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Abstract

While commonly non-local transport models have been shown to reproduce

breakthrough curves resulting from transport in heterogeneous aquifers suc-

cessfully, open questions include the formal link between the upscaled gov-

erning equations and the sub-scale heterogeneity, and the ability to account

for the effect of heterogeneity on effective chemical reaction rates in the pres-

ence of non-linear multi-component reactions. Time-domain random walk

approaches based on velocity Markov models provide a framework to resolve

these issues by incorporating the spatial correlation of velocity of a solute

particle in consecutive locations along its trajectory. These approaches often

rely on particle tracking approaches, which, however, can be computationally

burdensome especially when non-linear reactions are sought to be modeled.

In this paper, an integro-differential equation is proposed for upscaling multi-

component reactive transport in heterogeneous media that relies on copulas

for representing the velocity correlation structure. For this purpose, we ex-

press concentration or flux of solutes as a distribution over their velocity.

We then derive the integro-differential equation that governs the evolution



of concentration distribution over a quantity defined as velocity-rank. In

this way, the spatial evolution of breakthrough curves away from the source

is predicted based on ergodic cross-sectional velocity distributions and a pa-

rameterized copula function which expresses the correlation between velocity-

ranks of a solute particle along its trajectory. We demonstrate the validity of

the proposed model by comparing breakthrough curves for conservative and

non-linearly reacting solutes based on realizations of hydraulic conductivity

fields to the results of the upscaled model.

Keywords: Upscaling, Reactive Transport, Heterogeneity, Spatial Markov

Model

1. Introduction1

It has been shown in many studies that the coarse-scale advection-dispersion2

equation (ADE) based on effective transport coefficients has some major3

limitations in predicting the transport of passive and reactive species in het-4

erogeneous aquifers [6, 46, 18] because it simulates complete mixing on the5

support scale, which is in general not the case in heterogeneous media at rel-6

evant time and length scales. These limitations of the ADE manifest in the7

inability to capture early arrivals, long tails [28, 14, 37, 24] and also effective8

heterogeneity-induced reaction behaviors [60, 41, 40, 59, 25, 16], see also the9

reviews by [57] and [7]. In many practical applications, using sufficiently fine10

discretization to capture the heterogeneity is not feasible due to the huge11

computational demand and also the inability to characterize the aquifer sys-12

tem at those scales. Various approaches have been suggested to address the13

limitation of classical ADE models in capturing observed behaviour of plumes14
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in heterogeneous media. Some examples of these approaches include multi-15

rate mass transfer models [27, 58, 1, 61], fractional dynamics [43, 4, 8, 9],16

continuous time random walks [6, 12, 21, 13], time domain random walks17

[22, 15, 48], see also the review by [47]. There are numerous examples for18

which these alternative models have provided better predictions than 1D19

ADE models characterized by constant effective transport coefficients espe-20

cially in terms of capturing the breakthrough curves of conservative tracers21

[26, 4, 52, 35, 30, 37, 13, 5]. A central question in these methods has been pa-22

rameter identification and quantification. Often, the model parameters need23

to be constrained by a tracer test, which limits the use of these methods24

as predictive tools for existing plumes and reduces their transferability. [61]25

investigated the relation between spatial aquifer structure and non-Fickian26

transport in the multirate mass transfer framework. [22] and [56] use a27

multi-indicator approach to link the point distributions of hydraulic conduc-28

tivity to the distribution of transition times in time-domain and continuous29

time random walk approaches. For transport in multi-Gaussian conductivity30

fields [21, 13, 29] and fractured media [36, 34] the impact of medium and31

flow structure on large scale transport has been studied within the contin-32

uous time random walk approach. Recently, continuous time random walks33

have been suggested that model equidistantly sampled particle velocities as34

a Markov process [38, 10, 39, 42, 17]. In this framework, the statistics of35

the Eulerian flow field and correlation structure can be mapped onto the36

upscaled transport model [17, 36, 13]. This type of upscaled transport mod-37

els are typically solved using random walk particle tracking approaches [47].38

Such approaches make applications computationally costly when mixing and39
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non-linear multi-component reactions are considered, which require consid-40

ering particle-particle interactions are present [2, 54, 19, 32, 31, 53, 3, 11].41

In this paper, we describe a methodology to directly relate spatio-statistical42

properties of the velocity field in a heterogeneous domain to a one-dimensional43

homogenized integro-partial differential equation that can be applied at coarse44

scales under ergodic assumptions. We also show that multi-component non-45

linear reactions can be formally included into the upscaled equations. Fur-46

thermore, we validated the approach by comparison to numerical results47

obtained from two-dimensional heterogeneous domains for conservative and48

reactive solutes.49

2. Methods50

To explain the theory in simple terms, we will start from an idealized51

hypothetical case of a porous media consisting of two randomly organized52

domains where the projected velocity in the flow direction in each domain53

is known and is constant. Solutes can exchange between the two domains54

through advection due to water flux from one domain the another and also55

through molecular diffusion (Figure 1). Assuming ergodicity we can express56

the flow per unit bulk volume from domain 1 to domain 2 and vise versa57

as q1,2[L
3T−1L−3] and q2,1 respectively. If we express the concentration of58

a solute at time t and at location x along the flow direction as c1(x, t) and59

c2(x, t) respectively, we can write the reactive transport equation governing60

the fate and transport of the solutes as:61
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a1
∂c1
∂t

+ a1v1
∂c1
∂x

= a1D
∂2c1
∂x2

+ q2,1c2 − q1,2c1 +
D

δ21,2
(c2 − c1) + a1ψ(c1)

a2
∂c2
∂t

+ a2v2
∂c2
∂x

= a2D
∂2c2
∂x2

+ q1,2c1 − q2,1c2 +
D

δ21,2
(c1 − c2) + a2ψ(c2)

