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Abstract
We consider the so called fixed gravimetric boundary value problem

(Backus probleml, where from the knowledge of the modulus of the gravity
vector on the known physical surface of the Earth we want to find the
Earth's outer potential.

This is a nonlinear oblique boundary value problem for a linear
elliptic equation (Laplace's equationl, and nowdays the general theory
of such problems is not as developed as for the linear case.

In this paper, we propose a possible existence program for the
fixed gravimetric boundary value problem based on the establishment of a
priori estimates in a Holder space. Under certain hypothesis and
simplifications, we obtain maximun modulus and gradient bounds for the
solutions of this boundary value problem.

1. INTRODUCTION

In this paper we are concerned with the fixed gravimetric boundary

value problem (fgbvpl. Supposing that the physical surface of the Earth

is known (this could be a very realistic assumption nowdays! I, one is

interested about the possibility (or notl of finding the Earth's outer

gravity potential from gravity measurements on its surface.

The justification and relevance of this problem have been treated

in different papers as in [5), [2), [8) and very recently by Heck [4).
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Mathematically it may be reduced to the solvability of the boundary

value problem

t.u = o In O

IVu + w2[x - <e
3
·xle

3
] I

U ~o

f on BO (1)

al eo ,

where the following notation have been used

O outer space to the earth;

BO physical surface of the earth (known!);

w angular velocity of the earth;

f. the modulus of the gravity vector (supposed continuosly known

on BO);

x=(x
1
.x

2
.x

3
L position vector of an arbitrary point on BO.

referred to a reference system with x
3
-axis the

rotation axí s of the earth; (ve limit ourselves

to a stationary earth model rotating with uniform

angular velocity w about a space -and body- fixed

axis. )

e
3

=(O.O.1) ;

u.... gravitational potential of the earth.

In addition. we shall denote by n the unit outer normal to BO (pointing

towards the outer space).

Although (1) is the correct formulation of the f gbvp, in what

follows we shall only consider for simplicity the "non rotational"

problem
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t.u = o In n

f on an (2)

U ---7 O at eo ,

By a classical solution of (2) we shall mean a function u E C2(n)

~ C1(Q) satisfying the equations in (2) in a pointwise sense.

Until now only a few results have been obtained about the

existence and uniqueness of solution for (2) -and (1)-. The more

relevant are the two following ones:

1. (Uniqueness theorem due to Backus [1] and also proved by Koch

and Pope [5])

"Suppose that an E C1,Q: for some Q: E (0,1). Then, if there is a

classical solution of (2) satisfying

'i7u.n< o on an, (3)

this is the only one that exists."

2. (A local uniqueness and existence result due to Bjerharnmar and

Svensson [2])

"Suppose again that an E C1,Q: for some Q: E (0,1), and let Uo be a

harmonic function in n such that u E c2(O) rv C1,Q:(Q) and 'i7u.n < o on
o o

ano Then, denoting by fo the modulus of the gradient of Uo on an, for

any f sufficiently close to f in CQ:, there is a unique solution u ofo

(2) belonging to C2
(O) ~ C1,Q:(Q) and with 'i7u.n< o on ano Moreover, u

depends continuosly upon f."

For sake of completeness we here include the proof of the first of

these theorems. Let u,v two different classical solutions of (2)

satisfying (3). Because l'i7uI2=I'i7vI2on an we also have

<'i7(u-v),l>= o on an,
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where l = V(u+v). The function u-v is harmonic in O and regular at

infinity, and the vector field l satisfies (3); then, by a very wel!

known resul t ([3, lemma 3.4)), u-v'" o.

The proof of the second theorem is somewhat more difficult, but

the idea 1s to make use of the implici t function theorem on Banach

spaces and of a standard result in the theory of linear elliptic

boundary value problems due to Giraud which states that if O 1s a Ci,a

domain -for some a e (0,1)- and if {3 is a Ca oblique vector field, then

the boundary value problem

~u = o In O, {3.Vu = f on 80,

has a unique Ci(Q) n C2(0) solution u regular at the infinity for any

f e Ca(Q); moreover this solution has Holder continuous gradient (see

[7) J.

