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Abstract: In this work, we present an overview of uniqueness results derived in recent years for the
quantization of Gowdy cosmological models and for (test) Klein-Gordon fields minimally coupled
to Friedmann-Lemaitre-Robertson-Walker, de Sitter, and Bianchi I spacetimes. These results are
attained by imposing the criteria of symmetry invariance and of unitary implementability of the
dynamics. This powerful combination of criteria allows not only to address the ambiguity in the
representation of the canonical commutation relations, but also to single out a preferred set of
fundamental variables. For the sake of clarity and completeness in the presentation (essentially as
a background and complementary material), we first review the classical and quantum theories of
a scalar field in globally hyperbolic spacetimes. Special emphasis is made on complex structures and
the unitary implementability of symplectic transformations.

Keywords: quantum fields in curved spacetimes; quantum cosmology; Fock quantization; quantum
fields in nonstationary settings; uniqueness criteria; unitarity in cosmological backgrounds

1. Introduction

As it is well known, the quantization of systems with field-like degrees of freedom involves
choices that generically lead to inequivalent theories within the standard Hilbert space approach [1].
In contrast with the situation found for mechanical systems with a finite number of degrees of
freedom, where the Stone-von Neumann theorem guarantees the unitary equivalence between strongly
continuous, irreducible, and unitary representations of the Weyl relations [2], in quantum field
theory no general uniqueness theorem exists and “physical results” depend on the representation
adopted, a fact that brings into question their significance. So, in order to regain robustness in
the quantum predictions, one has to look for physically plausible additional criteria, usually based
on the classical symmetries of the system, to warrant uniqueness. For instance, in background
independent quantum gravity [3-7] the requirement of spatial diffeomorphism invariance provides
a unique representation of the kinematical holonomy-flux algebra [8]. For field theories in Minkowski
spacetime, the criterion of Poincaré invariance is employed to arrive at a unique representation.
For example, if the field theory corresponds to a Klein-Gordon (KG) field, Poincaré invariance, adapted
to the dynamics of the considered theory, selects a complex structure, which is the mathematical
object encoding the ambiguity in the representation of the canonical commutation relations (CCRs),
and determines the vacuum state of the Fock representation. In more general but still stationary
spacetimes, the time translation symmetry is exploited to formulate the so-called energy criterion and
then single out a preferred complex structure [9,10], determining a unique (up to unitary equivalence)
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Fock representation. However, when the symmetries are severely restricted, as it is the case for generic
spacetimes or manifestly non-stationary systems, new requirements must be imposed to complete the
quantization process.

In addition, let us remark that the issue of uniqueness not only concerns the choice of a privileged
representation of the CCRs, but also the choice of a preferred set of classical fundamental variables.
Indeed, since classical canonical transformations will not all become into unitary transformations,
there are different fundamental variables giving rise to inequivalent quantum theories [11].

An interesting system, with applications in cosmology, is that of a scalar field with time dependent
mass (or, equivalently, subject to a time dependent quadratic potential) propagating in a spatially
compact, static spacetime. More precisely, let us consider a scalar field ¢ obeying an equation of
the form

FY—Ayp+s(t)p =0, )

in a static spacetime manifold with topology I x ¥, where I is an interval of the real line, . is a compact
Riemannian surface of dimension d < 3, A is the Laplace-Beltrami (LB) operator on X, and s(t) is
a sufficiently regular function of the time ¢. Since this system is manifestly non-stationary, given the
time dependence of s(t), neither the Poincaré nor the energy criteria can be used to specify a unique
favored quantization, and it is then necessary to seek for extra requirements in order to complete the
quantization. Remarkably, as it has been shown in Refs. [12-17], one can demand that

1. the vacuum state be invariant under the isometries of the spatial manifold %,
2. the dynamics dictated by the field Equation (1) be unitarily implementable,

In order to single out a unique preferred Fock representation for the system. Notably, these
combined criteria of symmetry invariance and of unitary dynamics select a unique preferred field
description as well, specifying (in a certain context) a canonical pair of field variables, so that they
actually remove the two kinds of ambiguities present in the quantization of the field system. To attain
this uniqueness result, it suffices that s(t) be twice differentiable and with a second derivative that is
integrable over each compact subinterval of the time domain I.

It is worth remarking that there is a variety of interesting situations where the study of scalar
fields with time dependent mass finds application in cosmology. For instance, in the framework of
symmetry reduced models in gravity, one can see that in (linearly polarized) Gowdy cosmological
spacetimes [18], which are the simplest inhomogeneous, empty, spatially closed cosmological models,
the local degrees of freedom characterizing the inhomogeneities can be described in terms of scalar
fields obeying equations of the form (1) [12]. Specifically, for Gowdy cosmologies with the topology of
a three-torus, the wave equation corresponds to a scalar field with time dependent mass propagating in
a static (1 4 1)-dimensional fictitious spacetime, for which the spatial manifold X is a circle [12,19-23].
For the three-sphere and the three-handle, which are the remaining two possible spatial topologies
in the Gowdy models, the local gravitational degrees of freedom are described by an axisymmetric
KG field with time dependent mass in a static (2 + 1)-dimensional auxiliary spacetime, such that the
spatial slices are two-spheres [24-26]. Let us recall, in addition, that in non-stationary scenarios
like those encountered in cosmology, it is customary to scale the field configurations by time
varying functions when one allows that part of its evolution be assigned to the time dependent
spacetime in which the propagation takes place. This is the situation found for free fields in (e.g.)
Friedmann-Lemaitre-Robertson-Walker (FLRW) universes, and in de Sitter spacetime, where the use
of conformal time combined with a scaling (by the time dependent conformal factor) of the original
field variable transforms the original free field equation into an equation of the form (1). This type of
scaling and field equation are found in the treatment of quantum perturbations in cosmology, with
the homogeneous background kept as a classical scenario (see, for instance, Refs. [27-31]), as well
as in the full quantization of inhomogeneous models via the hybrid approach [32], where a loop
representation is adopted for the homogeneous gravitational sector and a Fock quantization is used
for the inhomogeneities. (See also Refs. [33,34] for more applications of these type of techniques, in
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cosmology and in multidimensional gravity.) Thus, apart from the general interest that the quantization
of KG systems (1) may have within the formal and mathematical physics apparatus of quantum field
theory in curved spacetime, the exploration of this mathematically rigorous approach and the possible
quantum outcomes have an important impact in the arena of modern cosmology.

Let us emphasize that the specification of a complex structure (compatible with the symplectic
form) is a key ingredient in order to attain a Fock quantization; in fact, it is from a complex structure
that a Fock space representation of the CCRs is constructed [1,35,36], since the relevant information
on the choice of annihilation and creation-like variables is encoded in the complex structure. In
turn, a choice of annihilation and creation operators selects a specific vacuum, which is typically the
particle physics perspective on how to select a specific Fock representation of the CCRs (or, strictly
speaking, of the corresponding Weyl relations). In general, distinct complex structures will define
different (i.e., not unitarily equivalent) Fock representations. Recall that the choice of a complex
structure with physical content is by no means a straightforward process, and for a general spacetime,
or a manifestly non-stationary system, there is a priori no criteria to select one. In the absence of
stationarity, and specifically in the case of a scalar field with generic time varying mass (1), a natural
strategy is to look for compatible complex structures allowing for a unitary implementation of the
spatial symmetries. The simplest choice is the compatible complex structure jy associated with the free
massless field representation, which in the space of Cauchy data for the field and its momentum, (¢, 77),
reads explicitly as jo(¢@, 1) = (—[—hA]~'/27, [~hA]'/2¢p), where & is the determinant of the induced
metric hyy, (a,b = 1,2, 3) on the (Cauchy) spatial section . This compatible complex structure, while
constructed from the LB operator (and /), commutes with the isometries of the spatial manifold X
and, consequently, defines a Fock representation that is invariant under these symmetries. (Invariance
of the Fock representation refers to the invariance of the vacuum state.) Though the invariance
requirement reduces the set of admissible Fock quantizations, it should be stressed that (in general)
there is still a plethora of invariant Fock representations that are not unitarily equivalent, and additional
criteria must then be imposed in order to specify the quantization. A natural extra requirement is to
demand that the symplectomorphisms that dictate time evolution be mapped into unitary operators in
the quantum theory. Indeed, although time translation symmetry is broken, it seems quite reasonable
to retain unitary time evolution, by minimally relaxing the requirement of invariance under the
evolution and replace it with the weaker condition that the dynamics be unitarily implementable.
The aim of this requirement is to grant a privileged role to those representations (if there exist)
preserving the standard probabilistic interpretation of the quantum theory, including the evolution of
the observables, and thus ensuring the availability of the Schrodinger picture. Notably, as mentioned
earlier, the unitarity requirement suffices to single out a unique (up to unitary transformations)
preferred invariant Fock representation for the scalar field (1), namely the jy-Fock representation.
Moreover, the criteria of symmetry invariance and of unitary dynamics pick up a unique (modulo
irrelevant constant scalings) preferred field description for the system. In total, the uniqueness result
reads as follows. Up to irrelevant constant scalings and unitary transformations, there is a unique
field description, the i-description, that admits a family of invariant Fock representations with unitary
dynamics. This family is formed by representations that are all equivalent among them, and the jo-Fock
quantization is a member of this family.

The combined criteria of invariance under spatial symmetries and of unitary dynamics were
introduced for the first time in the quantization of Gowdy cosmological models [19,20,22,23,26], just
after the reasons for the failure of unitarity in the Gowdy T® model reported in Refs. [37,38] were
understood [39]. The criteria were then successively applied to KG fields with time dependent mass
defined on the circle [12], on the three-sphere [13-15], and, after a notable generalization, on spatial
manifolds of arbitrary compact topology in three or less dimensions [16,17]. This comprises the
relevant cosmological case (inasmuch as spatial flatness is favored by current observations [40-42])
of compact sections with three-torus topology [43—45]. Apart from addressing the uniqueness of the
quantization of free real scalar fields in FLRW spacetimes [13-15,43-45], the criteria were successfully
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employed to remove the ambiguities in the quantization of free (test) KG fields minimally coupled to
a de Sitter background [46], as well as in anisotropic Bianchi I spacetimes [47]. It is worth remarking
that the criteria of invariance and of unitarity have also been fruitfully exploited to single out a unique
preferred quantum description for fermion fields in cosmological scenarios [48-55].

In this work, we overview the uniqueness results obtained by us and our collaborators for the
quantization of Gowdy cosmological models and free scalar fields minimally coupled to cosmological
backgrounds, more concretely for KG fields propagating in FLRW, de Sitter, and Bianchi I spacetimes.
The presentation follows the historical timeline in which these results were deduced, so that a posteriori
generalizations will not be included nor discussed. For the sake of clarity and completeness, we first
provide a brief introduction to the classical and quantum theories of a scalar field in a globally
hyperbolic spacetime. More specifically, the paper is divided in two parts. The first one, which
comprises Sections 2 and 3, contains a general discussion of the classical theory of a real scalar field
(Section 2) and its quantization (Section 3). These Sections pay a special attention to the definition of
a complex structure on phase space, the specification of basic observables, the analysis of classical and
quantum time evolution, and the role that complex structures have in the construction of a quantum
theory on a Hilbert space (both from the covariant and the canonical perspectives). The jo-Fock
representation for a scalar field with time dependent mass is summarized at the end of the first part.
The second part of the work is entirely dedicated to an overview of the uniqueness results obtained
by imposing the criteria of invariance under spatial symmetries and of unitary implementability of
the dynamics, applied to the quantization of Gowdy models and (test) KG fields in cosmological
spacetimes. The quantization of Gowdy models is discussed in Section 4. The quantization of (test)
scalar fields propagating in FLRW, de Sitter, and Bianchi I spacetimes is presented, respectively, in
Sections 5-7. We will end with a summary of our results in Section 8. In what follows, we consider
c=h=1

2. The Classical Setting

This Section contains some background material. The Section has three parts. In the first one, we
review some key aspects about complex structures. Complex structures play a central role not only in
the quantization of scalar field theories, but also in the quantization of other linear field theories (like
e.g., the Maxwell and Dirac fields [48-52,56]), as well as finite dimensional mechanical systems. In fact,
complex structures have been employed in mechanical systems to specify (in an appropriate limit)
a polymer quantum mechanics [57], which is a non-standard representation of the finite dimensional
CCRs where the Stone-von Neumann uniqueness theorem is simply not valid because of the lack
of strong continuity. In the second part of this Section, we outline the classical theory of a KG
field propagating in a globally hyperbolic spacetime. In particular, we introduce the canonical and
covariant phase space descriptions, the basic observables, and the symplectomorphisms that dictate
time evolution. We discuss the role played by compatible complex structures on phase space, their
evolution in time, and how complex structures on the covariant and canonical phase spaces are related.
In the third and final part of this Section, we consider the case of a (test) massive scalar field in FLRW
spacetimes and the scaling of the field with respect to the scale factor of the metric. Complex structures
for the original and the scaled field are provided explicitly.

2.1. Complex Structure: Definition and Some Key Results

Let us start by defining the notion of complex structure [58,59]. Let V be a real vector space.

A complex structure on V is a linear isomorphism | : V — V such that J> = —I, with I being the
identity map on V.
Consider first a real, finite dimensional vector space V. Since det(J?) = (—1)4mV > 0,

we conclude that a complex structure can be specified on V only if it is even dimensional. In addition,
we notice that a complex structure on a vector space V (not necessarily finite dimensional) splits it
into two complementary vector subspaces. For definiteness, let us take dimV = 2m. Then, it can be
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shown that there exists m linearly independent vectors e; (i = 1,...,m) such that e; and e,,;; = Je;
form a basis set for V; that is, there exist m-dimensional vector subspaces V; and V, of V spanned by ¢;
and by e,,; = Je;, respectively, and such that V = V; & V, with v; = Jv; forall v; € Vj and vy € V5.
The set of the m linearly independent vectors ¢; used to construct a basis of V with | is by no means
unique, so the splitting is not canonical. For instance, the m-dimensional vector subspaces V| spanned
by e = (e1, €2, ..., Jew) and V; spanned by ], ; = Je; provide a distinct splitting V = V| & V;.

A key feature of complex structures is that they allow to specify “multiplication by i” on V, and
hence endow the space with a structure of complex vector space. Explicitly, the real linear operation
(a+ib)v = av + bJv defines multiplication by complex numbers (a + ib) on V. It is a simple matter to
check that this multiplication rule transforms V into a complex vector space. In addition, it is worth
pointing out the close relationship between the introduction of the mapping J and the complexification
of V, Vg = V@ iV. From V and |, we construct the complex linear spaces

VIi:{vi|vi:%(v:Fi]v),v€V}. )

By taking the direct sum of these two spaces, we get the complex vector space Vfr eV,
the elements of which can be written as (x™ +y~), with x™ in Vf and y~ in V;". A direct inspection
shows that Vfr @V turns out to be the same as V¢, so that the complex vector spaces defined in
Equation (2) provide a splitting for the complexification of V. Besides, notice that every v in V can be
decomposed as v = vt + v, with v* € V]i. Clearly, different complex structures will lead to distinct
splittings for V and, consequently, to different decompositions for v € V. By extending the action of |
from V to V¢ by complex linearity, we obtain that v and v~ are eigenvectors of | with eigenvalues i
and —i,

Jot =ivt, Joo = —iv. 3)

Given another complex structure, say J, its eigenvectors will satisfy relationships (3) with |
replaced with J. The eigenvectors of ] and | are related by 7t = vt £ %( J—1J)o.

Let us equip now the vector space V with a symplectic form. That is, a two-form Q which is
(i) closed (i.e., 40 = 0) and (ii) non-degenerate [i.e., if Q(v, w) = 0 for all vectors v € V, then w = 0].
The space V equipped with a symplectic form Q) is called a symplectic vector space (V, Q). Suppose
that V can be identified with R?", with coordinates {(x1,...,%m,Y1,--.,Ym)}. The standard (also
called canonical) symplectic form is then given by Q = Y1 ; dx; A dy; [58]. Equivalently, the standard
symplectic form defines a skew-symmetric bilinear function on V' [1],

m

Q:VxV =R, (v,0) = Qv1,02) = Y (y1i%ai — Yaixni), 4)
i—1

where (Xg1, ..., XKkm, YK1, - - - »Ykm) are the coordinates of vg € V,and K = 1,2.

For a typical mechanical system, the space of classical states corresponds to the cotangent bundle
I = T*C, with the configuration space C being described, say, by variables {(q,...,4™)}, whereas
the fibers T; atg € C are coordinatized by the momentum variables {(p1,--.,pPm)}. The phase space
of the theory corresponds to the symplectic space (I'¢, ), where Q) is the canonical symplectic form
onT., Q = Y", dq' Adp;. In the special case that C be itself a vector space, it follows that the phase
space I'c is a linear space that can be isomorphically identified with I' = R?", as we did above.

Let us now abandon the restriction of finite dimensionality, and consider infinite dimensional
symplectic linear spaces (V,)) as well. For instance, the phase space of a free KG field in a globally
hyperbolic spacetime can be described (in the canonical approach) by the symplectic vector space
(T, Q)), where T is the (infinite-dimensional) linear space coordinatized by the configurations and
momenta of the field, {(¢(y), (y))} where y € X, and Q) is the canonical symplectic structure thereon,

(9,1, (9,7)2) = [ (mig2 = mapr) dy. ©
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A particularly important class of complex structures, establishing a relation between complex
manifolds and symplectic geometry, is the class of the so-called ()-compatible complex structures. Let
(V,Q) be a real symplectic vector space. A complex structure | on (V, Q) is said to be compatible with
Q if it is a symplectic map (i.e., J*Q = Q) and Q(Jv,v) > 0 for all non-zero v € V (see, for instance,
Ref. [58]). We denote the set of complex structures on V compatible with Q by 7(Q, V).

Let ] be a complex structure on the real symplectic vector space (V, (), and suppose that | is
a symplectic map thereon. Let us consider the complexification of V. By extending the actions of | and
Q from V to V¢ by complex linearity, it is not difficult to verify that

QeT,wt) =0, Q@ ,w )=0, Qv ,w") = % [Q(Jv,w) — iQ(v,w)] (6)

for all v*, w* € V]i. Obviously, relationships (6) hold for every | € J(Q, V).
For each ] € J(Q, V), it can be easily seen that the real-valued, symmetric bilinear mapping

pp:VxV=R, (v,w)—pu(v,w) =Q(Jv,w), (7)

defines an inner product on the symplectic space. Since ] is, in particular, a symplectic map, we have
that y;(v, w) = pj(Jv, Jw) (i.e., py is a J-invariant mapping) and that y;(Jo, w) = pj(v, —Jw) (ie., J is
skew-adjoint with respect to the inner product yj). We define now the complex-valued mapping

(+,):VxV=C, (vw) (v,w)=Iu(o,w)—iQ(v,w). (8)

By using the antisymmetry of (), the properties defining ()-compatible complex structures,
as well as the multiplication by complex numbers defined by | on V (V is understood here as
a complex vector space, with the structure provided precisely by J), it is not difficult to check that
the mapping (8) is a Hermitian inner product on (V,(2). From Equations (6) and (8), it follows that
(v,w)] = Q(IZT, w™), where the bar denotes complex conjugation on C, and where we have used that
Jo~ = Jut. A straightforward inspection shows that (v, w); defines a Hermitian inner product on V]Jr ;
that is,

(-, ~>V]+ VXV =C (0f,wf) - (v*,wﬂvf =Q(Jot,w™) )

is a Hermitian inner product. This, together with the fact that any element of Vf is uniquely
represented by an element of V (and vice versa), implies that the complex vector space V,
with Hermitian inner product (8), and the complex vector space Vf’, with Hermitian inner product (9),
are (essentially) the same inner product spaces.

