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RehUona ~et.e.n tllllC~li!!lt1:1 EF~.3Gri. Polo .nd .ev.ra! •••• ton.id.red
In the E.rth rot.tlan th~artcJ.

".J. SEVILLA, P. RO~ERO ,8.8.CA~~CHO.
Sevilla, ".J., Ro.ero, P., Ca.acho,A.8.,1985J
Celesti.l EpheQ9rt. Pole and .~veral axe.
Earth rotation theori~s. Proc~edlngs of the
Sy.po.tu. O" Earth Tides , pp.329-331.

Relatlon. bet.een the
con.idered in the
Tenth lnternation.1

Ab.tractr Rel.tions bet.een the nutational and pol.r .otlon for
dlfferent ••e. i"volved in the E.rth'. rot.tion theorie •• re polnted
out.

~.y.ord.J E.rth'. rotation, Nut.tlon, Polar .otlo".

Introductlon.
Fro. the deflnltlon of the rot.tlon, the angular .o.entue .ftd the figure

.xe.,.nd fra •• -sult.ble deflnltlon of the Earth reference .yste., lt ls
po.sible to obtain sever.1 geo.etric.l rel.tions bet.een these .xe5. 50 if
.e obtain the expressions for the lotlon of an axis (rotation axisl , Ne
can easily dpduce the !!patial .otions (pr~cession, nuhtionl and the
terre.trial lotlons (polar .otionl for the other axes and also for their
.e.n (diurnall positions The position of a p.rticul.r pole:" the
Cele.tial Ephe.eris Pole "has a speeial interest.lt. corresponding axis has
an . i.portant role in the theorie. of Earth'. rotation, preees'iion-
nut.tion,and E.rth referenee _yste.5.

Let u_ eonsider a general defor.able Earth'_ .odel, and the folloNing
fund ••• ntal referenee sy_te.s la) A geoeentrie lnertl.1 fra •• {I} =tOX'Z>
(,sloclated .ith a fixed ecliptie planel.b) An Earth fixed fra.e {T}:{Oxyz}
(rotatlng .ith angular veloclty ~; usually, it can be a•• oeiated .lth the
Ti ••erand .xe.,Oz bel"g the .ean figure axisl.el The Nutation reference
syste. {N} • {OxOyOZO}, (.ith the Ozo ni. having a sp.tial eonlt.nt
direction elo.e to t·he DI ni. direction, ilnd !/J. being the e ens t ant
angul.r velocity of rotation .lth re~pect to the inertl.1 fra.e tI}I. 50,
.e can .rite

(1-1)

and (1-21

in the (T) .,.t •••
The Nutation .y.te. {N}.us~ by Jeffrey.' Vicente 119"),ftaladenlky

119bl1, Shen' ftanlhln. 119761, S.lth (19771,Narh (1919) .nd ftoritzCl9Bl>,
enable. UI to obt.in in an ea.y •• y the .patia) ~a.1tlon. (nutation) ind
the terrestrial p05itions (polar .otion) for the different aKes eonsiderpd
in the Earth rotation theories. FolloNing "oritz (19BO) ,Ne Nill obtain fG'
a defor.able .odel so •• geo.etric.1 r.l.tions bet.een ,evera1 i.port~nt
a.!!s.
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As thl 'Jt> v.cto,. is.n infi nU.si .a1 ".cto,., •• can
t,..n,fo,..ation. blt ••• n th. el> .nd CN} ,..f.,..nc. .Ylt •••
infinit •• i.al ,.otation .atrix.So , th. t,.anlfo,.••tion .qu.tions

ule. th.
using an

x-a [ J • e ) .e- - , U-3)

.h.,.1 • and .·,..p,.••• nt th. po.ition ".cto,.. in th. CT} and CM} ,..fl,..ncI'
,.,.p.cttVIPly,- J 11 th, unit ut,.h .nd GI i. an infinitniul rotation
ut,.iI -gÍ'l,nby

e -[-te~

., can Nrit. th•• quation. 11-31 in th. for •

• • • 0 _ .!. ...••• , (1-4)

th,n, in a fi,..t ord.r .pp,.o.i.atton, thl in".r •• tran,fo,..ation .qu.tions.,..
••••.!A • • 11-')

2. Po1a,. lotion Iquation ••
Al th. Oz· •• il of th. CN) rtf.r.ne. Iylt,. i. fi••d .tth r••p.et to th.

tn,,.tial fra., (ll, th, nutational .otion Nith r"plet to CN) of thl
rot.tion axil IRI, th, ••an figu,.•• xi. Iz), th. ln.t.nt.n.ous figu,.•• xi.
(F), and th•• ngular .o.,ntu •• xi. (HI, lay b. obtain.d ("oritz,19BO) a.

o o!!••• !,,- !J'
•••0 _ on !"J'-a -~ 12-1)

!!p .. o e!••- !3'

•• .0 _ O

!•• -ti !3'

!;.!.~ .!.07- .!°F-,and .!~b.ing th. unU ".ctor. &long thl OZo • O.; • R, z.
F .nd H •••• rl,plett".ly.
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"
e e

~R
E! - !Z'-~

~"I · I! o _ "-1 !."

~~ • ." - !;,-1'

~II
.• 1" -

e
- .. !-~.

And ••• g.t fa,. uy ni • o
P ·n !!..,'-

(2-2)

(2-3)

3. Unlt y.cto,.. along th. dlff.,..nt a••••
3.1 In.tantan.ou. rotatlon a.l ••

lit u. eonsidlr thl in.tlntlnlou. rotltion VictO,. of th. Earth Nlth
rllplct to thl inlrtial IpICI. NI ••rltl lt al

~ in th. {T} rlflrlncl Iyltll
w'i n thl CN} rlf.,.lnc. ly.t'l.

So, u,ing thl tran.fo,.iation Iquatlon (1-~),NI haYI
(3-11

On thl othlr hlnd, NI eln dl!eOlpOl1 ~. tnto tNO rotationl I R. (rotation
Nith angular Yllocity é of (T) ••tth rllplct to (N)) and Ra (rotation Nith
Ingular YIIoc i t Y ~o of {N} Nith rllplet to (1)). Thln NI han

.~o ••. 9 + ~. (3-2)
To Itudy thl polar lotion Ind thl::.:':¡i~l~'.. ". ,..." ...p••••

If N' no••~Ifln. th. cOlpllX nUlblr. N ••9. + I 9~ , thln N' can Nrlt.
e - •• !~I and al.o, If N' ••t N-a. l.p(l(~t+r) , ••1 hay.

nutlti~nal lotion, Nithout eonlldlrlng
N' can takl 9, - O th.n ! i. rlducld

. .. .
9 • N!,. I ~ N !i - I ~ !.

So th••• p,.••• ion (3-2) b.COII.
o "~. i ~! + el !, '

and th. unlt y.cto,. 110ng th. rolaUon ni. rllult.

o ~.!yo
!~ +1

~
!~• .--- . •I~I el el

(3-3)

(3-4)

3.2 ".an flgur. aal.
Thl Ilan flgurl Ixis i. thl 0% Ixil of thl {T} rlflr.ne •• Thln,ullng

(l-~I,ln th. (N) ,..f,,..ne.lt can bl .aprl •••d a.

and

"!. - !.+ !Á!~
!,_ !;•[ O O Il T,

.Ult

Thln
9 •• !3- -

" .!.¡- !l-
t·
9. 1:3-5)



- 332 -

The inatlntaneaua figure axi. will be the ane earrespanding ta the
eigenveetar af the Elrth inertia tensar. This ¡s, the on. whieh dir.ction
easines I~ I~ ,f,) relatives to the Earth fixed fra•• {T} oblige

ft

e
f$

e, be1ng the 1nertia tenaar far the defaraatud Earth.Then, the falla.ing
e.pre.sians au.t be satisfied

lA + eK -..\ ) fi + eQ f ~ + ti) f, = O,
e ~ fi + lA + e n- .l l f{,. + c..t!> " • O,
CI~ ft+cu f~+(A+eu-).I~s·O.

In • firts arder Ipproxia.tian we ean negleet praducts IS eijf., and .lao
take f3 • 1, in this way .e obtain

.---e,S
f •.z e-Ae-A

Using the eoaple. nuabers
f • f I +
e • e.,+

e
f • e-A

In arder ta expreaa the L veetor relalive to the (M} referenee, .e uae
the relation (1-51 getting

where
e " f .. -

as !~•!:' the unlt veetor for the instantaneous figure Ixl. result.
e· .·f e·
- F t -. + f •.¡ !~ + e o 1"-1 - v. (3-61

3.4 Angular-aoa.ntua a.ls.

For I defora.ble Elrth aad.l and in an Earth fi.ed fra.e, the angular
aoaentua veetor H ls glven by

H.f.~+h

where e 1s the 1nertia tensar, and h ts the rel¡tive angular aoaentua
veetor.-

Uaing e.pras.iona (3-11 and (3-31 the angullr velaeity ~ eln b. writtenIS
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H • .t:. ~o+ i Ir + l!) e e + h ;. e Q I +
• - 3 A Ir + l!) e + h + l! :'

H· • H ~ •.••• H • ~ A- ! I + 1 (1' + A - eA/A) • + h + A c.

