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We report a size-inconsistency problem for several functionals within reduced density matrix
functional theory. Being explicit functionals of the natural orbitals and occupation numbers, instead
of the one-body reduced density matrix, many of the approximate functionals are not invariant under
unitary transformations in the subspace of degenerate occupation numbers. One such transformation
mixes the degenerate natural orbitals of identical independent subsystems, delocalizing them.
Noninvariance under this transformation results in size inconsistency for some of the
approximations while others avoid this pathology by favoring orbital localization. © 2010 American
Institute of Physics. �doi:10.1063/1.3324699�

I. INTRODUCTION

In reduced density matrix functional theory �RDMFT�,
the fundamental variable is the one-body reduced density
matrix �1RDM�,

��r,r�� = N� d3r2 . . . d3rN���r�,r2 . . . rN���r,r2 . . . rN� ,

�1�

where ��r ,r2 . . .rN� describes the N-particle wave function.
In this paper, the spin-dependence of the electrons is not
explicitly indicated which is well justified for closed-shell
systems. Although using a density matrix as the fundamental
variable is an old idea, practical approximations based on the
1RDM have been explored relatively recently.1–16 Due to
Gilbert’s theorem17 the total energy of a system is a func-
tional of the 1RDM. This functional can be cast into a form
where, similarly to density functional theory �DFT�, only an
exchange-correlation �xc� term is unknown and needs to be
approximated. The beauty of RDMFT comes from the fact
that the kinetic energy of the system is a simple explicit
functional of the 1RDM. Consequently, the xc energy is
solely the difference between the interaction energy and the
Hartree �or Coulomb� energy.

Most currently available approximations for the xc en-
ergy, Exc, are explicit functionals of the natural orbitals, � j,
and their corresponding occupation numbers, nj, rather than
the 1RDM itself. The natural orbitals and occupation num-
bers are the eigenfunctions and eigenvalues of �, respec-
tively, and can be obtained from

� d3r���r,r��� j�r�� = nj� j�r� . �2�

An important class of approximations to Exc can be written
as �atomic units are used throughout�

Exc = − �
j,k=1

�

f�nj,nk�� � d3rd3r�

�
� j�r�� j

��r���k�r���k
��r�

�r − r��
, �3�

with the occupation numbers entering through the function
f�nj ,nk�, which identifies different functionals. The
energy minimization has to be performed under the
N-representability constraints of Coleman18 which read

2�
j=1

�

nj = N, and 0 � nj � 1. �4�

In Eqs. �3� and �4�, a factor of 2 is included to account for
spin degeneracy. For f�nj ,nk�=njnk, it can be shown that a
minimization of the energy yields the Hartree–Fock �HF�
solution with occupation numbers equal to 0 or 1.

The first approximate functional of the form of Eq. �3�,
apart from HF, was introduced by Müller1 with f�nj ,nk�
=�njnk. Buijse and Baerends2 arrived at the same functional
by modeling the exchange and correlation hole of hydrogen.
Goedecker and Umrigar3 �GU� introduced a modification to
this functional by explicitly excluding the self-interaction
�SI� terms from both the xc energy and the direct Hartree
term. Since then a plethora of other functionals have been
put on the table, such as the BBCn �n=1,2 ,3� functionals of
Gritsenko et al.,6 the functional of Piris �PNOF�,7,8 the func-
tional of Marques and Lathiotakis �ML�,10 the AC3 func-
tional of Rohr et al.,11 the BBC++ functional,12 and the
power functional of Sharma et al.13,14 From these approxi-a�Electronic mail: lathiot@eie.gr.
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mations, the Müller and power functionals are explicit func-
tionals of the 1RDM given explicitly in terms of � as

Exc = −
1

2
� � d3rd3r�

�̃�r,r���̃�r�,r�
�r − r��

, �5�

with �̃=�1/2 for the Müller functional and �̃=�� for the
power functional. In both these cases, the power is under-
stood as a power in the operator sense.