In this paper we are interested in the global solvability of the

problem (2), i.e. ,roughly speaking, under which conditions we can find a

classical solution of (2) -satisfying (3)- for 2nY given f. On sight of

the known existence and uniqueness results for the fgbvp, this seems to

be an open problem. Although we have no a definite existence result, we

present the nonlinear method of continuity which it has be en shown to be

very appropiate for the analysis of nonlinear oblique boundary value

problems. We also indicate some drawbacks in the application of this

method to the fgbvp. We end this paper giving the maximum modulus and

gradient bounds we have found for the solutions of this problem.
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8G8p (x,z,p).n(x) > o (5)

2. NONLlNEAR BOUNDARY VALUE PROBLEMS

We here consider nonlinear boundary value problems of the form

flu = o In O
(4)

G(x, u, Du) = O on 80

where G is a real function on the set r 80xRxRn
. It should be noted

that the case

G(x,z,p) = Ipl-f(x)

corresponds to the fgbvp.

If 80 E el and G E e1(r), the boundary operator is called obligue

lf

for all (x,z,p) E r, where n(x) is the outer unit normal to 80 in x. On

the other hand, if (5) is only verified by some function u, the operator

G is said to be obligue with respect to y; i.e.

8G8p (x,u(x),Du(x».n(x) > o 'ti x E 80.

With respect to the fgbvp we can see that

8G8p = p/lpl

and, obviously, the operator G is not oblique, and we can only affirm

that G is oblique with respect to functions u E e1(0) such that

VU.n > o on 80.

Ihis is a drawback, because all the recent theory about nonlinear

boundary value problems is made on the prerequisite that the boundary

operator G is oblique (see the fundamental work [6]). In fact, if G is

oblique, under certain natural structure conditions for G -that embrace

a large class of boundary value problems-, Liebermann and Trudinguer [6,

theorem 7.6] have proved that for e2,a: bounded domains -a: E (0,1)- and
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G E C1,a the boundary value problem (4) has a solutlon.

Actually, the Laplace operator may be replaced by a quasilinear partial

differential equation of the form

aIJ(x,u,Du)D u + a(x,u,Du) = o.
I J

The functional framework from which this result is obtained is the

so called nonlinear method of continuity that we now present briefly. In

something abstract terms, let B
1

and B
2

two Banach spaces and F a

mapping from an open subset U of B
1

into B
2
. Let ~ a fixed element of U

and let G the mapping

G:U x IR -----7 B
2

G[u,t] F'Iu l - tF[~].

We now consider the sets,

s {t E [0,11 : G[u, t l o fOI" some U E U}

E {u E U : G[u,t] = o fOI" some t E [o, 1] }.

If we suppose that F is contlnuosly differentlable on E with

invertible Fréchet derivative, then by the implicit function theorem the

solvability set S is open in [0,1]. Therefore, "the equation F[u] = o is

solvable for u E U provided the set S is closed in [0,1]".

As we can see the basic idea in the method of continui ty is to

embed the given problem in a family of related problems indexed by a

bounded and closed interval, for instance [0,1], where for some

parameter (t = o) we have the original problem. Then, if we can prove

that the solvability set is nonempty, closed and open in the relatlve

topology, then it coincides with the whole interval; as a consequence,

the problem we are interested in is solvable.

The linear theory, via the Fréchet derivative of F, is essential

to prove the openness of the set S; in addition, for function spaces,

the closure of S follows from the boundedness of the subset E in the
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corresponding Banach space.

Let us now examine the application of this abstract resul t to a

more general nonlinear boundary value problem than (4) of the form

F[u) F(x,u,Du,D2u) = o In e
(6)

G[u) G(x,u,Du) = o on 8e

where e is a C2,a doma in.