(1)

where a1 and a2 are the volume fractions of pore space in domain 162

and 2, respectively, v1 and v2 are the mean velocities in domains 1 and 2,63

D is the molecular diffusion, δ1,2 is a characteristic length as defined by64

the geometrical mean of the mean lateral distance between the centroids of65

domain 1 and 2 and the inverse of the specific area of the interface between66

domains 1 and 2, and ψ is the reaction expression affecting the solute which67

can also depend on the concentration of other species involved.68

It is important to point out that in writing eq. (1) there is major assump-69

tion that the reaction rate computed based on the average concentration of70

a solute traveling with the sames velocity in a cross-section, ci, is represen-71

tative of the effective overall reaction rate. This is an approximation that72

entails some error. In principle, the concentration of a solute at a given point73

depends on the history of its travel to that point which depends on the entire74

streamlines leading to that point, and this history is not necessarily the same75

for all the solute particles moving with the same velocity at a cross-section76

along the dominant flow direction. The magnitude of the error caused by77

this assumption depends on how spread the actual concentration of a solute78

traveling with the same velocity at a cross-section is.79

Now, if we generalize the idealized binary system to multiple domains,80

we can write the reactive-transport equation for generic domain i as:81
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Figure 1: Idealized heterogeneous system with binary velocity distribution

ai
∂ci
∂t

+ aivi
∂ci
∂x

= aiD
∂2ci
∂x2

+
∑
j

qj,icj −

(∑
j

qi,j

)
ci +

∑
j

D

δ2i,j
(cj − ci) + aiψ(ci)

(2)

Note that ai is the probability mass function of the velocity which is corre-82

sponds to the Eulerian velocity distribution via ai = pv(vi)dv. Under ergodic83

assumption, pv() is the Eulerian velocity distribution in the domain. Also84

in-order to satisfy continuity and to honor the second law of thermodynamics85

we must have qi,j = qj,i and δi,j = δj,i. So we can write (3) as:86

ai
∂ci
∂t

+ aivi
∂c1
∂x

= aiD
∂2ci
∂x2

+
∑
j

q′j,icj −

(∑
j

q′i,j

)
ci + aiψ(ci) (3)

where q′i,j = qi,j + D
δ2i,j

. Please note that the probability of a particle87

in domain i to be transferred to domain j over a small time step ∆t is88

proportional to:89

pi→j ∝
q′i,j
ai

∆t (4)
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where pi→j is the probability that a solute particle initially traveling with90

velocity vi is transferred to a domain with velocity vj over a time-increment91

∆t. So, without lack of generality, we can express qi,j as:92

q′i,j = p(vi)︸︷︷︸ dv
ai

f(vi, vj)p(vj|vi) (5)

where f(vi, vj) is the rate of transfer per unit time which is expected to93

be a function of the velocity of the source pathway (vi) and the destination94

pathway (vj), and p(vj|vi) is the probability of transferring to domain j (in-95

cluding staying in domain i) when a transfer event occurs. Please note that96

the conditional probability p(vi|vj) can be different for the diffusion and dis-97

persion processes (exchange between velocity domains caused by advection)98

but at this point we assume diffusion and dispersion follow the same cor-99

relation structure for the sake of simplicity. At this stage, the only criteria100

that f(vi, vj) must satisfy in order to honor continuity and the second law of101

thermodynamic is symmetry (i.e. f(vi, vj) = f(vj, vi)). Since it is expected102

that the probability of transfer from one velocity pathway to another due to103

advective transport to depend on the distance traveled by the solute particle,104

one reasonable assumption is to consider f to be a linear function of some105

average of vi and vj:106

f(vi, vj) =
1

ε

(
〈vi, vj〉+

Dlc
l2l

)
(6)

where ε is the length scale along flow direction over which transition107

events occur henceforth referred to as sampling distance, ll is the transverse108
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length scale which is expected to be proportional to the transverse hetero-109

geneity length scale, and lc is the longitudinal correlation length scale which110

is expected to be proportional to the longitudinal hydraulic conductivity cor-111

relation length scale, and 〈〉 can be any averaging operator between vi and vj112

such as arithmetic, geometric or harmonic average. Please note that we do113

not claim that Eq. (6) is applicable for all hydraulic conductivity fields and114

its level of validity should be verified for the hydraulic conductivity field it is115

being applied to either numerically or experimentally. It is perceivable that116

in some cases the relationship between the flux between the velocity paths117

and either time or distance to be non-linear. Substituting (5) into (3), and118

using the Kolomogrov definition, we can write:119

∂ci
∂t

+ vi
∂ci
∂x

= D
∂2ci
∂x2

+
∑

f(vi, vj)p(vj|vi)cj −
(∑

f(vi, vj)p(vj|vi)
)
ci + ψ(ci)

(7)

Now, if we let the number of domains grow to infinity, we can write the120

summation terms as integrals and thus we will have:121

∂c(v;x, t)

∂t
+ v

∂c(v;x, t)

∂x
= D

∂2c(v;x, t)

∂x2
+

∫ ∞
0

f(v, v′)p(v′|v)c(v′;x, t)dv′

−
(∫ ∞

0

f(v, v′)p(v′|v)dv′
)
c(v;x, t) + ψ[c(v;x, t)]

(8)

where c(v;x, t) is the concentration of solutes moving at a velocity v122

at time t and location x along the overall flow direction. Eq. (8) can be123

considered with any boundary conditions at x = 0 and x = xmax, for example124
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a fixed temporally variable concentration boundary condition at x = 0 will125

be:126

c(v;x = 0, t) = c0(v, t); (9)

It should be pointed out that the p is eq. (7) is a discrete probability127

distribution while in eq. (8), it is a continuous probability density func-128

tion henceforth referred to as the marginal velocity distribution. The mean129

concentration at location x and time t can be found as:130

C(x, t) =

∫ ∞
0

c(v;x, t)pv(v)dv (10)

If we define the new quantity called solute distribution over velocity de-131

fined as the velocity distribution of solute particles traveling at location x at132

time t:133

cv(v;x, t) = c(v;x, t)pv(v) (11)