• •If ••• rit. l' .(C-AIA/A. Ip.d•• put .¡• ••, ~ f1nllly b.ca •••

• •H • C A !•+ i A Ir - 1', ) • • h • A c

Ind, th. un1t v.ctar • alan, th. H Id..".- N· • AC.- •• ) !!. e
o • • o + ------- •• + -=-

M· I~·l -1 eA CI e

(3-7)

(3-8)

4. 'inal loreala. to o~tain tho ,olar ..tlon and th•• pattal nutattoft••
If •• d.f1no th. ealpl •• nUlbor.

n • ni. i n¡,
p • p I + 1 P~.

9iv1n~ th. nutltlan. Ind pallr .atian
th••• pr••• ian. (3-4), 13-51, 13-11),
12-21 .nlbl •• u. ta .r1t.

ro.poetiv.ly far Iny 1.1.,lnd u.inq
Ind 13-8), th.n rolltian. (2-11 Ind

l'
n •• ••A

n¡ • -1 • •en, • 1 • •e-A

~~~:~!~h en" • • • --- .
CI eA e

14-11.+A
Pa • .,

A
p¡ • 0,

e
P, ·---C-a

.(r.l) ,. e
PN • 1 • • .---eA eA e
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Jf •• put u ."'+ i c.J.•• , fro. (4-1) •• obhi"•
u

p~ •
11

P, • O ,
e

P, • e-A
A h e

Plt • p. + --- +e e 11 e
• 14-21". • p •. '.+Q

11", . r+1Ip.
e Q

". • P" ,e-A ,+11

" '-'. h e
"11 .[ --- )p. + --- + ---e r+1I e 11 e

Fro. a dyn••ieal theory of the E.rth's rot.tion for.ul.ted in ter.s of
the co.ponents of the pol.r .otion for the rotation ••is I.s the Liouville
eq;¡.tionsl .e ean obtAtn p". C.leulAting the vui.tions of the Earth
inertia tensor eo.ponents e .nd the .ngul.r .o.entu. h for the defor••ble
e.rth .odel eonsidered, .nd using expres,ions 14-21 •• e.n easily obt.in
the nut.tion .nd polar .otion for any ••is.

Lu"i.ollr Torqu.
We are looking for a gen.ral r.lation bet••en the eo.ple. nu.b.r • • 9.+

+1 9¿ .nd th. lunisolar torque L. LI+ i L¿ for a d.for••bl•• od.l. Let us
eonsider th. fund••ental .qu.tion of .otion.. .

H + ~." ~ • b
For I d.for.abl. body, H' i. giv." by 13-71. Th.n

15-11

..
H • - A , Ir - r.1 !+ , h + , 11~,

Ind • o 41
t¿!.,. H • Q !."!! • - A 11 1, -'11 ! + i 11 h + i 11e •

Sub,tituting th.,e ••pr.s'ions into 15-11 .e g.t
o

- A Ir.+ 111 Ir-r~1 !. + i Ir + 111 h + i 11 1, + 111 E ~ !: '
In. froe thls, u.l", t~••••• co.pl•• "otltloR ••• boy., •• obt.ln

-L llh+llcl
• • ------------ + -------AI,+II)('-'el Alr-'E)
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Tila lub.titutlo" of tlll. ralatio" i"to C4-11 tiva. for tila forcad .otionIlaOI

~~ i vL ,11I+!!e)
n lO ------------- - -------- ,

R AQI,+Qllr-,,~) AQI"-,,.)
n.¡.... il II+Qc

------------ + -------1 AI,,+Q)C"-,,,) AI"-,,,)
~. e il II+Qc

n" • --- + ------------ + -------C-A AI,+Q)I,,-,.) AI,-,.I
4r. -iL

n • ------- ,11 CQI,,+Q)
(:1-2)

pJ¡.r.•
1

-iL CI'+Q)(h+Qc)

pJ¡,r.•
O ,,

plor.• e
~ C-A

pftK.• -iL h+Qe-------- - -------11 CQ(,,-,,~) A("-,,, )
By ••• nl of th••• r.l.tion5 11. e.n ••a th. Influanea of tha d.for •• tton.

in tll. forcad pol.r .otion. Obviously, it r.sults th.t tll. forcad nutatlon
for tha angular-ao ••ntu. v.ctor doas not dapand on tha int.rnal
constltutlon of tha .arth .od.l, and that tha forc.d nutatlon for thl. a.ls
is z.ro.

Nutltion .arla. for tila C.I ••till Epll••• ri. Pole.
Tha nutltion s.ria •• ust ba caleullted for tila C.I ••ti.1 Ephe •• ri. Pol.,

_hieh 1I tha pala hlving no qUlsl-dlurnll .otionl IIlth ra.paet to tila
In.rti.l fr••• (I) na¡thar lIith resp.et to tha Elrtll fi.ad fr••• {T}. This
corraspondl to tila position r.sultlng 0+ tila forcad nutation of tha •• an
ti gura IX is ~.

ne. • n J

la. !ts eorr.lpondlng forcad poI., .0Uon Is zaro, P:·.O)
Th. convarsion fra. tha nutation syst •• (N) to tila Ecliptlc .y,t@w, to

111108 tila classlea1 Nutation thaorla. refar, ••y b. calcul.ted by •• ana 0+
tha fo1101lln9 tran.for ••tion

At .U".... -i n ai.A't

REFERENtES
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••pl1tud., of th. polar .otton ~~d sp.tl.l "ut.tlo"s fra. th. ,.s.o, Okubo,
Ind Sllto', Iqultlons.
P.RO"ERO, ".J. SEVILLA, A.8. CA"ACHO

Ro••ro,P.1 S.vil1a,".J.1 Ca'lcho,A.B., 1985 I A.plitud., of thl polar
.otlon Ind ,pltial nutltlonl fra. thl Sllao, Okubo and Saito',
.quations. Proclldingl of thl Tlnth Intlrnatlon.l Sy,poliu. on Elrth
Tid•• , pp. 331-341.

Ab,trlct I Onl of thl .o,t ,uitabll for.ulation of th. d.for.lbll
l.rth'l rotatlonal .otion is th. SI,ao, Okubo and Salto thlory
~Iv.lopp.d for thl "olodln.ky Earth'l lod.l. Thlir rl.ulting
cqUltions, .xpr••••d in tlr.s of thl co.pon.nts of polar lotlon for
thl rotatlon .xi, , hlv~ blln solvld in ordlr to obtlin th. Ilplitudl.
of polar .otion , and fra. th~. thl corrllponding .odlflcatlonl to thl
a.plitud., for thl lis, rlallltic rigid Earth'l .odll. Allo, thl
a.plitud •.•of pollr .otion and S,ltill nutltlo"s for slvlral difflrlnt
IXI., including thl CIII,tial Ephl••ri. POli, havI blln obtlinld.
kly.ord. I Elrth'. rotltion, polar lotion , "utatlon.

1. Th. S.SIO, Okubo, Ind SlltO'S .qv.tlons.
Thl Sllao, Okubo, Ind Salto .qultlonl 119801 dllerlbe thl rotatlonal

.otlon for th. "olodlnlky', Earth .odl1 (Ilastle .antll and llqutd innlr
eorll. Thl .o.t sultlbll for. of thlll Iquatlonl il givln by "oritz (1982)'
a. fallo••

A u - i (C-A) 11 u + Aclv + I 11 v ) + 11 le + t 11 e) • L ,
A ú

. (e. O ,+ A v + I CcQ V + 11e e 11-1)
e • 113 8 -'1' 11 k. (u - fl - 1/3 8·J ar 11 k • v ,t.

ee. g-'Ac [" (u - f) + • v ] ,

.htrl, u. w, + I ú)~ eorrl.pondl to thl rolaUon of th•• hal.• Earth .1th
rl,plet to thl Inlrtlal .pael and v • 1,+I X, to thl rotatlan of thl eorl
.lth rl.pet to thl aantll , A, C, Ac' Ce Irl th. aaa.nt, of lnlrtll of thl
.antll and eorl rl,pletivlly, e. e" + i C." Ind ee. ee.+ i e;' ni thl
variation. 0+ thl Intrtia tlnsor 0+ thl .holl Ear~\ Ind, thl ea,.
rl.plctivlly I L • Lt,+ I L~ i. thl lunilollr torqu. rllated .Ith thl
co.pllx nu.blr + • fi+ I f~ by thl rllatlon

i L • 1 C - A ) 11 f , 11-2)

", • ar. parl••tlr. glvln by SISIO • al} (1980), .ieh nuelr~~I} vllulS arl
d.plnding on thl glophYlical Earth lodll adoptldl Ind ko'lnd k •. Irl tho
.tltie .nd dyn.eie Lovl's- nueblr,r.lltld .ith thl Lov.', nuebar • by

v
t • Ir + Ir

o f f-v
(1-3)
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lf ••• rU.
36IC-A)

k 2 -------S. J Q.l~

Ir.C-A
I •

Ir, A
(1-41

1- Iro/lrsC-A
r • -------- Qc. 1+1 A

the t••o lut equtionl of (1-1) beco ••
Ir.C-A

- ~!:
C-A

e • lu - fl v
lis Q 11. Q

