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Abstract

We upscale reactive mixing using effective dispersion coefficients to capture the combined effect of pore-scale

heterogeneity and molecular diffusion on the evolution of the mixing interface between two initially segre-

gated dissolved species. Effective dispersion coefficients are defined in terms of the average spatial variance

of the solute distribution evolving from a pointlike injection, this means, the transport Green function. We

numerically investigate the temporal behavior of the longitudinal effective dispersion coefficients for two

porous media of different pore-scale heterogeneity as measured by the statistics of the flow speed, and differ-

ent Péclet numbers. We find that the effective dispersion coefficients evolve with time, or equivalently travel

distance. As the solute samples the pore-scale flow heterogeneity due to advection and transverse diffusion,

the effective dispersion coefficients evolve from the value of molecular diffusion to the corresponding hydro-

dynamic dispersion coefficients. Thus, at times smaller than the diffusion time over a characteristic pore

length, the effective dispersion coefficients can be significantly smaller than the hydrodynamic dispersion

coefficients. This difference can explain frequently observed mismatches between pore-scale reactive mixing

data, and predictions using Darcy scale transport descriptions based on hydrodynamic dispersion coefficients

that are constant in time. This suggests that the notion of incomplete mixing on the support scale, can be

quantified in terms of effective pore-scale dispersion coefficients. We use effective dispersion in order to ap-

proximate the transport Green function in terms of a Gaussian-shaped distribution that is characterized by

the effective variance. This is approximation is termed dispersive lamella. Based on this representation, we

study reactive mixing between two initially segregated solutes. The dispersive lamella approach accurately

predicts the evolution of the product mass of an instantaneous bimolecular reaction obtained from direct

numerical simulations. This demonstrates that effective dispersion is an accurate measure for width of the

mixing interface between the two reacting species. These results shed some new light on pore-scale mixing,

the notion of incomplete mixing, and its prediction and upscaling in terms of an effective mixing model.
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1. Introduction

One of the main challenges in understanding and quantifying the dynamics of pore-scale mixing and

mixing-limited chemical reactions stems from the intrinsic spatial variability in the medium and flow prop-

erties, which, together with microscale mass transfer, impact on the mixing and transport behaviors of

dissolved species. Mixing is the key process that brings reactants into contact and thus enables chemical

reactions.

Classical Darcy scale transport models assume complete mixing of reactants at the support scale and

quantifiy the impact of pore-scale velocity fluctuations on solute mixing in terms of constant hydrodynamic

dispersion coefficients [1, 2, 3]. A series of numerical [4, 5, 6, 7] and experimental works [8, 9, 10, 11, 12]

have found that this approach is not able to quantify, and in general overestimates pore-scale mixing and

reaction, which can been traced back to pore-scale fluctuations and the notion of incomplete mixing at the

support scale [13, 14]. The applicability and breakdown of classical advection-dispersion reaction models for

the upscaling of pore-scale reactive transport was investigated in detail by Battiato et al. [15], Battiato and

Tartakovsky [16] and Porta et al. [17] in terms of the relevant Péclet and Damköhler numbers using volume

averaging techniques.

The impact of incomplete mixing at the pore-scale on Darcy scale reactive transport has been modeled

with a series of different approaches [18]. Benson and Meerschaert [19], Edery et al. [20] and Ding et al. [21]

use Lagrangian reactive transport formulations that implement upscaled rules for the motion and interaction

of reacting particles in order to emulate the impact of incomplete mixing at the pore-scale on reactive

transport at the Darcy scale. Oates [13], Bellin et al. [22], and Chiogna and Bellin [23] account for incomplete

mixing on the support through the distribution of concentration point values, which is modeled as a Beta

distribution. The parameters of the Beta distribution can be related to local scale transport parameters and

heterogeneity characteristics. Sanchez-Vila et al. [24] and Ginn [25] employ time-dependent effective reaction

coefficients in order to account for the reduction of reaction efficiency due to pore-scale incomplete mixing.

Lamellar reactive mixing approaches [26] solve diffusion and reaction on advected and deformed material

elements, so called lamellae. The impact of flow heterogeneity on mixing and reaction is quantified through

its stretching and compression action on the lamellae that form the mixing interface separating two reactants.

These concepts have been used for the quantification and upscaling of Darcy scale mixing [27, 28, 29] and

mixing limited reactive transport [30, 31], as well as pore-scale mixing [32, 33] and reaction [34, 11], and

reactive mixing in Poiseuille flow [35]. The stretched lamella approach considers the ensemble of lamellae that

provide the deformed support of the mixing interface as independent and mass transfer and superposition

of lamellae is not accounted for [27]. The merging of lamellae due to diffusion can be modeled based on

the assumption that lamellae aggregate in a random fashion, which has been quantified by an extension

of the Smoluchowski coagulation model [27, 29]. de Anna et al. [34] quantify the impact of coalescence on
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late time reaction rates using a phenomenological argument that relates the number of merged lamellae to

the apparent interface width. Perez et al. [35] proposed to quantify the effective interface width and thus

the mixing area in Poiseuille flow based on temporally evolving effective dispersion coefficients [36]. This

approach, termed the dispersive lamella, predicts the full evolution of the global reaction rate for a fast

irreversible bimolecular reaction, including the early time stretching dominated and late time coalescence

dominated behaviors. Similar approaches based on the evolution of effective dispersion coefficients [37] have

been used by Cirpka and Kitanidis [38], and Cirpka [39] for the upscaling of Darcy scale reactive transport

and the modeling and prediction of column scale reactive transport [40].