(In (4) the operator F is the Laplace operator; in general, F may be a

quasilinear operator or a fully nonlinear operator as well; this is

particularly interesting for the global analysis of the Molodensky

problem in gravity space where the differential operator 1s nonlinear. )

If we suppose F E C2,a and G E C3,a, we may define the operator

where

P : B
l
-7 B

2
' P[u) = (F[u),G[u))

B = C2,a(Q) B = Ca(Q) x C1,a(8m
1 ' 2

for some a E (0,1).

Some calculations show that the Fréchet derivative of P is given by

P' lu l h = (F' lu lh, G' lu lh) , h E Bl'

where

F' Iu l h 8F (x,u(x),Du(x),D2u(x»D h +~ IJ
I J

8F (x,u(x),Du(x),D2u(x»D h +
+ 8¡) I

I

(7)

8F 2
+ 8z (x,u(x),Du(x),D u(x»h,

and

G' lu l h ~~ (x, u Ix ) , Du Ix l Ih + ~~ (x, u íx ) , Dul x ) )Dlh.
I

(8)

Moreover the assumptions on F and G allow us to assure that the operator

P is continuously differentiable.

Under the conditions,

(i) F is strictly elliptic with respect to u,

7



(11) G ls obligue with respect to u,
(111) F' [u)1 ~ o, G' [u)1 ~ o, with one of these quantities not vanishing

identically,
from the well known theory of linear regular oblique boundary value

problems, lt follows that the Fréchet derlvative P' [u) Is lnvertlble.
Let now U an open subset of COl,ex(Q) and I/Ja fixed element of U,

and consider the set
E = {u e U : P[u) = vP[I/J) for so.e V e Ic.s l J.

By means of the nonlinear method of continu1ty is then possible to

formulate the following theorem ([3, theorem 17.28)
"Let O a COl,ex domaln (O<ex<l), and suppose that F e COl, ex, G e C3,ex

and
(1) F is strictly elllptic in O for each u e E,

(11) G is oblique for each u e E,
(111) F (x, u,Du, 0OlU) ~ O, G (x, u,Du) ~ o for each u e E w1th one ofz z
these quantities not vanishing identically,

(Iv) E is bounded in COl,ex(Q),

(v) E e U.

Then the boundary value problem (6) is solvable in U".

The proof is very simple if we observe that the condi tions (1),

(il) and (iii) -and the regularity conditions on F and G- lead to the

openness of the solvability set that in this case is

s = {v e [0,1) : P[u) = vP[I/J) for Bome U e U}.

Making use of the Ascoli-Arzela theorem, the closure of S follows from

the last two conditions.

Remarks.

1. Thts theorem is not the best that one can obtain for nonlinear
boundary value problems (for nonlinear elliptic equations). In fact, for
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oblique boundary value problems subject to certain structure conditions,

a stronger result can be found in [6].

2. Here this result is presented for methodological reasons; we want to

lay stress on the fact that the method of continuity reduces the

classical solvability of the boundary value problem (6) to the

establishment of a priori estimates in the space C2'~(Q) for some ~ > o,

for solutions of a family of related problems (condition (iv)).

3. For quasilinear operators F[u] it is only required C1'~(Q) a priori

estimates for some ~ > o (see, for instance, [3]). This is important for

the analysis of the fixed gravimetric boundary value problem because in

this case, as said above, the operator F is the Laplace operator which

is linear.

3. TIIE ANALYSIS OF TIIE FIXED GRAVIKETRIC BOUNDARY VALUE PROBLEM

In this section we want to apply the abstract results presented in

the section 2 t o the analysis of the fixed gravimetric boundary value

problem (2).

To simplify the exposition we shall consider 80 as the surface of

the unit sphere 52 in R3
. The inversion mapping x ~ x- = x/lxl2 carries

the doma in O -exterior to 52_ onto the interior of the unit sphere which

we shall denote by B. By means of the Kelvin transform of u, defined by

- 1 -1-1 -1 -1-2v(x ) = x u(x x ) J x· e B,

the problem (2) is equivalent to the problem

tJ.v= o In B

G[v] v2
+ 2vv' + IVvl2 - f = O

r

(9)
on

where by v' we denote the radial derivative of v, i.e. v' = Vv. e. In
r r r

fact, a straightforward calculation shows that if IVul2 = f on 52, the
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function v satisfies the condition G[v] ; o with G defined in (9). In

addition is well known the harmonic character of the Kelvin transform of

a harmonic function.