(1-5)
e Ac" A._

e • lu - f) + --- vQ Q
Ind the sublt ituti on of 11-:51 and (1-21 into (1-1) gives the final
eqlt.lUonl

AII+II~-i~II+IIAU+i[Ac-IC-Alk~/k.]QV+[A,-IC-Allrj/kS]V. I1-1r./lIsIL+1kO/k$l/Q
A 11 + ,. 1 ~ + Ael 1 + '1 ~ + i CeA v • i Ac" L/IC - Al Q. 11-61

2. Fr••• otion. Prop.r frecuenci •••
Let UI luppose the lolutionl for th. free .otion in the for.

u •• e exp.(irt>,
12-1)

v • b e exp.(irt>,
then, ••ith L • 0, ••e cln e.prels equltionl 11-61 .s

AII+I)lr-'clu+[Ac-IC-Alkt/ks]I,+Qlv • 0,
Acll+,.I,u+[Acl!+,I,+CcQ]v • 0,

thererfore, the prop.r frecuenci •• , .Ult verify
12-21

In • flrst order Ipproxi ••tlon, ••e take _ • O and EalCc-Ac l/C:O,
then 12-2) is r.duced to

1+,. k
i[Alr-'el - [Ae-IC-Al 1 r] Ir+Q) • ° ,

1+1 ks
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fI
, o
i

'e A---i¡i'----------~~-1- --- lA -IC-Al" -- 11+& e lCs

•, o•• - !l

In I ~.cond o~d.~ Ipp~olllQltion, w• hh

• + r E + ,,,,.
'j ,

1 " ,
,.,. + l:.t, E + .~, ,~ "ud lt r •• ulh

A, • ----i+~------------K:-- '"1 A - --- CA - IC-Al -- ]
'+5 e K.

AI!l+,<:1 IE-'I
, • - [1 + --------------------------------] Q ,
¡ AI!l+, 1 - !!! Q CA -le-A) !!. 1

e 1+$ e Ks

o~

A ko e-A A k.,. ( 1 Q • 11 1 'r'So A•••• k, A A k,". (2-3)
A

'olo - [1 + (E - al ] Q ,A.,

corr••pondinq to th. Chlndl.r Nobbl. (CNl Ind to th. N•• rly Diurnll
Nobbl. (NDFNI ~••p.ctiv.ly.

Mith 12-31 th. lolutionl for th. fr••• otion Ir.
u.t<w o

v~- •
li•
b •
!

li Ind 1" .Ult b. d.t.~.in.d

up.u,. t) + l.' .xp.U,.t}

..p. <i',. t} + bol' •• p.U,,,t)
(2-41

_h.r. th. l.plltud'l by Obl,~vltl on.

3 ".plitud •• fo~ th. fo~c.d .otio"_
L.t UI tlk. th. lolutlonl of .qultionl (1-61 in th. for~ 11-211 thln,

ullnq (2-11 w. obtlln

~!. .+e te
All+.)(,-,c) U + CA, - (C-A) (,+Q) ., .- ti 1,CC-IU Qf ,

k. Q ks

Ael 1+,.) , u + eA 1(+'1 , + e Q ] v o Ac ,. , f , (3-1 )
C" e
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tII••• hnt..nt A of tllll .y.h. b.lnlJ
6. ACl+.I('-'e' tA,Cl+'" + CeQ] - Ac.Il+~ltAc- (C-AI

Ind .ltll tll••••• proc.dur. u••d by "orltz (19801 In tll•
•qu.tlon. for tll. Polnclr.' •• od.r, ••• rlt.

Ó - K e '-'1.1 I,-,~I ,

lit
-- hl,+QI,
k"InhQrlt:lon of

e3-21
Fro. (3-11 •• o_t.ln tll•• olutlon.

,+Q t.

Q 11,

t, ,+Q Ae
- lAe.- eC-AI n) IC-AIAf,

lis Q C-A

+ A Ae (1+.1 1, - 'e I ~ f ,

13-31
~ltllA ,lv.n by 13-21.

We no. try to obtlln q r.lltln9 tlle ••plltud •• for tll. forced aatlan
of tll. "oladen.ky' •• od.l .Itll tlle laplltud •• carre.pandlng ta a r191d
Eartll. TIII. t.

q lO U I u.' 13-41
Uo beln, obtl1ned fra. ·e3-31 .UII k o • k. • O, Ae - O, Ind 'e. 's. To
.vol' tll. Indet.r.ln.tlaR Ipp.lrlng .Itll tlll. proc.dur. l.t u•• rit.

.. -
K. a-A ti.

[A - (e-Al -- ] I,+QI [1 - --- -- ] IC-AIQ
- --~---------~~-------- v - -----~---~----------

AII+.'I'-'e' 1111 ••• 1'-',1
f ,

.n' froe tlll••• pr••• loR •• obtaln
u.- - IC-AIQf I Ae,-,,) •

Finally, u.in, (3-21, (3-31 In' 13-" •• obt.IA q a.
(3-:51

Al'-',) ,+Q t.
q • ---------------- (lA (1+", + e 11[1 ]+\a..('-', )1'-".) e e 1 k.

t, ,+1 A
+ [Ae- (C-AI] e ~ r) • 13-61

k" Q e-A
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4 Prece •• lon, nutatioft and polar satton.

Let us consider the fol1nwing r&l.tions between the different ••&. for
a defor.abll! E¡rth's .odel (Sevilla, Ro.uo, C••• cho, 198511

p. '"u/Q ,

P~ • O •

P~ • c/C-A •
P~ • p. AIC • h/CQ + elC ,

ne.• P~ (,I,+Q) •

ni - - Pt (Q/,+lll •
n" • e/C-A - p •• (ll/,+ll)- P,,+~.
nM - p. (A/C - Q/,+Q) + h/CQ + elC - p"+ n,.

(4-1)
8efora .pplying the.a for.ul •• to dl!duee the nutltlon Ind pollr lotton we
lust obt.in h and e for thl!"olodl!nsky's lodel. As wa have taken Ttlserand
a.es for the .~ntle. h ls reduced to tha relativa Ingular-Io.entu. produced
by the eore. Thus

h • Ce "X. (Ae -X" A" ')( ~. C" 'X,,) I

in I flr.t ordar XS- O I then tha eo.ple. nu.b.r h ls
(4-2)

To obtlln e w. us. Il-~). thls ti
ko C-A kJ. C-A ko C-A

e- u- y- f. (4-3)

5 Polar .oUon.

For obhtning th. fr.e .0UO!!. L. f • 0:, w. u•• fh. lolution 12-4)
to obtltn fra. 14-2) Ind (4-3)

••h • % A· b•• exp.{i'rt> ,J.. .• J

~ k. C-A kL C-A
e • % 1- - -- --- b.) •• xp.(t,¡t) •

j., k~ Q J k~ Q J

(5-1)

Thu. lubstítuting 12-4) Ind (5-1) into 14-1) lt r •• ulta

P"--- OJ I (5-2)

••• ¿

P M • t [( -- •
jor, C

k. ~!)•••p.U,;t) ,
k, t

k. C-A
C e

b. 1.. •• xp. B,¡t> •
A
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For th. forc.' .otion, L ~ O, fra. 13-41 ~nd 13-1).. hay. th.
lolutionl

u • q u" ,
y • q'u + r f ,

15-3)
(5-41

.ith q giv." by 13-.), and q' Ind r b.ing
Ae (1+~1 r

q'- -
15-5)

r • ---------------
Acl1+'I' + teQ

1I q , q', r Ir. d.p.nding on thl frlculncy ~•••• rita q., qj, Ind r •
No., l.t UI .rit. th. lunilallr tarquI L I"aritz, 19.01 1I folio••

L • le-A) Q" ~ B;' ,.p. (-i (W,;t+';», (5-.1
.J

l.t u•• rit, lila , • -~;, th,n uling 15-.1 Ind 11-21; th. ,.pr••• ion 13-5)
giving uobaco •••

u • i Qo
15-71

u • i Q 15-81

In th, •••a .IY, ., obtlin fra. (1-21, 15-.1, 15-8) Ind 15-4)

'..v • i Q t 1 ----- q.q~ + rj) Bi' ,.p.(-i(W¡t+.;».
j W¡'he J J

(5-9)

Wa ~.a ••pr,••ion. 15-81 Ind 15-91 to obtlin .ith (4-2) Ind (4-3)

h • iQ A •• t
j

't q q~ + r.1 8., up.(-llwJ.t+.:),
j J ,J •• 4

Wj+'r
15-10)

k.
e • t (e-A I I [1

Than, lubstitutin, (5-81, Ind (5-101 inlo C4-11 At finllly r.lult.
far tha pollr .otionl

olor
• i 1• j

p.\or
• o ,

¡
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p for • 11. 11, '. ~t 11.
t q:) q.- rJ - --] 8.• ••p.{-i(w;+,;)},,.
j k lis ~ /.oJ.+ 'r ~ k$ lis ~

s s

~ A A, e-A Ir. ~! __~L A
Pw .1 l + -- q'. + --- - q~) 1 qI+ r· -

j e e J e lis lis J "'j+ e J

'r
e-A 11

1
It.

r· + ) ) B•• e.p. (-1 Iw.•t+•.;». (5-111e lis. .J 113, ~

• Mutattonal .otton.
The substitution of e.pressiona 2-4) Ind 15-1) tnto relations 14-11

gives for the fr•• nutatlonal .otlonl-n ••
¡.. • l'~

ni • - t. e •• p. (i 'J.t),
~:t ,. +Q

J 1.-1)
~ 11. l· 11 b. l'

l J • J J
n, • I • exp. U'jU,

11.50 Q 1I.s Q ,. +Q•,.•
• On ·w

This nutational .otion referl to the NutltiDn frl.e {M}. fa obtlin the
nutltion .ith respect to the inertill fr••• (I) •• .ust consider th.