RDMFT functionals have been used in the calculation of
various properties of finite systems such as atomization
energies,19 ionization potentials,8,20,21 dipole moments and
static polarizabilities,7,20,22,23 and vibrational frequencies.8

They were also used in the calculation of properties of the
homogeneous electron gas �HEG�4,24,25 as well of band gaps
of finite and periodic systems.13,26–28 A time-dependent ex-
tension of RDMFT has also been developed and employed
for calculating the excitation spectrum of prototype
systems.15,29,30

An important question concerning the above functionals,
which depend explicitly on the natural orbitals and occupa-
tion numbers, is whether they are also functionals of the
1RDM. On a first glance, the answer seems to be positive
since, as eigenfunctions and eigenvalues of �, the natural
orbitals and the occupation numbers are determined by �.
However, in those cases where one or several occupation
numbers are degenerate, the natural orbitals are not unique.
Hence, the natural orbitals and the occupation numbers are
functionals of the 1RDM only for density matrices without
degeneracies and in this case, any functional of them is also
a functional of �. When an occupation number is degenerate,
one can perform an arbitrary unitary transformation of the
natural orbitals in the subspace of degeneracy without chang-
ing the 1RDM. As a consequence, any explicit functional of
the occupation numbers and natural orbitals has to be invari-
ant under such a unitary transformation in order to be deter-
mined uniquely by a given �. In the following, we will refer
to these functionals as “true” functionals of the 1RDM.
Clearly, the Müller and the power functionals having the
form of Eq. �5� are true functionals.

Generally, it is desirable that approximate functionals
satisfy known properties of the exact theory, and size consis-
tency is one of them. In a generalized definition,31 size con-
sistency has three principles: separability, extensivity, and
integer preference. However, throughout this work, by size
consistency we mean separability and more specifically, the
ability of an approximate functional to give for the total en-
ergy of a composite system of two identical monomers twice
the total energy of the monomer.32 Furthermore, to avoid
spin effects, which require an appropriate extension of ap-
proximate theories to the open-shell case, we only consider
systems where both monomers and the composite system are
close shell. Thus, size consistency, in the restricted definition
used here, is a necessary but not a sufficient condition for the
correct description of molecular dissociation. If the dissocia-
tion fragments are open-shell systems, it was demonstrated
recently, within a DFT framework, that the constancy of the
functional in the regime of fractional spin is an additional
necessary condition for the description of molecular

dissociation.33,34 Finally, it has been shown that semilocal
density functional approximations violate size consistency in
the presence of degeneracies.35

In the present work, we give a definition of explicit natu-
ral orbital functionals as functionals of the 1RDM. We also
show that, if a functional is not invariant under unitary trans-
formations of degenerate natural orbitals, it can suffer from
size inconsistency and we find the condition for this incon-
sistency. Then, we examine analytically whether approxima-
tions within RDMFT are size consistent. In support of our
arguments, we present numerical results using various func-
tionals for the total energy of the compound system of two
noble element atoms, He and Ne, at large separation in com-
parison with the sum of the atomic energies.

II. SIZE CONSISTENCY AND UNITARY
TRANSFORMATIONS

If a given total energy functional of the natural orbitals
and occupation numbers is not invariant under unitary trans-
formation in a subspace of degenerate occupation numbers,
we can define a unique functional of � by an extra minimi-
zation in the degenerate orbital subspace, i.e.,

E��� = min
	�j
→�

E�	nj
,	� j
� �6�

with the minimization running over all different sets of 	� j

corresponding to the same �. This procedure is automatically
performed when such a functional is minimized directly with
respect to 	nj
 and 	� j
. Although, with the above definition,
nontrue functionals are well defined functionals of �, there
are cases in which the noninvariance has severe conse-
quences, for example for systems consisting of identical,
noninteracting, spin-compensated subsystems.