Equation (8) can be written as:134

∂cv(v;x, t)

∂t
+ v

∂cv(v;x, t)

∂x
= D

∂2cv(v;x, t)

∂x2
+

∫ ∞
0

f(v, v′)p(v|v′)cv(v′;x, t)dv′

−
(∫ ∞

0

f(v, v′)p(v′|v)dv′
)
cv(v;x, t) + pv(v)ψ

(
cv(v;x, t)

pv(v)

)
(12)

with the boundary condition expressed in eq. (9) transformed to:135
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cv(v;x = 0, t) = c0(v, t)pv(v) (13)

In the next section we discuss the characterization of the conditional136

probability p(v|v′) in eq. (12).137

2.1. Copula138

A Copula function is any monotonically increasing function with respect139

to all its arguments mapping from [0, 1]n → [0, 1] with the following proper-140

ties:141

Θ(u1, . . . , 0, . . . , un) = 0

Θ(1, . . . , 1, ui, 1, . . . , 1) = ui

(14)

142

We can express the correlation structure -specifically p(v, v′)- using a143

copula function:144

P (v, v′) = Θ[Pv(v), Pv(v
′)] (15)

where P is the cumulative joint distribution of v and v′ and Pv is the145

cumulative marginal distribution of velocity (i.e. Pv(v) =
∫∞
0
P (v, v′)dv′ ).146

Talking the derivative of (15) with respect to v and v′, the joint probability147

distribution of v and v′ will be obtained as:148

p(v, v′) = pv(v)pv(v
′)θ[Pv(v), Pv(v

′)] (16)
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149

where θ is the copula density function (i.e.θ(u, u′) = ∂2Θ(u, u′)/∂u∂u′).150

The copula function representing the velocity correlation, θ(u, u′), can151

be extracted by sampling velocities at pairs of points over streamlines at152

given projected distances from each other, mapping the velocities into ve-153

locity ranks according to the marginal velocity distribution and then finding154

the density of joint velocity ranks. Empirical copula, or equivalently veloc-155

ity transition matrices have been used in correlated continuous time random156

walk approaches to model large scale solute transport at the pore and Darcy157

scale for heterogeneous porous and fractured media [39, 38, 55, 36, 49]. The158

resulting spatial Markov process for particle velocities has been modeled by159

Bernoulli processes [37, 17, 36, 49, 29] as well as Ornstein-Uhlenbeck pro-160

cesses [29, 49] for the normal scores of velocity. These approaches can be161

seen as parameterizations of the actual empirical copula function. They can162

be parameterized by a single correlation parameter that can be linked to163

the correlation length of the underlying disorder, this means the correlation164

length of hydraulic conductivity [29] or the pore length [49], for example.165

Thus, they do not require running a transport simulation or an experiment166

to constrain the upscaled model, but can be parameterized in terms of the167

correlation properties of the medium. These approaches have been used for168

the modeling of large scale transport in heterogeneous porous and fractured169

media [13, 50, 44, 36]. In the following, we investigate the application of a fit-170

ted mathematical Gaussian copula function to the empirical copula obtained171

based on particle tracking.172

Figure 2a shows the hydraulic conductivity field created based on a log-173
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normal distribution with a scale factor (µ) of zero and a shape factor σ of 1174

and a correlation length scales of 1 and 0.1 respectively in x and y directions.175

The shape factor is the standard deviation of the log-transformed hydraulic176

conductivity and will henceforth be referred to as such. The field has been177

generated using Gaussian sequential simulation [23] and then mapping the178

normally distributed values to a log-normal distribution with the given pa-179

rameters. A hydraulic gradient of 1 were applied along the x axis. Symmet-180

rical (no-flux) boundary conditions were considered at the top and bottom181

boundaries of the domain and the flow field has been obtained through solving182

the Darcy equation. The velocity correlation was extracted through particle183

tracking by randomly generating particles uniformly in space and then track-184

ing them over specific distances in x direction based on the modeled velocity185

field.186

Figure 3 shows the sampled velocity ranks (u) at consecutive locations187

of trajectories at variable distances. The curves show contour lines of a188

Gaussian copula density function with the same correlation coefficient.189

The Gaussian Copula maps to a joint normal distribution if each argu-190

ment of the copula function is mapped to a Gaussian distribution [45, 20].191

Thus, the Gaussian Copula function has the form:192

ΘG(u1, u2) = ΦG[Φ−1(u1),Φ
−1(u2);R] (17)

where ΦG is the cumulative bi-variate normal distribution, and Φ is cu-193

mulative standard normal distribution with mean of zero and a standard194

deviation of one, and R is a symmetrical variance-covariance vector which195

can be expressed as:196
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R =

 1 e−
ε
lc

e−
ε
lc 1

 (18)

where lc is a correlation length scale in the flow direction. The Cop-197

ula density function for the Gaussian Copula can be found by taking the198

derivative of (17) with respect to both its arguments:199

θG(u1, u2) =
1

|R|
exp

−1

2

Φ−1(u1)

Φ−1(u2)

T (R−1 − I2×2)

Φ−1(u1)

Φ−1(u2)


 (19)

where I2 is a 2× 2 identity matrix.200

Figure 4 shows sections from the extracted joint distribution of velocity201

rank at three values of velocity rank u = 0.25, 0.5, , and 0.75 and the sections202

from the fitted Gaussian copula function with same values of initial velocity203

rank u. This comparison together with the contour maps in Figure 3 show204

that the Gaussian copula provides an excellent parametric model for the205

empirical copula function.206

2.2. Implementing copula function into the transport equation207

Note that the Copula Substituting (16) into (12) yields:208

∂cv(v;x, t)

∂t
+ v

∂cv(v;x, t)

∂x
= D

∂2cv(v;x, t)

∂x2

+

∫ ∞
0

f(v, v′)p(v)θ[Pv(v), Pv(v
′)]cv(v

′;x, t)dv′

−
(∫ ∞

0

f(v, v′)p(v′)θ[Pv(v), Pv(v
′)]dv′

)
cv(v;x, t)