2.2. The Scalar Field: Classical Theory

Let us consider a free, massive real scalar field ¢ propagating in a four-dimensional globally
hyperbolic spacetime (M, g,p) (¢, 8 = 0,1,2,3). Here, M has topology I x X for some I C R, and
can be foliated by a one-parameter family of Cauchy surfaces that are diffeomorphic to . The phase
space of the system is the symplectic linear space (I',();j), where T is the real vector space I' =
{(o,m) | @, me CFP(X)}[CF(X) denotes the space of smooth real functions with compact support on
Y]and Q) = Js(dm)i A (do) j is the canonical symplectic form. This form defines a unique symplectic
structure [1], given by Equation (5), which is known as the canonical (or standard) symplectic structure.
The phase space of the theory can be alternatively described as the symplectic vector space (T, Q2).

The symplectic structure (5) defines natural coordinate functionals of configuration and
momentum type, namely ¢[f] = Q((0, f), - ) and 7t[g] = Q((—g,0), - ) with (—g, f) € T. On the other
hand, the symplectic form defines the Poisson brackets (PB) on the real vector space of observables O
(i.e., the linear space of smooth, real-valued functionals on phase space) {F, G} = QY (dF);(dG) j» Where
)Y is the inverse of the symplectic form ();;. Thus, a direct calculation shows that the PB between the
configuration and momentum observables are given by {¢[f], [g]} = —Q((0, f), (—g,0)). Explicitly,
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{[ fo, | g} = [ fg, that is the smeared version of the well-known but mathematically ill-defined
expression {¢(x), t(x")} = 6(x — x"), where §(x) is the Dirac delta on X. By linearity, we get that
generic linear observables are given by Q((g, f), -) = ¢[f] — 7[g], for all (g, f) € I'. From the PB
between the basic configuration and momentum observables, the linearity of (), as well as the bilinear
and skew-symmetric properties of { -, - }, it immediately follows that

{ Q& ), 08 fla, ) } = =& 1, (8 f)2): (10)

A foliation of spacetime (M, g,5) by Cauchy surfaces ¥t parametrized by a global time function
t defines a one-parameter family of embeddings E; of ¥ as Cauchy surfaces in M, X +— E;(X) = %;.
Let t = to be a fixed (but arbitrary) initial reference time. Let S be the linear space of smooth solutions
to the KG equation (§*fV,Vg —m?)¢ = 0 which arises from initial data (¢, 7);, in T, ¢ = E; ¢ and
= Efo (\/ﬁLn(p). Here, L, stands for the Lie derivative along the normal to the initial Cauchy surface
Yt,, whereas we recall that /1 is the determinant of the induced metric h,;, on such a surface. Every set
of Cauchy data gives rise to a solution, and different initial Cauchy data indeed give rise to distinct
solutions. Thus, by construction, solutions in S are in a one-to-one and onto correspondence with initial
datain[jie, Iy, : S = T, Iy (¢) = (Ej ¢, Ef [V/hL,¢]) is a bijection. In fact, associated with every
embedding E;, there is a bijection I; : S — I relating solutions with their corresponding Cauchy data at
time t, = Ef¢ and 7w = Ef (VhL,¢). Given a solution ¢ € S, we see that the associated dynamical
trajectory in I is formed by the family of data (¢, 7); = I;(¢) with t € I C R. Since t = fg is the
initial reference time, we have that (¢, 70)¢ = T(; 1) (¢, 7)), Where T(; 4y = It o I !is a two-parameter
family of linear symplectomorphisms , with 7, ) the identity map on I'. (The family of mappings
T(t4,) Will form a one-parameter group of symplectomorphisms whenever the Hamiltonian does not
depend explicitly on time, so that the system is invariant under time reparametrizations, and hence
Tt ty) = T—ty- Otherwise, the family 7, ;) is a two-parameter family of symplectomorphisms [59].)
In view of the isomorphic relation between S and I', the canonical symplectic structure (5) induces
a symplectic structure ()’ on S, namely () = It Q). Since 7(; 4) is a symplectomorphism, it follows
that I;; O = I} Q) (i.e, (Y’ is time independent). Alternatively to (T, (2), we can consider the symplectic
vector space (S,()') as the phase space of the theory. The time evolution in the phase space (S, ()’)
is given by the two-parameter family of linear symplectomorphisms T; ;) = I,/ 1o Tt ty) © Ity, with
t € I C R, which can be rewritten simply as T(; ;) = I, 16 I;. In order to simplify the notation, we will
denote ' also by Q) from now on. The symplectic vector spaces (S, Q) and (T, Q)) will be referred to
as the covariant and the canonical phase space, respectively. The symplectic structure on S is explicitly
given by

Ag1,92) = [ 2Ly — GrLuge) Vi )
0

The time independence of () guarantees that the integration in Equation (11) is independent of
the choice of Cauchy surface to perform it.

The covariant counterpart of the natural observables in I are the real-valued linear functionals
Q(¢,-) : S = R, V¢ € S. Given a bijection, say I, there is a one-to-one, onto correspondence
between linear observables in the canonical and the covariant approaches: the observable Q(¢, - )
on S corresponds to (and it is the corresponding observable of) the observable Q)((g, ), - ) on T for
(& f) = Ity 9

The PB between any pair of observables F and G on the phase space (S,() are given by {F,G} =
QY (dF);(dG);, where )Y is the inverse of the symplectic form on S induced by the canonical symplectic
form on I'. The PB between natural observables Q(¢, - )—i.e., the analogue of Equation (10)—are
given by

(g, ), O, ) } = -0, ). (12)

Let us introduce a compatible complex structure j on (T, Q) [i.e., j € J(Q,T)]. According to our
previous discussion (Section 2.1), we know that j will equip the linear symplectic space (T, Q}) with
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a real inner product y;( -, -) = Q(j-, - ) [see Equation (7)]. Let R be a linear symplectomorphism on T.
From j and R we then construct the compatible complex structure jg = RjR~1, and hence the real
inner product p;. (-, -) = Q(jr -, - ). The inner products y, and p; (which are in general distinct) are
related by p, (Ru, Rii) = ],tj(u, it), for all u, i € T'. In particular, given a reference time t(, the evolution
map T(;,) (which is a linear symplectomorphism on I') provides a family of compatible complex
structures j; = T(l‘/to)]'T(;,}O) and inner products p;,, with g, (T(y ), Tr 1) %) = pj(u, i1). The complex
structure j; is the complex structure generated by the time evolution, from time tg to time ¢, of the
initial complex structure j, that we will rename j;, from now on in order to emphasize the choice of
initial time in the canonical formulation.

Alternatively, we can consider the covariant perspective. Just as in the canonical phase space
description, a complex structure | will equip the covariant phase space (S, (2) with a real inner product
space puj(-,-) = Q(J-, -). Linear symplectomorphisms on S will define other compatible complex
structures and, consequently, other real inner products as well. In particular, we have that time
evolution in § will induce a family of compatible complex structures, J = T(; ;) | T&}O), and a family of
real inner products y,. Now, according to the discussion in Section 2.1, a complex structure ] on S (not
necessarily compatible) endows the symplectic linear space (S, ()) with a structure of complex vector
space, and defines a field decomposition ¢ = ¢ + ¢, where ¢ is in the space of “positive frequency”
solutions S;’, whereas ¢~ is in the (complex conjugate) space of “negative frequency” solutions 5" [see
Equation (2)]. By requiring that | be compatible with (), we will get, apart from the real inner product
147, the Hermitian inner products (8) on (S,Q) and (9) on S]+. The Cauchy completion of S;r with
respect to the norm associated with the Hermitian inner product (9) yields the so-called “one-particle
Hilbert space” H;. By repeating this construction for each compatible complex structure J;, we will
obtain a family of (in general) distinct Hilbert spaces H,.

Let us briefly discuss how complex structures in I' and S are related [60]. Let | be a complex
structure on S, and consider the isomorphisms I; defined by the spacetime foliation. The complex
structure on I' induced by | at time ¢, via I, is j; = I;]I; 1. From this relation it immediately follows
that ji, = T, 1) /1 T(Izl, h)" Once we have obtained the set of complex structures j; on I, we fix a bijection
to identify S with I'; i.e., we chose a particular but arbitrary time and declare it as the initial reference
time tp. Thus, the complex structure

Tt = T(t,t0) Jto T(?}U) (13)

is the complex structure generated by dynamical evolution of ji, = Iy, ]I, ! from the initial time t; to
time f. Now, since I, establishes a bijection between complex structures on I" and S, the family j; will
provide a one-parameter family of complex structures on S, namely J; = I, Ly It,. Using that j; is the
evolved complex structure of j;,, we then get

Tt = Tieao) T Ting- (14)

That is, J; is the complex structure obtained by evolving | in time.

Note that, although the introduction of a complex structure is a simple matter, the choice
of a complex structure with physical content is not. For instance, Poincaré invariance and time
translation symmetry are exploited to select favored complex structures in Minkowski and stationary
backgrounds, respectively. However, in the absence of stationarity the issue becomes more involved
and extra requirements are needed in order to select a preferred family of complex structures. In the
next subsection we will consider precisely a non-stationary system, concretely a scalar field propagating
in an FLRW spacetime. Actually, the arguments that we will present apply equally well to more general,
conformally ultrastatic spacetimes.
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2.3. Complex Structures in FLRW Spacetimes

Let ¢ be a real scalar field with mass m propagating in an FLRW spacetime. As it is well known,
the FLRW cosmological models of homogeneous and isotropic universes can be described by the
line element

ds? = a2 (1) [_dtz + fzahdxﬂdxb} ) (15)

where T, (a,b = 1,2,3) is the standard Riemannian metric of either a three-sphere, a three-dimensional
Euclidean space, or a three-dimensional hyperboloid. The KG equation in this FLRW spacetime reads

¢+2§4§—A¢+m2a2¢ =0. (16)

Here, the dot stands for the derivative with respect to the conformal time ¢, and A denotes the LB
operator associated with the spatial metric .
The dynamics on phase space I' is dictated by the Hamiltonian

H= %/ dxa Vi (K772 + W DagDag + mg?) (17)
x

where h stands for the determinant of h,, = a?h,;, and D, is the derivative operator on T associated
with k. A straightforward calculation shows that the equations of motion are given by

AT ¢ _ 0 ah—1/2
(7‘[) =T (71;) ’ T= (ahl/Z(DaDa . m2> 0 . (18)

By performing the polar decomposition of 7, one gets that the partial isometry | 7|17 provides
a family of compatible complex structures on the space of Cauchy data [36]. Specifically, the complex
structure j; = | 7|17 associated with the Cauchy surface %; is

- 0 —h~V2(—DD, 4+ m?)~1/2 .
= h'/2(—D*D, + m?)1/2 0 ’ (19)

It is not difficult to check that u;, ((¢, 77), (¢, 77)) = 0, with p;, (-, - ) = Q(jt -, - ), so that, for given
t, j+ can be considered unique [9]. In spite of this, it is worth remarking that for any two distinct times
t1 and ty, j;, and j;, give rise in general to inequivalent representations of the CCRs, implying that the
time evolution cannot be represented by a unitary operator and, therefore, that we do not have at our
disposal a Schrodinger picture with an evolution that preserves the standard notion of probability.
In an attempt to fix this drawback, we can use the freedom available in the choice of basic variables
and, by applying a time dependent canonical transformation, redistribute the time dependence in
an implicit part (with evolution generated by the corresponding Hamiltonian) and an explicit part
(the factor of the transformation) which varies in a way that is not necessarily unitary. Let us hence
introduce the time dependent scaling ¢ = a¢. By substituting ¢ = 1/a in Equation (16), we get that
the dynamics in the new field description is dictated by

p—Ayp+s(t)yp =0, (20)
where s(t) = m2a® — (ii/a). Thus, the system can be treated as a scalar field propagating in a fictitious
static spacetime ds?> = —dt? + hi,,dx"dx’, though now subject to a time varying potential V(i) =

s(t)y?/2 [or, equivalently, as a free scalar field with time dependent mass \/s(t) in a static background,
provided that s(t) is a non-negative function]. The canonical equations of motion now are given by

¢ = ! s #=VI[A§—s(t)§). 1)

5
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Once an initial reference time tg is chosen, we introduce an initial complex structure on
['={(¢, 7)}. The simplest complex structure guaranteeing an invariant Fock representation under

the spatial symmetries is
, 0 —(—hA)~1/2

Note that j ignores the existence of the time varying potential (so, in particular, the existence of
the mass) in the system. Thus, the Fock representation defined by the complex structure (22) can be
referred to as the free massless field representation. As we will see in Section 5, the jy-Fock quantization
is, up to unitary equivalence, the unique invariant Fock representation under spatial isometries that
admits a unitary implementation of the dynamics, both for closed [13-15] and (compact) flat [43—45]
FLRW spacetimes.

Before we proceed to present our uniqueness results about the quantization of the KG field with
time varying mass in cosmological scenarios, it may be helpful to analyze in some detail the quantum
theory of scalar fields in globally hyperbolic spacetimes. This is the purpose of the next Section.

3. Quantization

We now focus our discussion on the quantization of real scalar fields in spacetimes that admit
a foliation by Cauchy surfaces. We will first overview the program of canonical quantization on
a Hilbert space for linear systems, along the lines of Refs. [61,62]. Next, we will apply the program to the
case of scalar fields, and we will discuss Bogoliubov transformations and the unitary implementation
of the time evolution. We will close this Section with the presentation of the jy-Fock quantization for
scalar fields with time dependent mass. Throughout the Section, special attention will be paid to the
role of complex structures in the quantum theory.

3.1. Canonical Quantization on a Hilbert Space

Consider a linear classical system (with a finite or infinite number of degrees of freedom),
described by a symplectic vector space, that we will call (X, ). The set of classical observables
will hereby be denoted by O. Roughly speaking, by quantization we will understand the passage from
a classical description of a system to a quantum mechanical description. In contrast to the situation
in the classical theory, where states live in the phase space (X, 2) and observables are real-valued
functions on (X, Q)), in the quantum theory states belong to a Hilbert space 1, whereas observables
are self-adjoint operators on H. The basic PB, that equip the space of classical observables with
an algebraic structure, are replaced at the quantum level with the canonical commutation relations
(CCRs), that define an algebraic structure on the space of quantum observables. Thus, in very broad
terms, the output of the quantization should be a Hilbert space H of quantum states, and quantum
observables represented on H as self-adjoint operators, obeying the algebraic structure arising from
the CCRs. For linear systems, the process of canonical quantization on a Hilbert space consists of (and
it is accomplished by) three main steps:

(i) A selection of basic (elementary, or fundamental) classical observables Oy C O.

(ii) The construction of an abstract quantum algebra A of observables from Oy, with the following
two properties: (iia) for each basic observable F € Oy there must be one, and only one, abstract
quantum basic operator (observable) F € A, and (iib) basic operators must satisfy the Dirac
quantization condition, relating their commutators with the corresponding PBs.

(iii) The specification of a Hilbert space H and a representation of the abstract basic observables as
self-adjoint operators on H.

For more details, we refer the reader, e.g., to Ref. [61].
These rules are far from determining a unique quantum description. Indeed, the process entails
ambiguities at different stages, and a series of choices must be made in order to accomplish the
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quantization and arrive to a, hopefully, well specified description. In fact, one has to face ambiguities
from the very beginning of the process by making “a judicious selection” of fundamental observables
Oyp. This set of basic observables O is typically required to be a vector subspace of O, closed under PB,
and such that every regular function on phase space can be obtained by (possibly a limit of) sums of
products of its elements [61,62]. These requirements are intended to achieve that observables in Op will
be appropriately promoted to quantum operators satisfying the CCRs, allowing to avoid ambiguities
like e.g., the well-known problem of factor ordering. However, it is not uncommon that various distinct
basic sets can be found for the same system. So, in general there is not a unique canonical choice
of elementary observables Oy, a fact which can give rise to non-equivalent quantum descriptions.
This ambiguity is usually addressed by arguing “naturalness and simplicity” in favor of a particular
classical canonical representation.

Once the set of fundamental observables is specified, the next step in the quantization is to
construct an abstract quantum algebra A of observables from the vector space Oy. The algebra is
constructed as follows. Let Ay be the free associative algebra over the complex numbers generated by
Oy, i.e., the free associative complex algebra corresponding to Oyc = Op © iOy. Thus, every F. € Oy
has a representative A(F.) in Ao, where A is a linear mapping. Next, the algebra Ay is equipped with
an involution operation * which captures the complex conjugation; so, the representative A(F) € Aj
of the real, basic observable F € O is invariant under the involution operation, [A(F)]* = A(F). More
generally, [A(F:)]* = A(G,) if and only if F. = G, where F;, G, € Ogy¢. Then, the algebraic structure
on the space of classical observables, provided by the PB, is carried to an analogous algebraic structure
on quantum observables. For this, one takes the x-ideal 7 of .A;j generated by elements of the form
A(=i{F, Gc}) + [AM(E), A(Ge)] € A§. This is precisely the Dirac quantization condition. The algebra of
abstract quantum observables A is the quotient algebra of Aj by the ideal Zp. The associative algebras
Aj and A are related by the homomorphism o (w) = w + Zp, w € Ajj. Let A be the mapping A = 0 oA,
and let us define £, = A(F;). Thus, in particular, we have that for each F € O, there is one and
only one *-invariant operator F e A. Given F, G, and {F, G} in Oy, their (abstract) *-invariant, basic
operator counterparts £, G, and {/F,-E} in A satisfy the CCRs [F,G] = i {F,/E} By construction, any
A € A can be expressed as a sum of products of elementary operators.