In this paper, we integrate effective dispersion into the framework of lamellar mixing in order to system-

atically quantify the impact of heterogeneity-induced mixing on pore-scale reaction, and provide a physics-

based quantitative explanation of reaction phenomena due to incomplete pore-scale mixing. To this end, we

define a dispersive lamella as an effective representation of the partial plume that evolves from a point-like

solute injection, or in other words, the transport Green function. The dispersive lamella is characterized by

the effective dispersion, which quantifies the average width of the transport Green function due to advective

heterogeneitiy and molecular diffusion. We analyze effective dispersion in terms of the evolution of the

effective variance by using random walk particle tracking simulations for conservative transport of solute

plumes evolving from a line source perpendicular to the mean flow direction, and from point injections.

We then evaluate the predictions for the reaction produced from this methodology against direct reactive

numerical simulations.

The paper is organized as follows. Section 2 presents the research methodology. It defines the transport

problem under consideration, and details the direct numerical simulation, including medium generation, the

numerical flow, transport and reaction simulations. Section 3.1 develops the dispersive lamella approach

and defines the concept of effective dispersion for conservative pore-scale transport. Section 3.2 analyzes

the evolution of effective and apparent dispersion in the light of pore-scale flow variability and diffusion.

Section 4 uses the dispersive lamella to evaluate pore-scale reactive mixing, in comparison to the behavior

described by hydrodynamic dispersion and direct numerical results.

2. Methodology

In the following, we describe the basis pore-scale flow and transport equations, the pore-scale reactive

mixing scenario, the numerical simulations, including medium generation, numerical flow, transport and

reaction simulations.
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2.1. Pore-scale flow and transport

Solute transport in the void space of a porous medium is described by the advection-diffusion equation

for the passive scalar c(x, t),

∂c(x, t)

∂t
+ v(x) · ∇c(x, t)−D∇2c(x, t) = 0, (1)

where D is the molecular diffusion coefficient. The flow velocity v(x) satisfies the Stokes equation [41]

∇2v(x) = − 1

µ
∇p(x), (2)

where p(x) is the fluid pressure and µ dynamic viscosity. The Stokes equation is solved together with the

continuity equation

∇ · v(x) = 0, (3)

that guarantees the incompressibility of the fluid. We consider a two-dimensional flow and transport domain

of length ` and width w. At the grain surfaces and horizontal domain boundaries no-flux conditions are

imposed both for flow and transport.

Transport scenarios can be characterized by the Péclet number, which measures the relative importance

of diffusive and advective transport mechanisms over a length scale, which here is chosen to be equal to the

average pore length `p. The Péclet number here is defined as as Pe = 〈v〉`p/2D, where 〈v〉 is the mean

flow velocity. The Péclet number denotes the ratio of the characteristic diffusion time τD = `2p/2D and the

advection time τv = `p/〈v〉 over the length scale `p.

2.2. Pore-scale reactive mixing

We investigate pore-scale reactive mixing in terms of the instantaneous irreversible bimolecular reaction

A + B → C. The concentrations cA(x, t), cB(x, t), and cC(x, t) of the reactant and product species evolve

according to

∂ci(x, t)

∂t
+ v(x) · ∇ci(x, t)−D∇2ci(x, t) = −r(x, t), (4a)

∂cC(x, t)

∂t
+ v(x) · ∇cC(x, t)−D∇2cC(x, t) = r(x, t), (4b)

where i = A,B and r(x, t) is the local reaction rate. We assume that the diffusion coefficients are the

same for the reactant and product species. Under this condition, the reactive transport problem (4) can

be formulated in terms of the concentrations cAC(x, t) and cBC(x, t) of the conservative species AC and

BC. The concentrations of the conservative components satisfy the transport equation (4) for r = 0.

For the instantaneous reaction under consideration here, species A and B cannot coexist and therefore

cC(x, t) = min[cAC(x, t), cBC(x, t)]. The reactivity of the system is measured here by the total product
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mass

mC(t) =

∫
Ωf

dxcC(x, t), (5)

where Ωf denotes the pore space.

We consider as initial condition two slabs of uniform distributions of species A and species B of length

`s that extend over the domain width w. This means,

cA(x, t = 0) = c0I(−`s ≤ x < 0), cB(x, t = 0) = c0I(0 ≤ x < `s), (6)

where c0 is the initial concentration and I(·) is the indicator function that is equal to one if its argument is

true and 0 otherwise. The initial product concentration is cC(x, t = 0) = 0.