trlnsfor.ltion I"oritz, 19BOI

~. + i Ó'f' sin e· - in e up.(iQt>.

Then, tt results
4••••

( t. 9+i ll't ti1 n el
R ¡., e , +Q Q

J

Ij
e •• p.<tI'.iHUt>,

~.
(C19+iA't lin ell:

t I j
• i t • exp. {i l'j+II)t},.>a, 'j +!I

te. ¿ 11. a· ~!- a·( Ó.t+l Il't sin 8lF • -1 1 • -_!_¡ ••• ,. UC'J+t)U,
l" 11, Q 11$ Q ,.+Q

J

fet
( &8+1 ~-'in el •• • O .
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For th. forc" nutational .otio., thl·fr.cu.ncy , .ill b. ~
eorr ••pondtn9 to th. lunlsolAr tor.qul. lh•• ubstitution of upr.ssions (:1-
SI and e:l-91tnto r.lations 14-11 9ivIs th. nutational .otlon in the (N}
r.f.r.nc. .y.te.. Usin, th. transfor.ation .quation 16-2) w. obtain th.
nutational .otion in th. (I} r.f.rlncl Iylt... As w. hav. ui,d for
obtainin, (:I-SI and (:1-91th. Nutation rlf.r.nc. Iystl' (N}, with this
proc.dure thl pr.ce.sion t.r.s corrlspondln, to th. fr.cu.ncy ,=g don't
appllr. But, if.1 dlrivl thl forlulae obtlin.d Ift.r lnt.gratin9 fra. t
to t, lt ftnllly r••utt.

l..- e-A "'; ,~eA I+ibt.tn ". • -1 B.Q et-tol +1 -- ---- qjSjl e.p.(-te~;t+'jl),
e ';/0 /lIoI~' W."',

.,~ e-A Q "e A8+Ui.in • -i 8.Qet-t.) + 1 ;---- q.B·I IIp.(-iC6w-t+llj)),• e ~•••jWj 11. +1: :J J ~
J ,- Ir. Ir, Q " ~!. Ir.

e A e+illlt11 n IIF • 1 [C q! + --- 1 q. - r·· - --]
;... 115 lis J 6IoIj W';+'I J lis

.J Ir.
B• • ••p. (-iC6w;t+.;»,
J

ell-31

7 C.l.,tlal (ph•••rl, '01 ••

Inel

For obtlinin, th. Cel••till Ephe.eril PoI. lotion ••• u.t tlk•
• p-'-pc "
• n{'"•ne
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Q: WhichUlplitwie do )'OU f'ind f'or tbe annual nutati_ in lonaituáe? la it

ditterent rro. Wabr'. value? (P. Melchior)

A: Y_. but it _t be pointed out that tha nattanin& ot tba cora in tha

retarenca lartb I&Odelchoaen playa. iJ"Aat rota in tha COIIputedvaluea

ot DUtatioaa. (P. s-ro)
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Varlatlons of tha lnartia tlnear for daforaabll aodlls •

•Uh 7 figuru
e.a.cho, A.S., Sevilla, ".J., Ro.ero, P., 198~1 V.riation. of the
iRertia tensar for defor••ble aodels. Proceeding. of th. Tenth
InterniltionalSyapo.iua en Earth lid.l, pp. 3~7-352.

Abstractl Seneral for.ul•• to deteraine thl infinite.ia.l v.riations
le of the inertia p.ra.eter. produced by inner infinitesia.l r.dis-
tribution~ of a.tter are developped for a gener.l .tratified aodel.

1. Jntroduction.
A lot of dyn••ic and kineaatic propertie. of thl Earth (pol.r aotlon,

preces.ion-nut.tion~rotation .p••dl are depending on thl a••• di.tribution
.n~ it. tia. variation.. The global configuration of •••Ie. can b.
de.cribed by the inerti. tenlor.

In a gen.r.1 c••• thl inerti. tln.or is ti•• dependlnt, .nd, juet fro.
the ti•• variationl of th. inerti. p.r.,.tere, other dyna.icill effects can
be deduc.d. We etudy the theoretical expr.esions of th. in~rtia tensor
coaponent. for. general .0deL in function of the di.plice.ent co.ponents
along th. outer surf.c. nor.al direction .nd th•• ditional gravit.tory
pohntial.

2. a.n.,a1 foraula••
With respect to • reflrence ey.te•

the in.rti. tensor of • gener.1 body
{ Ox" ial,2,l>, the co.ponente of

•r. giv.n by ( "oritz, 198011

- e¡j -JILx\ Xj f dv

c••. ·IIL (x1 + x~1 f dv

i~j

.her. V ie th. body volu.e, x~ th. earte.lln coordlnltl. of I vlri.ble
point, f the •••• d.n.ity .t thi. paint, Ind dv th. corr••pondin9 Ile••nt
of volua••

To study the ti•• vlri.tion. of the in.rtia
lnflnite.i••1 redi.tributions of •••• , let u.
v.riltlon. of volu•• Ind den.ity It th. point
.u.t .tudy:

plr••eter. e produc.d by
con.id.r in thl.. foraul.e
P Ix, ,11,& ,xs ) Thu., ••e

.a IJJ x,x· pltl dv.t V It) J I

Accordin9 to th. ruI•• of th. lnt.,ral ealculu. ( Apo.tol, 19.0) ••. haYI'

- J fltl- glt,.) d•• glt,flt))·f'(t) +
ott. o

f,g bling cantinuou. function. with continuou. firlt d.rivltive. in V.
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L.t us nON consld.r a trlpl.
integral for a volu.. V whlch
contalns the coordlnat.s origin D,
and .hlch ls bounded by a regular
closed and orlentabl. ,urfac. S
land .hos. s.ctlon .ith I radial
dirlction fro. D Is a single
polnt), th.n •• can .rit••

II IRI8,').,t)
dv· 1I oglt1r,e, ~ I r dr) ••ne de ~ ,.

Fig 3. Diferentlal .l•••nts.

el
¿t gltlr,.,AI r1dr dr •

No••• hav••

wher. « Is th. angl. b.t•••n th. radial
and out.r nor.al dir.ctions at a point of
tb. surfac. S.

Also by a si.pl. g.o••trical r.asoning
and lupposlng that th. displac •••nt ~ il
an Infinlt.si.al and contlnuoul function
in th. IpIC', w. hav••

dR • u" Icol « •

H.re, uftis the co.pon.nt of y along th.
lurflce. nor.al.

ThuI, •• hlve the ti•• variationl'

, JJL~~~,:' dv • JJsg(t,:) uftdI • IH> glt,!) dv

In our en.. glt,!I •••.•j ,I!,tl
continuoul in th. Ipace-ti •• )a

and Iluppo.lnt t~at th. d.nsity il
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8C·· •• IJ (xl + xlI U f. ds + III (X~ + Xl)( P-f. 1 dv.... s. j te "o v• .J k O

(The first ter. It the right hlnd side eln be interpreted IS In infinitesi-
all alss explnsion or contr~etion across the initial boundary surface and
the seeond ter. as the effeet of the density variltion inside the initial
voluael.

Fig 4. Continuo~ aodel.

If the voluae of integration il
bounded by tilO initill surfaels S•• Sz
.e llave,

- ICy • JIs:i.)lj u••1••dS

- JIs:¡Xj unfo dS + IL:i.x.¡ (f-'o) dv •

(lhe sign ainu~ in the right hand side coaes fro. the flet that the inside
of V i5 ~ut5lde of S l.

Fig 5. "odel with inner denlity
diseontinuity lurface.

No., .1 SUpPOSI I body bounded by
the initill 5urfaeel S., 5z but
.ith an inner surfac. 5 of density
dileontinuity, 50 thlt ••e haya
the volua. divided in two initlal
volu.e5 Ve , V..,.. Then ••e ••rite,

JIs;o.XjUnf'odS - ItX •.Xju"f.(el ds + fIL'::-Xj (1' - f.) dv +

+ JJ:~XjU,,~il ds - JJS:lXjunfodS + JJkX¡Xj (f-f.) dv

= JILXtllj (r-f.) dv + Ifs>·jU,,~ dS - JIS:"Xju"f.dS
- JJ.lrt"jU•• {f•.lll- r.(0) ds

p.(e) Is tha density in the surfae •• s l1ait fro. the exterior of thls
surface, 1. (i) fra. the inside.

If ••e hlve several inner initial surfaces Ik of dllcontinuity for the