The third and final step in the process is to find a Hilbert space H supporting a representation
of the (abstract) fundamental quantum observables as self-adjoint operators. This representation,
however, turns out to be not unique in general. There exist, typically, different (i.e., not unitarily
equivalent) Hilbert space representations of the CCRs. So, one generally has to deal with the problem
of determining a preferred representation. It should be noted that, in contrast with the ambiguity in
the choice of basic observables, which affects both linear mechanical and linear field theory systems,
the lack of uniqueness of the representation is mainly an issue for field (i.e., infinite dimensional)
systems. In fact, for linear, finite dimensional systems (i.e., linear mechanical systems), the specification
of a unique preferred representation of the CCRs can be consistently and unambiguously established
under certain requirements. Indeed, in view of the Stone-von Neumann uniqueness theorem, we can
restrict our attention just to a single representation of the CCRs, namely the ordinary Schrodinger
representation of quantum mechanics. However, the situation is quite different for linear field theories.
There are infinitely many inequivalent Hilbert space representations of the basic quantum observables
as self-adjoint operators, and no analogue of the Stone-von Neumann theorem exists to confront the
uniqueness issue. To handle this ambiguity in the representation of the CCRs, the usual procedure is to
appeal to the spacetime symmetries of the field system and look for symmetry invariant representations.
Though this strategy leads to a unique quantum theory for a certain class of field systems (for instance,
linear field theories in both Minkowski and stationary spacetimes), it should be stressed that in more
general cases (like e.g., non-stationary settings) symmetries will simply not be enough to pick out
a preferred representation and, therefore, extra criteria must be imposed in order to set a unique
quantum theory.
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3.2. Linear Scalar Field Theory: Quantization

Let us now review the quantization of the scalar field theory introduced in Section 2.2. We first
consider the covariant phase space approach. As we have seen, linear functionals Q(¢, - ) provide
a natural set of observables on (S, ) with non-trivial PB that are proportional to the unit function [see
Equation (12)]. Since observables on (S, Q)) can be obtained by taking linear combinations of products
of natural observables Q)(¢, - ) and the unit function I (which provides the constant functions on S),
the subspace {I, (¢, - ) | ¢ € S}gr of O qualifies as an admissible set of basic observables. (Here, { X}
denotes the vector space given by the set { X} over the field F.) This, together with the “naturalness
and simplicity” of our choice, leads us to select the commented subspace as the set O of fundamental
(basic, or elementary) classical observables.

By equipping the phase space (S, (}) with a compatible complex structure J, the field ¢ can be
decomposed into the “positive and negative frequency” parts, ¢ and ¢, defined by J. In addition,
the completion of the inner product space (S;r, (+, ) st = Q(J-,-)) inthenorm || - Hsf defines the

“one-particle” Hilbert space ;. Notice that (] -, -) is an inner product not only for S7, but also
for §; = S]+ @ Sy ; in fact, S]+ and S are orthogonal subspaces with respect to this product. Thus,
the Cauchy completion of S gives a complex Hilbert space H, which decomposes into the orthogonal
(£ i)-eigenspaces of |, with the (+i)-eigenspace being precisely the so-called one-particle Hilbert
space H;, whereas the (—i)-eigenspace is the complex conjugate of #;, H;. Let K; : H — H; and
K; : H — H; be the orthogonal projections arising from the inner product Q( ] -, - ). The restrictions of
Kj and K to S are nothing but the real-linear bijections from S to S?’ CHyand 5 C H, respectively.
In terms of the restrictions of Kj and Kj to S, the field decomposition defined by | reads ¢ = K;¢ + Kj¢.
Thus, basic observables can be written in the form Q(¢, - ) = ia(K;¢) — ia(Kj¢), where

a(Kjp) = Q(JKje, -), a(Kpp) = Q(JK¢, -) (23)

are, respectively, the annihilation and creation-like variables associated with the complex structure J.
By using complex linearity and continuity, we get that

Q(®, ) = ia(x) —ia(g), (24)

where x,¢ € Hjand ® € H, with® = ¢ + x.

The next step in the process of quantization is to specify A, the algebra of abstract quantum
observables. According to the discussion in Section 3.1, this algebra is constructed from the
complexification of Oy, Oyc. However, notice that we have an enlarged vector space .7/ =
{LO(P, -)|® € H}¢c D Oy, perfectly valid to construct the algebra. So, we will take . to specify
A. Since every (complex) elementary variable Q(®, - ), with ® € H, can be uniquely expressed in the
form (24), the vector space . can be naturally rewritten as

7 ={La(x),a)|x.¢ € H }c. (25)

The only non-zero PB between the complex elementary variables (25) are

{a(x),a(0)} = =X, 0)yy (26)
where (-, - )3, = Q( T+, -) [i.e., the Hermitian inner product (9)]. The quantum algebra A is defined
starting with the complex vector space . (25), exactly as we have explained in Section 3.1 (with
Opc replaced by .#). As a result of the construction, we get operators 4(§) and 4*(¢), satisfying
[4(%)]* = a*(x) and obeying the commutation relations

a(®), 2" ()] =1(x. 8y, 8(X),8(E)] =0, [a"(x),a" ()] =0, (27)
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for all x,¢ € H;. The abstract quantum counterparts of the basic observables Q)(¢, - ) € Oy are given
by the x-invariant elementary operators

A

O(¢, -) = ia(Kyp) — ia*(K;9), (28)

that fulfill the CCRs

[O(¢, ), (¢, )] = ~ip, P (29)

In order to accomplish the quantization, we need to specify a Hilbert space supporting
a representation of the fundamental quantum observables Q)(¢, - ) as self-adjoint operators. Note,
however, that a Hilbert space structure has been already chosen from the introduction of a complex
structure: the one-particle Hilbert space H;. It is from #; that the Hilbert space of the quantum theory
is constructed. Concretely, the one-particle Hilbert space defines the symmetric Fock space

=0 (2l 1)), (30)

that is the desired Hilbert space. The structure of 7 allows for a natural representation of ()
and 4*({), subject to the commutation relations (27), as the annihilation and creation operators ()
and 4 (¢) on Fj. Thus, the fundamental observables Q)(¢, - ) are represented on the Fock space by
the self-adjoint operators defined by Equation (28), obeying the CCRs (29). This is the standard
procedure, in the covariant approach, for the Fock quantization of a linear scalar field given a complex
structure . Since ]| can be any compatible complex structure, what we really have is a family of
Fock representations of the CCRs parameterized by the set 7 (), S). This set splits naturally into
equivalence classes [J] of complex structures that lead to unitarily equivalent Fock representations,
and it is well known that 7 (Q), S) is formed by an infinite number of them. That is, there are infinitely
many inequivalent Fock representations of the CCRs. Therefore, in order to specify a unique quantum
description, up to unitarity, a preferred complex structure j, (or, more generally, an equivalence class
[jp]) must be chosen.

Let us recall that, in general, there are no representations of the CCRs by bounded operators [1,63].
For the KG field, the quantum fundamental observables ()(¢, -) turn out to be all unbounded
operators [except (0, -)]. So, questions concerning the domains of definition should be treated
carefully. For instance, a proper definition of the elements of the quantum algebra on the Hilbert space
becomes an intricate task, because A contains polynomials. In order to avoid this unwieldy situation,
the usual procedure is to consider the exponentiated version of )(¢, - ), namely W(¢) = exp[iQ) (¢, - ) ].
Formally, the CCRs are replaced with the Weyl relations

W(P)W(P) = e22@HW (g + §), (31)

together with the adjoint relations
W) = W(=9). (32)

By equipping the vector space spanned by all finite, complex linear combinations of the W(¢)’s
with the product (31)—extended by linearity to the vector space—and the involution operation (32), we
get a complex associative x-algebra [with unit element I = W(0)]. Given a Hilbert space representation
of the CCRs (29), the *-algebra generated by the W(¢)’s becomes a subalgebra, W, of the C*-algebra of
all bounded linear operators on the Hilbert space. The closure of W, thus leads to a C*-(sub)algebra WV,
which is known as the Weyl algebra. Although one might think that the Weyl algebra defined in this
way would be a representation-dependent algebra, actually this is not the case: WV is fully independent
of the particular representation used [64,65]. Thus, in order to avoid domain problems, one can
consider the Weyl algebra W and look for a unique preferred representation of the relations (31)
and (32).
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From the definition of W(¢) and Equation (28), we can write the Weyl generators in terms of the
annihilation and creation operators on f7,

W(¢p) = exp [a"(Kj¢p) — a(Kj¢) ]. (33)

By using the commutation relations (27), the relationship [2(K;¢)]T = a'(K;¢), and the
Baker-Campbell-Hausdorff (BCH) formula, it is not difficult to see that the generators in Equation (33)
satisfy indeed the relations (31) and (32). In this way, we can construct the (concrete) Weyl algebra 1V,
which is a subalgebra of L(Fj), the C*-algebra of all bounded linear operators on Fj. Let us now
consider the vacuum state |0) € F7j, i.e., the unique normalized state |0) that is annihilated by all the
annihilation operators (). By using the BCH formula and Equation (27), a direct calculation shows
that the vacuum expectation value of W(¢) in Fj is given by

(W($))vae = 41917, (34)

Here, ||¢||; is the norm of ¢ € S with the real inner product y; defined by | € J((,5) [see
Equation (7)].

The relationship (34) defines a quasi-free algebraic state w;[W(¢)] = exp(—1 ||4>||%) The triple
(F7, W}, 10)) is, in fact, the same that would be obtained by employing w; on the (abstract) Weyl
algebra WV in the so-called Gelfand-Naimark-Segal (GNS) construction [66,67]. The representation
W; of the Weyl algebra VV, defined by the complex structure ], is moreover irreducible, which
is tantamount to saying that the state wj is pure. Conversely, pure quasi-free states of the Weyl
algebra are associated with complex structures, and give rise to Fock representations as above [1,68].

Let us consider now the quantization in the canonical phase space approach. Our choice of
a natural set of elementary classical observables on (I',(}) leads to the real vector space Oy =
{LOWg f), ) 1(g f) € TIr = {L ¢[f], 78] | (8, f) € T}r equipped with the PB (10). In addition,
let us introduce a complex structure j € J(Q,T'). The abstract algebra A is constructed from the
complex vector space .’ = {1, ¢[F], 7[G] | (G, F) € 7;}c, where 7; is the Cauchy completion of I' & il
with respect to 4j(~, - ) = Q(j -, - ). The fundamental quantum operators ¢[f] and 7[g] in A satisfy the
CCRs: [¢, #A] = iQ((0, f), (g,0)) 1. Schrodinger-like representations of the CCRs are naturally available
in the canonical approach, as follows. The CCRs are represented on a Hilbert space .7 = L%(C,do) of
wave functionals on a quantum configuration space C, with the basic operators of configuration and
momentum, ¢[f] and 7[g], acting on the wave functionals by multiplication and by derivation plus
multiplication, respectively. The measure ¢, that is of Gaussian type, is determined by the complex
structure j. However, it does not encode the full information about the complex structure, in general.
Apart from a derivative, the momentum operator 77[¢] contains, in general, two multiplicative terms,
namely a factor associated with the Gaussian character of ¢, and possibly another (non-trivial)
multiplicative term that contains further information about the complex structure j. To be more specific,
the general form of a complex structure j € J(Q,T) is given by —j(¢, 1) = (ag + b7, ¢t +0¢), where
a,b, ¢, and 0 are linear operators satisfying

24+b0=-1, E+0b=-I ab+bc=0, da+cd=0, (35)
and
Sof' = [ Sof [ = [ gos [ fog == [Lseh
(/fo LFof [ 808 = | 80 | fag=— | &cf
bf >0, /a’<0, 36
/fo 808 (36)

for all unit weight scalar densities f, f € C§°(X) and scalars g, ¢’ € C°(X). Relationships (35) come
from the condition j2 = —1, whereas restrictions (36) follow from requiring that j¢;(-, -) = Q(j-, ) be
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a symmetric and positive definite bilinear form. The measure and the basic operators of configuration
and momentum are [36,69]

dg = exp (— /)E fpblqo) Dy, (37)
LAY = glfY, #lg¥ =i [ (557 —plo —iev g ) . @)

Note that the representation defined by Equation (38), in the Hilbert space .77, is a representation
of the Fock type, i.e., corresponds to a pure quasi-free state of the Weyl algebra.To see this explicitly,
let us introduce the Weyl operators W(g, f) = exp[iQ((g, f), -)]. For an initial reference time to,
the map I;,, where (g, f) = I;,¢, naturally induces a bijection between the algebra generated by
the objects W(¢) and the corresponding one generated by the operators W(g, f), that we will call
W;. Consider now the unit constant functional g € 7. It can again be shown that the expectation
values of the Weyl generators read (o, W(g, f)yo) = exp(—1[/(g, f) H]Z),where | - |l is the norm
associated with the real inner product (-, -) = Q(j-, -) on the phase space (I',2). Using the
bijection I;,, one concludes that w;[W(¢)] = exp(—1 H¢||%) indeed defines a pure quasi-free state of
the Weyl algebra, associated with the complex structure | = I, 1 Iy, € J (), S). Since a state (in fact
the evaluation of a state on the generators) uniquely characterizes a unitary equivalence class of
the Weyl algebra, it follows that (Fj, W), [0)) and (7, Wj, o) are just different realizations of the
same representation of the Weyl relations, i.e., there is a unitary map U : 7} — 47, with U|0) = ¢y,
that intertwines W with W;. To make this relationship fully explicit, let us display the form of the
annihilation and creation operators on .7, that are readily seen to be

a(vT) = 3 (plo] + #lp)), a'(v") = 3 (@lo] + 7lp]), (39)

where ¢ =0g —¢f +if, p=bf —ag+igand 7" = (—g, f)" € v, is the “positive frequency” part of
the Cauchy data v = (—g, f) € I, thatis tosay 7" = (v —ijy)/2. (For a comprehensive discussion
on the Schrédinger representation for a linear scalar field in flat and curved spacetime, including the
relationship between the covariant and the canonical approaches to quantization, as well as measure
theoretical aspects, see Refs. [36,69,70]).

Representations of the type (Fj, W), |0)), determined by a complex structure | in the
covariant phase space, will hereafter be called J-Fock representations, whereas the corresponding
representations of the form (ﬁfj, Wj, o), constructed from the canonical perspective, will be called
j-Fock representations.

In the rest of our discussion, the domain of definition of the different quantum observables will
not play a relevant role. Hence, in what follows we will consider representations of the CCRs only.

3.3. Bogoliubov Transformations and Unitary Implementability

Let us take two compatible complex structures on the phase space (S,Q)), say J; and J,, and
assume that their associated inner products, y;(-, -) = Q(J;-, -) for i = 1,2, define equivalent
norms on (S, Q). Then, the corresponding Hilbert spaces H; = H1 ® H1 and Hy = Hy & H, may be
identified, and can be viewed as two distinct splittings of the same Hilbert space H [1]. Consider also
the orthogonal projections K, : H — H; and K}, : H — H; defined by the inner product Q(J; -, - ) on
H. Then, let A : Hy — H1 and B : Hy — H; be the restrictions of Kj, and Kh, respectively, to Hs.
Similarly, let C: H1 — Hpand D : H — H, be the respective restrictions of Kj, and K J, to H1. In this
setting, it can be shown that [1]

AtA—-B'B=1 A'B=B'A4, (40)

ctc-p'D=1, Cc'D=D'C, (41)
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and
c=A" D=-B" (42)

For an element ¢ of H, let € H; and { € H; be the components of ¢ with respect to the
splitting Hy of H, and x € H, and 77 € H, their components with respect to the splitting H, of
H. Inshort, ¢ = (¢,¢)p, € H1 D Hiand ¢ = (x,7)n, € Ho @D Hy. We know, in particular, that
(9, 8)r, = (¥,0)n, + (0,&) - Since the orthogonal projections of (1,0)y, and (0, ¢)y, onto H, are
(Cy,0)n, and (D¢E,0)n,, we get that (Cip + DC,0)p, is the orthogonal projection of (i, )y, onto
Hp. A similar calculation shows that the orthogonal projection of (i,¢)y, onto H, is given by
(0, Dy + C&) p,. So, we have

x=Cyp+D¢ 77=Dyp+C¢. (43)

This transformation, with C and D satisfying relationships (41), is known as a Bogoliubov
transformation. Note that, from Equations (41) and (42), the inverse of (43) is

¢ =Ax+Bij, &= Aiqj+By. (44)

Associated to each of the complex structures J; and J, there is a set of elementary variables [see
Equation (25)],

S ={La@)a@ iy eHile, S={La(T),an0) | xecH}c (45)

Nonetheless, the vector spaces .77 and .# are, in fact, the same vector space .7 [recall that . =
{L,Q(P, - )| P € H}, so that .7 and .7 are simply two different decompositions of the linear space
Z]. Let us be more precise. It follows from Equation (24) that the linear space Ly = {Q(®, - ) | P €
H}c is decomposed by a complex structure | into the direct sum of A;r = {a(p)|p € Hj}c and
A; ={a(7) |0 € H;j}c. Hence, the complex structures J; and ], decompose the vector space Lo as
Al ® A and Ay ® A, respectively. Since . = C @ Lo, we get that .#; and .%; are nothing but
two different decompositions of .7, as we had commented. The explicit relationship between the
annihilation and creation-like variables associated with J; and |, are

ay(7) = a1 (A7) — a1 (B77), a2(x) = 1 (Ax) — a1(Bx). (46)

In order to get these identities, we have used the definition of the annihilation and creation-like
variables (23), the action of the complex structures J; and ], on their corresponding eigenvectors, and
the linearity of (), as well as the decomposition of x € H, and 77 € H, with respect to H;, namely
X = Ax + Bx and 77 = Ajj + Bij. Relationships (46) give the form in .#] of the annihilation-like
variables a; and the creation-like variables a,, defined by the complex structure J. It is not difficult
to see that the PB between the variables a,(7) and a,(x), given in Equation (46), satisfy indeed
Equation (26).

We emphasize that different complex structures (compatible with () and that give rise to
equivalent norms on S) provide different generators for the (same) abstract quantum algebra A
(this is so because different complex structures just introduce different splittings in .77, the space
from which A is constructed). Let us denote the abstract algebra A by A; in the basis provided
by the annihilation and creation-like variables defined by the complex structure J;; i.e., ¥ = .7
with . = {1,4,(7;),a;(0;) | 05, p; € Hi }c, where a;(0;) = Q(J;7;, -) and a;(p;) = Q(Jip;, - ). The
abstract quantum counterparts of 4;(7;) and ;(p;) are the operators 4;(7;) and af(p;), satisfying
[4;(7;)]" = a;(0;) and the CCRs (27). When a4; and ; are replaced, respectively, with 4; and a7
(for i = 1,2) in Equation (46) we get expressions for 4, and 4; in A;. According to the discussion
in Section 3.2, the algebra A; (for i = 1,2) is then represented on the Fock space F; (constructed
from the one-particle Hilbert space ;) by declaring (representing) 4; and a; as the annihilation and
creation operators on F;, renaming then 4; and a}. Thus, in spite of the J-independence of H and A,
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the representation of the algebra on the Hilbert space turns out to be a decomposition-dependent
process: every complex structure (or, equivalently, decomposition) gives rise to a different Fock space
representation of .A. The annihilation and creation operators on the Fock space J», @, and 4}, are
represented on Fj as

a(7) = i (An) — a1 (By),  a5" (x) = a1 (Ax) — & (BY)- (47)

Hence, in general, 4} (77) does not annihilate the F;-vacuum state |0);. A direct calculation shows
that the /-number operator 43 (x) 4»(77), represented on F7 , has the following expectation value in
the vacuum state |0); € Fi:

(85" (X) 83(71) )yae = (1, B"BX) 24y (48)

The vacuum state |0), € F, in the Fock representation F; corresponds to a state |0'); satisfying
i1 (A7) 0)2 = a{(B7)) |0)2. (49)

Actually, provided that yq and p; define equivalent norms, it can be shown [1] that the necessary
and sufficient condition for the unitary equivalence of the Fock representations (Fj,41,47) and
(F2,d2,a3) is that B fulfills the Hilbert-Schmidt condition

tr(B'B) < co. (50)
In that case, there exists a unitary map U/ : 1 — F; such that
Ut ia(MU =ay(m), U ag(0)U = a5' (x), [0)2=UT|0)e, (51)

with 45(7) and 45"(x) given by relationships (47), and |0'); solving Equation (49). We also note
that the requirement (50) on B is equivalent to impose the Hilbert-Schmidt condition on (], — J;).
Indeed, since x = Ax + By, it follows that (J, — J1)x = 2iBx for all x € H,. Similarly, we have
that (J, — J1)¢ = 2iBTy for all p € H;. Thus, the two complex structures lead to unitary equivalent
representations of the CCRs if and only if (], — J;) defines a Hilbert-Schmidt operator, either on #; or
on Hy.