Clasically, the impact of pore-scale velocity fluctuations is quantified in terms of constant hydrodynamic

dispersion [42] within a Fickian transport framework. For the scenario under consideration here, Darcy scale

transport is classically represented by the one-dimensional advection-dispersion equations

∂ci(x, t)

∂t
+ 〈v〉∂ci(x, t)

∂x
−D∂

2ci(x, t)

∂x2
= −r(x, t) (7a)

∂cC(x, t)

∂t
+ 〈v〉∂cC(x, t)

∂x
−D∂

2cC(x, t)

∂x2
= r(x, t), (7b)

where D is the constant longitudinal hydrodynamic dispersion coefficient and ci(x, t) denotes the bulk

averaged species concentrations [43, 44]. In the case `s = ∞, the evolution of the total product mass is

predicted by hydrodynamic dispersion as [9]

mC(t) = c0wφ

√
4Dt
π
. (8)

The solution for the initial conditions (6) is given in Appendix B.

As outlined in the introduction, it has been shown in a series of laboratory experiments that the classical

Darcy scale transport framework is not able to capture observed reaction behaviors and generally overesti-

mates the actual product mass [8, 9, 11]. In Section 4, we elaborate on the predictions for the product mass

using the dispersive lamella methodology and compare them to direct reactive numerical simulations.

2.3. Numerical simulations

In the following, we report on the numerical medium generation and medium properties, numerical flow

solution, and transport simulations using random walk particle tracking.

2.3.1. Medium generation

We simulate transport in two different 2-dimensional synthetic heterogeneous porous media. The syn-

thetic porous media consist of random packings of equally sized circular grains. The representation of
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Figure 1: Map of the flow speed for (top) MED1 and (bottom) MED2. Warmer colors correspond to higher velocities.

granular obstacles in porous media using circular grains has the advantage that the impact of fundamental

geometrical features on reaction and transport can be studied in a systematic way.

We generate the porous media by sampling the positions of circular grains from a uniform distribution.

The grain diameters are constant and given by d = 9.3×10−5m. The placement of a new grain is performed

such that the distance between the new grain and any previously placed grain is larger than d + εm with

εm > 0 a fixed tolerance. The pore size distribution and thus the degree of heterogeneity of the medium is

controlled by the tolerance εm. The algorithm stops when the target porosity of φ = 0.5 is achieved. We

consider two media of dimensions `×w = (7.5×10−3)m × (2×10−3) m and `×w = (7.2×10−3)m × (2×10−3)

m. The two media differ in the distributions of pore sizes, which leads to different flow heterogeneity as

measured by the variance σ2
ν of the logarithm ν = ln(|v(x)|) of the flow speed. The relation between the

pore size distribution and flow speed distribution has been studied by De Anna et al. [45] and Dentz et al.

[46]. The distributions of pore sizes are estimated using the algorithm of Rabbani et al. [47].

The first medium (MED1) is generated by fixing a tolerance of εm = 2.5 × 10−6m, which generated

a relatively narrow pore size distribution as show in the inset of Figure 2. The average pore length is

`p = 3×10−5m, which means the medium has the dimensions `×w = 251`p×67`p. The resulting geometry

is displayed together with the flow field in the top panel of Figure 1. The distributions of flow speeds and
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Figure 2: Distributions of the flow speeds for MED1 and MED2. The inset shows the pore-size distributions for the respective

media.

throat widths is shown in Figure 2. The variance of the log-speed is σ2
ν = 1.19.

For the second medium (MED2) we allowed for a tolerance of εm = 3× 10−7m, which induces a broader

pore size distribution illustrated in the inset of Figure 2. The average pore length is `p = 2.6×10−5m, which

means the medium has the dimensions `×w = 279`p×77`p. It differs from MED1 by a broader distribution

of pore throats. This results in a more heterogeneous flow field illustrated in the bottom panel of Figure 1.

The variance of the log-speed is σ2
ν = 2.1, this means, it is almost double the variance of MED1.

2.3.2. Flow

In the following we summarize the methodology to solve the flow field. The binary images of the

geometry are composed of regular pixels that represent either void or solid. We employ a regular hexaedron

mesh compatible with OpenFOAM. The mesh cells have a size of 1.25 ×10−6 m in all directions (∆x =

∆y) for both media. This discretization level is selected such that the radius of a grain is divided in 35

cells which corresponds to an accurate representation of the solid beads, see also Gjetvaj et al. [49]. The

resulting discretization for the regular grid consists of 6022×1600 cells (corresponding to x and y dimensions

respectively) for MED1 and of 5800×1600 cells for MED2. We prescribe pressure boundary conditions at the

inlet and outlet, and no-slip conditions at the void-solid interfaces and at the remaining domain boundaries.

At the left boundary a pressure of 10 Pa, at the right boundary zero pressure are applied. We then solve the
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flow with the SIMPLE algorithm [50] implemented in OpenFOAM. Note that, in order to minimize boundary

effects, twenty layers are added at the inlet and outlet of both the geometries. After convergence, this means,

once the residual of the pressure and flow fields between two consecutive steps are smaller than a criterion

εf = 10−8, we extract the complete velocity field. Velocity values are given at every interface of the mesh in

the normal direction to the face. Figures 1 and 2 respectively display the flow fields and the distributions

of the flow speeds in the two porous media. The mean flow speeds are for MED1 〈v〉 = 5.33 × 10−4 m/s,

and for MED2 〈v〉 = 6.15× 10−4 m/s.