Let us consider such a system consisting of two identical
spin-compensated subsystems, for example two He atoms,
that are located at positions L and R separated by an infinite
vector D. Since the subsystems are identical and well sepa-
rated, their density matrices are identical apart from being
located at different points in space. Hence, the two density
matrices �each of them defined as the density matrix in the
absence of the other subsystem� are given as

�L�r,r�� = �
j=1

�

nj� j
L�r�� j

L��r�� , �7a�

�R�r,r�� = �
j=1

�

nj� j
R�r�� j

R��r�� , �7b�

where � j
L�r� and � j

R�r� are the natural orbitals of the systems
at L and R, respectively, and � j

R�r�=� j
L�r−D�. The orbitals

� j
L�r� and � j

R�r� correspond to the same, nonvanishing occu-
pation number nj �0. In the limit D→� the two systems are
infinitely far apart such that for every point r in space

	L�r�	R�r� = 0, �8�

where 	L�r�, 	R�r� are the single-particle densities of the
systems at positions L and R. It follows directly from Eq. �8�
that for every pair of natural orbitals j , k and every point r
it holds
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njnk� j
L�r��k

R�r� = 0. �9�

Equation �9� expresses the fact that the natural orbitals which
are “occupied” �i.e., have nonvanishing occupations� in the
two density matrices are localized at either L or R and never
overlap.

From Eq. �9� it is apparent that each of the two sets of
occupied natural orbitals is not complete. The occupied or-
bitals of �L ��R� are orthogonal to, and subsequently linearly
independent of, the occupied orbitals of �R ��L�. Each of the
two sets of occupied natural orbitals can be completed by
including natural orbitals with zero occupation. Due to the
degeneracy of the occupation number nj =0 these natural or-
bitals are only determined up to unitary transformations,
however, the space they span is well defined. Since the natu-
ral orbitals of one subsystem are orthogonal to those of the
other subsystem, see Eq. �9�, the occupied orbitals of system
R �L� belong to the space of unoccupied orbitals of system L
�R�. The occupied and unoccupied orbitals of the two sepa-
rate density matrices are occupied orbitals of the combined
system.

After the investigation of the natural orbitals of sub-
systems L and R and their relation, we return to the com-
pound system, which we denote by T �for total�. Due to the
infinite separation the ground-state density matrix of the
compound system, �T, is given as the sum of the density
matrices of the subsystems, i.e.,

�T�r,r�� = �L�r,r�� + �R�r,r��

= �
j=1

�

nj�� j
L�r�� j

L��r�� + � j
R�r�� j

R��r��� . �10�

The occupied and unoccupied orbitals of the two separate
density matrices are now occupied orbitals of the combined
system.

The size consistency condition requires that the total en-
ergy of the system is additive, in other words

E��T� = E��L� + E��R� . �11�

As we can see in Eq. �10�, � j
L�r� and � j

R�r� are degenerate
eigenfunctions of �T corresponding to the same occupation
number nj. This degeneracy appears whenever a system con-
sists of identical subsystems which closely links the prob-
lems of degenerate occupation numbers and size consistency.
We now perform a delocalizing unitary transformation
�DUT� in the degenerate subspace

�̃ j
L�r� = �1 − 
 j� j

L�r� + �
 j� j
R�r� ,

�12�
�̃ j

R�r� = − �
 j� j
L�r� + �1 − 
 j� j

R�r� ,

where 0�
 j �1 /2 is the delocalization parameter. For 
 j

=1 /2, the transformed orbitals are equally distributed over
the sites L and R and, hence, delocalized. �T is invariant
under DUT of Eq. �12�. The total energy for all true func-
tionals of � is invariant as well. For the rest of the function-
als, the direct minimization of the total energy with respect
to � j will choose the optimal 
 j’s in the subspaces of degen-
eracies.

Due to the appearance of the exchange integral in Eq. �3�
all approximations of that form are size consistent as long as
the orbitals are well localized. With increasing distance, the
overlap of orbitals belonging to different subsystems goes to
zero leaving only the contributions from the separate sub-
systems to build the total energy. Hence, if the optimal 
 j’s
are all zero, these functionals are size consistent, even if they
are not invariant under DUT. Size consistency is achieved by
localizing the natural orbitals of the compound systems such
that they coincide with a natural orbital of one of the con-
stituent systems. On the other hand, if the optimal 
 j’s are
equal to 1

2 , or in general different from zero, a functional of
the form of Eq. �3� is size inconsistent. In this case, the
energy is lowered, compared to the sum of the energies of
the constituent systems, by delocalizing the natural orbitals.
Depending on the details of the approximation, we encounter
three different behaviors with respect to a particular DUT.
The functional can be �i� invariant under DUT, �ii� not in-
variant under DUT and favoring natural orbital localization,
and �iii� not invariant and leading to delocalization of the
involved natural orbitals. Behavior �iii� leads to size incon-
sistency. It is also possible for an approximation to treat dif-
ferent natural orbitals in different ways. For example, the
energy can be invariant under the transformations of natural
orbitals for some values of j but not for others. For those
values of j that the energy is not invariant, the optimal 
 j’s
can be zero for some values of j and different from zero for
others.

