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The bridge function B(r) is extracted from pair-correlation data obtained by means of 
extensive molecular-dynamics simulations for two model potentials for liquid metals describing 
respectively aluminum and cesium. Insertion of the computed bridge functions in the 
reference hypernetted chain equation yields a pair-correlation function which exactly matches 
molecular-dynamics results. A comparison between these "experimental" bridge functions 
and the hard-sphere bridge function shows clear differences in the medium- and long-range 
behavior for the Al model potential and even more marked discrepancies for the softer 
Cs model potential. 

I. INTRODUCTION 

Integral equations have proven to be an invaluable tool 
for the description of the microscopic structure of simple 
liquid metals l- S and binary alloys6 in the nearly-free
electron (NFE) approximation. In particular, the most 
successful approach is the so-called optimized reference 
hypernetted chain7 (RHNC) as it has been shown in Refs. 
2 and 4. This approximation is also known as a variational 
modified hypernetted chain. Nevertheless, there are some 
particular liquid-metal systems for which the success of 
these theories is less spectacular. This is the case of the 
potential model proposed by Rasolt and TaylorS,9 when 
applied to aluminum. 1O It has been argued that the partic
ular shape of the potential (which exhibits two repulsive 
ranges) is responsible for the shortcomings of integral 
equation approximations such as Foiles, Ashcroft, and Re
atto, "crossover" integral equation, and the relative success 
of the RHNC with the Verlet-Weis (VW) bridge function 
is considered fortuitous. IO But again, when solving the 
RHNC approximation at low temperatures for a model 
potential for expanded liquid cesium due to Hasegawa et 
ai., II the results obtained are also somewhat disappoint
ing. 12 

It is clear that the appropriateness of the hard-sphere 
bridge function is to be questioned in both cases. The aim 
of this paper is to provide a deeper insight on the behavior 
of the bridge function in liquid metals modeled in the NFE 
approximation. To accomplish this we have performed 
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painstaking molecular-dynamics simulations from which 
we obtained accurate pair distribution functions. Follow
ing Galam and Hansen,13 we have extended the range in r 
of the simulated pair distribution function and computed 
the direct correlation function. Finally, we have extracted 
the bridge function B(r). (See Poll, Ashcroft, and DeW
itt l4 for a similar procedure applied to one-component 
plasmas.) We have thus obtained what can be considered 
the first "simulated" results for bridge functions in this 
type of systems. 

In Sec. II we give a brief description of the models 
considered. Section III is devoted to an outline of the the
ory and finally in Sec. IV we discuss the most significant 
results. An illustrative comparison with hard-sphere bridge 
functions is presented in this latter section. 

II. POTENTIAL MODELS 

As mentioned before, we treat the liquid-metal system 
in the NFE approximation. However, the potential models 
used for liquid Al and liquids Cs differ considerably. For 
AI, we have used the Rasolt-TaylorS model (RT) which is 
an interionic potential derived from first principles. Since 
the mathematical formulation of this potential is rather 
cumbersome, we have included a somewhat detailed de
scription in the Appendix. The interaction potential can be 
evaluated using Eq. (1) below and Eqs. (A1)-(A13) in 
the Appendix. An analysis in depth can be found in the 
original works by Rasolt and TaylorS and Dagens, Rasolt, 
and Taylor.9 

For liquid Cs, on the other hand, we have used the 
semiempirical potential proposed by Hasegawa et al. II 

(HHWY). In this case the effective ion-ion potential is 
given by 
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(Ze)2 1 f A 

u(r) =-r-- (21T)3 vc(q)F(q)exp( -iqr)dq, 

(1) 

where Z is the valence, e the electron charge, and v.,(q) is 
the Fourier transform of Coulomb potential given by 

(2) 

with the energy-wave-number characteristic function F(q) 
given by 

[ 
1 11 v(q) 12 

F(q) = 1-€(q) iic(q) . (3) 

Here v(q) is the Fourier transform of the electron-ion 
pseudopotential. When using the HHWY model we have 

v(r)= { 
0 

- (Z/r) [1 +a exp( -br)] 

whose analytic Fourier transform is 

for r<R, 

for r>R, 

41TZe [ ai 
v(q) = -7 cos qR 1 +([+i? exp( -bR) 

X ( 1 +~ tan qR ) 1. 