2.3.3. Random walk particle tracking

The transport problem can be formulated in a Lagrangian modeling framework based on the equivalence

of (1) with the Langevin equations [51, 52]

dx(t)

dt
= v[x(t)] +

√
2Dξ(t). (9)

The Langevin equations are discretized according to

x(t+ ∆t) = x(t) + v[x(t)]∆t+
√

2D∆tζ(t). (10)

The time increment ∆t is variable and varies between 10−6 s at early and 10−3 s at late times. The

advective displacement during ∆t, given by the second term on the right side of (10), is determined based

on an extension of the Pollock algorithm [53, 54, 55] that accounts for the no-slip boundary condition at

solid grains. The noise ζ(t) is modeled here as a uniform random variable with values in [−
√

3,
√

3] so that

〈ζ(t)〉 = 0 and 〈ζi(t)ζj(t)〉 = δij . This choice avoids the costly numerical generation of Gaussian random

numbers. The central limit theorem guarantees that the sum of random displacements is Gaussian.

In order to study the dispersion of a conservative solute, we consider a line source perpendicular to the

mean flow direction. For the investigation of reactive mixing, we consider two adjacent slabs representing

the initial distributions of the two conservative components. The simulation parameters are summarized in

Table 1.

Conservative transport. The transport scenario is characterized by a line source perpendicular to the mean

flow direction at x1 = 0.25×10−3 m located after the first grains and spanning the full domain cross-section.

The line is composed of 800 points. At each point of the line 2× 104 particles are released to simulate the

impact of molecular diffusion. The considered scenario is characterized by a Pe = 20 and Pe = 100. The

specific parameters are detailed in Table 1.

Reactive transport. The reactive transport scenario is characterized by an uniform initial placement of AC

and BC particles in two adjacent slabs of width `s = `/6, which is equivalent to a species A adjacent

to species B. We inject the same number of AC and BC particles, which are propagated conservatively
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Parameter MED1 MED2

Mean velocity (m s−1) 5.33× 10−4 6.15× 10−4

Diffusion coefficient (m2 s−1) 4× 10−10 4× 10−10

Pore length `p 3× 10−5 m 2.6× 10−5 m

Advection time τv 5.6× 10−2 s 4.2× 10−2 s

Diffusion time τD 2.25 s 1.7 s

Péclet number 20 20

Number of particles (line injection) 1.6× 107 1.6× 107

Number of particles (slabs) 2× 108 2× 108

Table 1: Parameters and characteristic scales of the numerical simulations for Pe = 20. Note that for Pe = 100, the mean

velocities and advective times are respectively multiplied and divided by 5.

according to (10). We ran the simulations for the two media and for the two Péclet numbers considered in

the line injection case. We found that incomplete mixing due to finite number of particles is negligible for

N0 ≥ 108 particles. We use 108 AC and 108 BC particles, which means in total N0 = 2× 108 particles. In

order to determine the number of C particles generated at any time tn = n∆t, we proceed as follows. We

discretize the domain into square bins of side length 1.25× 10−6m. Thus, the number ∆NC of C particles

generated at time tn within a pixel is given by the minimum of the number ∆NAC of AC and ∆NBC of

BC particles, ∆Nc = min(∆NAC ,∆NBC). The total number NC of C particles in the domain at time tn,

is computed by summing over all the cells of the domain. The mass of C is computed from the number NC

of C particles as

mC =
NC
N0

, (11)

where N0 is the total number of particles initially placed in the domain. With this definition, the initial

concentration of AC and BC in each of the slabs is given by c0 = 1/(2`sw), see also [52].

3. Effective dispersion and dispersive lamellae

In this section, we define the concept of effective dispersion and the dispersive lamella approach to upscale

pore-scale (reactive) mixing to the Darcy scale. Solute mixing and dispersion is analyzed by considering the

distribution c(x, t) for the normalized line source φc(x, t = 0) = w−1δ(x)ρ(y), where ρ(y) = 1 if y is in the

pore space and 0 else, such that

1

w

w∫
0

dyρ(y) = φ, (12)
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where w is the width of the medium. The evolution of the concentration distribution from the line source

is illustrated in Figure 3. The line is composed of the partial plumes g(x, t|y′) which satisfy (1) for the

point-like initial condition g(x, t = 0|y′) = δ(x)δ(y − y′)ρ(y′). The concentration can then be expressed as

c(x, t) =
1

wφ

w∫
0

dy′ρ(y′)g(x, t|y′). (13)

Note that g(x, t|y′) is a Green function of the transport problem. Figure 4 illustrates snapshots of the spatial

distribution of two Green functions originating from two different locations at different times.

Figure 3: Evolution of an ensemble of solute particles from a line injection in MED2 at (left column) t = 7τv , 22τv ≈ τD, 44τv ,

and (right column) t = 73τv , 110τv , 163τv for Pe = 20 obtained from the direct numerical simulations. The density of particles

represents c(x, t).