III. SIZE CONSISTENCY OF DIFFERENT
FUNCTIONALS

First, we investigate whether different corrections to the
Müller functional are invariant under DUT and size consis-
tent. Then, we consider how the corrections combine in
known approximations affecting their size consistency.

A common correction is the removal of SI terms, i.e.,
terms with j=k from Eq. �3� and the corresponding terms in
the Hartree energy. Functionals adopting this correction are
GU,3 PNOF,7,8 and, to some extent, BBC3.6 If SI terms are
removed for all natural orbitals, then, for the two infinitely
separated subsystems located at L and R, the correction to
the total energy as a function of 	
 j
 is

ESI�	
 j
� = ESI�	0
� − 4�
j=1

�


 j�1 − 
 j��nj − nj
2�� � d3rd3r�

�
�� j

L�r��2�� j
L�r���2

�r − r��
+ O�1/�D�� , �13�

where we have used the fact that the contributions from L
and R are identical. The correction for 	
 j
=0 is
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ESI�	0
� = �
j=1

�

�nj − nj
2�� � d3rd3r�

�� �� j
L�r��2�� j

L�r���2

�r − r��
+

�� j
R�r��2�� j

R�r���2

�r − r��
� .

�14�

Since ESI�	
 j
��ESI�	0
� the correction is clearly not invari-
ant under a general DUT. An exception are those orbitals
with occupation numbers equal to 1 or 0, corresponding to
the so-called pinned states. For those orbitals, the second
term in Eq. �13� vanishes and, hence, the functional is invari-
ant under DUTs of those orbitals. For all other j, minimizing
Eq. �13� with respect to 
 j leads to an optimal value of 
 j

=1 /2. This correction tends to delocalize the natural orbitals
of the compound system and that is lowering the total en-
ergy. We note that ESI�	1 /2
�=ESI�	0
� /2.

Another correction consists of a sign change in the xc
terms for those pairs of j and k, with j�k, in Eq. �3� that
correspond to weakly occupied orbitals. For spin compen-
sated systems all orbitals with index j�N /2 are treated as
weakly occupied, where N is the number of electrons of one
of the subsystems. This correction is present in all BBC
functionals,6 as well as in BBC++,12 PNOF,7,8 and AC3.11

The correction to the total energy as a function of 	
 j
 for the
infinitely separated subsystems located at L and R reads

EC1�	
 j
� = EC1�	0
� + 8 �
j�N/2

�


 j�1 − 
 j�nj� � d3rd3r�

�
�� j

L�r��2�� j
L�r���2

�r − r��
+ O�1/�D�� , �15�

where

EC1�	0
� = 2 �
j,k�N/2

j�k

�

�njnk� � d3rd3r�

��� j
L��r��k

L�r��k
L��r��� j

L�r��
�r − r��

+
� j

R��r��k
R�r��k

R��r��� j
R�r��

�r − r��
� . �16�

It is clear that the energy functional is not invariant under
DUTs of orbitals that the correction is applied to, i.e.,
j�N /2. An exception are again the pinned states but, since
the correction is only applied to weakly occupied orbitals,
the pinning can only be at zero. Since 
 j are strictly non-
negative, the total energy has a minimum at 
 j =0. Therefore,
the C1 correction does respect size consistency by keeping
the orbitals of the L and R subsystems localized. The differ-
ence between EC1�	
 j
� and EC1�	0
� is due to the correction
being applied to the interaction of �̃ j

L�r� with �̃ j
R�r� for j

�N /2 in the compound system. It is worth noticing that, if
both the C1 correction and SI removal are applied to the
same orbital with index j, the energy minimum is at 
 j =0
and, therefore, this orbital remains localized. Consequently,

the combined correction, SI removal and C1, for a particular
orbital is size consistent.