density, then,

- ItLj• JJLlItlj (r-f,) d., + Hs: ..lj~J!dS - IJS: •.lIjll..t di

- ~JI~LXjU" (f.(e)- f.(i» d•••.'
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.nd si.ihrly for le•.•..
Th. fundion ~-fo af dl!nsity rl!distribution is not suihbl. for furthwr

dl!v.lop•• nts, but lt c,n bl! connRctRd to th. ,dltion,1 gr,vit.tion,1 pot.n-
ti,l N. cr •• t"d by th ••• s, r.distribution. By th. Poisson forsul.
IH.isk.n.n, "oritl, 197bls

Ó N. • - 4 , B (f - f! )
ThuSJ

Hwrw MW c.n substitut" s.f"ly W. by .ny oth"r funetton W. + I , I b.inq
, h.rsQnie funetion in Y IJor inst.nc", thw tid,l potwnti.I).

NOM, for t.o funetians of el.ss t.o, f, q , th" first Sr""n's id"nttty
givw UI IH.isk.n"n, "oritl, 19b711

.nd, for • volu." boundwd by t.o surf.c.s ~, S~.

IIL CH~g - g·..1f)dv • rr <>9 'ilr
(f - - g-)S 3n 7,.
1

hking Into ••ccount th.t .!1ClI¡lIj) • o .nd
•••sy to SRR th.t, for •• ch vol u•• ~ , M. h.v.s

LlClIl+ x~) • 4·, it is

Fig b. A l.y.r vol u•••

a II id.
~C.l

Addltionlng for th. s"v.rll vol u••• b.t ••• n diseontinuity surf.e.s, ••
g.ts

- le.. • -- iJ IJ {I~-
S g"•

se ~\. .
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The Idditionll grlyitationll potentill Va ean be eónlidered I1 I vlria-
tion of I

M : IJJ ~ G ¡(tI dvV(t)!..

l being the dlltlnee bet •• en the integration variable polnt Ind the point
.here M II ealeulated. And then, with a 11.lllr develop.ent that for·the
tenlor eo.ponentl, .e havel

l. • IV. IJL~ 6Ir-f.)dv + JJS4~6 u,..tdI4-JJs~ ~ 6 u"f!.d~+

+ ~. IL.i 6 un{ t (i)- f.le» d~ •
..1 ;¡

If .e Itudy the norul derivative é) 11I/3 n , only the flrlt t·er. 04
the rt gth hud lid. gi vu a eonUnuaul ter. t11 ~ lIal ., n. In' faet, let UI
conlider I gen.rll t.r. I

. '. .... . .
.. " ..

• • lo ~ •. . '. .~. - SIt. + dt)

Slt ••).~III~~~I¡~i!I!~~11.
~ªª~iliªª~~lliill~~~ili~ª~

N. ean le. thil ter •• 1 a single
layer potential .ith lurfaee denlity

r

Fro. the theory of lingl. layer potentlal.e can wrlte IHeilkanen,
"ori tz, 19710)I

~ NI] - 1h] • 4.6 r •
31\ SII)~" SI.)

AIIO, If we IUppOI. thlt outlid. the lurflee S ther. il no .ISS If· o),
.e hlyel

.! 111] - ~ lila] •
~n su : 'M\ SI.'

Inserting thil r.lult. in th. la.t expr •• slon of ley,. Ind t~king into
aeeount that lIa·'a/an IXi.xj) and Na-a/~ n Ixl + x~, ar. eontinuoul
funetionl along the .hole vol u•• , ••• rite finllly J 11•• "olodenlky, 19B1I

{(1••a - 4.6Pu lx-x' -
In Jo" ~J J

s Itiw& ..:. Ix. x-)} di 4
~I'\ lo J. Si·)

4
le .. • - --u. lt 116 JJL: h dv -
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lf no. .e Iuppole, in p¡rtlcul¡r, ¡ body bounded only by ¡n lniti¡l
lurhce So ¡nd 50 th¡t there is ¡n e.pty 'p¡ce (f- o) outslde of S .e
h¡vel

,e·· - I 11 (L~h) x· x· -
':J 4~G S '"' •••t • Jo

f IJ (L~II¡) (xZ+ xl) - II¡.:!.(xZ+ x!)}dSo•
~ ~6 S 'C>" ...-t J le. ?t\. J -

o

lIe conclude th¡t .e c¡n obt~in thl!ti.e v¡ri¡tionl of the inertl¡
p¡riPeterl for ¡ .odel co.posed by of liyers of continuoul denlity ¡nd
subjected to infiniteli.¡1 continuous displ¡ce.entl, by c¡lcul¡ting the
viluel ind the nor.¡1 derivitivel of the functionl u ind II¡ it the inner
and outlr bound¡ry 5urf¡cl!s of the .odel, .h¡tever the inner lurf¡cel
disconntinuity valuel ¡re.
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810bal .nd core lnertla tensor co.pGn9nt. for a c1 •• 1ca1 Earth eodel.
A.8. CA"ACHO, ".J. SEVILLA, P. RO"t~O

Ca.acho, A.S., Sevilla, ".J., Ro.ero, P. 19851 Slobal and core Inertia
tensor coaponents for I cl.Ilcal E.rth aodel. Procaadlngs of the Tanth
International Syaposiu. on E~rth lides, pp. 353-360. .

Abstr~ct: Seneral for.ulae ¡re applied to deteraine the .everal inertll
tensor coaponents for an el¡stic elliptlcal rotating Earth .odal with
liquid core and tidal disturbing effeets.
Keywordsl inertil tensor, Earth .odel., liquld coreo

1. IntroducUon.
In Caaacho, Sevilla, Ro.ero (1985) we pre,ent • gener.1 for.ulae to

c at cu ls t e the Infinltesi ••al variations &Cy of the Inertia. tensor co,,"o-
npnts for. general aodel in function of the boundary valu.1 of the aditio-
nal gravitational potential Wa and the displ~eeaent u~ along the boundary
surfle. nnrl~l. In a referenee Iylte. (DXt ,i-l,2,3) connected with the
body WP have:

(1)

~ SJII
- 11. - IX.I+xll} dS I

'C>n J" SIVI'
~

Flg 1. "odel bounded by two
Initi.1 lurfaees.

for a bodY'with Inltial dellty ~ I~)
~nd bounded by the lurfacel St, ~ land
with other inner denllty dllcontlnuity
lurfaeesl.

lf wa luppose now '. body bounded
only by an initial lurfaev So and 10
that tharv II a.pty Ipaee J f.O )
outlida So .v haY"1

(2)

-¡I1 é)(4.S) S~ <?;. 11.)

IIv will apply thvle foraul •• for a el.llcal E.rth'l lod"l.
2. Appl1cltlon for • ~a ••tcll Elrth' ••••• 1.

W" luppole a aod"l eoapOlad by an "Ialtic aantl" and a~ inn"r Itquld corvo
lubjeet"d to variable (about a .ean value) rotation and lubject"d to the
differential tidal body force. For si.plicity of further devalopl.nt we
luppole thv .odel Itudied froa • luitable '¡nitlal' Ipherlc.l configur.tlon.
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. If Q 1I thl .,an yalul of th. rotation spI,d, thl rotation YIloelty vletor
eln b, wrlttln w. Q (•• ,.~,I+.) tor a .0vIII rltlrlncl Syltl' eonnletld
to thl Illipticai .Ian figurl Of thl ,odll ('tlinfinitl.i,.l p.r."tlrs).
Thl corrl.ponding clntrifugal potlnti¡l U can bl writtln ("unk ~ "aeOo-
nlld, 197:111

u • 1/2 I~~!)l • 1/3 rzgz + Ur

" fur • - 3 rZQZ U+2.51 ~o(eos 81 - "3 rZQI 1 ' .•CDS~ + '~SlnA ) ~tlcos 8)
is har.onle function of slcond dlgrl'.

Thl tlr. 1/3 rJQz is just a rldial onl. Thln, WI considlr as .phlrlell
rlflrlncl configuration lof radiu. I and Iqual inlrtil ,0'lnts Al) thl
figurl obtainld fro. 1 sphlrieal stratifild non rotating Ilrth in hydro.ta-
tic Iquilibriu. applying thl radill elntrifugll dlfor'ltion 1"OCiltld to
1/3 rZQI ~I SUPPO'I 1110 thlt in this rlflrlncl statl thl Iphlriell
surtaels of Iqual rigidity V, co.prlnsibility ~ coincid, with thl Iqui-
potpneial lurfacIs I wholl potlntial. gravitatory + rldial clntrifugal for
1/3 rZQI r ,