Let us now discuss the issue of dynamics. Consider a compatible complex structure | on
phase space (S,(}). As we have seen in Section 2.2, | evolves according to Ji = T, )] T(_t}o) [see
Equation (14)], where T(; ;) : S — S is the linear symplectic transformation corresponding to the
time evolution from f( to f. (Here, | plays the role of an initial complex structure. Accordingly,
all objects defined by ], such as the annihilation and creation operators or the associated Hilbert
space, will be labelled with a subscript, or superscript, to.) Thus, every J; belongs to J(S,Q)) and,
consequently, we get a family of real inner products, uy = Q(J; -, - ), on S. Assume that, for each time
t, the linear symplectic bijections T(; ;) and T&}O) are both continuous mappings on S, (the Hilbert
completion of S with respect to the norm || - ||; defined by the inner product yt, = yj). Then, pz, and
pt define equivalent norms for all t € I C R. (Let S, be the Cauchy completion of S with respect to
|| - |I;. Suppose that the linear symplectomorphism R : S, — S, and (its inverse) R~ : 5, — S, are
continuous. Then, R and R™! are bounded in the norm | - ||;. Hence, using that g (R, Rp) = u(¢, ¢),
it follows that 1y = Q(J -, - ) and pj, = Q(Jr -, - ), with Jg = RJR™!, define equivalent norms.) The

annihilation and creation operators induced by time evolution T(; ;) on Fy, = Jj, namely 4; and alt,
are given by Bogoliubov transformations of the form (47),
a;(7e) = bty (A i) e) — b (Bigg)e), a1 (xt) = af (Aqsg)Xt) — o (B 1) X1). (52)

foreacht € I C R. Here, both #; and x; are in H;, whereas the orthogonal projections (with respect
to the Hi,-decomposition) A(t,to) : Hy — Hiy and B(t,to) T Hy — ﬂto satisfy relationships (40). So,
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a;(7t) and ;" (x:) fulfill the CCRs (27). Clearly, A;, ;) and B ;) are the identity and the zero
maps, respectively.

Since classical observables evolve according to Q(¢, - ) — Q(T@}O)qb, -), we have that a}(7;) =

Q(T(’t,}o)]ﬁtw ) and a@;(x¢) = Q(T(’t,}())])(to, - ). On the other hand, the symplectic transformations Tt o)
induce a two-parameter family of *-automorphisms on A, Q(¢, - ) — ¢ (tt0) " Qp, ) = Q(T(t,t0)¢, -).
Thus, the time evolution of the (abstract) elementary quantum observables is given by Q(¢, - )
§(t}t0) -Q(¢, -). In particular, we have that a,(7;) = C?t}to) <, (7t,) and a)F (x¢) = C?t}to) . éjo (Xto),
on Ag,.

The question of unitary implementability of the dynamics in the J-Fock representation is whether
or not there exist unitary operators Uy; ) : Ft, — i, such that

Ctt) - U, ) = UL,y U, ) Uy (53)

If such operators exist, it also means that, within the Heisenberg picture, the evolution expressed
by Equations (52) is unitary, i.e.,

Ut tg) bty (Ttg) Uy 1) = Bty (A i) 1t) — 8y (Bisg)ie), (54)
U ) a8 (Xto) UZLt,tO) = af (A 0)Xt) — ity (B g) Xt)- (55)

It follows from the discussion above that the unitary operators U(t,to) exist, i.e., the classical
dynamics dictated by T(; ;) is unitarily implementable in the J-Fock representation, if and only if
B 1,) satisties the Hilbert-Schmidt condition (50) for all t. This is tantamount to requiring that (] — Ji)
be Hilbert-Schmidt on H;, for all ¢, as we have seen. Another way to formulate this condition is to
say that the antilinear part of T(; ; ) must be Hilbert-Schmidt on H, for all f (indeed, a symplectic
transformation R is unitarily implementable on a Fock space Fj if and only if its antilinear part with
respect to the complex structure ], namely R; = (R + JR])/2, is Hilbert-Schmidt on the one-particle
space ‘H defined by | [71,72]).

Turning to the more algebraic perspective, the x-automorphisms ¢ ; ;) of the algebra A define
k-automorphisms égt,tg) of the Weyl algebra W via I’ - W(¢) = expl[iZ - Q(¢, - )], i-e., g’(t,to) -W(p) =
W(T4)¢)- A simple calculation shows that wy,[W(¢)] = w; [@'(;tlo) - W(¢)]; that is to say, the time
evolution of observables in the Heisenberg picture is represented by the inverse of the automorphisms
@’( o)’ related to the inverse of {;,, of course (for details about symplectic transformations and
automorphisms in the Weyl algebra see, for instance, Ref. [73]). Again, the family of automorphisms
g (tto) of the abstract Weyl algebra corresponds to unitary transformations in the J-Fock representation

if and only if B(; ) is Hilbert-Schmidt for all £. Note also that the relation wj, = wjo{ ! (;}0 ) between
the algebraic states can be interpreted as the time evolution of the “initial” algebraic state w;. So, in the
Schrodinger picture, the issue of a unitary quantum dynamics becomes the question of whether or not
the family of algebraic states wj o ¢’ (;tl() ) provide unitary equivalent representations of the (adjoint and)
Weyl relations (31) and (32) [or, equivalently, of the CCRs (29)].

Let us now focus in particular on the case of a free scalar field propagating in a spatially compact

spacetime. Because of spatial compactness, every i € H; and ¢ € H; can be written as
p=) e G =) di (56)
k k

Here, {u}} and {ii}{} are orthonormal bases with respect to the Hermitian inner product
wag (o) = Qi+, -) for, respectively, #; and H;, whereas ¢; and dj are complex constant
numbers. Clearly, {(u!, i)} is an orthonormal basis for the Ji-decomposition of H, namely H; & H;.
As before, let us denote by (-, - )3, and (-, - )3, the restriction of the Hermitian inner product g 1,
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to, respectively, H; and H;. The projection of uf, € H; onto u,t{0 € Hy, gives the vector (u,t{o, Mf’l’l)%to u,t(“.

Similarly, the projection of !, onto ﬁ]io € Hy,, gives the vector <1Z,tc", u,‘;)gt ﬁ,t(o. Hence, we have that
0

At )t ZAkm (t, fO)“k / B(t,to)uin =Y Bunl(t, to)ﬂ;tf, (57)
k
with
Agm(t,to) = (w0, u! m) My Brm(t to) = <ﬁ]iolu1tn>ﬁt0' (58)

By performing an analogous calculation, one gets C(t,to)uig and D(tlto)uifi [in fact, we can obtain

them by sirnply switching the t and fo parameters in Equations (57) and (58)]. Since C(; ;) = A-(rt )

and Dy = ( o) [see Equation (42)], we thus get that
Ay um = ZAmk (tt0)uf, By = ; K (t, to)u (59)
where we have used
(uf w0t )ag, = (il ub) g, = Ank(tto), = (uf, @0)y, = <u1t49,bl;i>y = Byuk(t, to)- (60)

The first relation in Equation (40), together with Equations (57) and (59), implies that the
Bogoliubov coefficients Ay, (t,t9) and By, (t, to) satisfy

Z(AkmAkn - E’kmBkn) = Onm- (61)
k

From uf, = = A, to) + B(t,to)u,tn and Equation (57), it follows that the bases {(12,i9)} and
{(ut,, @it,)} of H are related by

= Z (Akm t tO ”k + Bkm(t tO) )/ (62)
k

Ty =Y (Akm(t/ to) ;" + B (£, to)“}f) , (63)
k

where Ay, (t, to) and By, (t, to) are given by Equation (58), and satisfy the relation (61). Equations (62)
and (63) are the Bogoliubov transformations between basis vectors.

Let us consider the expansion of the field in terms of the basis modes {(u,tco, ﬁ]tco )} associated with
the initial complex structure J,

¢ =Y (aul +alm?). (64)
k

It is straightforward to check that the annihilation and creation-like observables a;, (ﬁ]tco) and
a‘to(u,t(") evaluated at ¢ € S give ato(ﬁ;{")[cp] = ) and Ezto(u,t(o)[(p] = 2. That is, ato(ﬁ,io) and Ezto(u]t(o)
can be viewed as coordinate functions on S (which can be identified with the space of coefficients
{(a, ﬁk)}) so that we can write 4y, (ﬂf{ ) = ak and 4 ( u) = a%%. From Equation (27) we get that
and 29" satisfy the standard CCRs [2?,29] = Iékm The Fock space of quantum states ]:to is generated
by repeatedly applying the creation operators am on |0), the state annihilated by all 4 ”k Employing
Equation (54) on the basis modes u!, (i.e., 7 = u!,) and using Equation (57), we get that —if it turns
out to be unitary—the “evolution” of 49, from ¢ to to would be given by

Ut ) i Uy ) = Xk: (Akm(t t0) &) — Brw (1, to) ﬁ2+) : (65)
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The time evolution from the initial time ¢y to an arbitrary final time ¢ is obtained simply by
interchanging t with t; in the above equation. Note that Ay, (to, t) = Auk(t, to) and that By, (o, t) =
— B,k (£, o). Thus, the evolution of the annihilation operator associated with u]i , from tg to t, would
be given by

U, 1) @0 Uity = 1 (At o) 6+ Buc(t,t0) ) (66)
k

Analogously, we obtain that the evolution of the creation operator af,, from t; to ¢, would be
dictated by the unitary transformation

uzrt to) Ut ty) Z ( (t,t0) A% + By (t, to) ﬁg) . (67)
k

A direct calculation shows that the unitarity condition, i.e., the Hilbert-Schimdt condition on
B4 4,), turns out to be the requirement that the Bogoliubov coefficients By, (t,ty) be square summable,

Y |Bew (£ to) |* < oo, VE. (68)

It is worth remarking that unitarity (or not) of U, ;) is a basis-independent issue. Indeed, given
any other orthonormal basis {ii}} in ?—lt, it is not difficult to see that Y, | By (t, to)|? is equal to
Yo | Bem (£, t0)|?, ie., the result of tr(B} (11 )B(t,to)) does not depend on the specific choice of basis
considered to perform the calculation.

By using the isomorphism I;, between the linear spaces S and I', one can obtain the counterpart
of the above quantization in the canonical approach. The configuration and momentum of the field ¢,
expanded in the positive and negative frequency mode solutions associated with | [see Equation (64)],
are given by

¢ =Y (a0 +ag), m=Y (apfi +apfi), (69)
k k
where g, = M;t<0|t0 and f; = \/ELnu,tcoho. In terms of the complex structure induced on T,

ie., ji, = Lty J Iy, 1 the annihilation and creation-like variables read ag = O(jr, (k fv), (@, 7)) and
20 = Q(ji, (g f), (@, 7)), respectively. The promotion of these variables to quantum operators
corresponds to the annihilation and creation operators (39) in the Schrodinger representation, with
label ;" = (g, fx). The time evolved operators of annihilation and creation, d(t) = 02/(:[ to)ag%(uo)
and 4f(t) = %(Jtr 10) %k aY %(t,to), are respectively given by the right-hand side of Equations (66) and (67),
that define the mapping %, ;) in the current representation.

Let us conclude with the following remark concerning unitarity. It follows from Equations (51),
(52), (54) and (55) that if U is a unitary map, then so is ¢/ (and vice versa). For unitary U, we have in
particular that

U (al (my) = g () ) U™ =" () — () ) U (70)

Let us now suppose, without any further assumptions, that Equation (70) is satisfied. Then,
a calculation along the lines of Ref. [74] shows that

= 24Uy (1) U™ = U ([ = TIT V] + sl U+ TIT ) ) U, 71
Let U be the composition YU : Fy, — F;. Thus, we obtain from Equation (71) that

=iy, (i) = U (a1 = TIT ] + (s + TT V7)) . (72)
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By applying Equation (72) to the vacuum state |0) of F;,, we get that the state ['¥;) = U|0) in F;
must satisfy the relationship

a [+ TN [¥0) = af (1T = Jome] [¥4). 73)

Therefore, the maps U are unitary mappings if and only if (TJT~! — J;) is Hilbert-Schimdt on H;.
However, since J; is precisely the complex structure resulting from evolving | in time, we have that the
Hilbert-Schimdt condition is trivially satisfied and, therefore, U is always a unitary map for all to and ¢.
Note, nonetheless, that unitarity of U does not imply that U (nor /) must be necessarily unitary.

Let us consider the above condition (73) with J; replaced with some J| # TJT~!. Then, unitarity of
I means that complex structures ]/ differing from TJT~! can be consistently considered at time ¢ only
if (J/ — TJT~!) is a Hilbert-Schmidt operator. More specifically, from the unitarity of U, it follows that
(OIW(¢)[0); = (¥} IW'(T¢)[¥}));, where W'(T¢) = UW(¢)U ! and |¥}) = U]0) is a normalizable
state satisfying Equation (73). Since the expectation value of W(¢) at final time is given by
(W(@))rjr1 = (W(T~1¢)); (see for instance Ref. [73]), we have that W(g)) gy = (FHIW (@) [¥1) ),
which certainly holds only if (J — TJT~!) is Hilbert-Schmidt either on H jy or on Hpypi. (The
consistency condition that (J{ — TJT~!) be Hilbert-Schmidt was introduced and considered in
Refs. [74,75], within the canonical space approach, as a general condition of unitary evolution.)
For a thorough discussion on quantum unitary dynamics in cosmological scenarios see Ref. [60].

3.4. The Scalar Field with Time Dependent Mass

As we pointed out in Section 2.3, the 0-spin boson field ¢ propagating in a spatially compact
FLRW spacetime can be treated, after the time dependent scaling ¢ = a¢, as a free scalar field with time
dependent mass (or, equivalently, as a scalar field subject to a time dependent potential) propagating
in a static background, obeying the equation of motion (20). Here, we will consider the same class
of system, but adding also the case of a background with one-dimensional spatial sections with the
topology of a circle. Besides, the time dependent function s(t) in the potential V (¢) = s(t)y?/2 will be
considered (except for very mild conditions that will be specified below) as a general real function. Let
us remark that for non-negative s(t), the function can be interpreted as a squared time dependent mass.

More concretely, we consider here a real scalar field ¢ governed by the equation

p—AyPp+s(t)y =0, (74)

in a static background
Qupdx"dxP = —dt* + hydx dx?, (75)

where h,, is the standard Riemannian metric of a spatial manifold X that we will allow to be either
acircle $1, a three-sphere S3, or a three-dimensional torus T2. Besides, A is the LB operator associated
to hy. According to our general discussion in Section 2.2, the canonical phase space is the real
linear space I' = {(¢, )|, m € C®(X)} equipped with the standard symplectic structure (5). (With
respect to Equation (21), we now rename ¢ — ¢ and 77 — 7 to simplify our notation). The covariant
phase space is the linear space S of smooth solutions to Equation (74) arising from initial data on
T, ¢ = ¢|t, and © = Vhipls,, equipped with the symplectic structure (11) (with the identification
Iy, &~ st PIIES S3, or iy = T3). We recall that t( stands for the fixed (but) arbitrary initial reference
time. The PB between the canonically conjugate variables of configuration and momentum are given
by {¢(x), t(x")} = 6(x — x"), where x denotes abstractly the coordinates of a point on X.

Scalar functions on X can be expanded in terms of harmonics, i.e., in terms of solutions of the
eigenvalue equation for the LB operator on X: —A X, = w%Xn, where (1) w% = n? for S!, with
ne€Z 2 w2 =n(n+2)for S}, withn € N, and (3) w? = ii - ii for T3, with # = (n1,n,,n3) and
n; € Z (i = 1,2,3). The eigenfunctions X, can be chosen as the complex exponential functions
exp(inx)/(27)/2 and exp(iii - ¥)/ (27r)3/? for the S' and the T2 cases [n denotes the integer n and
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the triple 7i = (n7,ny,n3), respectively], whereas for the S3 case X, stands for the (hyper)spherical
harmonics Q¢ (x) on S3 [here n denotes collectively the set of indices (n, ¢, m), withn € N,0 < ¢ <mn,
and —¢ < m < {]. (For a description of the harmonics in non-vanishing spatial curvature see, for
instance, Ref. [76].) The functions X; are orthonormal with respect to the L?-product on ¥, namely
(Xn, Xm) = Onm, where (Xp, Xm) = f XnXmVhd3x. The configuration and momentum of the field
can be expressed as

p(x) = ZG’)an(x)/ m(x) = \/EZT[an(X), (76)

where ¢ and 71, are the complex Fourier coefficients of the expansion in the complete set { Xn(x)}.
Since the field is a real one, these Fourier coefficients satisfy the following reality conditions: 7y = #_x
for the circle case, 7j; = 17_j for the three-torus case, and 7,,¢,, = (=1)"™9,0_,, for the three-sphere
case, where 17n = (¢n, 7n)- The reality conditions are obtained by using that ¢, = fz \/ﬁcp)_(n and
Tn = fz 71Xy, that the configuration ¢ and the momentum 7 of the field are real functions, and
by employing the specific relationship between X, and its complex conjugate Xn: Xz = X_; on S?,
X; =X yon T3, and X5 = (—1)" X0y o0 S°.