In a different correction, one replaces the dependence on
the square root of the occupation numbers by a simple linear
dependence for those pairs of orbitals j , k where both are
strongly occupied. For closed-shell systems, these are the
orbitals with j , k�N /2. This correction is present in the
BBC2 and BBC3 as well as the AC3 functionals. Applying it
to the Müller functional leads to the C2 correction which
together with C1 forms the BBC2 functional.6 Within the C2
correction, the total energy as a function of 	
 j
 is

EC2�	
 j
� = EC2�	0
� + 4 �
j�N/2


 j�1 − 
 j��nj − nj
2�� � d3rd3r�

�
�� j

L�r��2�� j
L�r���2

�r − r��
+ O�1/�D�� , �17�

where

EC2�	0
� = �
j,k�N/2

j�k

��njnk − njnk�� � d3rd3r�

��� j
L��r��k

L�r��k
L��r��� j

L�r��
�r − r��

+
� j

R��r��k
R�r��k

R��r��� j
R�r��

�r − r��
� . �18�

As for the C1 correction, the energy minimum is obtained for

 j =0, and, although the functional is not invariant under
DUT, it is size consistent. Again, similarly to C1, the differ-
ence between EC2�	0
� and EC2�	
 j
� comes from the extra
interaction of �̃ j

L�r� with �̃ j
R�r� for j�N /2. Comparing the

right-hand sides of Eqs. �13� and �17�, we can see that the
combined correction of C2 and SI for a single orbital with
index j is invariant under DUT and, hence, size consistent.

We now turn our attention to different functionals and
the question whether they are size consistent or not. In Table
I, we include numerical results obtained with a large set of
functionals for the correlation energies of the He and Ne
atoms.37 We also include the percentage deviation, �, of half
the correlation energies of the He and Ne dimers at infinite
separation from the atomic correlation energies. Obviously,
for size consistent functionals �=0. In Fig. 1 we show the
first four natural orbitals, i.e., those with the largest four
occupation numbers, of stretched He2 for the GU, the PNOF,
and the AC3 functionals. True functionals, such as the Müller
and power functionals, are size consistent. The ML func-
tional is not invariant under a general transformation in sub-
spaces of degenerate occupation numbers. However, it is in-
variant under DUT and for this reason also size consistent.
Consistently, �=0 for the Müller, power, and ML function-
als. However, several other approximations also yield �=0,
due to localization of the orbitals.

The GU functional,3 adopting removal of SI terms for all
natural orbitals, is not invariant under DUTs of fractionally
occupied orbitals. As already discussed, it lowers the total
energy by favoring delocalization of natural orbitals, thus, it
is size inconsistent. This effect is shown in Table I with GU
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yielding the largest absolute values of � among all function-
als considered. The optimal orbitals obtained with GU are
indeed delocalized as shown in Fig. 1.

The BBC1 and BBC2 functionals6 include the C1 cor-
rection and the combined C1 and C2 corrections, respec-
tively. Although not invariant under DUT of orbitals with
fractional occupation, they are size consistent by favoring
orbital localization as discussed above. The numerical results
for BBC1 and BBC2 in Table I fully confirm our expecta-
tions for the C1 and C2 corrections.

The BBC3 approximation6 contains either the C1 or C2
correction for all orbitals. In addition, the SI terms are re-
moved for all orbitals but the bonding and antibonding ones.
Hence, there is never an orbital that has its SI removed with-

out having the C1 or C2 correction applied to it at the same
time. As a result, all the orbitals remain localized leading to
the approximation to be size consistent. However, there is a
very subtle point in the assignment of bonding and antibond-
ing orbitals. In the original definition of BBC3 �BBC3-orig�
the degeneracy of bonding and antibonding orbitals located
at L and R is not respected and, as we see in Table I, a small
size inconsistency results. Due to the fixed assignment of
bonding and antibonding orbitals � is positive. This problem
is eliminated for He, if we redefine BBC3 as suggested in
Ref. 19, �BBC3-mod� by grouping the orbitals in sets of
strongly occupied, degenerate bonding/antibonding, and
weakly occupied. However, this recipe does not remedy the
size inconsistency for Ne, as shown in Table I, and actually
exacerbates it. This failure is due to the high degree of de-
generacy of bonding/antibonding orbitals in Ne which is
lifted during the variational calculation destroying the origi-
nal assignment. Thus, we conclude that the size inconsis-
tency of the BBC3 functional is due to bonding and anti-
bonding assignment problems.

