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Abstract The dynamical behaviour of complex quan-
tum systems can be harnessed for information process-
ing. With this aim, quantum reservoir computing (QRC)
with Ising spin networks was recently introduced as a
quantum version of classical reservoir computing. In
turn, reservoir computing is a neuro-inspired machine
learning technique that consists in exploiting dynamical
systems to solve nonlinear and temporal tasks. We char-
acterize the performance of the spin-based QRC model
with the Information Processing Capacity (IPC), which
allows to quantify the computational capabilities of a
dynamical system beyond specific tasks. The influence
on the IPC of the input injection frequency, time multi-
plexing, and di�erent measured observables encompass-
ing local spin measurements as well as correlations, is
addressed. We find conditions for an optimum input
driving and provide di�erent alternatives for the choice
of the output variables used for the readout. This work
establishes a clear picture of the computational capa-
bilities of a quantum network of spins for reservoir com-
puting. Our results pave the way to future research on
QRC both from the theoretical and experimental points
of view.

Keywords Machine Learning · Quantum Reservoir
Computing · Information Processing Capacity

1 Introduction

Machine learning has become one of the fastest-growing
research lines in the last years, with deep learning be-
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ing a prominent example [1]. Applied to many fields like
computer vision [2], physical sciences [3], medicine [4]
or language processing [5], machine learning techniques

enable us to solve problems that were very hard or even
impossible to tackle with more traditional tools. A spe-
cific group of problems that belongs to this category are
the ones that involve the processing of temporal signals,

such as speech recognition [6], time series prediction [7]
or channel equalization [8].

The general concept of Recurrent Neural Network

(RNN) encloses one of the main techniques employed
nowadays to solve temporal tasks [9]. A RNN is a neural
network whose nodes are recursively connected, which
allows information to remain in the network through

time, giving the system “memory”. Among all the RNN
techniques, Reservoir Computing (RC) is a promising
line of research that exploits dynamical systems to pro-

cess the input information [10,11].

The inception of this field comes from two differ-
ent approaches with different motivations. On the one
hand, Echo State Networks [12] were designed with the
aim of reducing the complexity of the training for RNNs
while keeping a good performance. On the other hand,
Liquid State Machines were proposed almost at the
same time with the focus on modeling neural micro-
circuits [10]. Both of them share the characteristic of
not relying on the tuning of the parameters of the re-
current network, also known as reservoir in this context.
Thus, training during the learning process only adapts
the weights of the output layer, where the state of the
reservoir is read out.

By training only the output weights, the reservoir
computing paradigm requires certain conditions for a
proper performance. These conditions are usually re-
ferred to as the Echo State Property (ESP), the Fading
Memory Property (FMP) and the Separability Prop-
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erty (SP) [13]. The state of a driven dynamical sys-

tem with the ESP is uniquely determined by the input

history. FMP implies that the dynamical system dis-

sipates the information about the input in time. Both

ESP and FMP are deeply connected and they require

to forget the initial state of the reservoir as a neces-

sary condition. Finally, the SP enforces that the reser-

voir computer produces different outputs for any pair

of different inputs.

The simplifications in the training algorithm also

bring important benefits, in addition to a direct speed-

up in the training time. First, it opens the possibility

of solving many tasks with the same reservoir, train-

ing only the output layer independently for each task.

Second and of practical relevance, since no fine tuning

is required for the reservoir, a large amount of possible

implementations for information processing have been

demonstrated in numerical simulations and even using

physical hardware [14].

To name a few, the list of experimental realizations

include photonic [15], electronic [16] and spintronic [17]

implementations. However, quantum implementations

are visibly lacking. That is why Quantum Reservoir

Computing (QRC) was introduced recently as a pos-

sible extension of the classical algorithm to the quan-

tum world [18,19,20,21]. The first work [18] proposed

networks of quantum spins as the reservoir, exploiting

the large number of degrees of freedom that they can

provide with a few elements. Since then, several works

have explored the spin-based implementation [19,20].

QRC bridges the fields of neuromorphic computing

and quantum information technologies [22]. The former

is inspired by the computation of the brain to reduce

energy consumption and time of computation, while the

latter harnesses properties of quantum systems, such as

entanglement or coherence, to tackle some class of prob-

lems that otherwise would be hard to solve in the classi-

cal domain [23,24]. Quantum effects can be exploited in

quantum metrology, secure quantum communications,

quantum simulations, and quantum computation [25],

being the latter the most relevant technology here. As

opposed to quantum circuit models, which implement

digital gate-based quantum computing schemes [23],

QRC belongs to the broad line of quantum analog com-

putation, as quantum simulations or quantum anneal-

ers, where the complex real-time dynamics of quantum

systems is exploited for different tasks.