+p(v)ψ

(
cv(v;x, t)

p(v)

)
(20)
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Please note that in the case of no reactions, the steady-state solution for209

eq. (20) is c∞v (v) = C0pv(v) as it is expected. Now, if we apply a change of210

variable from velocity to velocity rank as defined by the its corresponding cu-211

mulative distribution of velocity based on the marginal velocity distribution212

or:213

u = Pv(v) (21)

The distribution of velocity ranks, u, of solute particles at a given location214

x and time t can be written as:215

cu(u;x, t) =
cv(v;x, t)

pv(v)
(22)

216

eq. (20) can be simplified as:217

∂cu(u;x, t)

∂t
+ v(u)

∂cu(u;x, t)

∂x
= D

∂2cu(u;x, t)

∂x2

+

∫ 1

0

f [v(u), v(u′)]θ(u, u′)cu(u
′;x, t)du′

−
(∫ 1

0

f [v(u), v(u′)]θ(u, u′)du′
)
cu(u;x, t)

+ψ (cu(u;x, t))

(23)

In the case of a fixed concentration boundary condition at x = 0, the218

boundary condition will look like:219

cu(u;x = 0, t) = c0(u, t) (24)
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Note that cu is the same as c in eq. (8) which means it is the physical220

concentration of solute in a velocity identified by rank u. Also note that in221

eq. 23, v = v(u) is an explicit function of u. In the absence of a reaction222

term, the steady-state solution for eq. (23) is uniform (i.e. c∞u (u) = C0) as223

expected. The average concentration of the solute over a cross-section can224

be found as:225

C(x, t) =

∫ ∞
0

cv(v;x, t)dv =

∫ 1

0

cu(u;x, t)du (25)

226

The advantage of eq. (23) compared to Eq. (20) is that the dependent227

variable is the physical concentration and therefore can be used directly to228

calculate non-linear reactions. Also solving eq. (23) requires integration over229

[0, 1] domain in u rather than in [0,∞] in v, which is computationally more230

tractable.231

In case a Gaussian copula is assumed to represent the transition matrix,232

we can also define the velocity normal score as the projected rank on the233

standard normal distribution (µ = 0 and σ = 1), ω = Φ−1(u) where Φ is the234

cumulative standard normal distribution:235

cu(u;x, t) =
cω(ω;x, t)

φ(ω)
(26)

where φ is the standard normal distribution. The Gaussian copula func-236

tion can be written with respect to ω as:237

θ(u, u′;R) =
φG(ω, ω′;R)

φ(ω)φ(ω′)
(27)

15



where φG is the bivariate Gaussian distribution with a mean of zero and238

a variance-covariance matrix of R, and φ is the standard Gaussian distribu-239

tion. It can be shown that if we apply the change of variable u → ω to eq.240

(23) at the limit of sampling distance going to zero, ε → 0, it converges to241

the following Fokker-Planck equation [51] governing the evolution of concen-242

tration over velocity normal score (The derivation is provided in appendix243

A):244

∂cω(ω;x, t)

∂t
+ v(ω)

∂cω(ω;x, t)

∂x
= D

∂2cω(ω;x, t)

∂x2

+
∂

∂ω

{
κ[v(ω)]

(
∂cω(ω;x, t)

∂ω
+ ωcω(ω;x, t)

)}
+ φ(ω)ψ

(
cω(ω;x, t)

φ(ω)

) (28)

where κ(v) can be obtained based on eq. (6) as:245

κ(v) = lim
ε→0

(
ε

lc
f(v, v′)

)
=
v

lc
+
D

l2l
(29)

246

Applying the change of variable from ω to u, eq. (28) can be written with247

respect to velocity rank, u as:248

∂cu(u;x, t)

∂t
+ v(u)

∂cu(u;x, t)

∂x
= D

∂2cu(u;x, t)

∂x2

+
∂

∂u

{
φ[Φ−1(u)]2κ[v(u)]

∂cu(u;x, t)

∂u

}
+ ψ [cu(u;x, t)]

(30)

3. Study cases249

We limit the scope of this paper to advective processes and ignore the250

effect of molecular diffusion both in longitudinal (along the velocity paths)251
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and in exchange between velocity paths in the examples provided in this252

section. We plan to focus on diffusive processes in a future paper. The253

numerical algorithm to solve eq. (23) has been provided in Appendix B.254

3.1. Pure Advective Transport of a conservative tracer255

We generated multiple realizations of a hydraulic conductivity field over256

a [3 × 10] domain based on a correlation length scale of 1 in x direction257

and 0.1 in y direction. Gaussian sequential sampling method was used to258

first generate a field with standard Gaussian marginal hydraulic conductivity259

distribution and then the values in each cell were projected to a log-normal260

distribution. An exponential anisotropic variogram function was used in the261

sequential Gaussian sampling to impose the desired spatial correlations in x262

and y directions. Two sets of realizations were generated one with marginalK263

distribution with a µlnK = 0 and σ2
lnK = 1 the second set with a µlnK = 0 and264

σ2
lnK = 4. A hydraulic gradient of 1/1 was imposed by applying fixed head265

boundary conditions to the right and left boundaries and the velocity field266

was obtained through solving the Darcy equation. For the sake of brevity we267

refer to this model throughout the paper as the ”direct” model. A staggered268

finite-difference discretization [33] with a cell size of 0.025 in both x and269

y directions was used to solve the direct model both for flow and reactive270

transport. The steady-state Darcy equation (i.e. Laplace’s equation) was271

used to solve for flow. The staggered grid means that the hydraulic head272

is calculated at the center of the cells while the fluxes are calculated on the273

interfaces between the cells.274

The velocity correlation structure is obtained by placing particles ran-275

domly in space and then tracking them over a certain distance in x direc-276
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tion. Velocity ranks (u) at the starting and end point of each path were277

obtained by mapping the velocities onto the marginal Eulerian velocity dis-278

tributions over the entire domain. Figure 5 shows the marginal velocity dis-279

tributions extracted from 20 realizations fitted by a log-normal distribution.280