Th. Hooklln Ilaltlclty of thl .odll connlcts th, additional strlss ISSO-
ciatld to thl inn,r dilplac,.,nts u with th,sl SI" displae,.,nts In th,
for. (LoYI, 19441 I -

"1:... ~. div !!~J

for I rotlting rlflrlnel systl' connlct.d to th, '.In .lliptical configurl-
t10n. ~I IUppOS' In innlr liquid IV aol eorl ot initial rldius c.

As final hypotlsis WI dlvelop th, difflrlntial tidll forcl as thl gra-
dilnt of thl tidll potlntill, whosl sleond dlgrl' tlr. WI writl for a point
Ir,e,~), in 1 glnlrll for., ¡s I",lchior, 197911

MI ,; ~II•
2

- GMc rZ [ P.20Ico• 81 Edi j
A.zojCOI Ij + ~ .•Ico. 811 A.z4jSlnllj+XI -

- ~CDS 8) E A~-l.jcoSIs.¡+2>' )
J

whlr, «j. 6"5T + y +. A «,j , .o«j I ¡strono.1 cal long plrlod Irgu.,nt.
Fro, thlSI hypo~,sis WI can dlvllop thl glnlrll .qultionl 'of displlcl-

'Ints in a continuous 'Idiu. and thl Poi.son Iqultion. ~Ith a ,athlr labo-
rious work ISII Shln • "Insinhl, 1976) it i. pos.ibll to obtlin I glnl'll
sy.t •• of parcili Itl.l-splce) difflr,ritill Iqultions in u Ind ~a.

For th~ rlsolution of this Iquations, thl func{ions u -can bl dlvlloppld
in th. for. of torsional and sphlroidll co,ponlnts Ind In .inusoidal tlr.s
tor thl slvlral frlqulncil" !!·!!T + !!.s

!! • E !•...j.,n,J
with 1

(!•••••j) r • O

I!..•.j) •• - -.• T••••J.(r)ISln') P" •••lcos e) cOII'j t - .~)
ciTft••}r) ¡¡ Pn ••• ICDI 8) Slnl'j t - .~)
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withl

I~" •••jl,.= U"••jlrl Pn•••lcos el c es I'J t - .Al

I~ ••"'jla - V"",jlr) d """,Icos el cosl'Jt - .,\ldi
-1 P,;""lcos e) un I'j t .).1I~n"jl.\- • IJ"",j(r)Ilen el -

AllO WI c~n writl W~
to writl ~ develop.ent for

by ¡ si.il¡r e.pression,
III¡+ Ur + Ih!

but it is .ore luitable

II¡ + Ur + We = t, Rn •••jrl Pn", ICOI e) COII'J t - .Al
". ""'J

SUltltuting thlse develop.ents in the gener¡l equ¡ttons ¡nd ¡pplying the
relitions between Legendre functions, the gener¡1 equations for the
functions U"' V" , R" , T" lit is not necIsuy to ••rlte the' subscrlps .,jl
can be eb t a í ned.

The resolution Dl the resulting equations ts different for the .antll ind
for the liquid coreo

For the .¡ntle the torsional ter.s can bl neglectld. Thl resulting Iyste.
Is of second order. Fut ••e can obtaln a syste. of six 11nlar ordinary
diflrlntia! equations definning thl auxiliary functions V"lrl, Z"lrl, ~rll

I i. V"Y" e V I Y,. + -; Un - 1r

Z" • 2V U" + "!(I Ü •• + 3: U - " In+1I Y" 1r " r:

Q" - R" - h 6 Yo U"

IYn il thl coefficient for the rldial stress 't:rr, In for "erllnd Qn for
'Olar lila- h6 P. u ; l.

With a rlther laborious work and starting fro. thl initial spherical
configuration, the rnul ting Iy.te. is IShen •• lIansinha, 197111I

l
+ -- l""I..+l.)I-

+ ~ 1. n tn+í ) V"
"I..+:ty r:

4
+ 1 r ni n+ 1> Po 9 -

" JI3'1+.1)1:~) U"
"+2)1- r

2n In+l) JI 3.,. +2):1: _
r~<:J.+:Z}'-)

2 p g • ,) VI'\, + n In+1> Vlo r 1\,

.!.U 4 + ! VY" - + ;: V"r "
,. .•.

y 1'\. •
I .3~ •.2f=1 -~!.l ~ i 3 Y" +f.9 - 2 U" - forRO\. -r V r1("I..+2.)I-) "$.+2,.. r " r

+ ( ;;,f..,J + _4_ 2J1 [12nJ+ 2n -11
<1.+1r

4+ 21nh n -1>JI 1 ~.) V~

R" - 4. 8 r. u" + 11."

I 1

Q - - 4. 6 f. - n In+D V" + ;1. n t n+t ) R" - r 2 Q"" r

(3)
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The solution of this systa. also .ust varify a boundary conditions in tha
fraa Gutar surfac. IlnitiaJly, r-.). So, tha conditlon of null r.di.l
strass gives USI Inla)-o, Ynl.)-o And the condition of knONn
dlscontlnuity for tha r.di.1 d.rlv.t.s of the .ddltion.l potentl.l giv.s USI

[I~ lIa) -~ .,.t.

IIriting the adition.l potential 11. .s an hareonic functlon outsida of the
bound.ry surfaca .nd using tha e.prassion of 11. + lIa + Ur .e h.ve, for
n=2 I

3/a [
cos rt
san rt [

cos rt ]
sen ~t • O

.hera,
j GM&[20] • [- 1" rlQI 0+2.3) - dl rl Azoj cos .j)

j [ •• ] 6H« [
san cr'

[21l - [- 3 rllll - -::r- r1 A.t•. J

·L
de. :J COS cr'J

[22] - [~ r1 AUj cos l.j + 2>.)]el:
For tha liquid core the situ.tion is so.ething diff.rent. The .aan prob-

le. Is that .e .ust considere torsion.l ter.s in the solution, Nith .nother
addition.1 coeplic.tions. Th. tre.t •• ent of this proble. is vary different
for several scientifist as Poincare, "olodensky, Jobert, Shen' Kansinha,
Sasao, Okubo' Salto. Here,.e eake • si.ple tre.te.ent supposing th.t the
only ONn torsion.l .otion in the liquid core is a glob.l rot.tion of v.loci-
ty vector ~'= 11 (ef,.f,.3) • This hypotesis let us .rlta for tha
torsion.) displ.ce.ents,

Additioni~ this torsion.l ter.s to the usu.l spheroid,l tar.s .nd •• king ,
stailu develop.ant th,n" for the ••ntIa (no., div 1! - o, (1!-r) •• - o, " • o),
.e c.n obtain tha corrasponding .ystae of diferanti.l aqu.tions. lIa obsarve
that for n-2 tha ne. equatlons c.n be obt.inad fro. tha ••ntle equ.tions
Ifor this sieplifiad hypotasi~l lf .a take p. o .nd substitute Ur by
Ur - Ur .ithl

U~ • 1/3 rllll[ 2 .3 ~o(cos el + (.!cosA + ~ •• nX) ~olcos 8)]
R~ by Re .1thrL

e 2
R~•••lr)lIa + ••a + Ur + Ur • t casI rt - .Al 'Z~cos el

.zO
.nd Qz, by Q' N1thl%. ,,~•. Re.

%. - 4. 6 t Un

If .a t.ka tha lnitl.1 cora- •• ntl. bound.ry .s I sphara of r.dius c .a
cln .rita tha follo.ing bound.ry conditions for n-2 I

c. [ cos .t ]R..z,..lc-)sen rt + Icontlnuity of 11.)



[cal rt]. [ cal rtJ 2. e
1I.z",le+) IIn rt • ~""Ie-' IIn rt + e [2.l

rt
, -

Ikno.n dileontinuity for olla~r ) , IIhlrl'
[

COI rtJ
4. S fo'C-' U.z..lclun rt

(20)' •• [- 2/3 r1Ql ~

.'t21r .[- 1/3 r1Q.1 [ .:J
z,

[221c • O

Applyín, artagon.lity proplrtíll af I;hlríell hlr.aniel in 11" 111 hlVII

ley - 14. sft II ~ r' tllz •••lr) - ~ R.l",lrllIXtXj 11:~~,Jeal el eallrt- • .\) dw

le·· • - i I R (r )•.•.. c; •

- 14wSr4 II ~
r' dr - (4)

r' rgl_Ir) - ~ R (r ) )(x~ +r.z... J

~x~'1 . ~•••Ieoll 81 callrt- .~) ~
r.z..

far II~ Ind R;"" •
To havI lorl Iuitlbll Ixprlllionl .1 connlet no. thl llllt eOlfflcilntl

lIith thl r.lltianl for th, LOVI nu.blrl thlory.
If 11' nlgllct th, liquid corl Iffletll Ind IItudy thl dl'plle •• ,ntll of our

,odll, 111 91t thl g,nlrll Iqultlon, (3). 11, 1111 that thl, ,qultion conn.ct