In this work, we consider a quantum network of ran-

domly coupled spins for reservoir computing as in the

proposals of Refs. [18,19,20]. Our objective is to de-

termine the task-independent capabilities of the spin-

based QRC system through the Information Processing

Capacity (IPC) [26]. The IPC is a generalization of the

linear memory capacity [27] and quantifies the different

degrees of nonlinearity that a dynamical system can

reproduce. Equipped with this, we find conditions for

an optimum input driving and provide different alter-

natives for the choice of the system’s observables used

for the readout. The presented analysis encompasses

both time multiplexing as well as different measured

spin projections and correlations in order to establish

the best performance of a quantum reservoir of inter-

acting spins.

2 Methods

2.1 Reservoir Computing

Dynamical systems can be exploited to solve tempo-

ral tasks. By a temporal task, it is meant to learn a

function of a time series (called input sequence) that is

fed into the system. If the proposed task is to approxi-

mate a nonlinear function of the input, we say that it is

then a nonlinear temporal task. Some examples of this

are speech recognition [28,6,29] and chaotic time series

prediction [30,31,7]. The field of Reservoir Computing

(RC) harnesses dynamical systems to tackle this kind of

problems from a machine learning perspective, applying

in general, a supervised learning scheme. The standard

algorithm of RC can be divided in the following three

steps:

1. Feeding an input into the dynamical system, also

known as reservoir layer, through some of the vari-

ables of it.

2. Evolving the natural dynamics of the reservoir layer

under the input driving.

3. Extraction of the information from the reservoir layer,

using all or some of the degrees of freedom of the

reservoir, via an output layer.

The first step needs to be specified according to the

dynamical system in use, so we will explain the input

encoding for the spin-based QRC model in the next Sec-

tion. Nevertheless, in a general setting, we can describe

the processing and extraction of information with two

maps. First, the reservoir map T : RN ×Rn → RN with

N,n ∈ N the dimensions of reservoir’s state space and

input respectively. Second, the readout map o : RN →
R. In this setting, the reservoir computing paradigm

can be represented as follows [32]:{
xk = T (xk−1, sk)

yk = o(xk),
(1)

where xk ∈ RN is the state vector of the dynamical

system at time k ∈ Z, and sk ∈ Rn is the input vector
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that belongs to an infinite discrete-time input sequence

s = (. . . , s−1, s0, s1, . . . ) ∈ (Rn)Z (in other words, s is

the list of inputs in time). yk ∈ R is the output signal

at time k.

Reservoir and output in Eq. (1) play different roles.

The former is often selected such that it provides a

nonlinear transformation with respect to an input in

the present time and to past inputs as well. In this way,

most of the computational cost can be outsourced to the

reservoir while the readout function is kept as simple as

possible. Thanks to this simplification, the readout can

be taken as a linear combination of the reservoir states:

yk = w>xk, (2)

where w represents the output weights that are trained

in the supervised learning scheme. It has been exten-

sively shown that it is enough to train only these weights,

keeping the parameters of the dynamical system fixed

from the beginning of the learning process [11,32]. The

Fig. 1: (a) Schematic representation of a reservoir com-

puting system with a network of 5 quantum spins. (b)

Example of the dynamics of the observables 〈σzi 〉 for a

random network of 5 spins with parameters ∆t = 10,

h = 1 and Js = 1. It can be seen that the spins 2, 3,

4 and 5 are driven by the dynamics of spin 1, plotted

with the red line.

training is the part of the algorithm where the weights

w are adjusted to solve a task by minimizing the error.

We will consider here the mean square error

MSEL(y, ȳ) =
1

L

L∑
k=1

(yk − ȳk)2, (3)

where ȳk is the function of the input that we want to

reproduce, also known as target. A usual approach is to

use a linear regression for vector y = Xw with respect

to ȳ, where X = (x1, . . . ,xk)
>

is a L× (N + 1) matrix

that collects the reservoir states at different times. L is

the length of the input sequence and N is the number

of variables, i.e. observables, we use from the dynamical

system (we add a constant bias term xk,N+1 = 1 for an

optimal training).

2.2 Model

As discussed in the previous section, dynamical systems

can be exploited in the RC framework. In particular,

Quantum Reservoir Computing (QRC) was introduced

as the possibility of employing quantum dynamical sys-

tems [18]. In this approach, we use a quantum system

for obtaining the reservoir as defined in Eq. (1), while

the system evolves under the usual expressions of quan-

tum mechanics. For a closed system, the dynamical evo-

lution of the spin-based QRC model can be written as

ρ(k∆t) = e−iH∆tρ[(k − 1)∆t]eiH∆t, (4)

where ρ(k∆t) is the density matrix of the quantum sys-

tem after k time steps and e−iH∆t is the unitary evo-

lution given by Hamiltonian H for a time interval ∆t.