The (µln(v), σ
2
ln(v)) parameters of the fitted marginal velocity distributions281

were estimated as (−0.0227, 0.781) and (−0.268, 3.45) respectively for the282

cases with σ2
lnK of 1 and 4. As can be seen, the marginal velocity distribu-283

tions diverge from the lognormal distributions at small velocities while the284

behavior at large velocities is well captured.285

In the case of pure advection, and under the assumption of a Gaussian286

copula representing the correlation structure, the correlation parameter r for287

a given sampling distance ε can be estimated based on randomly generated288

particles and then tracking them over a projected distance ε via:289

r ≈ 〈ωiωi+1〉√
〈ω2

i 〉〈ω2
i+1〉
≈ 〈ωiωi+1〉 (31)

where ωi = Φ−1[Pv(vi)] is the normal score of velocity which is the pro-290

jected velocity to standard normal distribution. To estimate the correlation291

particles were randomly distributed over the domain and then each particle292

is tracked until it travels a distance ε in x direction. The x components of293

the velocity at the beginning and the end of the path are both mapped to a294

standard normal distribution according to the marginal velocity distribution295

pv(v) (figure 5). In the case molecular diffusion is to be considered the corre-296

lation time-scale, specifically l2l /D can be obtained by performing a particle297

tracking only as a result of Brownian motion with no advection but we will298

discuss that in more details in a future paper. Figure 6 shows the correlation299
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parameter r as a function of the sampling distance ε extracted from twenty300

realizations fitted by the exponential function e−ε/lc . The solid line is the301

mean value. The fact that the correlation parameters are somehow differ-302

ent for each realization indicates that, considering the hydraulic conductivity303

correlation length scales, the size of the realization are not large enough to304

guarantee ergodicity. The velocity correlation length scale for the case of305

σ2
lnK of 1 and 4 were respectively estimated as 1.41 and 1.01 respectively.306

Equation (23) was solved to obtain the breakthrough curves for the upscaled307

model based on the parameters values extracted from two-dimensional simu-308

lations. We considered a 400( in x)× 40( in ) grid for solving eq. (23) which309

result in roughly nine times shorted CPU time than simulating one realiza-310

tion of the 2D model. When solving eq. (23), the discretization in u can be311

smaller than 40. This would result in a less accurate solution which could312

still be acceptable in many practical applications.313

Figure 7 shows the breakthrough curves obtained at x = 1, 2, 4 and 8 from314

the injection point x = 0 as a result of a Dirac-delta injection versus the re-315

sults from solving eq. (23) based on a Gaussian copula with the estimated316

velocity correlation length scale (lc), and the fitted log-normal marginal veloc-317

ity distribution (dashed line). The marginal velocity distribution considered318

for solving eq. (23) was approximated by the fitted log-normal distribution319

shown in fig. 5. The parameters of the log-normal distribution fitted to the320

velocities sampled from simulations are obtained directly by calculating the321

mean and standard deviation of velocities uniformly sampled over 20 realiza-322

tions of hydraulic conductivity fields. The copula based model uses sampling323

distance of ε = 0.1. The gray curves show the breakthrough curves as a result324
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of each realization and the solid line is the average concentrations of the 20325

realizations. The early arrival times are expected to be affected by numerical326

dispersion and that may be the cause of the discrepancies at earlier times in327

the log-log plots for in x = 1 and x = 2 curves. The breakthrough curves as328

a result of each realization is rather erratic due to the non-ergodicity of each329

realization but it is expected that they approach the ergodic solution when330

when the number of samples is increased. The differences in the peak values331

of the mean concentrations from the realizations and the ones obtained from332

solving the integro-differential equation (23) can be attributed to the fact333

that the fitted log-normal marginal velocity distributions do not perfectly334

capture the peak of the velocity distributions obtained from the realizations335

and also the fact that complete ergodicity is not attained with 20 realizations.336

Figure 8 shows the same results but this time for the case with σ2
lnK of337

4. As it can be seen, there is a mismatch between the early arrivals times338

of the average of realizations and the predictions of Copula-based model339

again, which can be due to the higher numerical dispersion occurring more340

significantly at the higher velocities in this case due the poorer match between341

the fitted log-normal marginal velocity distribution and the ones from the342

realizations of the direct model at higher velocities (figure 5b). The over-343

estimation of the peaks can also be explained by the over-estimation of the344

peak of marginal velocity distribution with log-normal distribution (figure345

5b).346

3.2. Pure advective transport with non-linear reactions347

To show the fidelity of the model for the case with non-linear reactions,348

the same simulations as the case with conservative tracers were performed,349
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this time considering a solute undergoing a second-order reaction Dc/Dt =350

φ(c) = −kdC2. A non-linear reaction is expected to result in a non-trivial351

steady-state concentration distribution. In figure 9 the top panel shows the352

steady-state concentration of a solute undergoing a second-order decay with353

a decay rate kd = 0.5 as a result of a Heaviside step function release at the354

left boundary condition for one of the realizations, and the bottom panel355

shows the steady state solution for concentration over velocity rank u under356

the same condition.357

Figure 10 shows the comparison between the steady-state concentration358

profiles obtained from the direct two-dimensional model and through solving359

the upscaled equation (23) for the same reactive solute for the cases based360

on marginal hydraulic conductivity fields with σ2
lnK of respectively 1 and 4.361