(4) 

(5) 

We note in passing that there is a misprint in the corre
sponding expression in Refs. 1-3 and in Refs. 11 and 12 in 
which a factor b/q is missing. Now, the dielectric screening 
function is given by 

E(q)=1+1-(41TZe2//I)G(q)TIo(q) , (6) 

where TIo is the Linhard function (often denoted by 
Xo= - TIo) given by Eq. (A4) in the Appendix and G(q) is 
the local-field correction, which in this case is computed 
using the Ichimaru-Utsumi fitting formula. 15 As in Ref. 1 
the potential parameters are a = 22.0, b = 1.2, and R = 3.25 
in atomic units. In Fig. 1 we have plotted /3u(r) for both 
Al and Cs. As noted in previous work the R T potential for 
Al exhibits a rather peculiar behavior at short range. The 
forces derived from these potentials can be accurately eval
uated using Eq. (A14) in the Appendix. 

We have performed molecular-dynamics (MD) simu
lations for Al and Cs using 1372 particles starting from fcc 
lattice initial configurations. In both cases 5000 time steps 
were required for equilibration with a time step of 
2X 10- 15 s. With this, the aluminum system equilibrates at 
1060 K and Cs at 323 K. Random displacements from the 
initial configuration were required to melt the Cs lattice. 
The density of the aluminum sample was set to 0.0527 
A -3 and for the Cs sample we had 0.008 282 A -3. Aver
ages were performed along a 15 000 step run after equili
bration in both cases. Throughout this paper we have used 
as unit length the size of the unit cell in solid AI, a = 4.234 
A, and for Cs we have simply used a = 10 A. Although the 
sample size allows the use of large cutoff radii for the po
tential we have taken special care in setting these to values 
of r in which the potential vanishes due to the long-range 
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FIG. 1. Effective ion-ion potentials for aluminum and cesium. 

oscillations. This makes the MD run more stable since it 
removes discontinuities and ensures energy conservation. 
Our results are consistent with those of previous works by 
Jacucci, Klein, and Taylor. 16,17 

III. EXTENSION OF SIMULATION DATA: EXTRACTION 
OF 8(R) 

The inversion of the Orstein-Zemike (OZ) relation is 
a step needed for the calculation of B(r) from our pair 
distribution function data. This, however, requires the 
knowledge of g(r) well outside the bounds of the MD 
results which are limited to half the simulation cell. In 
order to extend this result we have followed the procedure 
devised by Galam and Hansen. \3 This reduces to solving 
the OZ relation 

y(rI2) =p f c(r\3) [c(r32) +y(r32) ] dr3' 

coupled with the closure 

_ {gMD(r) -l-y(r) 
c(r) - -/3u(r) if r>Rc> 

(7) 

(8) 

with y(r) =g(r) -l-c(r) as usual and gMD(r) denotes 
the simulated pair distribution function. The cutoff Rc is 
actually taken to be the largest value for which simulated 
values are available which satisfies gMD(Rc) - I = O. This 
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diminishes the effect of the discontinuity in the closure (8). 
Although the statistics of our MD results are remarkable, 
we have smoothed the data using weighted least-squares 
cubic splines. Now the procedure of solving these integral 
equations is straightforward and we have applied the 
method devised by one of us in a previous work on simple 
fluids. IS Now one can simply extract the bridge function 
from g(r) and r(r) using the relation 

B(r) =r(r) -In g(r) -(3u(r). (9) 

Unfortunately, for small values of r statistical uncertainty 
in g(r) increases, and it is no longer possible to use this 
type of approach. We will thus lack reliable values of B(r) 
for very short ranges. Nevertheless, we will see that this 
region is not very significant as far as integral equations are 
concerned. In this instance, the knowledge of B(r) in the 
vicinity of first and second coordination shells is essential, 
and the behavior when r--+O lacks relevance. 