thl lIacond dlqr., tlr., of Ur,U9,UA, lIa .Ith th, 11" d,qrll tlral of thl
patlntiall 111, Ur by In hOlo,ln,au, linl.r Iyltl' of diflrlntial Iqul-
tlonl. So, lIithaut ¡a,t of ,In.rllity, .1 eln .rltl thl lolutlonll In thl
follo.in, for.,

u,..- I H"lr) 1I"lr,e,A)
n ~

.!. <>u¡ • E L"lr) 'i)9 1I"lr,e,})n ~
-4 ~

U.,.• E Lnlr) IlIn 8l ~.\ 1I",lr,e))
n '3

.hlrl 111 + Ur • E II~
thl boundlry eanditionl.

For n-2 thl eonnletion
cOlfflcllnt. glvI' UI'

• Thal. a.pral.ianl Ira ,anarll anau,h ta varlf~
of thll Lov. eOlfflellnt. lIith thl Iphlroidal

[ COI .t
JU.z""lr) I.n. .t • 1/, H¿lrl [2.J

[ COI .t ]V.z-Ir) .an .t • l/t L.z.Ir) t2.1

[ cal .t 1R Ir) I.n .t • II + K~ Ir) ) 12.J.z•••
And .a can .rita tha boundlry canditlonl for thil eoaffleiantl. Sa .1 hav.'
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And thln.
[

eos ,t J
D¿""lal un,t

For a .odel .ith llquld eore .a hava leen th.t the aquatlons In the
llquld eorl' for n"~, ara §I.ilar to that for the .antla but taking
Na + Ur + Ur inlta.d of Ne + Ur • So, .e eould ula .n •• prallion like.

[
COI ,t ]U.l•••lrl un,t " l/g H.z.lr)([2.] + [2.]c) ,

but, though tha diferantlal equ.tlonl e.n b. latilfl.d wlth th.l. ..prp~-
Ilonl, In the bound.ry conditlonl th. liquld cor •• ffactl appa.r with a
diffarent rola that th. r.lt of dilturbing potentlall. So, It il lore conva-
niant to .rite the ral.tion .ith two coaffici.nts.

[ COI ,t
J " s ••U.l.",lr) I.n ,t 1/9 ~ Ir) [2.1 - 1/9 H,¿Ir) r2.]~

•nd §iaihrly •

[ COI ,t
J 1/9 L~lr)

el
V~_ Ir) lan rt [21] - l/g L.l.lr)[2.]~

[ COI ,t
J

s ¿
Rz",lr) len rt •• 11+ Kz.Ir)) [2.] - K%. Ir) [2,]C.

c. [ COI ,t J s el.R~•••(r ) un rt •• 11+ K.t..lr))[2.] - 11+ K~(r) [2.t'

lhil il for tha core, but .110
eor. affactl do not .ppa.r in th.
cora-I.ntl. bound.ry conditlonl.

For thil lodal with liquid cor.

for thl .antle, blcaull, though th. liquid
diffarlntial Iqu.tionl, they appe.r in thl

[COI ,t J
[Q.: •••(.) - 2/a ~ •••(.)] un,t ••

Al SOl

[21],. •. c.

- (1 +~Iel - ha f.le -) 5 H1IC)
•• - 15 6 A

e[2.],..c."
¿-6~".L{ T [2e]

'or • luit.bla eoe'ficilntl r .n~ •• lla. S.SIO .t ·al., 19801

Nith th.sl relationl .e e.n subltityt. io thl e.pr.llionl o. th. inlrti.
pira.,ter ••

111 Far thl .hall lodll,

'C'j •• , IhS,-f ~ [D.z••.•I., - ~ ~ •••I.I] I1 1i.1j' P.¿"leosti eosl,t-a).ldc.u'"o ~ r-a
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_. 2
sc.. •. - 12 (4.6) t [Q'm(¡¡)

,~ 1=0 .•. :. ~ •••(a)] JJ (xf+x:) •.•~PlO(eos 91 eos(rt-Uldw
LV

[.C.~]
.e~J

4 ~
5 l/S

And siailarly:

eos rt
sen rt

cSef.L- = - 2 I:!./S

[!g~] " - 2 a~/(3S)

We observe that (20] has a secular partl - 1/3 rl~1
up.ct a s scu lar (cSei,l >.... SO, N' can

e.j s (C~j lo + 6elj • (C¡j ~ + (&C¡j 1.1~ + e Lj

Fro. the last relation Ne coneludel
(e '-.i)o •• o

(e,j)o •• Ae
lf NII nla.:

thlln:
1/3 (A + A + e ) •. Ae

this socular plrt Ne supposo thattho Love nUlbor
ks. • Thusl

Ind then:
C - A •• ~./·/(3Gl ~211

ks." 38 (e-A)/(a ~ll

5ustituting this pu •• oter ks.' E ••:.:~ 'c-ll and tho npres510ns of (211),

••e got finallYI -

(e-Al
\(5

E e t
I(~ j

A .[ elOo~~J~J-.l'j ~

e.1.· - ko /ks E e 1 A~~j .1" l'J

[ e" J 2 Ir. ,le;.
~~'." IC-A)en. •. - "3 (C-Al - .- - E C t (A.loj t ¡, A22) c e s elj +

\c~ ~ 3~ j
!. .••s ~
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t
j

(21 lnertla para.eter. far the llquld caro,

t. _~ 2
.tCu." - cI14,6) 1 [Q.z';..IC)

O

AIsa ••e ••rite,
C~.

e
1 .tC~) + c~... IC'j )0 +

••hore \.) '"J SC:~ 'J
t. c.

(C.:j) o •• Al!

Thusl C. c.
IIC~) <te. •Al! + (IC~. 1:1« • Ae + Ac

e (IC~~) __ ••Ce:Ao +

And, ••ith a si.Bar .othad th.n far tho ••hale .adol, ••o h.vol

[ c~~ J
c.

[ :~J ~GMc [ son «.] [ ;J.. A, + Ac l t A _ cos .~ A, aC.n J ~ 0.>- j .z'J J

CC •• - Ad
~6",

J A.z'j'4 ~n~ J
sen «J

[ c~ 1 .3GMc
t AloJ

son 'j]C11 . - 2/3 ~¡.~- 1/3 A J dise- cas GI. + 2/3 A,4 .c.
J ~
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A li.pIe repre.entation of liquid cor •• otion •
A.S. CA"ACHO, ".J. SEVILLA, P. RO"ERD

C.I.cho, A.5., Slvill. PI.J., ROIl!ro P., 19S:5: A silpll
represent.tion of liquid CDre lotion. PrDcaadings of the lenth
Jnhrn.tiond Sylposiul en E.,.th lides, pp. 3&1-3&1.
Abstr.ctl Ne presl!nt • silpll! lodel of tha lotion of .n elliptic.1
hOlogeneous liquid CDre l!nvelopped by .n el.stic I.ntle.
KeyMordsl Core lotion, .I.sti~ d.forl.tions, E.rth lides.

1. IntroducUon.
In this p.per MI present • si.ple, rather 'geoletrical, d.scription of

the inner 'Iotion in .n elliptic.l ho.ogeneous liquid core envelopped by .n
el.stic ••ntle.

Ml! shall describe thl! tot.l displ,c'lents of thl particles in th'
deforled core .Sl

wh.r, !represents thl rotation.l and tid.l defor.ations and t represents a
particul.r frel! lotion in the core th.t Me suppose siaple in the Sl!nse 04
POlnc.re (Poine.re, 1910).

For' t Me use the
Poincare r.pr.sent.tion by
le.ns of the equivalent
spher.. The terls s of
deforlation Mili b. tr.ated
in funetion of Love nUlbers
Jn the usu.1 for. for the
globll tíd.1 Ind eentrífug.l
deforl.tions. 1, .nd •• king
• speei.1 study for the
centrifug.l dlfor'ltions ~
Issoei.tld .ith tnl
plrticul.r eor. rot.tion •

! •
This rl!prlsentation h.s .n interlsting .pplication for thl polar lotion

study. In f.ct, MI cln study tha affaets of thil dilpllealentl In thl
inl!rti. p.r'leter. and In the .ngular 10lentuI, Iftar .1 IU~t lubl~itut. fn
the liouville equ.tion •• COlple.ent.ry equ.tions (hidrodynaliell equ.tions)
for the sllpl, .otlon par ••eters MilI be necel.ry.

2. Bi.ple additionll lotion ~.
14 .e SUPPOle th.t

Illlptle.1 ~onflgur.tion,
the follo.tn, IpprDlcb.

WI IUppOS' th. ulull referenel I.el O. eonnlctld to thl 1•• n,lllipticl¡
eonflgurat 1on. Thl eOlpon.ntl 0+ thl !,!, !! vlCtor •• i11 bl t., sI' U.
i '"1,2,3.

the displlel.ents,! .rl takln 4ro. thl •• In
•• u•• , to d.velop the sllp1 •• dditlonll lotion,



- 362 -

If ! ts th. position vector for the deforllld configuration then
! - ! .!o dllscribe. an elllptical configuration of seliaxes a, a, c

for the liquid coreo NON the eoordinate transforlationl

Nith:

p .[ l/a