3.1. Dispersive lamella

The upscaling excercise is related to finding an upscaled, effective expression ge(x, t|y′) for the transport

Green function that captures the salient features of pore-scale mixing, and that is able to quantify the evo-

lution of the mixing volume associated to the evolution of the complex concentration distribution illustrated

in Figure 3. To this end, we define the center of mass velocity ν(t|y′) of the partial plumes, and the effective

dispersion coefficient in the mean flow direction

ν(t|y′) =
dm1(t|y′)

dt
, De(t) =

1

2

dσ2
e(t)

dt
, (14)

where the longitudinal moments of g(x, t|y′),

mi(t|y′) =

∫
Ωf

dxxig(x, t|y′), σ2(t|y′) = m2(t|y′)−m1(t|y′)2. (15)
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for i = 1, 2, where Ωf denotes the pore space. The m1(t|y′) denote the center of mass positions of the partial

plumes originating in y′. The global center of mass position and the effective variance are defined by

m1(t) =
1

wφ

w∫
0

dy′ρ(y′)m1(t|y′), σ2
e(t) =

1

wφ

w∫
0

dy′ρ(y′)
[
m2(t|y′)−m1(t|y′)2

]
. (16)

The square root of the effective variance σ2
e(t) is a measure for the average width of the partial plumes

that form the line source and thus for the width of the mixing area. Effective dispersion is a key concept

for the quantification of the mixing interface. The dispersive lamella approach models the Green function

as ge(x, t|y′) = g`[x−m1(t|y′), t]G[y −m2(t|y′), t|y′], where g`(x, t) satisfies the one-dimensional dispersion

equation

∂g`(x, t)

∂t
−De(t)

∂2g`(x, t)

∂x2
= 0, (17)

for the initial condition g`(x, t) = δ(x), see Appendix A. The subscript ` stands for lamella. The centered

transverse Green function G(y, t|y′) describes solute dispersion in transverse direction, see Appendix A. The

effective Green function ge(x, t|y′) is an upscaled object in that its values are defined at all positions in space.

It is defined with respect to the bulk volume. Thus, the total mass in the domain is given by φ times the

space integral of ge(x, t|y′). The centered Green function g`(x, t) denotes the dispersive lamella. Note that

the advective dispersion of the mixing front is quantified by the fluctuations of the center of mass positions

m1(t|y′) between the partial plumes forming the mixing interface. This spreading effect is separated from

mixing through centering of the Green function. The upscaled concentration distribution c(x, t) evolving

Figure 4: Evolution of an ensemble of solute particles from two point injections in MED2 at (left column) t = 7τv , 22τv ≈
τD, 44τv , and (right columns) t = 73τv , 110τv , 163τv for Pe = 20 obtained from the direct numerical simulations. The density

of particles represents g(x, t | y′).
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from an initial line source is thus constructed from ge(x, t|y′) as

c(x, t) =
1

w

w∫
0

dy′g`[x−m1(t|y′), t]G[y −m2(t|y′), t|y′]. (18)

The solution of Eq. (17) gives for g`(x, t) the Gaussian distribution

ge(x, t) =
exp

(
− x2

2σ2
e(t)

)
√

2πσ2
e(t)

. (19)

The dispersive lamella is a measure for the concentration in the coordinate system attached to the center of

mass position m(t|y′), which delineates the mixing interface. The concentration distribution homogenizes

with time as the variability of the center of mass positions decreases and dispersion increases as illustrated

in Figure 4 for two partial plumes that evolve from different initial positions. By comparison with Figure 3,

we can identify the contributions of these partial plumes to the overall plume. With increasing time, the

two partial plumes converge to similar behavior due to transverse heterogeneity sampling. Both the center

of mass positions as well as the plume shape converge. As discussed in Appendix A the vertically integrated

profiles can be well approximated by a Gaussian shaped distribution. Similar approaches were used for the

quantification of mixing and reactive mixing in Darcy-scale heterogeneous porous media [38, 40].

3.2. Effective dispersion coefficients

We discuss here the evolution of effective pore-scale dispersion, which is the centerpiece of the upscaled

reactive mixing approach presented in the previous section. Effective pore-scale dispersion is measured by

the effective variance σ2
e(t) defined in (16). In addition, we consider the apparent variance, which is defined

by

σ2
a(t) =

1

wφ

w∫
0

dy′ρ(y′)m2(t|y′)−

 1

wφ

w∫
0

dy′ρ(y′)m1(t|y′)

2

. (20)

It can be readily shown by using expression (13) that σ2
a(t) is the longitudinal second central moment of

c(x, t). Thus, it measures the overall extension of the disperse concentration distribution evolving from

the initial line source. The asymptotic hydrodynamic dispersion coefficient is defined by fitting the linear

function 2Dt + a to σ2
a(t) for t > τD. The difference between the apparent and effective variances is given

by

σ2
a(t)− σ2

e(t) =
1

wφ

w∫
0

dy′ρ(y′)m1(t|y′)2 −

 1

wφ

w∫
0

dy′ρ(y′)m1(t|y′)

2

. (21)

This means, it quantifies the fluctuations of the center of mass positions of the Green functions of which the

concentration distribution is composed. Figure 5 illustrates the variability in the evolution of the center of
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Figure 5: Evolution of the (blue solid line) global center of mass position (16), and (light gray lines) center of mass positions (15)

for selected partial plumes in (top panel) MED1 for (left) Pe = 20 and (right) Pe = 100, and (bottom panel) MED2 obtained

from the direct numerical simulations.

mass positions in MED1 and MED2. The center of mass positions for the partial plumes are conditioned

by the velocities at the starting point, and converge asymptotically toward the mean flow velocity. The

fluctuations are higher in the more heterogeneous MED2.