For completeness we have also solved the RHNC 
equation using a hard-sphere bridge function computed 
from the Verlet-Weis parametrization of the hard-sphere 
distribution function 19 and the Henderson-Grundke2o pa
rametrization of y(r). The closure relation in this case 
reads as 

c(r) =exp[ -(3u(r) +r(r) -BHS(r;d)] -l-r(r), (10) 

and the hard-sphere diameter d is chosen so that the opti
mization criterion proposed by Lado, Foiles, and Ash
croft21 is fulfilled, i.e., 

("" aBHs(r;d) 2 
41T J 0 [g(r) - gHs(r;d)] ad r dr=O. (11) 

We have also unsuccessfully attempted to use a semi
empirical formula for the hard-sphere bridge function pro
posed recently by Labik and Malijevsky.22 Although this 
formula has proven quite useful in the context of Lennard
Jones fluids,18 in this particular case Eq. (11) was never 
satisfied. 

IV. RESULTS 

In order to assess the cutoff radius dependence in the 
MD data extension procedure we have used three different 
cutoff values Rc for the Al potential, Rc = 3.3,3.0, 1.9 (in a 
units for AI). Three bridge functions were then generated 
and plotted in Fig. 2 in conjunction with the Verlet-Weis 
hard-sphere bridge function whose diameter d fulfills Eq. 
(11) (denoted by VW in the figure). We see that the dif
ference between Rc = 3.3 and Rc = 3.0 is small and at short 
ranges (first two peaks) the three "experimental" B(r) are 
remarkably close to one another. The hard-sphere bridge 
function has the correct qualitative behavior at short 
range, and it actually reproduces the position of maxima 
and minima. It is important to notice that the first negative 
minimum present in the metallic and hard-sphere bridge 
functions is not reproduced by Percus-Yevick (PY) type 
approximations 10 or by the empirical formula of Labik and 
Malijevsky22 [which not surprisingly then fails to comply 
with Eq. (11) for any d]. This minimum in B(r) corre-
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FIG. 2. Bridge functions for liquid AI (extracted from MD data) with 
various cutoff radii and the VW bridge function for hard spheres with 
optimized diameter. 

sponds to the first coordination shell as we shall see below. 
The first maximum in the metallic bridge function is only 
roughly approximated by its hard-sphere counterpart. 

In Fig. 3 we have plotted the extracted bridge function 
for Cs, this time using only the largest cutoff. Since the Cs 
potential, as one can see in Fig. 1, is structurally simpler 
than the Al potential this is applied to the bridge function. 
There is, however, something striking in Fig. 3. There is a 
marked maximum at short distances (which does not cor
respond to the first coordination shell, which once more is 
located in the vicinity of the negative minimum). This is in 
vivid contrast with the hard-sphere and Al bridge func
tions. In this figure we have plotted as the dashed line the 
part of the curve which is affected by a large numerical 
uncertainty, but which is still essential when this bridge 
function is used to recover the g(r) through the OZ rela
tion in order to get full agreement with MD data. The 
aforementioned particular behavior in the bridge function 
stems very likely from the softness of the Cs potential (AI 
potential has a stronger divergence when approaching r 
=0). We may conjecture that for sufficiently short dis-
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FIG. 3. Bridge function for liquid Cs extracted from MD data. See the 
text for the meaning of the dashed portion of the curve. 
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behavior in the upper and lower figures, respectively) from theory and 
MD simulation. Plotted with lines are RHNC results with the bridge 
function extracted from MD results (with two different cutoff radii) and 
RHNC with optimized hard-sphere bridge function. 

tances [i.e., u(r) repulsive enough] the Cs B(r) will be
come monotonically decreasing with r, as is usual for 
bridge functions; however, we lack the appropriate tools to 
prove this assumption. An alternative could be the use of 
the simulation procedure proposed by Torrie and Patey,23 
which, although extremely tedious, can in principle yield 
the background function y(r) for arbitrary interparticle 
potentials. This would certainly enable the determination 
of B(r) for arbitrary values of r. 