give us a position veetor !' for a spherieal eonfigur.tion. The resulting
si.ple lotion for this sphere can be expressed, for the tile derivates
~·z d~'/dt , in for. of • global diferential rotationl

o e e

[
- ••.•3 ""' ...

"( v,f) • ....,<. O -wf3

- ""1- ...,' OI

Collpeting this steps, the cOlponpnts of the veloeity veetor
for a particle of thll deforled core for thll t displace.ents are

-4 <. .'t !" P _"(w) -p- (! - !) + ! p- _"(...f) _po! + !

neglecting the products of thll infinitesi •• l .agnitude. ,U, t~.

3. 9.nlrll tldll Ind clntrlfuOll dlfar.ltlonl ~.
If Ne suppose.n e¡astic rotating e.rth model 5ubjeeted to the tldal

effects and al50 Ne luppose a disturbing effect created by the variation5
of the rotation velocity vector ~= ~(III, ,m.•.•l+m3) (Itl eo.ponent5 of the
pole lotion), the liquid eore, as a part of the el.5tic .Odlll, is subjectlld
to the tidal .nd centrifug.1 glob.1 dllforlllations.

These effects can be studied frol the disturbi~g potentials. The speond
degree terls of the.se potentials in a point (r,e ,>. ) ar!! ("lIlchior, 1979)1

lit' lI.el••
2

NhHIl aj" 6"ST + , + <!. aj and Aa- il a long plriod .strono.ied
argu •• nt I and ( "unk lo "aeDondd, 1975 )'J,
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For this kind o~ defor.ations it is Dore suitable tD use
'ystee O ~rx.x~ issociated to the eean (initial) pDsition
the p ar t i cle t

a rl!ferpncl'
(r , e,).) of

Rz. (o), R3 (. ) bei ng rDhti en eatri ces.
Using the Love nu.bprs theory for this elastic .odel, the de~or.ations

~~ fro. an initial sphere (we use the spherical configuratiDn obtained with
the radial centrifugal defor.ation associated to the tl!r. 1/3-r/O/ of
the centrifugal potential fro. a non rotating spherel thi. is the aean
spherical eonhguration) C ~a ~ ~ + !l-) can be .ritten, +er second dpgrel!
("elchior, 1'178': ~c.

qe • I/g H~ Ir) lUr + lIe)
r

q. I/g L¿Cr)
";)

lUr + lIe). -ae11

qe .. é)
• I/g L~Cr) I'en e) IUr + lIe).\ 'd)'

The functions H¿, L¿ represent the elastical properties o~ the bDdy.
Frol the resulting expressions .e can separate the secular ter., Ifro.

spherical to ellipsoidal configuratiDn) froa the periodical infinitesiaal
ter.s.

4, Addltlon.1 c.ntrlfuQ.l d.forl.tlonl t froe th. partlcullr cor. lotlon,
The siaple lotion of the liquid core la global rotation for the

equivalent sphere' can create an additional centrifugal deforaation in the
¡iquid core ••hich load upon the eJa.tic untle.

For this klnd of defor.ations in the core we •• ke a special study. In
fllct, the si.ple .otion and its possible assDciated centrifugal
deforlations depend on the shape of the core-.antle boundary surface. We
can not use the sa.e expressions starting fro. the initial spherical
configuration (necesary for Love nu.ber, theory), froD the eean ellipsoidal
configuration and fro. the deforaed configuration, as it is posible for the
global tidal and rotational deforaations. Even, this deforeations are of
difieult treatel.nt by disturbing potentials frol the De.n I!llipsoide.

We try to solve the proble~ aaking the chang. tD the equivalont 5pher ••
For that, the si.pl. Dotion i5 a global rotation and W. CAn ule the ulual
develop.ent of rot~tional defo~lationl. So, the proble. of th. ti$e
variationl in the 5i.ple .otion and itl associated deforaations with th.
core shape v~riatiorrl l. transfor •• d into the tle. variatlonl o; the
coordinate tran.for.ation OXt~ Oxi fo,. the CDr. Ihape variatlons.

For the equivalent sphere (~l coordin.tesl
-an additional infinitesi.al global rotation

':le. " O (.~,.1,.~l • The corrupondlng additional
pot,ntill in the equivalent spher. will be'

the siaple lotion is
Df velDcity vector

terl' of the rDtltional

••her. r ", e',)..' Ir. th. polar coordinate. in th. 'quivill,nt sphere +o r
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the iniUal Itlte .i thaut additionll rotational deforeation.
Ve haye the relltionll

x4 • r len ,COI ..; . I r' .en " COI X'

la. • r len e len a a xi a a r' len e' .en ""
x3 a r COI e a e x~ • e r' COI "

And thulI
A' a ,..
r' I1/a len'e + lle COI" ) ;. r ( 1 .1( E'un'e Ia r -~

"
r e . cal e 11 + ~ El lenleCOI a z;T COI a

" · len 8 el. U + \ E' len".en •

where .e ule the eore geol,trieal exeentrieity
fir.t arder infinltesilal terl.

El a (al-ell/al al

No., .e can apply the Lave nUI~er theory for elaltlc deforeatlonl and to
writ. tha corr.elpondlng displaee.ent IS follo.sl

p' =r

H~ (r') I
-¡;- r"lI' [- .~3(3 COI,,'-1> - (.:COI>"+ .~unl') un 8'coI 8')
L i.(r' )
~ r"ll' t 2 ~un "COI" - (.~COI~+ IÍ~"").') (coll8'- senl8'»)
t~(r' )9' r" 11' .~ I,n)\' -.~ COI )\') COI 8'

p' "\)

p' e
l

wh,r, H~(r'). L~(r') are dlfferent froQ the ulu~l Laye nu.berl H~(r),
L lo Ir) for thl oodel. In hct, th, usual Loy, nUlbef'!Iclrlct,riz, the
tllstic d,for.ations for a free sphfrical conflguratlon gubj,cttd to harDo-
"ie disturbing pot.ntia!1 of Ilcond d~grl'l whilst for ih, equivalent
sphlricll corl, tñe luppoled dlforaatlon II 1110 an ~laltie onl and upon a
Iph.ricl! configuration lubjecttd to harlanie pat.ntlll, but it ha. lell
algnitudt b,clu.e the core i~ not fr., but env~lcpp.d by the elafitlc
a.ntlt, .hich i, not lubJect.d to that dlrtct dilturbin, efflet and it
rtduee the deforaation .agnitude.

Finllly, NI look for the e.prt.slon of thil dlforoltion in tIre. 04 th.
rtfOrencf Iyltea OXl • So, .e apply the corf"lpondl~g tran.foraationl

a[::l·'¿' • ) '." )
Pr

[::l.'.")'.<» [
P3

a

p'
R (- ~') R (- .' I [p~ J •~ 2 ,Pr
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o I cose .ene' :' ..,.,..•.][::
+ C cOl8 cOl8' p;'

.[ o a

a .en8 co.e' - C co.e .en8' o a .en8 .en8'

Alto, u.ing the relation between r, e ,~ and r', e',~' .a haval

H'(~).¡. c.
dH' (!:)~e- -- 1/2 r El unl&

L~(r') •
dl' (!).¡. e

dr 1/2 r El .enle

9' •• glr') " g(r) + O(~l) •

Collecting the.e .everal re.ultl and .aking lo.e calculi, it is posibl.
to get, in a firlt arder .pproxi ••tion for the core geo.etrical excentrici-
ty

p •
,\

II~ •• n~ - .~ COI).) cOle
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