Here, we will deal with networks of qubits represented

in Fig. 1 (a), as in Ref. [18]. The Hamiltonian we use

is known as the transverse-field Ising model and can be

written as

H =

N∑
i>j=1

Jijσ
x
i σ

x
j + h

N∑
i=1

σzi , (5)

where N is the number of qubits, h is their natural fre-

quency, σai with a = x, y, z are the usual Pauli matrices

and Jij are the couplings between the qubits. These

couplings will be selected at random from a uniform

distribution in the interval [−Js/2, Js/2]. Nonuniform

couplings are in general beneficial to explore the whole

Hilbert space and then to exploit all degrees of freedom.

Once we have defined the dynamical system, we can

introduce the encoding of the input signal into the sys-

tem, i.e. sk, every time step. From now on, we will work

only with a scalar input. We will make use of the Com-

pletely Positive Trace-Preserving (CPTP) map in which

the classical information sk is fed always to the same



4 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle

qubit [18]. Let us name it qubit one. The state of this

qubit is reinitialized every ∆t with the state

|ψsk〉 =
√

1− sk |0〉+
√
sk |1〉 , sk ∈ [0, 1], (6)

which can be represented with the density matrix ρ1 =

|ψsk〉 〈ψsk |. The new density matrix of the whole system

is given by the CPTP map

ρ′(k∆t) = ρ1 ⊗ Tr1 {ρ[(k − 1)∆t]} , (7)

where Tr1 {·} denotes the partial trace performed over

the first qubit. Gathering the maps in Eqs. (4) and (7),

the first two steps of the algorithm, i.e. feeding an input

and processing it, can be summarized in the total map

ρ(k∆t) = e−iH∆tρ1 ⊗ Tr1 {ρ[(k − 1)∆t]} eiH∆t. (8)

In order to fully define the spin-based QRC, we still lack

reading out the information of the system. The way in

which we can extract information from a quantum sys-

tem is by measuring it. The corresponding observables

are the elements of the N-qubit Bloch vector and can

be calculated as

xj(k∆t) = Tr[Bjρ(k∆t)] = 〈Bj〉 , (9)

where Bj is a product of N Pauli operators taken from

{I, σx, σy, σz}. For example, the projection observable

of the first spin over the z-axis is given by B = σz1 ⊗
I2 ⊗ · · · ⊗ IN . In Fig. 1 (b), we show the dynamics of

observables 〈σzi 〉 when they are driven by the input.

The observables are the variables of our RC system,

as they encode the full quantum state. For N spins,

the number of linearly independent variables that we

can obtain is as large as 4N − 1 (the −1 comes from

the normalization). Measuring such a large number of

observed variables is in general not practical and a set

of observables is selected for the output layer. In a real

experiment, the choice of this set could be conditioned

from the setup. For most of the numerical experiments,

we will take the projections over the z-axis of the spins

〈σz〉, in order to compare with the observations re-

ported in [18]. However, as we will see in Subsection

3.4, a key issue is about advantages or limitations when

measuring different observables, also signaling qubits

correlations.

As in [18], the present approach is based on an en-

semble quantum system, which contains a large number

of copies of the reservoir. An example of this kind of

ensemble can be found in NMR spin ensemble system,

like the experiment carried out in [33]. This assump-

tion allows us to disregard the back-action after any

measurement.

2.3 Information processing capacity

It was recently shown that one can estimate the compu-

tational capabilities of a dynamical system measuring

its Information Processing Capacity (IPC) [26]. This

approach is particularly insightful, as it provides the full

task-independent characterization of reservoir comput-

ers. In particular, the authors of Ref. [26] demonstrate

that the total computational capacity of a dynamical

system is bounded by the number of linearly indepen-

dent variables that we use for the output. In addition,

the computed IPC can only saturate the bound when

the dynamical system has fading memory, i.e. when the

dynamical system dissipates the information about the

input after some time.

In general, a given capacity quantifies how well a

system reproduces a target function, and it is defined

as

CL(X,y) = 1− minwMSEL(y, ȳ)

〈ȳ2〉L
, (10)

where we recall that X is the matrix of the reservoir

variables at different times, y is the vector of outputs

from the reservoir for each input, ȳ is the target and w

is the vector of weights of the output layer. The mean

square error introduced in Eq. (3) can be obtained from

the outputs of the system, for example with a linear

regression. The bracket 〈ȳ2〉L denotes the temporal av-

erage over the target sequence of size L.

To compute the total capacity of the spin-based

QRC system, we should evaluate all the possible linear

and nonlinear functions of the input sequence that our

system can approximate. Following the original theory

[26], the chosen target functions need to be orthogonal

and will be defined as the product of Legendre poly-

nomials of a given degree di, such that the sum of the

degrees of all the multiplied polynomials add up to a

given degree d of nonlinearity. Then, the total capacity

can be divided in linear and nonlinear contributions.

Besides, the polynomials will be functions of the input

at different times in the past. In this way, our targets

not only account for nonlinear functions but also tem-

poral maps.