Now, we can proceed to apply a consistency test to our 
results. A sensible choice in this respect is solving the OZ 
equation [Eq. (7)] with the closure 

c(r) =exp[ -/3u(r) +y(r) -B(r)] -l-y(r). (12) 

This coupled set of equations is exact and, if B(r) has been 
accurately calculated, should yield a pair distribution func
tion in full agreement with MD data. Results of this cal
culation for Al can be found in Fig. 4 denoted by RHNC
MD, together with RHNC results with hard-sphere 
reference bridge function (RHNC-VW) and simulated 
g(r). First, one notices that the use of the simulated bridge 
functions renders a g(r) in perfect agreement with MD. 
RHNC-VW results, although excellent, show slight devi
ations in the first maximum and in long-range oscillations 
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FIG, 5, Pair distribution functions for liquid Cs (short- and long-range 
behavior in the upper and lower figures, respectively) from theory and 
MD simulation, Plotted with lines are RHNC results with the bridge 
function extracted from MD results and RHNC with optimized hard
sphere bridge function, 

which decay more rapidly than those of the MD g(r). 
Besides, we see that the cutoff dependence of the RHNC
MD g(r) is almost negligible. Only small deviations are 
observable for large r. This actually implies that only the 
short-range structure of the B(r) (first two maxima in Fig. 
2) is relevant to determine the behavior of g(r). It is not 
surprising then that the "crossover" approximation, \0 

which simply corrects the long-range behavior of B(r) 
with its correct asymptotic limit, does not represent any 
improvement with respect to the RHNC-VW approxima
tion. 

In Fig. 5 the corresponding results for liquid Cs are 
plotted. In this case again the use of simulated B(r) leads 
to perfect agreement with MD. Here also the RHNC-VW 
approximation gives good results. This is in contrast with 
previous works3 in which a hard-sphere PY bridge func
tion was used. Results in Ref. 3 show a considerable dis
crepancy in the amplitude of the first peak of g(r), which 
on the contrary is accurately predicted when the Verlet
Weis-Henderson-Grundke hard-sphere bridge function is 
used. The RHNC-VW g(r), however, exhibits a spurious 
shoulder in the second coordination shell and, contrary to 
what happened in the aluminum case, now long-range os
cillations in g(r) are more persistent in the theoretical than 
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FIG. 6. Hard-sphere bridge functions optimized for liquid Cs and liquid 
AI. 

in the simulated results. One can gain some insight by 
comparing the hard-sphere bridge functions corresponding 
to Al and Cs which are depicted in Fig. 6. We see that the 
first minimum is deeper for the Cs (it actually corresponds 
to a much higher hard-sphere reduced density, pd3 

= 0.97 for Cs vs pd3 = 0.86 for AI) but the qualitative be
havior of both functions remains essentially unchanged. 
Nevertheless, the height of the first positive maximum 
stays fixed for both and its position actually coincides with 
the spurious shoulder in the Cs g(r). We infer that this 
latter discrepancy is an artifact of the Verlet-Weis
Henderson-Grundke bridge function ( and in fact this 
shoulder is not present in the RHNC-PY results of 
Hoshino et al.3

). However, the large difference between 
hard-sphere B(r) and the simulated one due to the pres
ence in this of a large maximum at low values r does not 
seem to have any serious repercussions perhaps due to the 
fact that for such low r values its effect is masked by large 
values of the interionic potential in Eq. (12). 

In summary, use of bridge functions extracted from 
MD data, even when the latter are only available for a 
reduced range of r values, yields pair distribution functions 
in excellent agreement with g(r) from molecular-dynamics 
calculations. At least for not too long-ranged interactions 
(which is the case of effective interionic potentials in liquid 
metals) only the short-range behavior of B(r) (first and 
second coordination shells) is relevant for an accurate de
scription of the microscopic fluid structure by means of the 
OZ equation and the general closure (12). Hard-sphere 
bridge functions when calculated by means of the Verlet
Weis-Henderson-Grundke parametrization agree qualita
tively with the bridge function for Al [and only to a lesser 
extent with the Cs B(r), probably because of the softness 
of the potential]. We have thus presented results that, we 
think, can offer insight and serve as a guide in the devel
opment of new approximations to B(r) for simple metals. 
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APPENDIX: RASOLT-TAYLOR INTERIONIC 
POTENTIAL 