Incorporating the time dependence in our field, and recalling that it is real, we can decompose it
in a Fourier expansion of the form

P(t,x) =Y (Ea(t)Xn(x) +cc.), (77)
n
where the functions of time ¢, are solutions to the second-order differential equations

f=—(wp+9)f. (78)

This equation follows from the field Equation (74) when the spatial part is evaluated in the
harmonic X,. We note that the Equation (78) is real. Therefore if ¢, provides a solution, so does its
complex conjugate ¢n. The relation between the functions &, and the coefficients 7, above depend on
the complex conjugation properties of the eigenfunctions Xy, of the LB operator. For instance, in the S3
case we get that the Fourier coefficients of the configuration field are given by ¢n = &n(tg) + ¢—_n(t0),
where t is the initial time. On the other hand, it is worth remarking that the dynamical Equation
(78) depends exclusively on the eigenvalue of the LB operator, —w?, rather than on the label of the
harmonic, n. As a consequence, except for the dependence on n that the initial conditions determined
by #7n may impose at fo, the functions &, (#) vary only with the value of w?. Indicating the dependence
on this eigenvalue with a subscript 1, we can then rewrite the field (77) in the following manner:

P(t,x) =Y (anTu(t) Xn(x) +cc.). (79)

n

This field decomposition respects the symmetries of the field equations. Here, a, is a set
of arbitrary complex constants, and the functions T, are conveniently normalized solutions to
Equation (78) (as we explain below). The subscript # can be chosen to correspond to the absolute value
of the harmonic label 7 for the case of the circle, to the Euclidean norm of # for the three-torus, and to
the first index in the set n = {n, ¢, m} for the three-sphere.

Most important for the quantization it is the fact that, given that Equation (78) is real and
of second-order, as we have commented, we can choose the complex solution T, so that T, is
an independent solution. In this way, we obtain a splitting of the space of solutions between “positive
and negative” frequency modes, namely 9n (t,x) = Ty, () Xn(x) and Pn(t, x) = T, (t) Xn(x). According
to the discussion in Section 3.2, there is an associated complex structure ], with corresponding
annihilation-like variables given by an, = Q(J{n, ) and creation-like variables provided by their
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complex conjugates. From the orthonormality of the field solutions ¢, with respect to the Hermitian
inner product Q(7 -, - ), and of the eigenfunctions X, with respect to the L?-product on %, it follows that

T, T, — T,T, =i, Vn. (80)

In this perspective, | is ultimately defined by the functions T, and thus the choice of a complex
structure is equivalent to the choice of a set of complex solutions T, to Equation (78) for every of
the LB eigenspaces, satisfying Equation (80) (see Ref. [77] for details). The field decomposition (79)
is fully adapted to this perspective, and immediately gives an expression for the field operator in
the Heisenberg picture, when the constants a, and a, are replaced with annihilation and creation
operators, acting on the Hilbert space constructed from |, as described in Section 3.2.

Making contact with the canonical perspective, and since the solutions T}, are determined by
the initial conditions, we have that, in terms of the Cauchy data at the initial reference time ¢,
the annihilation-like variables are given by

an = Q(jtg(&n, fn), (9, 7)) gn(x) = Tulto))Xn(x),  fo = VTu(to)Xn (), (81)

where jy, is the initial complex structure on I induced by ], namely ji, = I, JI; L

Clearly, the group of spatial symmetries of the metric h,, say Gy, is a group of symmetries of A
and, consequently, of the equation of motion (74). In the same spirit of demanding invariance under
such symmetries that we adopted above, we note that a G,-invariant complex structure does not only
allow for a unitary implementation of the spatial isometries corresponding to h,;,, but furthermore for
a Gy-invariant representation of the CCRs. A simple obvious choice, that ensures a G-invariant Fock
representation, is the massless free field representation provided by the complex structure (22),

jolg. ) = (— [—hA] 727, [—hA]Y 2 ). (82)

This complex structure defines the annihilation-like variables ag = [Wn@n + i7tn|/ V2wWy. (We
exclude in principle the zero mode. This does not affect the field properties of the system. Besides, the
zero mode can be quantized separately as a mechanical system.) Notice that jy is determined by the
initial conditions T}, (tg) = 1/+v/2wy and T, (tg) = —iy/wy, /2 for Equation (78) (these can be checked
to provide valid initial conditions; see, for instance, Refs. [12,13]). Indeed, substituting the complex
structure (82) into Equation (81) we get

Q(jo(gn/fn)r (o, ”)) = wnTu(to)@n + wrlen(tO)”n/ (83)

where we have used that (—A)*1/2X,, = w;f1 X, as well as the orthonormality of the eigenfunctions
Xn with respect to the L?-product on ¥. Hence, for T, (ty) = 1/v/2w, and T,(tg) = —ivw,/2,
the annihilation-like variables an reproduce in fact the massless free annihilation-like variables a9.
By constructing the jo-Fock representation, we get the annihilation and creation operators 2°(yT)
and 2°7(7") defined by jj [see Equation (39)], where 7 = (v — ijoy) /2 and 7y € T. Then, introducing
a Fourier decomposition, we obtain 4% and 23", that are nothing but the result of promoting the
observables (81) and their complex conjugates [with ji, = jo, Tu(ty) = 1/+2wy,, and Ty(ty) =
—iy/wy, /2] to quantum operators. Explicitly, 4 and 42" are given by
o0t _ 1 st st

dn = (‘Un(f’n + iﬁn)' an = TR (wﬂgon - ”Tn)/ (84)
n

EH
=

where the action of ¢, and 7, on the Hilbert space is obtained from the Fourier decomposition of
Equations (37) and (38), for the complex structure characterized by a = ¢ =0, b = [—hA]’l/ 2, and
0 = —[-hA]V2.
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The time evolution of 43 is dictated by a Bogoliubov transformation of the form (66), namely

im(t) =Y (Amn(t, t0) 2% + Bunn (1 to) fz?n*) , (85)

n

with Bogoliubov coefficients
Amn(t/ tO) - “n(t; to)émn/ an(t; tO) - ﬁn(t/ tO) (Xm/ Xn)r (86)

where (Xm, Xn) corresponds to (X, Xn) = d_mn for the circle case, (X;, Xz) = 6_g5 for the
three-torus, and (X,,p, Xprprm) = (—1)™8,0 8406 _ e for the three-sphere. The coefficients a,(t, ty)
and B, (t, to) are given by

an(t, to) = i[Tu(bo) Tu(t) = Tu(D)Tu(t0)],  Bu(t,to) = ilTu(to) Tu(t) — Tu(£) T (t0)]- (87)

A straightforward calculation shows that |, (t,t9)|> — |Bu(t, to)|*> = 1.

Notice that, instead of considering a Fourier decomposition with respect to the set of complex
functions { X, }, one can decide to perform the expansion of the configuration and momentum of the
field in terms of explicitly real functions. In that case, the Fourier coefficients become real as well, and
no reality conditions need be imposed. Then, the corresponding Bogoliubov coefficients turn out to be
of the form

Amn(tr tO) = "‘n(tl tO)émnr an(t/ tO) = ;Bn (t/ t())&mn- (88)

For instance, in the S! case, the non-zero modes of the system can be described in terms of
real canonically conjugate variables (qy, §n, Pn, Pn) related to the complex variables (¢, 77,) by g, =
\ﬁRe(q)n), Gn = ﬁlm(q)n), Pn = Vv2Re(7,), and Pn = V2Im(7,), restricting now # to be a positive
integer, n € N*. Since 7j, = 17_n, for § = ¢, 71, the operators associated with v/2Re(1,,) and +/2Im(17,,)
are respectively given by the self-adjoint operators (i, +—,)/v/2 and (1, — 1—n)/ (i7/2). We use this
canonical transformation to recast the Schrodinger representation, with fundamental operators ¢, and
7tn, in terms of the self-adjoint operators 4y, Py, u, and f,. The jo-annihilation operators are given by

~ 1 A 2 2 . 2
by = E(”‘?n +ipn), bn = E(”qn +ipn), (89)

and the creation operators are provided by their adjoints, b} and @,‘;
According to Equations (85) and (86), the time evolution of 2 = (wm Pm +i7tm) /2wy, (for all
m € Z and with wy, = |m|) is given by the Bogoliubov transformation

Am () = am(t, t0)a5, + B (t, to)at,. (90)

The expression for 4, (t) is obtained by taking the adjoint of Equation (90). It is not difficult to see
that 29, and 2%, are related to the annihilation and creation operators (b, by,) and (b}, b,) by

a0 = ﬁ(bm +iby), 8%, = —(bF +ib}), (91)

for all positive integers m (for negative m, 49, and 2°%, can be found from the adjoint of the above

relations). The time evolution of by, and by, can be determined by substituting Equation (91) into
Equation (90),

2
~ 2

B (£) = s (t, £0) by + B (£, £0)05, B (1) = i (£, £0) b + Bun (1, o) BT, (92)
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Thus, in contrast with the expression (90), where the modes m and —m are coupled, the evolution
of the annihilation operators b,, and @m is fully decoupled from the rest. Although the Bogoliubov
coefficients Ayun(t, to) are the same ones as for d,,(t), the coefficients of the antilinear part are now
given by

Bun (£, t0) = Bu(t,t0)0mn. (93)

The jo-Fock representation is, by construction, invariant under the isometries of the spatial
manifold X (5!, S3, or T3, depending on the case). This property, however, turns out not to be enough
to guarantee the uniqueness of the representation. Indeed, there are infinitely many complex structures
which do not belong to the equivalence class of jy but are symmetry invariant. Thus, one has to look for
extra requirements in order to select a unique preferred Fock representation. A natural requirement is
to demand that the classical symplectic transformations associated with the time evolution are properly
quantized as unitary operators (note that it is pointless to ask for time invariance, since time-translation
symmetry is broken by the non-stationarity of the system). So, we restrict our attention to invariant
Fock representations that admit, in addition, a unitary implementation of the dynamics.

In summary, we require that (1) the vacuum state be invariant under the (spatial) isometries of the
manifold ¥, and that (2) the dynamics dictated by the field Equation (74) be unitarily implementable.
Remarkably, the jo-Fock representation is the unique (up to unitary equivalence) symmetry invariant
representation of the CCRs where a unitary implementation of the time evolution is available (i.e., it is
the unique Fock representation satisfying the criteria of invariance and of unitarity). Furthermore,
no canonical transformations (except for trivial ones) can lead to a field description from which
an invariant Fock representation admitting a unitary implementation of the dynamics could be defined;
i.e., the 1p-description is unique, up to trivial canonical transformations. The removal of the ambiguities
in the quantization of scalar fields with time dependent mass is discussed in Ref. [12] for the case of
the circle topology, in Refs. [13-15] for the case of the three-sphere topology, and in Refs. [43-45] for
the case of the three-torus topology. In all of these cases, it is sufficient (but not necessary) that the
function s(t) possesses a second derivative which is integrable in every compact subinterval of the
time domain.

The rest of this work is an overview of these uniqueness results obtained within the context
of cosmology; the arena in which the studies were motivated and developed. We will present
a compilation of the uniqueness results attained for the quantization of Gowdy models, and of (test)
scalar fields propagating in FLRW spacetimes, de Sitter spacetimes, and anisotropic Bianchi I universes.

4. Uniqueness of the Description for Quantum Gowdy Cosmologies

Symmetry reduced models in general relativity have received great attention, as a suitable
arena where one can study issues that may play a central role in a future quantum theory of
gravity. On the one hand, this allows us to discuss with specific examples conceptual and technical
problems that arise when one tries to conciliate gravity and quantum mechanics. On the other
hand, these reduced models are usually of physical relevance in cosmology or in astrophysical
situations. The so-called midisuperspace models [78,79], coming from reductions that keep an infinite
number of degrees of freedom, are especially relevant from the technical point of view, since they
capture at least some of the field complexity of general relativity. Among this kind of models,
the simplest model with applications in cosmology is the family of Gowdy spacetimes [18] with
linear polarization and with the spatial topology of a three-torus, T®. This is the model on which
we will focus our discussion in this Section, in order to illustrate the results obtained in recent
years about the uniqueness of the quantization of fields in cosmological scenarios. The removal of
quantization ambiguities for the rest of Gowdy spacetimes, namely the S' x S? and S® models, can be
addressed in a very similar manner. After gauge fixing, the Gowdy T° model is classically equivalent
to 2 4+ 1 gravity coupled to an axially symmetric scalar field [80]. So, by quantizing this field in the
fictitious (2 4 1) background, one obtains a quantum description of the Gowdy cosmology. It is
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precisely in this way that a quantization for the polarized Gowdy model was introduced in Ref. [80].
However, the proposed quantization suffered from a serious drawback: the classical dynamics was not
implementable as unitary transformations [37]. By a convenient scaling of the basic field, rendering
the fictitious spacetime as a static background, an alternate quantization that solves the commented
problem was constructed in Refs. [19,20], providing in this way a consistent quantum description
of an inhomogeneous cosmological model. It has been shown that the attained quantization is,
in fact, the unique Fock representation of the CCRs which is invariant under the gauge group that
remains in the model after gauge fixing, and such that it admits a unitary implementation of the
time evolution [21,22]. Remarkably, these criteria of invariance and of unitarity proved successful not
only to handle the issue of the uniqueness of the representation of the CCRs, but in addition singled
out in a unique way the field parametrization that must be adopted for the consistent description
of the model [22]. Let us briefly discuss this Gowdy model, its quantization, and the mentioned
uniqueness result.

After a partial gauge fixing, which removes all but a homogeneous constraint, the line element of
the linearly polarized Gowdy T° cosmological spacetimes can be written as [39]

ds? = 77 9/VP (—dif2 + d92> + e_¢/ﬁt2p2d02 + e/ VP82, (94)

Here, (0/00)" and (9/06)" are the two Killing vector fields of the model, p denotes a strictly
positive homogeneous constant of motion that is present in the system, and the function ¢ depends on
the time coordinate t > 0 and the angle 6 € S!. Except for its zero mode, containing a degree of freedom
Q that is conjugate to P = In p, the field 7 is totally determined by p, ¢, and its canonical momentum
P, [39]. The phase space I' of the midisuperspace model is coordinatized by the canonical pairs (Q, P)
and (¢, Py). As we have said, there is still a global constraint on the system, Cy = § df Pyp¢p’ / /271,
that generates translations in S!, so that physical states are restricted to lie in a submanifold of T.
Here, the prime denotes the derivative with respect to 6. The time evolution is dictated by the
(explicitly time dependent) reduced Hamiltonian H = § df [P(% + t2¢'2]/(2t). The independence of
the Hamiltonian on the “point particle” degrees of freedom (Q, P) implies that these are constants
of motion (in consonance with our previous comment about the constancy of p). Thus, a non-trivial
evolution may only take place in the field sector I' = {(¢, Py)}. Since the homogeneous degrees of
freedom (Q, P) are non-dynamical and can be separately quantized by using standard methods of
quantum mechanics, we will obviate them in what follows and concentrate our discussion on the
field sector.

The reduced Hamiltonian gives the field equations Py = t¢ and Py = t¢". So, the dynamics of ¢
is governed by

¢+ %43 —¢"=0. (95)

Hence, the field sector of the model can be viewed as that of an axisymmetric, massless, free scalar
field ¢ propagating in a (2 + 1)-dimensional flat background ds3 = —dt> + d6? + t2do?. The smooth
real solutions to Equation (95) have the form ¢(t,0) = Y, c7[bnfu(t) exp(in@) + c.c.], where b, are
(complex) constants and

Ho(|n|t) 1—ilnt
)= "2 o, t) = ———.
In this formula, Hy is the zeroth-order Hankel functions of the second kind [81]. Neglecting

the zero mode, the time evolution from initial time ¢ to the final time ¢ is dictated by a Bogoliubov
transformation by (t) = & (t, to)bx + Bi(t, to)b_y, the antilinear part of which is given by

(96)

Bi(t, to) = # [toH1 (|k|to) Ho(|k|t) — tHo(|k|to) H1(|k[t)], (97)
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where H; is the first-order Hankel function of the second kind [81]. Since the sequence {By(t, to)}
fails to be square summable for all ¢ and t( [37], the time evolution is not implementable as a unitary
transformation on the kinematical Fock space constructed from the complex structure J, defined by the
families of positive and negative frequency modes ;} (t,0) = f,(t) exp(inf) and ii;, (t,0) = u;} (t,0).
Moreover, the failure of a unitary implementation of the time evolution persists on the physical Hilbert
space of quantum states [38], defined by the kernel of Cy, the quantum counterpart of the remaining
constraint C.

Note that, by scaling the field by \/t, one gets scaled solutions u; (t,0) = /tf,(t)exp(ind).
From the asymptotic behavior of the Hankel function Hy(|n|t) in the regime of large wave numbers

|n], it follows that u,} (t,6) behaves in the ultraviolet limit as the standard modes of a free scalar
field in a two-dimensional flat background (equivalent to a three-dimensional formulation with
axial symmetry), namely exp(—irt/4)u;; (t,0) ~ exp(—i|n|t + inf)/\/4m|n|t. This, together with
the freedom available to redefine the classical phase space through time dependent canonical
transformations, motivates the consideration of the canonical transformation

¥ =i, Pw—%(l’wi), (98)
in order to arrive at a unitary theory. (The change ¥ = \/t¢ was discussed for the first time in
Ref. [82], but just within the study of the WKB regime.) The contribution to Py that is linear in ¢ is
chosen so that the new Hamiltonian does not contain products of the field with its momentum [19]:
Hy = ¢$do [Pl/% + 9’2 + 2/ (4t?)] /2. Note that Hy corresponds to the Hamiltonian of an axially
symmetric massless scalar field, subject to a time varying potential V(i) = ¢?/8t?, propagating in
a fictitious, (2 + 1)-dimensional static background ds3 = —dt? + d6? + do?. By introducing the complex
structure jy [see Equation (82)] on phase space I' = {(¢, Py)}, it can be shown that the resulting jo-Fock
representation admits a unitary implementation of the dynamics [19,20]. Specifically, as we have seen
in Section 3.4, the annihilation and creation-like variables defined by jj at an arbitrary (but fixed) initial
reference time f( are

. _ 1 .
(Inlgn +iPy) and a—, = —=(|n|p, —iPy), (99)

1
V2(n] V2|n]
where ¢, and Py are the Fourier coefficients of the field ¢ and its momentum, respectively,

ie, =Y ,cz Pnexp(ind)/V2mand Py = ¥,cz Py exp(inf)/+/27, that satisfy the canonical relations
{tn, Plljm} = ¢). The variables (99) evolve in time according to ay(t) = a(t, to)ay + Pi(t, to)a_g. Since

ay =

the time dependent mass function is s(t) = 1/(4t?) here, the Bogoliubov coefficients turn out to be
given by [19,20]

wn(t, o) = c(xn)e(xy) — d(xn)d(xy), Bul(t to) = d(xn)c(xp) —d(x7)c(xn), (100)
with x, = |n|t, x} = |n|ty, and
d(x) = % [<1+2’x> Ho(x)—iHl(x)], c(x) = %Ho(x)—d*(x). (101)

It is not difficult to see that |c(x)|> — |d(x)|?> = 1. Note also that B, = B_, so that we can consider
just the sequence {B,(t,to) } withn € NT. From the asymptotic expansions of the Hankel functions for
large arguments [81], one gets [19] |d(x,)|?> = 1/(4xx)* + 0(1/x3). Then we see that, given any fixed
T > 0, the sequence {d(|n|T)} is square summable. The square summability of {d(x,)} and {d(x))},
together with the relationship |c|?> = 1+ |d|?, imply that {8, (t, o)} is square summable for all positive
to and ¢ [19,20]. Hence, the time evolution turns out to be unitarily implementable on the kinematical
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Hilbert space F of the jy-Fock representation. Moreover, a direct calculation shows that the evolution
leaves invariant the constraint that remains on the system,

Co =Y n(afa, —a%,a ), (102)
n=1

that implements quantum mechanically the condition that the total (f-)momentum of the field i vanish.
This invariance ensures that the dynamics is unitarily implementable not just on Fj, but also on the
physical Hilbert space Fpnys, defined as the kernel of the constraint (102).