The grey curves are the profiles from realizations and the solid line is the362

average value over the realizations.363

Figure 11 shows the comparison between breakthrough curves obtained364

from random realizations of the direct model for the same solute as a result of365

a Dirac-Delta release at the boundary. The grey curves represents the break-366

through curves obtained from each realization, and the solid line shows the367

mean of values from all realizations. The dashed curve is the breakthrough368

curve resulted from solving the governing equation for concentration distribu-369

tion over velocity rank u (eq. (23)) based on the lc obtained from the velocity370

field. Similar to the case of a conservative tracer, the size of each realization371

is not adequate to achieve ergodicity and thus the breakthrough curves from372

each realization is rather erratic. However, the mean value approaches the373

one obtained by solving the governing equation for concentration distribution374
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over velocity rank.375

Figure 12 shows the same results for the case with σ2
lnK = 1. Again some376

discrepancy is observed in the early arrival time between the mean results of377

direct models and the model based on Gaussian Copula correlation structure378

which is mainly due to the effect of a single realization with much smaller379

arrival time compared to the other cases.380

4. Conclusions381

In this paper, an integro-differential equation is proposed for predicting382

reactive transport of solutes in heterogeneous media based on the spatio-383

statistical properties of the velocity field. The proposed model can predict384

the evolution of the distribution of concentration over velocity ranks based on385

the marginal velocity distribution, and the velocity correlation represented386

through a Copula function. The Copula function is parameterized from parti-387

cle tracking on the detailed representation of the heterogeneous media. Here388

further research is needed towards the parameterization of the copula model389

in terms of transport-independent quantities. It is shown that the model can390

be formulated in terms of a Fokker-Planck equation. Model predictions of391

breakthrough curves for conservative and non-linearly reacting solutes were392

compared to the breakthrough curves obtained from direct numerical simu-393

lations. Molecular diffusion was ignored in these demonstration cases. The394

demonstration cases were based on an assumption of a Gaussian copula rep-395

resenting the velocity correlation structure and the marginal velocity dis-396

tribution following a log-normal distribution. Realizations of the hydraulic397

conductivity field were generated using Gaussian sequential sampling based398
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on a lognormally distributed hydraulic conductivity. The mean breakthrough399

curves over a number of realizations and the prediction of the proposed model400

match reasonably well considering the errors in fitting marginal velocity dis-401

tributions with a log-normal distribution and the approximation of the ve-402

locity correlation with a Gaussian copula. The proposed approach provides403

a way to explicitly incorportate velocity correlation and distribution in pre-404

dicting reactive transport via a spatial continuum model, which makes the405

method more practically usable particularly when multi-component reactive406

transport with non-linear reactions are intended to be modeled or when there407

are temporal variations in boundary conditions which may may result in a408

large computational burden computational burden.409

The proposed model is based on the assumption that at any given cross-410

section, the non-linear reaction rate of of solutes traveling with the same411

velocity is representative of the effective reaction rate. This is an approx-412

imation that entails some error as in reality the concentration of a solutes413

traveling with the same velocity not necessarily uniform. The level of valid-414

ity of such approximation under various conditions and reactions needs to be415

further investigated.416

It should be noted that in this study, we extracted the aggregate spatio-417

statistical properties of the velocity field specifically the correlation length-418

scale by performing particle-tracking. The proposed model allows using non-419

parametric copulas and marginal velocity distributions for the upscaling pur-420

pose but it this study we fitted the copula copula function by a Gaussian421

copula and the marginal velocity distribution via log-normal distributions.422

Even though using non-parametric copulas and marginal velocity distribu-423
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tions probably will result in a more accurate predictions of the breakthrough424

curve as it avoids the fitting error, using fitted mathematical expressions425

has smaller computational cost and the smaller number of model parame-426

ters makes the problem much easier when for example tracers test results427

are used for parameter estimation using inverse modeling techniques. Also,428

it should be possible to determine rules that can provide approximations429

of such aggregate statistics directly from the spatio-statistical properties of430

the hydraulic conductivity fields by conducting numerical experiments. It is431

also worth pointing out that a Gaussian copula is not necessarily represen-432

tative of velocity correlations in all subsurface systems. Further studies are433

needed to determine the best Copula functions representing velocity correla-434

tion structures in systems composed of multi-modal hydraulic conductivity435

distributions, fractured rock systems, or real geological deposits that cannot436

necessarily be represented by multi-Gaussian media.437
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Appendix A: Derivation of the transport equation with Gaussian441

Copula for the case of infinitesimally small sampling distance ε442

Applying the change of variable from u to ω, we can write eq. (23) for443

the concentration distribution over ω as:444
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∂cω(ω;x, t)

∂t
+ v(u)

∂cω(ω;x, t)

∂x
= D

∂2cω(ω;x, t)

∂x2

+

∫ ∞
−∞

f [v(ω), v(ω′)]
φG(ω, ω′)

φ(ω′)
cω(ω′;x, t)dω′

−
(∫ ∞
−∞

f [v(ω), v(ω′)]
φG(ω, ω′)

φ(ω)
dω′
)
cω(ω;x, t)

+φ(ω)ψ

(
cω(ω;x, t)

φ(ω)

)
(A.1)

using Kolomogtov definition of conditional probability, we can simplify445

eq. (A.1) as:446

∂cω(ω;x, t)

∂t
+ v(u)

∂cω(ω;x, t)

∂x
= D

∂2cω(ω;x, t)

∂x2

+
1√

1− r2

∫ ∞
−∞

f [v(ω), v(ω′)]φ

(
ω − rω′√

1− r2

)
cω(ω′;x, t)dω′

−
(

1√
1− r2

∫ ∞
−∞

f [v(ω), v(ω′)]φ

(
ω′ − rω√

1− r2

)
dω′
)
cω(ω;x, t)

+φ(ω)ψ

(
cω(ω;x, t)

φ(ω)

)
(A.2)

where r = e−ε/lc . If for the sake of simplicity, we define the new variable

c̃ω(ω) =
cω(ω;x, t)

φ(ω)
(A.3)

Eq. (A.1) can be written as:447

∂cω(ω;x, t)

∂t
+ v(u)

∂cω(ω;x, t)

∂x
= D

∂2cω(ω;x, t)