As we have seen, the effective ion-ion interaction can 
be described by Eq. (1). According to Rasolt and Taylor,8 
the energy-wave-number characteristic function F(q) is 
given by 

Jf(q) ( X(q) )] 
41Te2IIo(q) l- IIo(q) 

(Al) 

with ao being the Bohr's radius. The exchange and corre
lation effects are contained in X(q), which has the form8 

x(q) 
II(q) 

(A2) 

where II (q) is the electron-gas screening function, related 
to the dielectric function by 

41Te2 

E(q)=l+qr II(q), (A3) 

and IIo is the Linhard function, which can be expressed as 

(A4) 

Here m is the electron mass and kF the Fermi wave num
ber. 

An appropriate II (q) has to be chosen to take into 
account the above-mentioned effects in the metal. Accord
ing to Jacucci and Taylor,16 the Geldart-Taylor dielectric 
function24,25 is the best choice for AI. In fact, this approx
imation for II(q) is exact in the limit oflarge kp. We have 
evaluated this function by bidimensional numerical inter
polation from Table II of Ref. 25 using Eq. (51) in the 
same reference. 

The local contribution to F(q), ML(q), for AI-type 
potentials reads as8,9 

RIA2 sin qRI (RIA2 ) 
ML(q)= Ze2 ~- Ze2 +1 cosqRI' (A5) 

J. Chern. Phys., Vol. 97, No.6, 15 September 1992 
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where R, and A2 are system specific parameters which can 
be taken from Table I of Ref. 9. Here, as in Refs. 10 and 16, 
parameters for the so-called model M2 have been used. 

In Eq. (At), J,(q) and J2 (q) represent a nonlocal
field contribution. According to Rasolt and Taylor, this 
function can be written as 

(A6) 

(A7) 

with 

(A8) 

R 

(A9) 

with 

and XM = (1 - 414/i) '12. In both cases, k+ = k + q/2, 
k_ = k - q/2, and k·q=kqx. We have used bidimensional 
Gauss-Legendre quadrature to evaluate the integrals in 
these expressions. For the MNdk"k2) terms above, the 
following relation applies: 

Ao-A2 
+3 cos 0 ---z;;r- K, (k"k2,R,) 

+ I(k2+k"Ro,R,) -I( I k2-k,1 ,Ro,R,) 1 
2k,k2 

(A1O) 

with cos O=k,'k2/k,k2, and Ko(k"k2,R) and 
K, (k"k2,R) are 

(All) 

fT'J-k [h(k2R)sin k,R-j,(k,R)sin k2R], k,=I=k2' 
2- , 

(AI2) 
R 2k,R-sin 2k,R 

-k2j,(k,R)sink,R+ 4k3 k,'Zk2' , 

where j, (x) is the first-order spherical Bessel function. In 
Eq. (AlO), I(k,RQ,R,) is 

I(k,Ro,R,) = f:~l (cos p-l +i

2

) ~ +In(~~) 
~ 2 2 -4 (R,-Ro)· (A13) 

Finally, when the interparticle potential is expressed by Eq. 
( 1) its gradient can be computed explicitly by means of the 
following expression: 

au(r) ____ 1 u(r) _2(Ze)2 i'" 
ar r 1T r ° F(q)cos qrdq. 

(AI4) 

Here F(q) is a well-behaved function [limq_oF(q) = 1 
and decays rapidly for large q] and hence the cosine trans
form in Eq. (A14) can be readily accomplished by means 
of standard Fourier transform techniques. On the other 
hand, the Fourier transform of Eq. (1) is somewhat more 
involved due to the divergence introduced by the Coulomb 
term inside the integral. Nonetheless, this can be easily 
coped with using the procedure devised by Ng26 for effi
cient computation of Fourier transforms in Coulombic sys
tems. 
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