Figure 6 (right panel) shows the evolution of the effective and apparent variances for MED1 and MED2.

At short times t � τv both the apparent and effective variances behave as 2Dt because the solute has

not yet noted the advective variability along the line. As illustrated in Figure 3, for t > τv, the initially

straight line starts being distorted due to the advective heterogeneity experienced along the line. This leads

to a strong increase of the apparent variance, which, as mentioned above, is a measure for the spread of

the line due to differences in the center of mass positions of the partial plumes that form the line. The

effective variance evolves slower and the two quantities start diverging for t > τv. The difference between

the apparent and effective variances is larger for the more heterogeneous MED2, which reflects the stronger

fluctuations of the center of mass positions of the partial plumes as shown in Figure 5. When transverse

diffusion activates advective heterogeneity as a mixing mechanism, the effective variance increases. This
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Figure 6: Evolution of the (red solid line) effective variance (16), (blue solid line) apparent variance (20), and (light gray lines)

variances (15) for selected partial plumes in (top panel) MED1 for (left) Pe = 20 and (right) Pe = 100, and (bottom panel)

MED2 obtained from the direct numerical simulations. The dashed-dotted lines indicate the 2Dt, and the dashed lines, the

2Dt behaviors.

increase in the actual width of the interface for t� τv is also illustrated in the evolution of the line source

in Figure 3. In fact, as shown in Figure 4, transverse mass transfer makes each partial plume sample the

vertical velocity contrast so that (i) the center of mass velocities evolve toward the average flow velocity,

and (ii) its longitudinal variance increases due to the impact of velocity fluctuations on scales smaller than

the plume scale [56]. Advective differences between the partial plumes are smoothed out due to transverse

diffusion and transfered to effective dispersion, as shown in Figures 5 and 6. At asymptotic times for t� τD,

the apparent and effective variances converge to the same asymptotic behavior that is characterized by the

hydrodynamic dispersion coefficient D, which shows that the center of mass fluctuations between partial

plumes eventually vanish.

14



4. Pore-Scale Mixing and Reaction

In this section, we elaborate on the implications of the dispersive lamella methodology onto the reac-

tion rate predictions. The Fickian framework generally overestimates the amount of reaction occuring at

the pore scale [8, 9]. The dispersive lamella approach suggests that such behaviors can be understood by

preasymptotic mixing as described by effective dispersion, and quantified by the effective variance σ2
e(t),

which measures the effective interface width. In order to quantify the reaction product for the instantaneous

bimolecular reaction discussed in Sections 2.2 and 2.3.3, we consider the concentration profiles across the

interface separating the AC and BC species. In the coordinate system attached to the center of mass posi-

tions m(t|y′), which delineates the mixing interface, the average concentration cAC(x, t) of the conservative

component AC across the mixing interface is given by

cAC(x, t) =

0∫
−∞

dx′
w∫

0

dy′g`(x− x′, t)G(y, t|y′) =
1

2
erfc

[
x√

2σ2
e(t)

]
, (22)

where we used expression (19) for g`(x, t) and the fact that the integral of G(y, t|y′) over y′ is equal to one.

The concentration of BC is given by cBC(x, t) = 1 − cAC(x, t). Note that this solution assumes that the

initial distributions of the AC and BC species extend from minus infinity to zero and from 0 to infinite,

respectively. The solution for the slab initial distribution is given in Appendix B. For the scenario under

consideration, there is virtually no difference between the two solutions.

The product concentration cC(x, t) is obtained as outlined in Section 2 from cC(x, t) = min[cAC(x, t), cBC(x, t)]

as

cC(x, t) =
1

2
erfc

[
|x|√

2σ2
e(t)

]
. (23)

The product mass is obtained from (23) by integration of space and multiplication by φ as

mC(t) = c0wφ

√
2σ2

e(t)

π
. (24)

Figure 7 shows the evolution of the product mass described by expression (24) using the effective variance

together with the direct numerical simulation results for MED1 and MED2 for Pe = 20 and Pe = 100. The

mass predictions from effective dispersion match accurately the reaction rates at all times for the two media

and the two Péclet number regimes. Deviations between the mass obtained from the direction numerical

simulations and the dispersive lamella in term of effective dispersion, can be explained by the finite size

of the model medium. For comparison, we also display the behavior obtained by using the diffusion and

hydrodynamic dispersion coefficients. At early times for t < τv, diffusion is the main mixing mechanism

driving the reaction, and the product mass is expected to increases as mC(t) = wφ
√

4Dt/π. This behavior

is represented by the effective variance, which at short times evolves as 2Dt as discussed in the previous
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Figure 7: Evolution of the product mass mC(t) from (green symbols) direct numerical simulations, and (red solid lines) the

dispersive lamella approach for (top panel) MED1 with (left) Pe = 20 and (right) Pe = 100, and (bottom panel) MED2.