The target function for a given degree d is:

ȳk =
∏
i

Pdi [s̃k−i],
∑
i

di = d, (11)

where the scaled input is uniformly distributed over the

interval [−1, 1], consistently with the polynomials defi-

nition. Comparing with Eq. (6), sk = (1 + s̃k)/2.

In the theoretical framework, the total capacity is

saturated when input sequences of infinite length are

considered and the contributions of all the possible non-

linearities, i.e. up to an infinite degree, are computed.
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However, a sufficiently long input sequence and suffi-

ciently high maximum degree give a stable result. In

practice, this means input streams of a length L = 105,

as in our simulations. As for degree, we have checked

that dmax = 9 is enough for our system. Besides, an ini-

tial transient must be taken into account to wash out

the initial condition of the system, that for us will be

104 inputs. Since individual capacities may be slightly

overestimated in the numerical analysis, a threshold is

set to truncate the smaller contributions (for a more

formal definition of this threshold, see [26]).

3 Numerical results

3.1 Influence of the input driving on the fading

memory

To verify that our system is well behaved, we can start

checking if it has fading memory, i.e., if it forgets the

initial condition and also how fast it does so. This can

be evaluated by simulating the temporal evolution of

the system for the same input sequence but starting

from two different distant initial states of the quantum

spins network, ρA and ρB . We will focus on the influ-

ence of the time between inputs ∆t since this parameter

is directly involved in the input driving, controlling the

interaction time of the system’s Hamiltonian for every

input. The other parameters are fixed as h = 1 and

Js = 1, and the number of spins is N = 5, here and

in the following, unless otherwise stated. The influence

of parameters h and Js on the IPC is explored in Ap-

pendix A, which also includes a justification for this

choice. The corresponding numerical results are shown

in Fig. 2.

Fig. 2 (a) represents the distance between the den-

sity matrices obtained from two different initial con-

ditions at different instants of time t. This distance

follows from the Frobenius norm defined as ||A|| =√
Tr(A†A) where A is an arbitrary complex matrix and

A† is its conjugate transpose. We find that the time to

reach convergence, i.e., a vanishing difference of states,

depends on the value of ∆t. The fastest convergence is

found for an intermediate value of ∆t ∼ 1, while slow

convergence occurs for both small and large values of

∆t. Actually, there are two relevant factors influencing

convergence. First, the frequency at which the system

is driven away from its free evolution due to input injec-

tion that comes with an associated information erasure

(partial trace in Eq. 8). And second, the free network re-

laxation to a state that, with the erasure of information

of the partial trace, will tend after a certain transient to

be independent of the initial conditions. Too frequent

injections almost freeze the system while increasing ∆t

the system has enough time to relax. We observe indeed

an interplay between the time we wait for feeding the

input, ∆t, and the number of inputs we introduce dur-

ing the evolution t. The effect of the number of inputs,

defined as t/∆t, is addressed in Fig. 2 (b). In this rep-

resentation, we find that all curves for the convergence

collapse for ∆t & 4. In contrast, the number of inputs

needed to reach convergence increases for ∆t . 4, as

expected since the system does not have time to signifi-

cantly evolve. The results in Fig. 2 illustrate that values

of the time between inputs in the range ∆t ∈ [1, 4] pro-

vide a compromise between a fast convergence and a

moderate number of inputs to reach convergence, al-

ready attained at time t ∼ 50. We note that, while we

have never observed convergence to be lost with the

chosen parameter values, convergence may depend on

the particular instance of an input sequence.

Fig. 2: Illustration of the convergence of two distant

initial states with respect to the same input sequence

varying the times ∆t at which inputs are fed into the

system. The system parameters are N = 5, h = 1 and

Js = 1. In (a), the x-axis represents physical time in

arbitrary units. The number of inputs at a certain time

is given by int(t/∆t). In (b), the convergence is shown

with respect to the number of inputs.

3.2 Influence of the input driving and network size on

the information processing capacity

Now we focus on the influence of the input driving,

through ∆t, on the IPC evaluated for the first time for

spin-based QRC. The corresponding numerical results
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Fig. 3: (a) IPC versus time between inputs ∆t; in (b)

and (c) respect to the number of spins N . The param-

eters in (a) are h = 1, Js = 1 and N = 5, while in (b)

and (c) we have used the same h and Js with ∆t = 10.

In (b), we represent the IPC without normalization to

appreciate the growth of nonlinearities. In (c) we nor-

malize the IPC respect to the theoretical maximum ca-

pacity (number of output variables, here N). In this

last plot we include the behaviour of the total capacity

in absolute value (red line) to stress that the capacity

of the system increases with the number of observables

in the output. The error bars of the plots correspond to

the standard deviation over 10 realizations.

are shown in Fig. 3, together with the influence of the

number of reservoir spins N on the IPC. In the follow-

ing, the values of the IPC are usually given in normal-

ized units, with the normalization factor being the re-

spective number of output variables (observables), i.e.,

the number of trained output weights. For the sake of

clarity, also the absolute capacity is shown when rele-

vant. Insight is gained from the displayed contributions

to the IPC corresponding to different degrees, plotted

in different colors. Fig. 3 (a) shows the IPC as a func-

tion of the time between inputs ∆t, with the number of

observables (〈σzi 〉) being N = 5.

