ sen 8’ cos )\’

x,_trun&un = ax; = ar’ sen 8 sen )’

13 = r cos 0 = c x; = cr’” cos O

And thus:
A o= A
r’ =r (1/a sen?® + 1/c cos?® ) = i? (1 - X% €tsen20)
cos 9’ = EE’ cos ® = cos @ (1 +J% €2 seni0 )
sen 6 = sen 8 c/a (1 + % € senze ) .
where we use the core geometrical excentricity €2 = (a2- c2)/al as

first order infinitesimal tera.

Mow, we can apply the Love nusber theory for elastic deforsations and to
write the corresponding displaceaent as follows:

Hytr?)

o —g—rmmia- -;-%(3 cos?6”-1) - ( m;cosX’+ azsend’) sen 0’cos 0')
Lytr?) é - e .

pé > v r’i1g2 [ 2 a;sen 6’°cos 0° - (l‘cosx + my;sen)’ ) (cos?8’- sen28’)]
Ly tr®) . .

p; = r’t @2 ( a  senA’ - @, cos A’) cos 8’

where H;(r’), L3(r’) are different froa the usual Love nuabers Hytr),
Lz (r) for the model. 1In fact, the usual Love numbers caracterize the
elastic deformations for a free spherical configuration subjected to harmso-
nic disturbing potentiales of second da2gree; whilst for the equivalent
spherical core, the supposed deforsation is also an eolastic one and upon a
spherical configuration subjected ts harsonic potestial, bdut it hags less
magnitude because the core iz not free but envelepped by the elastice
mantle, which is not subjected to that direct disturbing effect and it
reduce the deformation sagnitude.

Finally, w=e look for the expression of this deforsation in teras of the
reference systea DuL . S0, we apply the corresponding transforamsation:s

Po P. a Py

Py | = Ryt @) RyiA) P, | = Ry 8 Ry a p; | ®
3 ®

P, PB € ps

L4
=R,08) R (A) [ .c] Rg(-l’) R, (= 0% [:

].

4 yo@e
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a cos® cos8’ ¢+ ¢ send send’ 0 2 cos® sen8’ - ¢ sen® coss’ pé
= 0 a 0 p;
2 sen® cos®’ - c cos® send’ ] a sen® sen8’ ¢+ ¢ cos® cosd’ 34

Also, using the relation between r, 6 ;2 and r’, 8°;, A" we have:

aH; (5 dH; (D)
Htr') = HRtS) ¢ ¢ === (r'-r/c) + ... 2 (D) - ": 1/2 r € sen?d
. Ly s
Ltry = L 8 L5 - 172 r € sente

g’ = gir’) = gir) + 0(€2) .,

Collecting these several results and making some calculi, it is posible
to get, in a first order approximation for the core geometrical excentrici-
ty : '

p’; f; Li(£3 é rig: [ 2 E_l§sen0 cosé - ( alcosh ¢ q;llnX)(tOllG - sen?d)]
c e, 1 161 < A <
p‘\t a L (=) 5 riQ { m; senA - m, cosA ) cos® i
. a. R | {a ¢ < . <
" =5 Wyt s-rtﬁi t - - 85 (3 cos?® -1) ~ (mjcosk ¢ =, send)send cos® .
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