∂x2

+
1√

1− e2ε/lc

∫ ∞
−∞

f(ω, ω′)φ(ω′)φ

(
ω − e−ε/lcω′√

1− e−ε/lc

)
[c̃ω(ω′)− c̃ω(ω)]dω′︸ ︷︷ ︸

A

+φ(ω)ψ

(
c̃ω(ω;x, t)

φ(ω)

)
(A.4)
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Our goal is to simplify the second term (integral term) on the right hand448

side when ε→ 0449

If we apply the following change of variable:450

Υ =
ω − e−ε/lcω′√

1− e2ε/lc
(A.5)

The integral term in eq. (A.4) identified by A can be written as:451

A = −eε/lc
∫ ∞
−∞

φ(Υ)A1(Υ)A2(Υ)A3(Υ)dΥ (A.6)

where A1, A2, and A3 are defined as:452

A1(Υ) = f(ω, ωeε/lc −Υ
√
e2ε/lc − 1) (A.7)

A2(Υ) = φ(ωeε/lc −Υ
√
e2ε/lc − 1) (A.8)

A3(Υ) = c̃ω(ωeε/lc −Υ
√
e2ε/lc − 1)− c̃ω(ω) (A.9)

If we apply the Taylor series expansion around Υ, the terms A1, A2, and453

A3 can be written as:454

A1(Υ) ≈ f(ω, ωeε/lc)−Υ
√
e2ε/lc − 1∂2f(ω, ωeε/lc) + . . . (A.10)
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A2(Υ) ≈ φ(ωeε/lc)−Υ
√
e2ε/lc − 1φ′(ωeε/lc) + . . . (A.11)

A3(υ) ≈ ωε

lc

∂c̃ω(ω)

∂ω
−Υ

√
e2ε/lc − 1

∂c̃ω(ω)

∂ω
+

Υ2

2
(e2ε/lc−1)

∂2c̃ω(ω)

∂ω2
(A.12)

Please note that when we integrate the three terms multiplied by the455

standard Gaussian distribution φ(Υ) over [−∞,∞], only the terms contain-456

ing even exponents of Υ remain. So (A.9) will be simplified as:457

A =
ε

lc
ωf(ω, ωeε/lc)φ(ωeε/lc)

∂c̃ω(ω)

∂ω

∫ ∞
−∞

φ(Υ)dΥ︸ ︷︷ ︸
=1

+f(ω, ωeε/lc)(e2ε/lc − 1)φ(ωeε/lc)
∂2c̃ω(ω)

∂ω2

∫ ∞
−∞

Υ2

2
φ(Υ)dΥ︸ ︷︷ ︸

=1/2

+f(ω, ωeε/lc)(e2ε/lc − 1)φ′(ωeε/lc)
∂c̃ω(ω)

∂ω

∫ ∞
−∞

Υ2φ(Υ)dΥ︸ ︷︷ ︸
=1

+(e2ε/lc − 1)∂2f(ω, ωeε/lc)
∂c̃ω(ω)

∂ω

∫ ∞
−∞

Υ2φ(Υ)dΥ︸ ︷︷ ︸
=1

(A.13)

Note that as ε/lc → 0, eε/lc ≈ 1, and e2ε/lc − 1 ≈ 2ε/lc. So eq. (A.13) can458

be simplified as:459

A =
ε

lc

{
f(ω, ω)

[
ωφ(ω)

∂c̃ω(ω)

∂ω
+ φ(ω)

∂2c̃ω(ω)

∂ω2
+ 2φ′(ω)

∂c̃ω(ω)

∂ω

]
+ 2∂2f(ω, ω)

∂c̃ω(ω)

∂ω

}
(A.14)
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Which considering the fact that φ′(ω) = −ωφ(ω) can be simplified as:460

A =
ε

lc

{
f(ω, ω)

[
φ(ω)

∂2c̃ω(ω)

∂ω2
+ φ′(ω)

∂c̃ω(ω)

∂ω

]
+ 2∂2f(ω, ω)

∂c̃ω(ω)

∂ω

}
(A.15)

Now if we define κ(ω) as:461

κ(ω) = lim
ε→0

ε

lc
f(ω, ω) (A.15)

and thus due to the symmetry of f(ω, ω′) with respect to its arguments:462

∂κ(ω)

∂ω
= 2∂2f(ω, ω) (A.16)

the exchange term A can be simplified as:463

A =
∂

∂ω

[
κ(ω)φ(ω)

∂c̃ω(ω)

∂ω

]
(A.17)

substituting cω back based on eq. (A.3), and expanding the internal464

derivative terms and using the fact that φ′(ω) = −ωφ(ω) we will get:465

A =
∂

∂ω

[
κ(ω)

(
ωcω(ω;x, t) +

∂cω(ω;x, t)

∂ω

)]
(A.18)

Incorporating A back into eq. (A.4) we will get eq. (28).466
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Appendix B: Numerical scheme for solving the equation governing467

evolution of concentration distribution over velocity rank u:468

Eq. (23) can be solved using finite-difference approximation by discretiz-469

ing the u, t, and x coordinates into nodes:470

cu(ui, xj; tk) ≡ cki,j

v(ui) ≡ vi

θ(ui, ui′) ≡ θi,i′

f [v(ui), v(u′i)] ≡ fi,i′

(B.1)

Using Euler’s backward approximation for the advection, the discretized471

form of eq. (23) can be written as:472

ck+1
i,j − cki,j

∆t
+ vi

c
k+1/2
i,j − ck+1/2

i,j−1

∆x
=

D
c
k+1/2
i,j+1 − 2c

k+1/2
i,j + c

k+1/2
i,j−1

∆x2

+
nu∑
i′=1

fi,i′θi,i′ [c
k+1/2
i′,j − ck+1/2

i,j ]∆u+ ψ(c
k+1/2
i,j )