For small and intermediate values of ∆t, i.e. ∆t . 1,

we observe in Fig. 3 (a) that the maximum capacity is

reached and that the contribution to the IPC is mostly

linear, i.e. d = 1. Nonlinear contributions to the IPC

appear as ∆t increases, mostly dominated by degrees

d = 2 and d = 3. Finally, we find that the ratio of

linear and nonlinear contributions to the IPC remain

constant when ∆t & 4.

To a large extent, we can relate the trends of the

IPC in Fig. 3 (a) to the results presented in Figs. 2

(a) and (b). For small ∆t, the convergence becomes ex-

tremely slow and the distance between the states orig-

inating from two different initial conditions is barely

affected by new inputs. Thus, the maximum IPC is not

reached. For ∆t ∼ 1, the system shows a fast conver-

gence but the IPC indicates that the interactions be-

tween the inputs and the reservoir’s observables remain

mostly linear. For∆t & 4, the number of inputs to reach

convergence become the dominant parameter and it re-

mains constant. As a result, the capacity of the system

no longer changes. The results in Fig. 3 (a) illustrate

that the spin-based QRC system possesses nonlinear

capacity contributions as long as the interaction time

between inputs is sufficiently long. These results help

us to decide the value of ∆t for the following numeri-

cal simulations. We choose ∆t = 10 as a representative

value of the rich system’s dynamical response, show-

ing both linear and nonlinear contributions to the IPC.

This value is well established within the saturation re-

gion of the maximum capacity for this set of parameters

and observables.

Finally, Figs. 3 (b) and (c) show the IPC as a func-

tion of the number of spins in the system, N . For the se-

lected parameters, the total memory is always saturated

and increases linearly with the system size, correspond-

ing to the number of spins/z-observables. Interestingly,

nonlinear contributions show up when we increase the

number of spins. This indicates that the system com-

plexity increases with increasing network sizes. From

now on, whenever we want to show the total capacity, it

will be contained in the right axis of the figure of inter-

est, like in Fig. 3 (c). With respect to N , we take N = 5

as our benchmark for the following numerical simula-

tions in order to keep a reasonable computational time.

This assessment allows to identify a good compromise
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for the injection speed and size choice for the perfor-

mance of the QRC with Ising network of spins.

3.3 Influence of the observables on the information

processing capacity: virtual nodes

So far, we have limited our observables to a small set,

the projections over the z-axis 〈σzi 〉 for i = 1, . . . , N .

However, this is a small portion of information com-

pared to the large number of degrees of freedom that

our system can provide and the rich dynamics that

they present. A proposal introduced in classical [16]

and quantum [18] versions of reservoir computing tries

to exploit this last point. It is known as time multiplex-

ing and consists in sampling the observables at smaller

time intervals between two different inputs. In this man-

ner, we take more than one snapshot of the dynam-

ics, obtaining more information that was hidden to us

with only one measurement between inputs. The time

multiplexing scheme used here is represented in Fig. 4.

Having already N spins, we will increase the number

of output variables up to NV , where V is the number

of subdivided time intervals. These additional variables

are often referred to as virtual nodes [16,18].

Fig. 4: Representation of V additional measurement in-

tervals on the dynamics of 〈σzi 〉 for a system with N = 5

spins. Between two different inputs, the dynamics is

sampled in V steps with time ∆t/V between them. The

red line corresponds to the spin labeled as 1 (with the

input) and the rest of colors correspond to spins from

2 to 5.

We first need to derive a formal definition of the

additional observables when time multiplexing is con-

sidered. Once we have introduced the input sk into the

system, we evolve the density matrix for a time interval

v∆t/V with 1 ≤ v ≤ V using the following map:

ρ[(k − 1)∆t+ v∆t/V ] =

e−iHv∆t/V ρ1 ⊗ Tr1 {ρ[(k − 1)∆t]} eiHv∆t/V ,
(12)

getting the state of the system at different times be-

tween inputs. Then, the value of the observables can be

computed also at different times

xj [(k − 1)∆t+ v∆t/V ] =

Tr {Bjρ[(k − 1)∆t+ v∆t/V ]} .
(13)

Fig. 5: IPC versus number of time-multiplexed seg-

ments V . The parameters are N = 5, ∆t = 10, h = 1

and Js = 1. The red line represents the total capacity

in absolute value. Notice that the normalization factor

in this plot is N times V . The error bars of the plots

correspond to the standard deviation over 10 realiza-

tions.