The dashed-dotted lines indicate the Fickian prediction based on (dashed lines) the hydrodynamic dispersion coefficient D and

(dash-dotted lines) based on the molecular diffusion coefficient D.

section. With increasing time t > τv, both the length and spread of the mixing interface increase due to

advective variability along the interface. With increasing time, advective heterogeneity is activated as a

mixing mechanism by transverse diffusion, which leads to a strong increase in the simulated product mass

as correctly described by effective dispersion. At times t > τD the prediction in terms of the effective

variances converges to Fickian-like behavior. Hydrodynamic dispersion predicts consistently higher values

than effective dispersion. Thus, the fact that the variance of the mixing interface evolves non-linearly

according to effective dispersion, in contrast to the behvaior predicted by constant hydrodynamic dispersion,

can explain features of incomplete mixing. In fact, the behaviors shown in Figure 7 are qualitatively very

similar to the ones observed in the experiments by [9]. Thus, the evolution of the product mass from pore-

scale reactive mixing can be explained and quantified in terms of effective dispersion coefficients, which

capture the width of the mixing interface between two initially segrated reacting species.
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5. Conclusions

We study the upscaling and quantification of mixing in two-dimensional synthetic porous media in terms

of effective dispersion coefficients. Direct numerical simulations give insight into conservative mixing and

spreading behavior of a solute distribution originating from a uniform line source. At short times, smaller

than the characteristic advection time over a pore length, mixing is dominated by diffusion. For increasing

time, advective heterogeneity along the interface is activated as a mixing mechanism by transverse diffusion,

which increases the interface width. Eventually, at asymptotically long times, the mixing eventually becomes

Fickian and may be described by hydrodynamic dispersion. This evolution is at the root of the notion of

incomplete mixing. These mechanisms are captured by a dispersive lamella approach that approximates the

transport Green function by a Gaussian distribution characterized by the effective longitudinal variance,

and a center of mass position that reflects the advective variability. The effective longitudinal variance

characterizes the average width of the transport Green function. Diffusive sampling of the transverse ve-

locity contrast smoothes the variability of the center of mass position, which converges toward the mean

flow velocity, and leads to an increase of longitudinal mixing. Thus, the variability of the center of mass

position between the dispersive lamellae accounts for the advective spreading of the interface, while effective

dispersion quantifies the actual mixing. In this work, we have studied and quantified effective dispersion

from detailed 2D numerical simulations, and used its evolution in order to describe the mass production

in a fast bimolecular irreversible reaction, for which the diffusion constant is assumed to be the same for

both species. We have seen the reaction mass predicted from the dispersive lamella methodology accurately

match results from direct numerical reactive simulations for different levels of heterogeneity and different

Péclet regimes. Note that, while we introduced the methology in two dimensions, we anticipate that it is

also valid in three dimensions. One would, however, expect different temporal evolution of the apparent and

effective dispersion coefficients due to more efficient transverse sampling of the pore-scale heterogeneity.

While the quantification of constant hydrodynamic dispersion coefficients has been studied extensively

in the literature, we are not aware of similar works on the concept of effective dispersion unlike for disper-

sion in Poiseuille flow and Darcy scale heterogeneous porous media. Similar approaches, such as volume

averaging [57, 58] and stochastic averaging [59], can be used to relate the evolution of effective dispersion

to the medium structure and pore-scale hydrodynamics. Furthermore, continuous time random walks for

pore-scale transport [55] provide an efficient framework to quantify advective spreading represented by the

center of mass fluctuations between the dispersive lamellae that form the interface. The proposed dispersive

lamella approach provides a systematic framework to integrate these modeling approaches and upscaling

techniques for the physics-based prediction of pore-scale mixing and reaction.
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Appendix A. Dispersive lamella

In order to derive the governing equation for the Green function in the dispersive lamella approach, we

consider the Langevin equation equivalent to the advection-diffusion equation (1) for pore-scale transport,

dx(t, y′)

dt
= u(t, y′) +

√
2Dξ(t), (A.1)

where we defined the Lagrangian velocity

u(t, y′) = v[x(t, y′)]. (A.2)

The initial particle position is x(t = 0, y′) = (0, y′)> ∈ Ωf . The symbol ξ(t) denotes a Gaussian white noise

characterized by unit mean and correlation 〈ξi(t)ξj(t′)〉 = δijδ(t − t′). The angular brackets denote the

average over all noise realizations. We separate the Lagrangian velocity into its noise mean and fluctuation

u′(t, y′) around it,

u(t, y′) = 〈u(t, y′)〉+ u′(t, y′). (A.3)

The fluctuation mean is zero by definition and its covariance function is given by