Although we have specified a Fock representation that satisfies the requirements of invariance
and of unitary implementability of the dynamics, namely the jo-Fock representation, it might exist
another invariant complex structure j that admits a unitary dynamics but, however, is not equivalent
to jo. Remarkably, this cannot be the case, as it is shown in Ref. [21]. Let us emphasize this result: any
other compatible invariant complex structure j that allows for a unitary implementation of the time
evolution turns out to be in the equivalence class of jy. Indeed, a thorough analysis [21] establishes
that every compatible invariant complex structure j is related to jo by a symplectic transformation K;
(e, j=K; joKfl) that is block diagonal, with 4 x 4 blocks of the form

(Kj)n = (UC(;)" (,C(;)), (Kj)n = (K’; i:) (103)

where |x,|?> — |A4|?> = 1. Recall then that, given a symplectic transformation S and two complex
structures, j and jo, related by another symplectic transformation K;, namely j = K; jOKfl, the antilinear
part (S + jSj)/2 is Hilbert-Schmidt with respect to the inner product (-, -); [see Equation (8)]
if and only if the jy-antilinear part of K;lsKj is Hilbert-Schmidt with respect to (-, - );; (see, for
instance, Ref. [21]). By applying this result, with the relation between complex structures provided
by the symplectic transformation (103)] and by the symplectic transformation that corresponds to
time evolution,

(U)n(t,to)=<u”(f)’t°) un((t)/to)>’ un(t,to):@:g”i") ﬁ”(t’tO)), (104)

0) ﬁén(t, to)

one arrives at the conclusion that the existence of a unitary implementation of the dynamics with
respect to j amounts to the unitary implementation of UU) (¢, ty) = Kj_1 U(t, to)K; with respect to jo
for all possible values of ¢y and t. From Equations (103) and (104), it is straightforward to see that the
antilinear part of UU) (¢, tg) is

BY) (1, t0) = B2t to) — A2Bu(t, to) + 2iknAuImlan (£, to)]. (105)

A rigorous analysis on the behavior of ﬁ;] ) (t,tp) in the asymptotic regime demonstrates that the
sequence {,B,(] ) (t,to)} is square summable (i.e., the S!-invariant j-Fock quantization admits a unitary
implementation of the time evolution) if and only if the sequence {|A,|?} is summable [21]. Since
the summability of this sequence is the condition for unitary equivalence of the Fock representations
determined by jp and j, we then conclude that (modulo unitary equivalence) there is just a unique
compatible, invariant complex structure that permits the unitary implementation of the dynamics. That
is, the jo-Fock representation is the unique (up to unitary mappings) S'-invariant representation which
admits a unitary implementation of the dynamical transformations. By employing the algebraic state
defined by this jo-Fock representation, one can specify a S!-invariant, unitary functional representation
of the model [23].

In the previous discussion, the statement of uniqueness was circumscribed to the canonical
description of phase space in terms of the fundamental field variables (i, Py). However, one is
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certainly allowed to consider other different variables, related e.g., by means of linear canonical
transformations. In fact, it is precisely this freedom what we have used to reformulate the system in
terms of the (i, Py)-variables [see Equation (98)]. Since time dependent canonical transformations
modify the dynamics, there is still then the possibility that invariant, unitary Fock representations can
exist for a different set of basic, canonically conjugate field variables, valid as well for parameterizing
the phase space. That is to say, it could happen that the requirements of invariance and of unitarity
will not suffice to remove the ambiguity in the choice of basic field variables (at least of a certain type,
e.g., linear with respect to the original ones), forcing us to seek for additional “judicious” extra criteria in
order to select a preferred set of fundamental variables. Fortunately, this is not the case. Indeed, the
unique field description for which a S!-invariant, unitary Fock representation can be specified is
precisely the -description [22].

An analysis similar to the one that we have presented above has also been performed to
achieve a unique quantum description of the linearly-polarized Gowdy S! x S? and S3 cosmological
models [25,26]. For that purpose, the result of uniqueness has been extended to axisymmetric fields
with a time dependent mass equal to (1 + csc?t)/4 on S?, case which describes the field sector
(after a suitable scaling) of the Gowdy models with the spatial topology of a three-handle and
a three-sphere [24-26]. The uniqueness proven for the Gowdy models has also been generalized
to scalar fields with fairly arbitrary mass terms on S! (and naturally continued to axisymmetric
fields on the two-sphere) [12]. Moreover, the criteria of invariance and of unitarity have been
successfully extended as well so as to remove the ambiguities in the quantization of scalar fields
with time dependent mass propagating in static backgrounds with the spatial topology of either
a three-sphere [13-15] or a three-torus [43,45], thus providing a unique preferred Fock representation
for test KG fields in FLRW and de Sitter spacetimes, as we will see in the following two Sections.

5. Scalar Fields in FLRW Spacetimes: Invariance, Unitarity, and Uniqueness

For a free scalar field ¢ with mass m propagating in an expanding FLRW universe, the number
density of created particles diverges, so that the Bogoliubov transformation dictating the time evolution
turns out to be non-unitary on the Hilbert space of the quantum theory (see, for instance, Refs. [83-87]).
However, for spatially compact FLRW spacetimes, with slices £ = S* (closed FLRW universes) or
Y = T® (flat FLRW universes), a Fock representation with the properties of (i) invariance under
the isometries of the spatial manifold X, and (ii) a unitary implementation of the dynamics, can be
specified in the scaled field description, ¢ = a¢. The Fock quantization is, in fact, the unique (up to
unitary mappings) representation of the CCRs that satisfies our criteria of invariance and of unitarity.
Moreover, the (scaled) field description 1 is the unique one (up to trivial canonical transformations)
for which an invariant Fock representation with unitary dynamics can be specified. In this Section,
we will overview these results about the uniqueness of the quantization of (test) KG fields in closed
and (spatially compact) flat FLRW spacetimes.

5.1. Closed FLRW Spacetimes

Let us first consider the case of closed universes. As we have mentioned, after rescaling the field
with the conformal factor we get a KG-field ¢, subject to a time varying potential V (¢) = s(t)y?/2,
propagating in a globally hyperbolic, static (3 + 1)-dimensional background (M ~ I x %, g,4), where
8ap is given by Equation (75) with t € I = R* and

hapdx® dx? = dx? + sin?(x)d6? + sin?(x) sin?(0)do>. (106)

Here, o € S' and yx, 0 € (0, 7). The field  satisfies the linear wave Equation (74), with A being
the LB operator on S3 [here, we will assume that s(t) is a sufficiently regular function, with the specific
conditions on it given below]. Since the metric is SO(4)-invariant, so is the LB operator, and we thus
have that the group of rotations SO(4) is a group of symmetries of the field dynamics. Hence, we
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will look for a complex structure that determines a representation where both the dynamics and the
group of SO(4) symmetries can be unitarily implemented. For this purpose, we consider the complex
structure (82) with h = sin?(#) sin*(x) (and A the LB operator on $%). Since this complex structure
provides a SO(4)-invariant representation, we just need to check whether or not the time evolution
is unitarily implementable. Indeed, the dynamics turns out to admit a unitary implementation in
the massless free field representation defined by jj, as we will now show (for a detailed proof, see
Ref. [13]).

Following our discussion in Section 3.4, let us adopt a description of the field in terms of harmonics.
As it is known, the (hyper)spherical harmonics Xy = Q4 of order (11, £, m) on S® are eigenfunctions of
A, with eigenvalues —n(n + 2). They form an orthonormal basis for the expansion of scalar functions
on the three-sphere (see, for instance, Refs. [30,88-91]). Here,n € N, 0 < ¢ < n,and —¢ < m < /.
The harmonics Q,¢,,,, normalized with respect to the LZ—product on S3, read

2(n—Ol(n+1)

o S 006, eos(0)Yen (6,0, (107)

Qnem(x,6,0) = 25(5!)\/

where Yy, are the spherical harmonics on S*> and Cgf_?l) [cos(x)] are the Gegenbauer
polynomials [81,92]. The scalar harmonics Q,s, span an irreducible (n + 1)2-dimensional
representation of SO(4) for each fixed n. The behavior of the spherical harmonics under complex
conjugation, Y, = (—1)"Y,_,,, is inherited by the scalar harmonics on S, Q,/y = (=1)"Qu¢—pm-
In terms of the real basis of scalar harmonics, the field ¢ can be written as

¢(t/x) = ZQMOQMO + \6 Z qnémRe[thﬂ] + \/E Z qnﬂ—mlm[Qnﬂm]/ (108)
n,{

n,0,m>0 n,0,m>0

where the coefficients g,,4,,, are real functions of time only, because ¢ is a real field. From the field
Equation (74), using complex conjugation and the orthogonality properties of Q,,¢y,, it follows that all
modes ¢,,s,, With the same # satisfy the same equation of motion, namely

Guom + (W3 +8)Guem =0 wh = n(n+2). (109)

Thus, the modes 4,4, obey completely decoupled equations of motion, that depend only on .
Clearly, the configuration space of the theory is in one-to-one correspondence with the space of all real
coefficients {g,,¢,, }. We will denote it as @ = ®, Q,, where Qy, is the (1 + 1)?-dimensional linear space
spanned by the configuration modes ¢4, with the same label n. The variables canonically conjugate
to the configurations ¢,,¢,,, are the momenta p,s,, = §¢m- From the basic PB {¢(x), t(x")} = 6(x — x/)
and the orthogonality of the scalar harmonics, one can see that

{qnfm/ pn’ﬂ/m/} = 8y S0 O {qnfrn/ qn/Z’m’} =0, {pnfmr pn/Z/m’} =0. (110)

So, in the canonically conjugate variables g, and p,,¢;,, the phase space I' can be decomposed
as the direct sum I' = &, I, with T, = Q,, & Py, where P, is the linear space of dimension (n + 1)?
spanned by the momentum modes p,,4,,,. Both the configuration and momentum spaces Q, and Py
carry an irreducible representation of SO(4) of dimension (1 + 1)2 which, in fact, is the same for the
two spaces.

Let us introduce now the complex structure (82). For all modes with n # 0, the real variables of
configuration and momentum, 4,4, and p,,¢,,,, are related to the annihilation and creation-like variables
defined by jj as follows:

Anem = ;(wn’hém =+ ipném)/ Apem = L(“}nqném - ipnfm)' (111)
vV 2wy 2wy
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For the sake of simplicity in the presentation, we will drop the # = 0 mode in the rest of our
discussion. As a single decoupled mode from the rest of degrees of freedom, it can be quantized [at
least for non-negative functions s(t)] by using the Schrédinger representation of ordinary quantum
mechanics on the Hilbert space L?(R, dgogo)-

We now construct the jo-Fock representation of the CCRs. As discussed in Section 3.2, the relevant
Hilbert space is J7j;;
the Gaussian measure (37), with b=1 = (—hA)!/2, on the infinite dimensional linear space Q.
The configuration and momentum are represented as in Equation (38), with ¢ = 0. By performing the

expansion in modes, one gets that the measure and the representation of the fundamental operators are

that is, the space of square integrable complex functions with respect to

do = [T \/~ exp(—=wnipn) Auem, (112)

nt,m

‘?némqj = qnémq{/ ﬁném = —1 Y+ iwnq%m‘fl (113)

aqném

with ¥ € 7. The annihilation and creation operators are given in terms of the self-adjoint
operators Guem and Prpm OY e = (Wnfpem + iProem)/ V/2wy and the adjoint of this definition for
a, Em The vacuum state ¥ is the state annihilated by all the operators 4,,¢,,,, namely the state satisfying
the condition wy§,¢m, Yo = —iPnem Yo, which in turn implies that 0%y /9g,¢, = 0 (i.e., up to a constant
phase, ¥ is the unit constant function, since dp is a probabilistic measure and ¥y is normalized). Fock
states are generated by repeatedly applying 4', on ¥o. The Hilbert space % 7,» together with the
action (113) of the operators qn ¢m and Py, or equivalently with the action of the set of annihilation
and creation operators {d, ¢, 4, ém} constitute the jo-Fock representation.
In view of the decoupling between degrees of freedom, and since the dynamical equations are
independent of ¢ and m, one can check (see Equation (88)) that the time evolution of the annihilation
and creation operators is given by a Bogoliubov transformation of the form

Anim () = n(t,t0) Anem + Bu(tt0)Ahgr  Ap (£) = @, £0) A1y + B (s t0) Arygm- (114)

The Bogoliubov coefficients a;, and ,; are determined by Equation (87), where T, is related to the
solutions of the differential equation

G + (W2 +5)g, =0 (115)

by qu(t) = AuTu(t) + AnT,(t). Since Ty(tg) = 1/ 2wy and T, (ty) = —iv/w,/2, we have that
Qn(to) = (An + An)/\/m and Qn(to) = ivwy/2 (An An)-
On the other hand, writing T, (t) = exp|w,©®(t)]/ /2wy, we get from Equation (78) that ®,, must
obey the equation
wWn®y + W22 + W2 45 = 0. (116)

The initial conditions now read @,(ty) = 0 and ®,(tg) = —i. The Bogoliubov coefficients
and B, are obtained by substituting T,,(t) = exp[w,O(t)]/+/2w, into Equation (87). In particular, we
get that

Bt to) = 5e<r® 0 [14i6, (1) (117)

The time evolution will be implemented as a unitary transformation on the Hilbert space if and
only if {|B|?} is summable, i.e.,

© 71 4
LL YL It = 1Y s RO 1 4 i, () < oo (118)

n=10(=0m=— n=1
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where g, = (n+ 1)? is the degeneracy factor counting the number of degrees of freedom with
the same dynamics. Introducing the function R, (t) = iwy[1 —i®,(t)] and using that @,(ty) = 0,
condition (118) can be rewritten as follows:

X <gz) &I R, (1) < o (119)

n=1 Wy

From Equation (116) and the mentioned initial condition on ©®,, it follows that the functions R,,
satisfy the first order differential equations

Ry — 2iwy R, + R2 4+5=0, (120)

with initial condition R, (t9) = 0. Let us consider the functions

Ry (t) = —e¥eont /ttedi“’”s(r) drt. (121)
0

By assuming that the derivative of s(t) exists and is integrable in every closed interval [to, t],
one can integrate by parts Equation (121) and check that there is a function C(t), independent of #,
such that |R,(t)| < C(t)/wy. Thus, in the asymptotic regime (i.e., for asymptotically large 1), R? is
negligible compared with wy Ry, Besides, since Ry (t) is a solution to the equation R, —2iwyRy+5=0
with R, (tg) = 0, we then conclude that the functions R, () can be taken (up to higher order corrections)
as asymptotic solutions to Equation (120). Hence, apart from subdominant terms, condition (119)
amounts to requiring that the sequence {C(t)/w,} be square summable, something that certainly
holds. So, the time evolution admits a unitary implementation in the jy-Fock representation.

So far, we have seen that there is a representation that satisfies the requirements of symmetry
invariance [SO(4)-invariance] and of unitary implementability of the dynamics, namely the jy-Fock
representation. The next question to answer is whether these two properties are enough to remove
completely the inherent ambiguity in the representation of the CCRs or not. Are there distinct (i.e., not
unitarily equivalent) representations with the same properties of invariance and unitarity? Remarkably,
the answer is in the negative. Though there are infinitely many inequivalent SO(4)-invariant
Fock representations, the requirement of a unitary implementability of the field dynamics singles
out a unique family of unitarily equivalent representations (specifically, equivalent to the j)-Fock
representation). Indeed, as it is shown in Ref. [13], the annihilation operators a() defined by
an arbitrary SO(4)-invariant complex structure j are related to the jo- anmhllatlon and creation
()

operators, 4,, and ﬁfwm, by a Bogoliubov transformation 4,, = xuf,¢m, + )\nﬁ;rlm, where x;, and

Ay are time independent complex coefficients satisfying |x,|> — |A4|*> = 1. The antilinear part of the
()

time evolved operator 4,/ is given by

BY (1, t0) = k2B (tto) — A2Bu(t, to) + 2ircyAnImla, (t, o)), (122)

where, as we have already seen, /g, Bx(t, to) is square summable. Then, performing an analysis along

the lines of Ref. [13], one can show that /gy, ﬁn (t to) is square summable if and only if the sequence
{\/8nAn} is square summable, assuming that the second derivative of the mass function s(t) exists and
is integrable in every compact subinterval of I [13]. Hence, the Fock representation constructed from
the SO(4)-invariant complex structure j will allow to implement the dynamics as a unitary mapping
if and only if j is equivalent to jo. Thus, up to unitary transformations, the jo-Fock representation is
unique: the criteria of symmetry invariance and of unitary implementability of the time evolution
select a unique preferred representation of the CCRs.
Two remarks about the jy-Fock quantization are in order.
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(1) Let us recall that given a free scalar field ¢ propagating in a globally hyperbolic spacetime,
a Hadamard representation of the CCRs can be specified [1] by looking for a vacuum state with
a two-point function (¢(x)¢p(y) + ¢(y)¢p(x)) that has a short-distance behavior of the Hadamard
type [93]. Although the Hadamard criterion does not suffice to pick out a unique preferred
quantization in general, it has been shown that, for the case of free scalar fields in spacetimes
with compact Cauchy slices, all Hadamard vacua belong to the same class of unitarily equivalent
states [1]. Since this result applies to a free scalar field propagating in a closed FLRW spacetime,
we have at our disposal two different criteria (the Hadamard approach, on the one hand, and
the discussed requirements of invariance and unitarity, on the other hand) in order to select
a unique preferred quantization of the scalar field. One may be wonder whether the unitary and
the Hadamard quantizations are in conflict or not. The answer, as it is shown in Ref. [17], is that no
conflict arises between the two approaches. In fact, since Hadamard states are unitarily equivalent
to adiabatic vacuum states [94,95], one can proceed to translate the form of adiabatic states from
the original ¢-description to the scaled -description (¢ = a¢) and then realize the equivalence
of the resulting quantization with the jo-Fock representation [17]. That is, when the Hadamard
quantization is reformulated in the scaled field description, the resulting representation of the
CCRs is related to the jp-Fock representation by means of a unitary transformation. So, in the
framework of the scaled -description, the Hadamard and the unitary quantizations allow for
equivalent physical predictions. It is in this sense that one can assure that there is no tension
between the invariant, unitary jy-Fock representation and the Hadamard quantization.