Fig. 5 illustrates the influence of considering vir-

tual nodes over the processing capacity of the system.

Increasing the number of output variables, we take ad-

vantage of the rich dynamics of the observables and

increase the total capacity of the system (in absolute

value, see red line in Fig. 5), up to a saturation when vir-

tual nodes become redundant. However, for high enough

values of V , we observe that the normalized maximum

capacity is not reached. For high V , the time interval

∆t/V between virtual nodes becomes too small to pro-

vide a significant temporal evolution of the observables.

In fact, for small values of ∆t/V , the exponential in

the Hamiltonian dynamics between virtual nodes can

be approximated at the first order, making the net-

work evolution nearly linear. Another interesting find-

ing in Fig. 5 is that, by considering additional virtual

nodes, higher-order degree nonlinearities become avail-

able. These results suggest that combining the observ-

ables for different spins at different times unlocks the

dynamical complexity that is otherwise inaccessible in

the QRC-based spin system. Further research can be

focused on the origin of these nonlinearities.

We have shown in Fig. 5 that introducing virtual

nodes can have a large impact over the IPC, even if
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Fig. 6: IPC versus (a) time between inputs ∆t and

(b) number of spins N , both with a number of time-

multiplexed segments V = 10. The parameters in (a)

are h = 1, Js = 1 and N = 5, while in (b) we have

used the same h and Js with ∆t = 10. The red line in

(b) denotes the total capacity in absolute value. Notice

that the normalization factor in this plot is N times V .

The error bars of the plots correspond to the standard

deviation over 10 realizations.

the remaining system parameters remain unchanged.

Now, we evaluate the impact of having virtual nodes

on the IPC as a function of other system parameters,

in an analogous manner to the numerical results leading

to Fig. 3. By setting an intermediate number of time-

multiplexed segments, V = 10, we proceed to illustrate

the behaviour of the IPC with respect to ∆t and N in

Fig. 6, in which the number of output variables is 10N .

The results in Fig. 6 (a) show that the linear and non-

linear contributions to the IPC again remain constant

when ∆t & 4. We find that the maximum normalized

capacity is in this case reached when ∆t > 2. In a rel-

ative sense, the nonlinear contributions become more

apparent when virtual nodes are considered, as com-

pared with the results in Fig. 3. In addition, we observe

a more pronounced decrease of the normalized capacity

in Fig. 6 for small values of ∆t with respect to Fig. 3.

The fading memory of the system is certainly not

affected by the consideration of virtual nodes since the

convergence of the spin-based QRC system is indepen-

dent of V . We find that the loss of capacity for small

∆t in Fig. 6 (a) comes from the similarity between out-

put variables, with the virtual nodes becoming linearly

dependent. Finally, we show in Fig. 6 (b) that the maxi-

mum normalized capacity is only reached forN > 4. For

small system sizes, the increase in the number of out-

put variables appears to fail to provide information due

to the fact that some of these output variables are not

linearly independent. Summarizing, there is a limit to

the total achievable capacity for an increasing number

of virtual nodes given a fixed system size and choice of

observables, being the major advantage of introducing

virtual nodes the possibility to access nonlinear mem-

ory.

3.4 Influence of the observables on the information

processing capacity: different projection directions and

correlations

We initially restricted ourselves to use the projections

〈σzi 〉 as our output variables. One may wonder if this

is a preferred direction for the QRC performance. Fur-

thermore, since these are just a few number of observ-

ables, N , with respect to the total number of degrees of

freedom of the spin-based QRC system, it is interesting

to explore the performance for other possible choices

of the observables, including correlations. Fig. 7 repre-

sents the IPC for different sets of observables. In the

top row, Fig. 7 (a) shows the IPC of the three different

projections of the spin (x, y and z) and the contribu-

tions of their combinations. By combinations, we mean

to use, for instance, together the observables of 〈σxi 〉 and

〈σyi 〉 in the output layer, having a total amount of 10

observables (2NV , with N = 5 and V = 1) and labeled

in the plot as x+y. Fig. 7 (b) shows the same charac-

terization but for correlations of the form 〈σai σbj〉, with

a, b = x, y, z and i 6= j. At a first sight, the different

combinations of observables shown in Figs. 7 (a) and

(b) do not show a large qualitative difference in nor-

malized capacities. Still, we note a slightly larger linear

memory when considering spin projections in the z di-

rection. Higher total capacities are achieved considering

also correlation measurements, as shown in Fig. 7 (b).

For example, considering xy+z, xz+z and yz+z leads to

a total capacity of 25 (20 for the correlations of 〈σai σbj〉
and 5 for 〈σai 〉), while it is only 15 for x+y+z in Fig. 7

(a). The available number of output variables for each

combination of observables is indicated by the red lines.

