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Postseismic viscoelastic-gravitational half space computations:
Problems and solutions
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[1] We consider the problern of surface deforrnation 2. Mathematical Formulation
arising from a fault in a semi-infinite, elastic-gravitational,
and/or viscoelastic-gravitational, plane-layered medium, [3] The basic equations Rundle
subject to an extemally imposed gravitational acceleration equation (5) in Rundle [1981]:
g. Rundle [1981, 1982] presented a ca\culation in which
self-gravitation, represented by terms proportional to G are
neglected, and the extemally imposed acceleration due to
gravity, g, is considered constant in the medium. Because of
the recent strong interest in cornputations of this type, we
examine the assumptions involved in these computations.
We show that these assumptions are not likely to have
serious consequences in the relatively near-field viscoelastic
displacements, where the earth's curvature is neglected.
We also show that the approxirnation described by
Rundle [1981, 1982], which was technically not regular as
z --4 00, can easily be regularized using a new approach
without appreciable change in the resulting displacement
field. INDEX TERMS: 1242 Geodesy and Gravity: Seismic
deformations; 3210 Mathematical Geophysics: Modeling; 3909
Mineral Physics: Elasticity and anelasticity; 7260 Seismology:
Theory and modeling. Citation: Fernández, J., and J. B. Rundle
(2004), Postseismic viscoelastic-gravitational half space
computations: Prob1ems and solutions, Geophys. Res. Lett., 31,
L07608, doi: 10.1029/2004GLOI9654.
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1. Introduction
[2] A problem solved many years ago by Rundle [1981,

1982] is to compute the surface deformation arising from a
fault in a semi-infinite, elastic-gravitational, and/or visco-
elastic-gravitational, plane-Iayered mediurn, subject to an
extemally imposed gravitational acceleration g. An impor-
tant point is that this model is an approximation to the real
earth, in which curvature is important, the earth has finite
depth, and gravitational acceleration g = g(z) changes with
depth z i.e., dg(z)/dz -¡. O. g is known to vary by a few
percent in the mantle [e.g., Anderson, 1989], but decreases
rapidly at increasing depth in the outer and inner coreo A
simple representation would have g constant in the mantle,
and then decreasing dg(z)/dz < O at depths below the core-
rnantle boundary. Here we show that a generally decreasing
g with increasing depth z is a necessary prerequisite to
regularity of the solution manifold as z --4 00 in the half
space approximation to the real earth.
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solved are given by

\72u +-\ 1
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\7\7. u + Pog vi«. ez) - Pog ez\7· u = O
- (J [.L [.L

(1)

where u is displacernent, a is Poisson ratio, Po is
unperturbed density of the medium, g is extemally imposed
gravitational acceleration, ~ is shear modulus, and ez is the
unit vector pointing in the positive z-direction (down into
the mediurn). Note that 1) Self-gravitation, represented by
terms proportional to G are neglected; and 2) that the
extemal!y imposed acceleration due to gravity, g, is constant
in each layer of the medium. For simplicity, Rundle [1981]
assumed that g was constant, even as z --4 oo. In a recent
discussion of the glacial isostatic rebound problem,
Klemann el al. [2003] have shown that a similar approach
can lead to unreasonable properties in solutions. Similarly,
we show here that if taken literally, the assumption that g =
constant as z --4 00 leads to violation of the regularity
conditions on the solutions as z --4 oo. However, as we
show below, an obvious and elementary way to regularize
the solutions is to enforce the simple condition that g --4 O as
z --4 oo.

[4] Rundle [1981] showed that the solutions of
equation (1) above satisfy the boundary conditions at the
surface z = O, the continuity conditions across horizontal
boundaries, and the jump conditions at the source.
However, these solutions are not regular as z --4 00, i.e.,
stresses and displacernents do not vanish as z --4 oo. More
specifically, the solutions to equation (1) depend on z
proportional to:

exp(±alz),a¡ =kJ(l +'¡) (2)

and

exp (± a: z ), a2 = k J (1 - '¡) (3)

where the gravitational wave number kg is given by:

k =Pog ~
g [.LV~ (4)