(2) Aswe have mentioned in Section 3.1, the choice of fundamental classical variables involves an
inherent ambiguity in the quantization of both mechanical and field systems. On account of this
ambiguity, it is natural to ask whether a quantization with SO(4) invariance and unitary dynamics
can be achieved for a distinct pair of fundamental canonically conjugate variables, say (, P;),
related to (¢, 7r) by a time dependent canonical transformation, compatible with the symmetries
of the field equations and with all linear structures on phase space, namely

{=F(t)p, P= % +G(H)Vho. (123)

Here, F and G are restricted to be smooth real functions of time, with F(t) different from zero
everywhere. Without loss of generality, one can set F(fy) = 1 and G(ty) = 0. (In fact, the initial
values F(tp) and G(t() define an irrelevant time independent linear canonical transformation,
which does not modify the spatial symmetries, nor the dynamics. The quantum representation
for the transformed and the original fields is actually the same [22].)

In this way, relationships (123) carry all the time dependence of the possible change of variables.
By analyzing the new dynamics obtained with the transformation (123), it has been demonstrated
in Refs. [14,15] that no transformation of this type (apart for the identity) can lead to a classical
evolution that admits a unitary implementation with respect to any of the Fock representations
defined by a SO(4) invariant complex structure. Hence, the criteria of invariance and of unitarity
fix not only the representation of the CCRs (up to unitary transformations) but, remarkably, the
choice of field description as well. In this sense, the ambiguities in the quantization process are
fully removed.

5.2. Flat FLRW Spacetimes

Let us now consider a real scalar field ¢ propagating in a flat FLRW background with the spatial
topology of a three-torus. By scaling the field with the conformal factor, the system can be described
as a KG-field ¢, subject to a time dependent potential V() = s(t)y?/2, propagating in a fictitious
(3 4 1)-dimensional static spacetime (M, g,5), with M ~ I x T° and g,s given by Equation (75),
with t € I = R and an induced spatial metric ,;, equal to the standard metric of the three-torus.
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The canonical phase space can be described as in the discussion below Equation (75) of Section 3.4.
The field dynamics, that is governed by Equation (74) with A being the LB operator on T3, is invariant
under the group of isometries of the three-torus formed by rigid rotations in each of the periodic spatial
directions that diagonalize the spatial metric, Ry, : x; — x; +6;, with 6; € S 1 andi=1,2,3. We will
denote the composition Ry, o Rg, © Ry, by Ry, with 6= (61,6,603).

The configuration and momentum can be decomposed as in Equation (76), taking as the basis
{Xn(x)} of the space of square integrable functions on T° the eigenfunctions of the LB operator
exp(iii - X)/ (271)3/2, where it = (ny,np,13), n; € Z (i = 1,2,3), and the corresponding eigenvalues are
equal to —w% = —ii - i. Since the field is real, we have that the associated complex Fourier coefficients
@7 and 7t;; satisty ¢; = ¢_j; and 7t; = m_j. To avoid having to deal with these reality conditions,
we will expand the configuration and momentum in the alternative basis of real eigenfunctions
{cos(i - X), sin(7i - X) }. Furthermore, since the ultraviolet obstructions to the unitary implementation
of the time evolution do not depend on the removal of a finite number of degrees of freedom from the
system, we will ignore the zero mode # = (0,0,0) from now on. The exclusion of this mode does not
alter the field properties of the system and it can be quantized separately. In terms of Fourier modes
corresponding to sines and cosines, the configuration and momentum are given by [43—45]

9(6,7) = 373 L [0a(8) cos(ii - 3) + 456 sinii - )], (124)

n(t,X) = 7_;(5122 [pii(t) cos (i - X) + Py (t) sin(ii - X)] . (125)

Only triples 7 of integers in which the first non-zero component is positive are contained in
the sum. All different triples satisfying this restriction are to be summed over (once each of them).
Since 1 = v/h, we have that p; = g; and p; = §;. From the basic PB {¢(x), (x')} = 6(x — x’) and
Equations (124) and (125), one can check that the only non-vanishing PB are {qz, pi } = {7, P#r } = 67sr-

The equations of motion for the field modes coincide in each eigenspace of the LB operator, with
eigenvalue —w? [see (78)],

i = —(wWi+9)q:,  §i=—(wh+5)ds (126)

It is worth noticing that, in contrast with the situation encountered for closed universes, where
the number of independent eigenfunctions with the same eigenvalue is simple to derive in an exact
form, in flat universes the degeneracy g, of each eigenspace of the LB operator presents a complicated
dependence on the label n because of the existence of accidental degeneracy. Indeed, apart from the
triples related by permutations of the components, or by a flip of sign in one of the components, one
can find triples which lead to the same eigenvalue. Nonetheless, even though the exact dependence
of the degeneracy with n cannot be given explicitly, an inspection of the asymptotic behavior of g,
allows us to conclude that the sequence formed by g,/ w? is, in fact, summable [45] (see also Ref. [43]).
The argument is as follows. Recall that the triples are restricted to have a positive integer as their first
non-vanishing component. However, since there exist two modes for each value of #, namely the
cosine and sine modes, we can assign these two modes to the pair of vectors (7, —7). So, in spite of the
existing restriction, we can make correspond modes to all vectors with integer components, with the
zero excluded. Let Dy be the number of modes for which the eigenvalue function wy, is in the interval
(N, N + 1], with N a natural number. Geometrically, Dy is nothing but the number of vertices of the
cubic lattice with step equal to one that are contained between the sphere of radius N and the sphere
of radius N + 1 (including the surface of this latter sphere). Therefore, Dy increases with N like N2
and, consequently, the sum Y (Dy/N*) is finite. Since 1/wy, is strictly decreasing with 1, we have
that Y-, (gn/w}) < Yn(Dn/N*), inequality from which the result follows.
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As in our previous discussions, let us call £y € I the initial reference time. At t = ¢y we introduce
the complex structure jj defined in Equation (82). Since this complex structure is totally determined by
the spatial metric, it is invariant under the three-torus isometries. The jy annihilation-like variables are

1

a5 = ——(wnqs +ips), 7 = TR (wnfs + ip5)- (127)
n

The corresponding creation-like variables are given by the complex conjugates a; and ;.
The annihilation and creation-like variables provide a complete set of coordinates on phase space.
The action of jj is diagonal in these variables; namely, jo(a;) = iaz, jo(d;) = —idjz, and likewise for 5
and ;. Given that the different Fourier modes decouple in the dynamics and, in addition, the equations
of motion for them depend only on the LB operator, we get that the Bogoliubov coefficients of the time
evolution transformation from t; to t have the form (88), namely

az (t) = an(t, to)az + Bu(t, to)az, az(t) = an(t, to)az + Bn(t, to)as, (128)

and similarly for 4; and ;. The Bogoliubov coefficients a,, and B, are given as in Equation (87), with T
being replaced with g, when time evolution is that of the pair (az, d;), and with § when the considered
evolved pair is (45, d7).

Taking into account the degeneracy g, of the eigenspaces of the LB operator, we have that
the time evolution is unitary implementable in the Fock representation defined by jj if and only
if the sequence {g|Bx(t, to)|?} is summable for all possible values of t € I. From the analysis
performed in Section 5.1, it follows that, in the ultraviolet regime and provided that the function
s(t) has an integrable first derivative in every closed time subinterval, the antilinear coefficients
Bu(t, to) behave as B, (t, ty) = O(w; ), where the symbol O indicates the asymptotic order. Therefore,
the unitarity of the dynamics depends upon the asymptotic behavior of the sequence {g, /w}. Since
this sequence is certainly summable, as we have seen above, we conclude that the time evolution is
unitarily implementable with respect to the complex structure jy.

In this way, we have at hand a Fock representation which is invariant under the isometries of the
three-torus consisting of the transformations Ry, and which allows for a unitary implementation of the
dynamics. In order to know whether or not this representation is unique, we need to examine how
many classes of unitarily equivalent representations have elements in the whole family of invariant and
unitary Fock representations. Remarkably, the answer is that this family consists of representations in
one and only one equivalence class. The sketch of the proof is as follows (see Refs. [43,45] for details).

The first step is to characterize the compatible complex structures that are invariant under the
group of transformations Ry. A careful analysis shows that, for every invariant complex structure j
(compatible with the symplectic structure), the annihilation and creation-like variables defined by j are
related to the corresponding variables for jy by a Bogoliubov transformation which only mixes modes
with the same labels 7 (and the mixing depends only on this label) [43,45]. Specifically,

() ~(7)
az’\ _ (xz Ay ag '\ [xz Ay
7 7
where the coefficients xj; and A; satisfy that |x;|? — |A;;]?> = 1 for all 7i. Thus, the antilinear part of the
()

ﬁj and dg ) is given by

<

SESL
=S

[y W
=S

(-

time evolved annihilation-like variables a

BU(t,tg) = k2Bt to) — A2Bu(t, to) + 2irzAzIm(@y (1, to)]. (130)

=
n

The next step in the proof is to suppose that [Sg) (t,tp) in Equation (130) is square summable
(i.e., we suppose that the j-Fock representation allows, indeed, for a unitary implementation of the

dynamics). It is a simple matter to see that the square summability of ,B’%]) (t,to) and that of B, (¢, to),
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that we have already proven, imply that {(A;/x7)Im[&,(t, fo)]} is square summable. By using the
ultraviolet behavior of alpha, a,(t,to) = exp[—iwu(t, to)] + O(w; '), and assuming that the mass
function s(t) possesses a second derivative which is integrable in every closed subinterval of I,
an average in time together with a suitable application of Luzin’s theorem [96] shows then that
{|A;i/%5]?} is summable [43,45]. Employing that |x;|> — |A;|> = 1, one can see that {A;;} must be
square summable as well. But this summability is precisely the necessary and sufficient condition
for the representations given by j and jj to be unitarily equivalent. Therefore, the family of invariant
and dynamically unitary Fock representations contains representations in only one equivalence class,
namely that of jy.

The requirements of invariance under spatial symmetries and of unitary implementability of the
time evolution select, apart from a unique family of unitarily equivalent Fock representations, a unique
preferred canonical pair of field variables. Indeed, consider the most general form of a time dependent,
linear canonical transformation scaling the field,

E=F(t)g, Pr= % +G(t)Vhe, (131)

where F(t) and G(t) are assumed to be twice differentiable real functions, with initial values set
(without loss of generality) to F(tp) = 1 and G(typ) = 0, and such that F(t) is non-vanishing. Then,
one can show [43,45] that a unitary evolution with respect to a complex structure that is R; -invariant
is only possible when F(t) and G(t) are the unit and the zero constant functions, respectively. That is
to say, no time dependent scaling or redefinition of the field momentum is allowed. In total, we have
that the ambiguities in the Fock quantization coming from the scaling of the field and from the choice
of representation are fully removed.

6. Uniqueness for Scalar Fields in de Sitter Spacetime

Let us now consider the propagation of a minimally coupled, massless, and real scalar field ¢ in
de Sitter spacetime, the maximally symmetric spacetime of positive constant curvature. In conformal
time, the metric can be written in the form

(g,r,,qgalx”‘alx/5 = a?(t) {—dtz + habdx”dxh} , (132)

where the conformal factor is a%(t) = 12R~!sin~2(t), with R denoting the constant spacetime
curvature. Besides, h,, is the standard metric of the three-sphere, given in Equation (106). Scaling
the field with a(t), one gets that the dynamics of the new field i = a¢ is dictated by Equation (74),
namely ¢ — A +s(t)y = 0. Here, s(t) = 1 — Ra®?/6 and A is the LB operator on S, the eigenfunctions
of which are the harmonics Q,,s,,, given in Equation (107), A Qpm = — w2 Qe With w2 = n(n +2).
Owing to the complete analogy of the system with that of a (re-scaled) KG field propagating in a closed
FLRW spacetime, discussed in Section 5.1, for which a unique preferred Fock representation was
specified for quite generic mass terms s(t), we could already claim that the criteria of unitary dynamics
and of invariance of the vacuum under the spatial symmetries single out a unique quantization for the
scalar field in de Sitter spacetime. For the sake of completeness, however, we will briefly discuss the
quantization in a slightly different way, by considering complex modes and (see below) a frequency
that differs from w,, in the introduction of annihilation and creation-like variables.

Since the harmonics provide a complete and orthonormal set for the expansion of functions on
the three-sphere, we can write the field ¢ as

l/J(t,x) - Z @nﬂm(t)Qném(x)' (133)

nt,m

Since 1 is a real field and Q,;s,, = (—1)"Q,¢_ ., we have that the time dependent coefficients
@nem must satisfy the reality conditions ¢,,p,, = (—1)"¢,¢_p,. Introducing the decomposition (133)



Mathematics 2020, 8, 115 37 of 49

into the field equation, we get that the time depending complex coefficients ¢,,4,,, obey the equation of
motion (78) which, after substituting a(t) = 12R~!sin~2(¢) and w? = n(n + 2), reads

Gn + |@% —25in 2] g0 = 0, (134)

where n collectively denotes the triple of indices (1, £, m) and @2 = (w? +1) = (n+ 1)2. The general
solution to Equation (134) is [46]

¢n(t) = AnV/sintP) (— cost) + BnV/sin tQl (— cost), (135)

where P/ and QY are the associated Legendre functions [81,92] withv = n+1/2 and y = 3/2, whereas
An and By, are arbitrary complex constants. Given that the field momentum is 7t = v/, we have that
its Fourier coefficients 7, = [ TQnd>x, that satisfy the reality conditions 7z, = (—1)"7,._,,, are
related to ¢n by 7n = @n. From this relationship and Equation (135), one gets that the time evolution
from an arbitrary initial reference time f; to a final time ¢ takes the form [46]

<<pn<t>> Tt <<Pn<fo>> Tt o) = (W (1), (136)

tn (1) Tt (t0)
with . )
_ (Ry(—cost) Sy (—cost)
Wa(t) = (Rff(— cost) Sh(—cos t)) ’ (137)

where R} (— cost), S (— cost), and their time derivatives are

Rl(—cost) = +/sintP}(—cost), Sl(—cost)=sintQl(—cost),
. 1
Ri(—cost) = {(1/+1/2)costP5[(fcost) (v+u)pP! l(fcost)}
\/siny v
Sh(—cost) = 1 ; {(V+1/2)costQ5(—cos )+ (1/+‘14)Q5_1(—cost)] . (138)
sSm

Let us now introduce the annihilation and creation-like variables

. \/217,,(“7”"’“ i), n = 21% (@nn — i7Tn). (139)

The relation between the variables (139) and the corresponding ones associated to the frequency
Wy, .., bn = (Wn@n +i7n) /2wy and by = (wWyPn — i7tn)/ /2w, (Where we exclude the zero
mode), is given by a Bogoliubov transformation b, = &,an + Bnﬁn characterized by &, = (@, +
wWn)/2y/@nwy and By = (@n — wy)/2y/@nwy,. A direct calculation shows that the square of the
antilinear part, which is given by |B,|> = 1/(2yn) + (y»/2) — 1, where y, = (1 — @,2)'/?, behaves
as O(@;*) in the asymptotic regime, so that { (1 + 1)2|3,|?} is summable [recall that the degeneracy
factor is g, = (n+ 1) ]. Hence, the complex structures defined by the choice of annihilation and

creation-like variables (@, ) and (by, by ) give rise to unitary equivalent Fock representations. Since
the variables (by, by) are nothing but those associated with the complex structure jo, they define
an O(4)-invariant Fock representation. On the other hand, since the variables (an, 4n) are defined by
a complex structure j; (equivalent to jp) which also depends on the LB operator only, we conclude that
the j5-Fock representation is O(4)-invariant as well.



Mathematics 2020, 8, 115 38 of 49

From Equations (136) and (139), and using the reality conditions for the Fourier coefficients ¢n
and 7, we get that the annihilation and creation-like variables evolve according to

ané‘m(t) - anfm(t)
<<—1>’”ﬁne—m<f>) - ) <<—1>manz_m<t>> ’ (140

where

_ -1 txn(t,to) ﬁn(t,to) . . 1 W, i
Uy (t, tg) = My Tu(t, i-L()),/\/ln1 = (Bn(t, t) dn(t, t0)> ;o My = T(IJH (Cbn —i) . (141)

The coefficients &, and §,, can be explicitly obtained from the matrices Wy, relations (138), and the
matrices 7, and M,,. Taking into account the asymptotic behavior of the functions P, and Q, at large
values of the degree v = n + 1/2 (see for instance Ref. [92]), a lengthy but direct calculation shows that
Bn(t, to) is of order O(n~2) in the ultraviolet regime [46]. Hence, we have that \/gux (t, to) is of order
O(n~1), and consequently

[e9)

© n {
Y Y Y Baltto)lP = Y (1) Balt o) |* < oo, (142)

—L n=0

for all values of tp and t. Thus, the dynamics is unitarily implementable in the j5-Fock representation.
This conclusion corrects the claims of Ref. [97], where it is argued that one cannot attain quantum
unitarity of the evolution for the massless field in de Sitter spacetime, independent of the field
redefinition ¢ — f(t)¢. We have seen that it is perfectly possible to find suitable canonical variables
and construct for them a well-defined Fock quantization such that the dynamics admits a unitary
implementation.

It it worth pointing out that our unitarity result holds as well for any massive free field.
The Fock representation defined by the choice (139) of annihilation and creation-like variables
provides a quantum description where the time evolution of a free massive field admits a unitary
implementation. Indeed, it can be verified from the asymptotic behavior of P! and Q) that,
for any constant value of the parameter y, including complex numbers and the massive case
i = (9/4 —12m?/R)'/2, the corresponding beta coefficient in the Bogoliubov transformation of
the time evolution satisfies that B, (t,ty) = O(n~2) when n — oo for all t and ty [46]. Hence, given
a scalar field with m > 0, there exists at least one Fock representation where the time evolution is
implementable as a unitary operator. Moreover, in view of the uniqueness of the jy-Fock representation
for scalar fields with time dependent mass on S° [see Section 5.1], and that j; is equivalent to jo,
one can conclude that the j5-Fock representation provides the unique (up to unitary equivalence) Fock
representation of the CCRs that satisfies the criteria of invariance and of unitarity for KG fields (massive
or not) in de Sitter spacetime. Furthermore, the unique field description from which an invariant Fock
representation with unitary dynamics can be specified is the {-description.

Finally, let us discuss briefly the connection between this quantization and the choice of (translated)
Hadamard states (in the y-description). For massive free fields in de Sitter spacetime, the standard
Fock representation is accomplished by using mode solutions of the form (135), with u = (9/4 —
12m?2 /R)l/2 and

_ mTm—p+3/2) iy _ A
An\/4l—'(1’l+y+3/2)e , Bn = 7_[An, (143)

that provide a unique invariant solution under the full O(1,4) symmetry group, satisfying the
Hadamard condition [98,99]. Explicitly, this solution is defined by the modes

Xn(t) = An {Rfj(—cos t) — Z;iSff(—cos 1. (144)
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The vacuum of the corresponding Fock representation is known as the Bunch-Davies
vacuum [100]. The question naturally arises of whether or not the jj-Fock quantization is unitarily
equivalent to the representation based on the Bunch-Davies vacuum, that follows from the requirement
of full de Sitter invariance and the Hadamard condition in the massive field case. The answer, as it is
shown in Ref. [46], is that these two quantizations turn out to be unitarily equivalent. So, no tension
arises between the jz-Fock representation (specified by imposing the requirements of invariance and of
unitarity of the dynamics) and the standard Fock representation defined by the Bunch-Davies vacuum.