The bottom row of Fig. 7 provides insights on the

role of the observables when considering both virtual
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Fig. 7: IPC versus different sets of observables. The parameters are N = 5, ∆t = 10, h = 1 and Js = 1. The red

lines represent the total capacity in absolute value. The top row ((a) and (b)) corresponds to V = 1 while the

bottom row ((c) and (d)) corresponds to V = 10. Notice that the normalization factor in this plot is V times

the number of observables (see the main text for details). The error bars of the plots correspond to the standard

deviation over 10 realizations.

nodes and different measured quantities. Figs. 7 (c) and

(d) represent the IPC for the same sets of observables

as in Figs. 7 (a) and (b) but using V = 10 virtual

nodes. As shown in Fig. 7 (c), the total capacity sat-

urates the bound for the simplest sets of observables

and their combinations. The combinations of observ-

ables bring additional nonlinear memory contributions

while the linear memory remains roughly constant. Fur-

thermore, using correlations as observables, as is done

in Fig. 7 (d), we can sustain the total capacity up to

the saturation level as well, even with the consideration

of virtual nodes and different combinations of observ-

ables. In this way, we can obtain a larger total capacity

of the system with respect to the cases in Fig. 7 (c).

For instance, a bar like xy in Fig. 7 (d) has a total ca-

pacity of 200 (20 times V ), while none of the bars in

Fig. 7 (c) has a total capacity larger than 150. The large

total capacity reached in Fig. 7 (d) illustrates that the

spin-based QRC system has a large number of available

degrees of freedom even if the system is made of only a

few spins, here N = 5.

4 Conclusion and Future Work

Quantum reservoir computing is a new promising line

in the already well established field of reservoir comput-

ing. Recent theoretical proposals of quantum reservoir

networks of spins are leading to preliminary proof-of-

principle experimental realizations [33,34]. In addition,

extension of QRC to continuous variable systems [35] or

to layered reservoir structures [36,37] offers promising

perspectives.

In this work, we have evaluated the performance of

the spin-based QRC model proposed in [18] with re-

spect to the Information Processing Capacity measure

[26]. This task-independent measure gathers all the pos-

sible contributions that a dynamical system can provide

to reproduce linear and nonlinear functions of an input

sequence. The IPC allows to quantify these contribu-
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tions and test whether the system under study is work-

ing in proper operational conditions, where the total

capacity is maximized.

The complex dynamics of the spin network has been

characterized to establish the fading memory character

of the reservoir. The convergence of the system when

starting from different initial conditions is strongly in-

fluenced by the frequency of input injection. We have

identified competing mechanisms of information erasure

and system driving, leading to an optimum value of the

input injection periodicity (∆t) so that the system can

converge faster. In particular, this optimum value corre-

sponds to the thermalization time of local observables,

as will be discussed elsewhere [38]. Regarding the IPC,

∆t sets a threshold for which the total capacity is sat-

urated, finding a stable distribution of linear and non-

linear memories for the higher values. These findings

set the conditions to estimate the potential operating

speed of spin-based QRC systems in experimental real-

izations.

The second main result of this work is the iden-

tification of the importance of the reservoir and out-

put sizes on the IPC through either virtual nodes and

observables. We have explicitly exploited the large di-

mensionality of spin-based QRC systems and provided

ways to access the corresponding available capacity. On

the one hand, we saw that exploiting the rich dynamics

of observables through time multiplexing can increase

significantly the memory capacity of the system, with-

out compromising the saturation of the total capacity.

This multiplexing reaches its limit when ∆t/V is so

small that virtual nodes are not linearly independent

anymore. On the other hand, we evaluated the perfor-

mance of different sets of observables for the readout

layer. The results show that using correlations of the

type 〈σai σbj〉 with a, b = x, y, z and i 6= j can increase

the total absolute capacity with respect to observables

of the type 〈σai 〉. This is the quantum advantage offered

by exploiting the Hilbert space size of the quantum sys-

tem. In particular, using virtual nodes and combina-

tions of different sets of observables, saturation level of

the total capacity is sustained. These results emphasize

the importance of considering other sets of observables

to boost the performance of quantum reservoir comput-

ers.

Quantum Reservoir Computing is a novel research

field and there are several interesting open questions

this work paves the way to address. The role of coher-

ences, network topology and type of interactions are

just a few examples. The main challenge that remains

open is the assessment of measurements in the algo-

rithm (back-action), beyond an ensemble picture. It will

also be interesting to consider the extension of the for-

malism towards tasks with a quantum input. The for-

mer could lead to develop an algorithm which works in

an online mode for temporal tasks for real experiments,

while the latter would provide a full quantum machine

learning approach, both for the processed input data

and for the processing system.
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Appendix A