Cij(t, t
′, y′) = 〈v′i(t, y′)v′j(t′, y′)〉. (A.4)

It is in general not stationary, but may become stationary in the long time limit. We model the fluctuation

u′(t, y′) as a Gaussian distributed random vector ζ(t, y′) characterized by zero mean and the covariance

matrix (A.4). Thus, the Langevin equation (A.1) can be approximated as

dx(t, y′)

dt
= 〈u(t, y′)〉+ ζ(t, y′) +

√
2Dξ(t). (A.5)

Note that this approximation models particle motion in the bulk, and is not restricted to the pore space

anymore. In this sense, it represents the upscaling and homogenization step. We define the effective Green

function ge(x, t|y′) in terms of the effective particle trajectories x(t, y′) as

ge(x, t) = 〈δ[x− x(t, y′)]〉, (A.6)
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where the angular brackets here stand for the average over all noise realizations. Note that the Dirac-Delta

refers to the bulk volume. Thus, ge(x, t) is the bulk concentration, and its integral is equal to φ. The

Langevin equation (A.5) is equivalent to the advection-dispersion equation

∂ge(x, t|y′)
∂t

+ 〈u(t, y′)〉 · ∇ge(x, t|y′)−∇ ·De(t, y′)∇ge(x, t|y′) = 0, (A.7)

where the dispersion tensor De(t, y′) is defined by its components as

De
ij(t, y

′) = Dδij +

t∫
0

dt′Cij(t, t
′, y′). (A.8)
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Figure A.8: (left) Vertically integrated concentration profiles for a partial plume in MED2 at Pe = 20 from (crosses) numerical

data, and (solid lines) the Gaussian approximation (A.15) for (left column) t = 7.3τv , 44τv and (right column) 73τv , 162τv .

This approximation implies that the Green function ge(x, t|y′) for an infinite medium is given by a

Gaussian distribution characterized by the centered mean and variance

m(t, y′) =

t∫
0

dt′〈u(t, y′)〉, κ(t, y′) = 2Dt1 + 2

t∫
0

dt′De(t, y′), (A.9)
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where 1 denotes the identity matrix. The quality of the Gaussian approximation is illustrated in Figure A.8,

which shows the vertically integrated Green function obtained from the direct numerical simulations. Note

that we do not direclty evaluate the accuracy of the Gaussian approximation for the Green function. The

Gaussian approximation is the basis for the predictions of reactive mixing in Section 4, which serves as a

pragmatic a posteriori evaluation of the validity and accuracy of the Gaussian approximation.

We replace the local effective dispersion tensor Dij(t, y
′) by its vertical average

De
ij(t) =

1

wφ

w∫
0

dy′ρ(y′)De
ij(t, y

′), (A.10)

which quantifies the average width of the mixing interface. Based on the random nature of the media under

consideration, the off-diagonal coefficients of the effective dispersion tensor are considered small and set to

zero, De
ij(t) = 0 for i 6= j. Under this condition, the Green function ge(x, t|y′) can be decomposed into

ge(x, t|y′) = g`[x−m1(t|y′), t]G[y −m2(t|y′), t|y′]. (A.11)

The g`(x, t|y′) satisfies the diffusion equation

∂g`(x, t)

∂t
−De(t)∇ge(x, t|y′) = 0, (A.12)

where we set De(t) ≡ De
11(t). The transverse Green function G(y, t|y′) captures the solute extension in

vertical direction. It satisfies

∂G(y, t|y′)
∂t

−De
22(t)

∂2G(y, t|y′)
∂y2

= 0, (A.13)

Furthermore, G(y, t|y′) satisfies

w∫
0

dyG(y, t|y) =

w∫
0

dy′G(y, t|y′) = 1. (A.14)

The explicit analytical expression for g`(x, t|y′) for a medium with infinite longitudinal extension is

g`(x, t|y′) =
exp

(
− x2

2σ2
e(t)

)
√

2πσ2
e(t)

. (A.15)

This is a good approximation if the plume is far from the vertical boundaries. Figure A.8 shows the verti-

cally integrated concentration distribution obtained from the direct numerical simulation and the Gaussian

model (A.15). While the concentration distribution is subject to fluctuations that reflect the alternation

between void and solid, it is compact and it can be well characterized in terms of the center of mass position

and longitudinal variance.
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Appendix B. Solution for slab injection

Perez et al. [35] provide the analytical solutions for an initial distirbution of two adjacent slabs of A and

B, which we summarize here for convenience. For a constant hydrodynamic dispersion coefficient D, the

product mass is given by

mC(t) = wφc0

√
4Dt
π

[1− exp(−τD/4t) +
√
πτD/4terfc(

√
τD/4t)], (B.1)

where we define τD = `2s/D, the diffusion time over the initial slab extension. In the case of a temporally

variable effective longitudinal dispersion coefficient, the total mass evolves as

mC(t) = wφc0

√
2

π
σe(t)(1− exp[−Ae(t)2] +

√
πAe(t)erfc[Ae(t)]), (B.2)

where we define Ae(t) = `s/
√

2σe(t)2.
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