(B.2)

where c
k+1/2
i,j is a time-averaged value between time step k and k+1 which473

can be approximated linearly as:474

c
k+1/2
i,j ≈ (1− w)cki,j + wck+1

i,j (B.3)

where w is the time-weighting parameter. Setting w = 0 results in an475

explicit scheme, while a w = 1 results in a fully implicit scheme, and a476

w = 0.5 results in the Crank-Nicholson time weighting scheme.477
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Substituting eq. (B.3) into eq. (B.2), we can then solve the resulting478

system of equations using Newton-Raphson method for a general non-linear479

reaction. In the demonstrations shown in this paper, we treated the reaction480

term explicitly and the rest of the terms in a fully implicit way. Since all481

terms with the exception of the reaction term are linear with respect to c, by482

treating the reaction term explicitly, the system matrix that will be resulted483

is only required to be calculated once:484

(
1

∆t
+
wvi
∆x

+
wD

∆x2
+ w∆u

nu∑
i′=1

fi,i′θi,i′

)
ck+1
i,j

−
(
wvi
∆x

+
wD

∆x2

)
ck+1
i,j−1 −

(
wD

∆x2

)
ck+1
i,j+1

−w∆u
nu∑
i′=1

fi,i′θi,i′c
k+1
i′,j = rhski,j

(B.4)

where the right hand side rhski,j is:485

rhski,j =[
1

∆t
− (1− w)vi

∆x
− (1− w)D

∆x2
− (1− w)∆u

nu∑
i′=1

fi,i′θi,i′

]
cki,j

+

[
(1− w)vi

∆x
+

(1− w)D

∆x2

]
cki,j−1 +

(1− w)D

∆x2
cki,j+1

+(1− w)∆u
nu∑
i′=1

fi,i′θi,i′c
k
i′,j + ψ(cki,j)

(B.5)

which is written in matrix form after imposing the boundary conditions486

and is solve sequentially.487
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a)

b)

Figure 2: a) Hydraulic conductivity field created using Gaussian sequential sampling with

correlation length scales of 1 in x direction and 0.1 in y direction based on a log-normally

distributed hydraulic conductivity with µ = 0 and σ = 1 b) the resulting hydraulic head

41



a) b)

c) d)

Figure 3: Sampled velocity ranks over a trajectory at projected distances a) ∆x = 0.02, a)

∆x = 0.04, a) ∆x = 0.08, a) ∆x = 0.16. The contour maps represent the fitted Gaussian

copula density functions
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a) b)

c) d)

Figure 4: Sections from the empirical densities of velocity ranks and the fitted copula

functions at projected distances a) ∆x = 0.02, a) ∆x = 0.04, a) ∆x = 0.08, a) ∆x = 0.16

fitted by Gaussian copula functions at u1 = 0.25, 0.5, and 0.75.
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a) b)

Figure 5: Marginal velocity distributions extracted from 20 realizations of hydraulic con-

ductivity fields with a σ2
lnK of a) 1 and b) 4. The solid line is the average marginal velocity

distribution of the ten realizations and the dashed line is the fitted log-normal distribution.

a) b)

Figure 6: Estimated correlation parameter r of the copula function as a function of the

sampling distance ε. The grey symbols represent the values estimated based on each

realization. The solid line is the average of the ten realizations and the dashed line is the

fitted exponential function.
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a) b)

c) d)

Figure 7: Breakthrough curves for a conservative tracer based on 20 realizations of hy-

draulic conductivity field with σ2
lnK = 1 and correlation length scales of 1 and 0.1 respec-

tively in x and y directions (gray curves), and the mean value (solid black curve) and the

corresponding breakthrough curve obtained based on solving the upscaled model (dashed

line) at a) x=1 b) x=2 c) x=4 and d) x=8 unit lengths from the injection point
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a) b)

c) d)

Figure 8: Breakthrough curves for a conservative tracer based on 20 realizations of hy-

draulic conductivity field with σ2
lnK = 4 and correlation length scales of 1 and 0.1 respec-

tively in x and y directions (gray curves), and the mean value (solid black curve) and the

corresponding breakthrough curve obtained based on solving the upscaled model (dashed

line) at a) x=1 b) x=2 c) x=4 and d) x=8 unit lengths from the injection point.
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Figure 9: top: steady-state concentration in a random realization of hydraulic conductivity

field generated based on a σ2
lnK = 4 for a solute undergoing a non-linear reaction according

to Dc/Dt = −kdc2 where kd = 0.5 and Heaviside step function boundary condition c(x =

0, y, t) = H(t), and bottom: the equivalent system (mapped onto velocity rank u) obtained

through solving on eq. (23).
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a)

b)

Figure 10: top: steady-state concentration profiles obtained from the direct model and

from the upscaled model (eq. (23)) for hydraulic conductivity field generated based on

σ2
lnK = 1 (a) and σ2

lnK = 4 (b) for a solute undergoing a non-linear reaction according

to Dc/Dt = −kdc2 with kd = 0.5 and Heaviside step function boundary condition c(x =

0, y, t) = H(t)

48



a) b)

c) d)

Figure 11: Breakthrough curves for a tracer undergoing a second order decay with a decay

rate constant of kd = 0.5 based on 20 realizations of hydraulic conductivity field with

σ2
lnK = 4 and correlation length scales of 1 and 0.1 respectively in x and y directions (gray

curves), and the mean value (solid black curve) and the corresponding breakthrough curve

obtained based on solving the upscaled model (dashed line) at a) x=1 b) x=2 c) x=4 and

d) x=8 unit lengths from the injection point.
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a) b)

c) d)

Figure 12: Breakthrough curves for a tracer undergoing a second order decay with a decay

rate constant of kd = 0.5 based on 20 realizations of hydraulic conductivity field with

σ2
lnK = 1 and correlation length scales of 1 and 0.1 respectively in x and y directions (gray

curves), and the mean value (solid black curve) and the corresponding breakthrough curve

obtained based on solving the upscaled model (dashed line) at a) x=1 b) x=2 c) x=4 and

d) x=8 unit lengths from the injection point.
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