Here, we motivate the choice of the parameters h and Js
of the model presented in Eq. (5). Our choice is based on

the numerical results shown in Fig. 8, in which the IPC

is computed for different values of h and Js. Other rele-

vant system parameters are set to ∆t = 10 and N = 5,

which have been our benchmark in the simulations ac-

cording to the results presented in the main text. We

have explored four orders of magnitude for both h and

Js to observe the evolution of the normalized capacity

together with the distribution of the linear and nonlin-

ear contributions to the IPC. For small values of h, the

total capacity does not saturate and the main contribu-

tion is the linear memory, being the only contribution

for small values of Js. For higher values of either h or

Js, the profile of memory capacities changes towards a

higher presence of nonlinear contributions, while keep-

ing the bound of the total capacity. Thus, the decision

of choosing h = 1 and Js = 1 as our benchmark (with

∆t = 10 and N = 5) is based on the fact that it is a well

established operational point, with a saturated total ca-

pacity, and a good presence of nonlinear contributions.
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Fig. 8: IPC versus (a) natural frequency of the spins

h and (b) coupling strength Js. The parameters in (a)

are ∆t = 10, Js = 1 and N = 5, while in (b) we have

used ∆t = 10, h = 1 and N = 5. Notice that the

normalization factor in this plot is N .
The error bars of the plots correspond to the standard

deviation over 10 realizations.

Appendix B

In this appendix, we explain in more detail how the bars

of the IPC are computed. Contributions to the IPC are

usually shown according to the degree of the polyno-

mial we want to reproduce. For each degree, we need to

sum up the contributions coming from different delays.

By delay we mean how far in the past we consider the

influence of the input into the system. This influence

is represented in Eq. (11) by taking the inputs sk−i,

where i is the delay respect to present time k.

In the main text, we have only shown the sum of

the capacities over the delays. To deepen in our char-

acterization we include here an illustration of the role

of the delay for the reproduction of polynomials of de-

gree 1, i.e. linear memory. The name of linear mem-

ory comes from the fact that we are computing the ca-

pacity of reproducing or “remembering” targets of the

form ȳk = sk−i. Fig. 9 represents the bare capacity of

Eq. (10) with respect to delay i for such a linear mem-

ory. The area under the curve of Fig. 9 is what we have

Fig. 9: Linear memory of the spin-based QRC for pa-

rameters ∆t = 10, h = 1, Js = 1 and N = 5 as a

function of the delay in the input.

plotted as IPC of degree d = 1 in the bar’s plots across

this work. In some cases, e.g. Fig. 8 (b) (Js = 0.01),

the influence of the input extends to delays longer than

100 past inputs and care needs to be taken to not disre-

gard small non-vanishing contributions in the compu-

tation of the IPC. It is a straightforward procedure to

represent linear memory, but nonlinear contributions

are harder to untangle visually. Representing second

and third-order contributions is still possible with 2D

and 3D heatmaps of the capacities respect to the multi-

ple delays. However, such visual representations of the

memory as a function of the delay find a limit when we

go to nonlinearities of degree d ≥ 4. Therefore, although

we are aware that the summation over delay contribu-

tions is somehow hiding the information regarding the

distribution of the memory for different delays, it pro-

vides a compact and readable representation.

References

1. Goodfellow I, Bengio Y, Courville A. Deep learning. MIT
press; 2016.

2. Krizhevsky A, Sutskever I, Hinton GE. Imagenet classifi-
cation with deep convolutional neural networks. In: Ad-
vances in Neural Information Processing Systems; 2012.
p. 1097–1105.

3. Carleo G, Cirac I, Cranmer K, Daudet L, Schuld M,
Tishby N, et al. Machine learning and the physical sci-
ences. Reviews of Modern Physics. 2019;91(4):045002.

4. Hinton G. Deep learning—a technology with the poten-
tial to transform health care. Jama. 2018;320(11):1101–
1102.

5. Young T, Hazarika D, Poria S, Cambria E. Recent trends
in deep learning based natural language processing. IEEE
Computational Intelligence magazine. 2018;13(3):55–75.



12 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle

6. Triefenbach F, Demuynck K, Martens JP. Large vo-
cabulary continuous speech recognition with reservoir-
based acoustic models. IEEE Signal Processing Letters.
2014;21(3):311–315.

7. Pathak J, Hunt B, Girvan M, Lu Z, Ott E. Model-free
prediction of large spatiotemporally chaotic systems from
data: A reservoir computing approach. Physical Review
Letters. 2018;120(2):024102.

8. Antonik P, Duport F, Hermans M, Smerieri A, Haelter-
man M, Massar S. Online training of an opto-electronic
reservoir computer applied to real-time channel equaliza-
tion. IEEE Transactions on Neural Networks and Learn-
ing Systems. 2016;28(11):2686–2698.

9. Makridakis S, Spiliotis E, Assimakopoulos V. The
M4 Competition: Results, findings, conclusion and
way forward. International Journal of Forecasting.
2018;34(4):802–808.
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