[5] Clearly, al! the solutions are regular when k> k butg'
not when k < kg. In the latter case, the solutions of
equation (3) are complex, or equivalently, real solutions can
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be constructed that are proportional to sin(la21 z) and
COS(la21z). For elastic problems, the issue is generaUy not
important in any case, since it appears only at very long
spatial wavelengths (equivalent to wavelengths of thou-
sands of km). However, for viscoelastic problems, all
wavelengths are eventually affected, since if the shear
modulus I-L --> O during the stress relaxation process, kg --> oo.
Unlike the glacial rebound problem [Klemann el al., 2003],
most of the relaxation in surface displacements occurs early
in the post-earthquake process, so this issue is typically
found to have observable consequences only at long times
after the earthquake. This result can be seen in the
computations presented below, for example, in the fact that
the basic viscoelastic response shape appears first, follow-
ing which the long wavelength amplitude of the shape
grows. We note that Pollitz [1997] has computed the
solutions for viscoelastic-gravitational relaxation for sphe-
rical earth models using a similar approach, and has found
results very similar in most cases to those found by Rundle
[1982]. In addition, the approach of Pollitz [1997] also has
the virtue that it explicitly accounts for the earth 's spherical
curvature.

[6] Another significant difference between solutions to
the postseismic viscoelastic relaxation problem and those
for the glacial isostatic rebound problem examined by
Klemann el al. [2003] arises from the nature of the loading
forces. In the seismic problem, the forces are compensated
opposing dipoles, whereas in the glacial isostatic rebound
problem, the vertical Boussinesq loading force is uncorn-
pensated, and equilibrium depends instead on the appear-
ance of elastic-viscoelastic response forces.

[7] Klemann el al. [2003] also discuss the role of
material compressibility, and suggest that enforcing the
condition \l . u = O is a means of resolving the problems
in their solutions. Somewhat relevant to this argument,
Savage and Walsh [1978] made the point that for the
double couple problem in elasticity, no net change in
volume occurs during the dislocation. Since the viscoe-
lastic problem is a linear superposition of a sequence of
elastic problems, each one of which satisfies the Savage-
Walsh constraint, there can be no net overall volume
change during the viscoelastic or viscoelastic-gravitational
relaxation. These postseismic relaxation problems therefore
display no global volume change ("global incompressi-
bility"), although the materials are locally compressible
[e.g., Clark, 1966].

[8] Despite the problems, this class of simple models
remains extremely attractive for many types of ca1culations.
The issue we discuss here is to understand the conditions
under which the approximations are adequate for the
problem at hand, and the conditions under which they are
not.

3. A New Approach
[9] The condition of incompressibility of earth materi-

als implied by the work of Klemann el al. [2003] is
restrictive. As discussed above, we suggest that the real
problem is that g is assumed to be a constant, when in fact it
should be g = g(z), and in particular that g --> O as z --> oo.
Similarly, in the spherical earth problem discussed by
Pollitz [1997], g --> Oat the center of the earth. Equation (1)
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Figure 1. (a) Picture of earth Model A, consisting of a
dipping thrust fault rupturing through an layer having
thickness H overlying a half space. (b) Picture of earth
Model B, consisting of a dipping thrust fault rupturing
through an elastic layer with thickness HI overlying a
second layer having thickness H2 overlying a half space.

can be viewed as representing the first-order perturbation to
a zeroth order problem involving computation of the depth-
dependent acceleration g. In that zeroth order problem, g =
g(z) should be computed from the unperturbed density
distribution Po(z). Self-consistency of the perturbation
problem with the zeroth order problem should then be
demanded.

[10] Consequently, we now solve a multilayered model
over a half space, in which g decreases with depth. Within
the context of the plane-layered models introduced by
Rundle [1981, 1982], we now require g to be constant
within each layer, and also that g decrease with layer depth
at large depths z. In particular, in the lowest part of the
model, the half space, we shall assume that g = O in equation
(1), and require that the stresses and displacements be
continuous across the layer-half space boundary. From an
examination of equations (1)-(4) above, it is clear that
when g --> O, we have kg --> O. AU solutions in the half space
are then proportional to exp (±kz) , just as in the purely
viscoelastic model whose solutions are known to be regular,
and unique solutions to the problem can then be constructed
that (l) satisfy the surface boundary conditions at z = O;
(2) have stresses and displacements that are continuous
across horizontal boundaries in the medium except for
known jump conditions across the source depth; and that
(3) are regular as z --> oo. Thus the viscoelastic-gravitational
solutions are regularized by this method.