The only advantage of this procedure lies in that we have now a

boundary value problem in a bounded domain; for these domains are valid

the results of the previous section.
Although the boundary condition for v is apparently more

complicated than the corresponding one for u, its formal structure is
analogous. In fact, the operator G is not oblique on 52, but it is

oblique with respect to functions v E C1(E) such that

v + v' > o
r

(10)

To apply the method of continuity to solve the boundary value

problem (9), it seems therefore a good choice for U the subset

U {v E C2,a(E) : v + v' > o
r

With this U the conditions (i) and (ii) of the general result in

the section 2 are satisfied. We also have
F ;; o

z

G (x,v,Dv) ; 2(v+v') > o
z r

Ir v E E e U,

and the condition (iii) is also verified.

If we suppose momentarily that we have at our disposal a priori
2 a 1 ~ -estimates for the solutions of (9) in C' (E) -or in C' (B) with ~ >0-,

we have not been able to prove the condition Iv l , i.e. E e U. To see

this we note that for the problem (9) the set E is formed by the
functions v E C2.a(E) satisfying (10) for which

av In B

v2 + 2vv' + IVvl2 - f
r

(11)
on
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for some ~ E [0,1] and with ~ a fixed element of U.

Writting the boundary operator in (9) in the form

G[v] = (v+v,)2 + IV vl2 - f
r ~

where V~v is the tangential projection of Vv, the boundary condition in

(11) can be written as

Because we have freedom in choosing the function ~, we may take

one harmonic function satisfying (10) -if we choose a positive function

on 52 of class C1,a(52), the linear theory for regular oblique boundary

value problems guarantees the existence of one such function-.

Therefore, the family of problems (11) is

fJ.v= o In B

on

and, by the positivity of f the functions V of E satisfy on 52

( ,)2 1 •..• ~vI2v+v + v
r

> O V E E. (12)

5urnming up, for a function v E E we have fJ.v= o, v+v'~o and (12), and
r

from these conditions we cannot conclude v+v' > o !.
r

In spite of this drawback, we now present the maximun modulus and

gradient bounds we have found for solutions of the problem (9)
satisfying (10).

LEMMA 1.

Let in B satisfyingbe a harmonic functionU E

u+u' > o on 52. Then we have u > o in B.
r

Proof:

Without loss of generality we can assume u ~ const .. Then, by the

11



maximum and minimum principIe for harmonic functions, the function u

achieves a minimum at a point x E 52, ando

X E B.

Therefore, by the boundary point Lemma [3,Lemma 3.4] we have

u' (x ) < o. Because u+u' > o on 52, we conclude finaIIy
r o r

u í x ) ~ u íx ) > u í x ) + u' (x ) > o
o o r o X E 8.

LEMMA 2.

Let u E e2(B) " el(8) be a solution of (9) satisfying (la). Then

we have the estimate

Proof:

We only need bound u by above because u > o from Lemma 1. Let

X E 52 where the function u achieves a maximum. At this point u' (x »0,o r o

and then by the positivity of u we have

Final1y,

u(x) X E 8.

LEMMA 3.

Let u E e2(B) rv el (8) be a solution of (9) satisfying (la). Then

exists a constant e such that

suplVul
B

:s elfll/2
o

Proof:

5ince u > o and

on 5 ~
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we have

• • 1 f 1 0
1
/
2

U <u+u :S
r r

From Lemma 2 and tak1ng into account that U +

obtain the lower bound

. -lfI
0
1
/
2U > -u ~

r

and then

For the modulus of the tangent1al component of Vu it 1s clear that

From these est1mates. we see that

The desired result follows by considering the harmonic character of the

function u.
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