For the massless case, the definition of the Bunch-Davies vacuum breaks down and there is no de
Sitter-invariant Hadamard vacuum [98]. However, since this is due to the dynamics of the zero mode
only [98,99], we have that proper solutions for the zero mode (or a proper independent quantization of
that single mode) together with the n # 0 solutions (144) still provide a complete set of well-defined
solutions, and hence a well-defined quantization. Thus, as it is shown in Ref. [99], one can arrive at
a one-parameter family of solutions for the zero mode such that, together with the solutions (144)
for n # 0, one obtains O(4)-invariant Hadamard vacua. A direct calculation then shows that the
j-Fock representation for the massless KG field is, in fact, unitarily equivalent to the representation
defined by these O(4)-invariant Hadamard vacua [46] (let us remark that the particular quantization
used for the zero mode is irrelevant, except perhaps in what concerns whether it satisfies or not the
Stone-von Neumann conditions, because unitary equivalence depends on the behavior of states in the
ultraviolet regime). In this way, the complex structures j characterizing the O(4)-invariant Hadamard
vacua belong to the equivalence class of the complex structure j5, which in turn is the equivalence class
of jo .

7. Uniqueness for Scalar Fields in Bianchi I Universes

The criteria of symmetry invariance and of a unitary dynamics have been successfully imposed
not only in homogeneous and isotropic backgrounds, but also in anisotropic spacetimes with shear,
which are then not conformally symmetric. Specifically, the criteria have been employed to remove the
ambiguities in the quantization of scalar fields propagating in Bianchi I spacetimes [47]. This Section
gives an overview of the result of uniqueness for these anisotropic scenarios.

Let us consider a free real scalar field ¢ with mass m propagating in a Bianchi I spacetime with
spatial sections of three-torus topology. In a diagonal system of coordinates, and with ¢ € I, where I is
a connected interval of the real line, the metric of the Bianchi I universes can be written in the form

3 .

g,xﬁdx“dxﬁ = —N2(t)d* + Y _ a7 (t)(dx')?, (145)
i=1

where N(t) is the lapse function and a;(t) are the scale factors of the three diagonal directions, with

i =1,2,3. The LB operator A is essentially self-adjoint on the space of square integrable functions with

respect to the measure v1d®x = []; 4;dx’ and, owing to the compactness of the spatial sections, it has

a discrete spectrum. A complete set of eigenfunctions of the LB operator is provided by the set of plane
waves exp(ik - %) in T, where k = (k1,kp, k3) € Z3. The corresponding eigenvalue is

3 k: 2
Ae=-) (1> . (146)

i=1 \&i

Note that there are different wave vectors k with the same eigenvalue Ay (i.e., the spectrum is
degenerate). The eigenspaces of A provide irreducible representations of the group formed by the
composition of rigid rotations in the three principal spatial directions of the tori, which are the Killing
symmetries of the Bianchi I universes.
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Since the field ¢ is real, we will consider its Fourier expansion in terms of the real basis of
cosine and sine functions obtained from the real and imaginary parts of the plane waves. Thus,
the configuration and momenta of the field at time ¢ are (ignoring again the zero mode in our discussion)

- 1 (1) oo @)\ o T =
p(t,X) = —=—= ) |q; (t)cos(k-X) +q.” (t)sin(k - X)|, (147)
V473 fel. { k k }
> 1 (1) z o Q) i (T =
n(t, %) = p; (t)cos(k-X)+p;” (t)sin(k-X)|, (148)
Var® kel [ ¢ ¢ }
where L stands for the lattice
L = {klk1 >0} U{k|k; = 0,ky > 0} U {k|ky = 0 = ky, k3 > 0}, (149)

introduced to avoid duplication of the real modes in the Fourier expansion. From the basic brackets at
equal time {¢(X), 7(¥")} = 6(X¥ — ¥') and Equations (147) and (148), it follows that the only non-zero
PB are

(150)

1 I /
{0, py "} = 0" o

where [,I' = 1,2. To simplify the notation, in what follows we will denote any of the canonical pairs
(qg), pél)) and (qg), péz)) by (g, pg), unless otherwise stated.

In order to achieve a quantum description that satisfies the requirements of invariance under the
spatial symmetries and of a unitary dynamics, and inspired by the case of free scalar fields propagating
in FLRW spacetimes, we introduce a time dependent transformation of the field canonical pairs,
regarded as variables that change with the considered section of constant time t. However, in contrast
to the isotropic case, where the transformation is just a time dependent scaling of the configuration
field variable, we now consider a transformation that, on account of the lack of isotropy;, is also mode
dependent (for a discussion on time and mode dependent canonical transformations see Ref. [101]).

Specifically, we introduce the canonical change [47]

- / N _ 1 d A
T,

Here, k stands for the unit vector k/k, T is the harmonic time, defined by N (¢)dt = a3(t)dt with
a3(t) = ay(1)ay(1)az(t), and

b(t,k) =a l; (m) , (152)
where k; denotes the components of the unit vector k. In the following, we will denote the function
b(t, k) just by b;, in order to shorten the notation. Notice that, in the limit of isotropy (2 = a; =
a, = a3), by becomes just b; = 4%, and we recover the scaling employed in isotropic scenarios (see
Section 5). The transformation (151) respects the symmetries of the LB operator A (i.e., the spatial
Killing symmetries). By setting N = a3, one can see that the dynamics of the new canonical pairs

(:7]%1), ﬁ]g)) is governed by the respective Hamiltonians [47]

1 2 2
H =23 b [(ﬁ;”) + [+ (o)) (1) ] 1=1,2, (153)
kel
with )
B\ 3 b\ 1
sp(t) = m? (bk> +4(b’§> _Ebg' (154)
k k
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Here, the dot stands for the derivative with respect to the harmonic time 7. Note that, up to the
factor by, H () is a sum of Hamiltonians of harmonic oscillator type, one for each mode, with masses
that depend on time as well as on k. From Equation (153) one gets that the Hamiltonian equations
of motion for the modes are §; = b;pp and py = —by (k> + $t)d;- By writing their real solutions in
the form

Gp(7) = QEe@g(T) + QE[@;%(T), pr(t) =k (Pﬁe@;m + Pﬁe@gm) , (155)

where Q; and P; are complex constants, and @%(T) are complex functions (¢ = g, p), it can be shown [47]
that the solutions with initial conditions @%(T@) = 0 and @%(To) = kb(t) have an asymptotic
(ultraviolet) behavior given by

OL(r) = kggl(t) + Ok™), nglr) = / O daT'b(7), (156)

provided that the function s;(T) possesses a first derivative which is integrable in every closed interval
of the time domain I. From Equation (155) and the above initial conditions, it is not difficult to see that

£) e

Symmetry invariant complex structures on phase space (and hence symmetry invariant Fock
representations) for the Bianchi I universes are totally characterized by definitions of annihilation and
creation-like variables of the linear form [47]

®%(1) ei@%(r)

] . (157)

Re |é' %Im

13

=<
1 =1

A
xR

>TO; T(t,10) = wlm el@;m ei®£(r)

Re|

O] (1)
a- q* fq gq
3 VRN 3 D Ve ) A (158)
aél) : ﬁg) 7 (fl? gg-)
with
fi8x — &pfe = . (159)
This latter restriction ensures the standard PB relationship {ag), dg/)} = —i&ll/éﬁ,.

Let us now consider families of representations that are connected by a unitary implementable
dynamics. Given the Cauchy initial section X,, we specify an invariant Fock representation for the
KG system by adopting as annihilation and creation-like variables the set formed by ag)
ﬁg) (10), regarded as coefficients in an expansion of the field in an appropriate basis of solutions.

(0 (0

Recall that the initial variables are related to their evolved ones, a (1) and a

transformation. The linearity of this transformation and of the space of solutions imply that ag) (1)
and Ezg) (T) can be used as a new set of annihilation and creation-like coefficients on the initial time
section X,. This new set defines a distinct Fock representation of the system that, by construction, is
obtained from the previous one by dynamical evolution. The different representations specified in this
way will be equivalent if and only if the introduced dynamics is implementable as a unitary operator
on the Fock space associated to any of them. Let us present an explicit construction of these families
of representations.
From Equations (157) and (158), it follows that

a (1)) _ az(To)
(ﬁé(ﬂ) - Ug(r, ) (ﬁé(rﬁ)) ’ (160)

(1) and

(7), by a Bogoliubov
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where

_ ap(t, 1) Br(T, )
U (T, 1) = M=(T)T=(7, 1) M 1) = | K "k . 161
k( 0) k( ) k( 0) A ( 0) (,B?(T,T()) l’(k’(T,To). ( )
We have ignored the superscript / in Equation (160) since M and the evolution transformation 7;;
are independent of it. The Bogoliubov coefficients alpha and beta of the time evolution can be directly
read off from Equation (161). In particular, we have

it w) = fi(D)gp(w)Re [el@%m} — gp() fu(To)Re | %)
.4 2 4. o
B %f%(T)f?(TO)Im ¢ - %Mg%(r)gﬁ(m)lm [el%( )} . (162)

We now impose the condition of unitary implementability of the time evolution, namely
Yier 1Bx(T ) |> < oo for all times 7. From Equations (156) and (162), a rigorous analysis shows [47]
that the necessary and sufficient conditions to attain a square summable sequence {B;(7,7)} in
a consistent and non-trivial way [that is, satisfying the restriction (159) and avoiding a trivialization of
the dynamics] are

1. There exists a subset L' of L, differing from the latter set in a finite number of elements at most,
such that

fo(r) = ﬁ F® k0l (1), () = \/iszeiF%(T) +65(7), (163)

for all k € L. Here, F; is an undetermined phase, whereas k9£ (1) and 9% (1) are subdominant
terms in the asymptotic limit k — oo.

2. The subdominant terms k0£ (1) and 6% (T) must satisfy for all T the square summability condition

Zk\@f ) +i63(7) 2 < oo. (164)
kel

3. To satisfy restriction (159), the subdominant terms must be related by
i —iF; AV S ,—iF;
Re [z( +V/2k6! )9] Re [GEe k]. (165)

In short, the elements of a time dependent family of invariant Fock representations that satisfy
the above three (necessary and sufficient) conditions will be related by a dynamical evolution that can
be implemented as a unitary endomorphism in Fock space. Among all possible Fock representations
that verify conditions (163), (164), and (165), we find the analogue of the jp-Fock representation, which
is given by

p ko, i

f=yh w= (166

From Equations (156), (162), and (166), one can check that |B;| = |s;(10)O(k=2)|, so that {By}is

a square summable sequence. Remarkably, the representations of any of the possible quantizations with
a unitary dynamics are all equivalent among them [47] (i.e., there is just one family of unitary equivalent
invariant Fock representations allowing the dynamics to be unitarily implementable). In particular,
all of them are unitarily equivalent to the analogue of the j)-Fock representation, at any value of the
time parameter. More explicitly, let us consider any Fock representation belonging to a family that
is connected by a unitarily implementable dynamics, with annihilation and creation-like variables
(ag, az). From Equation (158), it is straightforward to see that these annihilation and creation-like
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variables at generic time T are related to those of the (analogue of the) jo-Fock representation, (d, EE),
by means of the Bogoliubov transformation

Ho—eo (%) emnt = (%M
() s (8) ke - (3 ) .
The Bogoliubov coefficients kappa and lambda are
_ ! ik A _ ! ik 168
kg (7) = T [fr(T) —ikge(T)],  Ag(T) = T [fz(T) + ikgz(T)] - (168)

Taking into account the asymptotic behavior of f; and gz, given by Equation (163), we get from

Equation (168) that
Y gl Z k(6% (1) + 0 (1) (169)
kel! ke]L’

The finiteness of this sum is just the necessary and sufficient condition (164) for the unitary
implementability of the dynamics, unitarity that indeed we are assuming for the quantization
determined by (a;(7), (7)) Since this finiteness implies that the sum of [A;(7) % over all k € LL also
converges, we conclude that the considered quantizations are unitarily equivalent. Hence, the invariant
Fock quantization defined by (4, ) is, up to unitary transformations, the unique one that allows for

a unitary implementation of the dynamlcs.

8. Conclusions

In this work, we have presented an overview of the uniqueness results attained in recent years for
the Fock quantization of Gowdy cosmological models, and of (test) real KG fields minimally coupled to
FLRW, de Sitter, and Bianchi I spacetimes, accomplished by imposing the requirements of (i) invariance
under the isometries of the spatial sections and (ii) unitary implementability of the Heisenberg
dynamics. For the cases of Gowdy models and (test) KG fields in FLRW and de Sitter backgrounds,
the uniqueness of the quantum representation follows from the removal of the ambiguities in the
quantization of scalar fields with time dependent mass in spatially compact ultrastatic spacetimes,
as a consequence of the fact that Gowdy models and KG fields in conformally ultrastatic spacetimes can
be mapped, after a suitable transformation, to a system of the aforementioned type. Let us emphasize
that this transformation is itself completely determined by the requirements of invariance and unitarity.
So, no ambiguities are left in the process. The proposed criteria single out a preferred description of
the system, by means of a preferred choice of the set of variables that are to be quantized, and fixes
a unique family of equivalent Fock representations. For the case of test KG fields in Bianchi I universes,
the performed analysis is slightly different because of the lack of isotropy. This requires a non-local time
dependent canonical transformation (more specifically, a time dependent canonical transformation
such that the change of the configuration and momentum variables is mode dependent) that defines
a new set of canonical variables supporting a family of symmetry invariant Fock representations that
allow for a unitary implementation of the dynamics. Remarkably, this family is contained just in
one equivalence class of unitarily equivalent Fock representations, with the analogue of the j)-Fock
quantization in it. Although the ambiguity in the representation of the CCRs is fully removed in this
manner, it is worth mentioning that the ambiguity concerning the parametrization of the phase space
for Bianchi I universes remains to be elucidated.

For the sake of clarity and completeness of the presentation, we have discussed in some detail
the classical and quantum theories of scalar fields in globally hyperbolic spacetimes. In particular,
we have commented the two kinds of ambiguities that arise in the canonical quantization program,
namely (i) the choice of fundamental observables (at least among a family of candidates related by
linear transformations) and (ii) the selection of a Hilbert space representation of the CCRs. Special
attention has been given to the introduction of complex structures on phase space, and to the role
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that they play in the quantum theory (both in the construction of a Hilbert space representation
and in the ambiguity for the parameterization of the CCRs). The Bogoliubov transformations that
encode the classical time evolution and the unitary implementability of the dynamics have also been
discussed. For non-stationay systems, or more specifically for scalar fields with a time dependent
mass in ultrastatic spacetimes I x X, we have introduced the complex structure jo, that is the simplest
complex structure which gives rise to an invariant Fock quantization (jo commutes with the isometries
of the spatial manifold X). We sketched the jj-Fock representation for KG fields with time dependent
mass in ultrastatic backgrounds with the spatial topology of a circle, a three-sphere, and a three-torus.
That is, we explicitly displayed the jo-Fock representation for cases that describe the local degrees
of freedom of linearly polarized Gowdy models, and KG fields in FLRW and de Sitter spacetimes.
(We obviated the case of axisymmetric KG fields with time dependent mass on S?, that describes
the Gowdy S! x S% and S® cosmological models, because this can be done by simply replacing in
Section 3.4 the harmonics Xn = Q,s,; on & = S with the spherical harmonics X = Yy, on X = S2)

Although we have exploited the uniqueness of the jy-Fock representation in very specific
ultrastatic backgrounds (namely, > = T3 and = = §", with n = 1,2,3), it is worth emphasizing
that the discussed uniqueness result, attained by imposing the criteria of symmetry invariance
and of a unitary dynamics, is not restricted to these spatial topologies, but has been extended to
ultrastatic spacetimes with arbitrary compact Riemannian sections - of dimension d < 3 [16,17].
In particular, the j)-Fock representation for a KG field with mass m in (1 + 1) Minkowski spacetime
M = S! xR, is the unique Fock representation satisfying the requirements of invariance and
unitarity. This is of course not in conflict with the standard Fock representation specified by
imposing Poincaré invariance. Indeed, the complex structure jy and the standard complex structure
jm(@, ) = (—(=A+m?)"V27,(—A + m?)~/2¢) belong to the same equivalence class. (These
complex structures are related via a Bogoliubov transformation with By = (wy — k) / (2v/kwy), where
wi = VK2 + m2. In the ultraviolet regime p7 ~ m*/(16k*) + O(m®/k®), behavior from which our
statement follows.) Apart from this simple example, it is worth remarking that, more generally,
no conflict arises between the Hadamard approach (reformulated in terms of the scaled field of the
y-description) and the criteria of invariance and of dynamical unitarity, at least for the cases of scalar
fields in closed FLRW [17] and de Sitter spacetimes [46].

As we mentioned in the Introduction, the criteria of symmetry invariance and of unitary
implementability of the quantum evolution have been successfully extended to select a unique
preferred Fock representation for fermion fields in cosmological scenarios [48-55]. This and the
uniqueness results here reviewed have been fruitfully exploited e.g., within the Hybrid Quantization
Approach [32] in order to deal with (both scalar and fermionic) perturbations in quantum cosmology
(see, for instance, Refs. [102-109]).

Finally, notwithstanding the repeatedly verified effectiveness and robustness of these criteria of
invariance and of unitarity, there are still many interesting questions, applications, and extensions to be
addressed. Some of them are the following. (It might also be interesting to explore the applications of
these proposals in the context of de Sitter Projective Cosmology, comparing results with the discussion
presented in other recent works in the literature ( see e.g., [110]). We thank one of the anonymous
reviewers for calling our attention to this point.)

o Generalizations to other dimensions: As we pointed out, the uniqueness of the jo-Fock representation
extends to spacetimes with arbitrary compact Riemannian sections % of dimension d < 3.
The proof of this result is based on the behavior of the time evolution in the ultraviolet regime.
Using this behavior, the satisfaction of the condition that guarantees the unitary implementability
of the dynamics depends critically on the dimension of X and, though the condition is fulfilled for
d < 3 [16], in general it is not satisfied in dimensions greater or equal than four. In such cases,
an open issue is whether one can still find a different Fock representation that leads to a unitary
evolution and analyze whether its equivalence class is singled out uniquely by our criteria of
invariance and of unitarity.
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o Other backgrounds: Other interesting backgrounds where the criteria of invariance and of unitarity
can be tested are shear free anisotropic spacetimes, like Bianchi III cosmologies.

o  Other fields: Even though the discussion has been focused primarily on the uniqueness of scalar
and fermionic fields, there seems to be no obstacles (neither conceptual nor technical) to extend
the analysis to other kind of fields, for example Maxwell fields, applying to them the proposed
criteria to pick out a unique preferred Fock quantization.
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