[11] We now examine several models to observe the
differences in computed surface displacements between
regularized models, and the computations carried out by
the simpler non-regularized model shown in Rundle [1981,
1982], an elastic-gravitational layer of thickness H over-
lying a viscoelastic-gravitational half space, which we
refer to as Model A (Figure la). We wish to determine the
magnitude of the differences between the regularized
models and the simpler non-regular model. The regular-
ized models (Model B; Figure lb) consist of two layers
over half space [Fernández el al., 2001]. The first
(surface) layer is elastic-gravitational (g =F O, thickness
H 1), the second layer is viscoelastic-gravitational (g =F O,
thickness H2), and the third layer is viscoelastic only
(g = O). From the discussion above, the solution for such a
model is regular as z --> oo.
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[12] We compare the following computations. First we
compute coseismic and viscoelastic-gravitational vertical
surface displacement for a fault dipping 30° along the layer
of a medium as used, for example, in Figure 11 of Rundle
[1982], with results that are shown in Figure 2. We note that
the viscoelastic-gravitational solutions shown in Figure 2
differ somewhat from the results shown in Figure 11 of
Rundle [1982] due to improvements in the method of
solution that were implemented by Fernández el al. [1996].

[13] We now consider the same fault in the first layer
of earth Model B described above. Results are shown in
Figure 3 for different values of thickness H2 of the second
layer in Earth Model B. Comparing both Figures 2 and 3 we
conclude that the original Rundle [1982] solution is not
significantly altered. However, unlike the solutions in
Figure 2, the solutions shown in Figure 3 correctly satisfy
all the boundary conditions at z = O, the continuity
conditions across the boundaries, the jump conditions at
the source, and the regularity conditions as z ---> oo. Thus the
simpler model (Model A) adopted by Rundle [1981, 1982]
is seen to give results very similar in the near field to the
results obtained by the more complex Model B, and similar
to the results published by Pollitz [1997].

4. Conclusions
[14] We conclude the following:
[15] 1. The approximation in the problem described by

Rundle [1981, 1982] can easily be regularized as z ---> 00;

60,----------------------------,

o
o

-FO
---- F5
.. ····F45

40 1\ ,
.''\,.:.---- ;-

/<.~ ~.: ...::::....~:...:..~'_. i5..

'"or---------------------------~60

20

x o
S-
N
2- -20

--'------

-40

~O~~--~~ __~~--~~_r_.~~
-160-120-80 -40 o 40 80 120160200240280

y (km)

Figure 2. Time-dependent displacements due to a 30°
dipping thrust fault in a layered medium composed by a
60 km thick layer over a infinite half-space (Model A). The
fault plane has the following characteristics: length along
strike 400 km, minimum depth of O km, and fault plane
width 120 km. Computations have been done for different y
values, being the y coordinate perpendicular to the fault
strike. See Rundle [1981] for coordinate system definition.
Layer and half-space densities are 3300 and 3800 kg/m '.
Time t is in units of T = ~, where A and I-L are the elastic
Lamé parameters of the h~lf-space, T is the characteristic
time and 11 is the viscosity of the fluido The initial Lamé
parameter are A = I-L = 3 X 1010 Pa for both, layer and half-
space. Solid curve is initial coseismic displacement, dashed
curves show changes in surface displacements due to
viscoelastic-gravitational stress relaxation after 5 and
45 characteristic times. Vertical axis is cm/m of slip,
horizontal axis is distance normal to fault strike. This
figure should replace Figure 12 of Rundle [1982].
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Figure 3. Same as Figure 2 but for medium describe in
the text as Model B. First layer is elastic-gravitational,
thickness H¡, density PI = 3300 kg/rrr'. Second layer down
is viscoelastic-gravitational, thickness H2, density P2 =

3800 kg/rrr'. Third layer down is viscoelastic only (g = O).
Initial Lamé parameters are as in medium used in Figure 2.
(a) shows time dependent vertical displacement for H 1 =
60 km, H2 = 5 H 1 = 300 km. (b) shows time dependent
vertical displacement for HI = 60 km, H2 = 10 HI = 600 km.

[16] 2. The computations show that the original approach
of Rundle [1982] is accurate enough for many purposes;

[17] 3. Significant further improvements in accuracy
would best be obtained by using the type of spherical earth
models proposed by Pollitz [1997].
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