The PNOF0 functional,7,8,19,38 i.e., the PNOF functional
without the special term to avoid pinned states, consists of
the C1 correction combined with SI removal. As already dis-
cussed above, this combined correction for a particular or-
bital is size consistent by favoring localization. However, the
C1 correction is only applied to weakly occupied orbitals,
hence, leaving the fractionally but strongly occupied orbitals
with only the SI removal. As a result the PNOF0 functional
is not size consistent. In many cases, only the bonding orbital
is fractionally occupied among the strongly occupied orbit-
als, so that the PNOF0 is actually size inconsistent due to
this single orbital. PNOF suffers from the same problem of
several orbitals only having the SI correction applied to them
and, consequently, is size inconsistent, as shown in Table I.
One can see that the forceful avoidance of pinned states in
the PNOF functional leads to an even larger inconsistency

TABLE I. Correlation energies of He and Ne atoms using various function-
als of 1RDM, and the percentage deviation �=100� ��1 /2�Ecor�dimer�
−Ecor�atom�� /Ecor�atom� of half the correlation energy of the dimer,
Ecor�dimer�, at large interatomic separation. For all calculations, the Carte-
sian �6d, 10f� cc-pVTZ basis set �Ref. 36� was used yielding HF energies of
�2.86115 Ha and �128.5320 Ha for He and Ne atoms, respectively.

Functional

He Ne

−Ecor �Ha� � �%� −Ecor �Ha� � �%�

Müller 0.0481 0.0 0.3848 0.0
GU 0.0333 �17.3 0.2940 �12.57
BBC1 0.0409 0.0 0.3203 0.0
BBC2 0.0409 0.0 0.3052 0.0
BBC3-orig 0.0373 4.02 0.2715 0.495
BBC3-mod 0.0373 0.0 0.2662 �2.65
PNOF 0.0294 �16.8 0.2572 �12.01
PNOF0 0.0294 �7.48 0.2534 �3.68
ML 0.0418 0.0 0.3253 0.0
BBC++ 0.0403 0.0 0.2645 0.0
Power 0.0116 0.0 0.1127 0.0
AC3 0.0323 0.0 0.2715 0.0
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FIG. 1. The two degenerate bonding �B1, B2� and antibonding �A1, A2� natural orbitals of He2 at large interatomic separation along the molecular axis,
obtained with the GU, PNOF, and AC3 approximations which are not invariant under DUT. All optimal orbitals are delocalized for GU, while only the B1 and
B2 are delocalized for PNOF. For AC3, all orbitals are localized.
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for Ne ��=−12.01� than PNOF0 ��=−3.68�, which is con-
sistent with the SI correction vanishing for pinned states. As
we see in Fig. 1, for PNOF, the degenerate bonding orbitals
B1 and B2 of stretched He2 are delocalized due to the SI
correction leading to size inconsistency. The degenerate
bonding orbitals A1 and A2 are localized because they have
both the SI and C1 corrections applied to them.

BBC++ is a modification to the BBC1 functional origi-
nating from the study of the HEG �Ref. 12� with an extra
factor s multiplying the C1 correction. For s�0 BBC++
does not suffer from the size inconsistency discussed here
and yields �=0. However, there would be a problem in cases
corresponding to a dilute HEG with rs�2.25 In addition,
BBC++ suffers from a different size inconsistency when the
constituent independent systems are not identical and the
problem is exacerbated when one of the constituent systems
is much larger than the other.12

The AC3 functional11 is similar to BBC3, but treats cor-
rections beyond BBC2 in an automatic way, i.e., it does not
rely on the assignment of bonding and antibonding orbitals.
For this reason, the pathology that leads to the size inconsis-
tency in BBC3 is eliminated. Thus, the AC3 functional is
size consistent which is supported by the numerical results in
Table I. Since it includes both the C1 and C2 corrections, it is
not invariant under DUTs but localizes the natural orbitals of
the compound system, as shown in Fig. 1.

Our findings are fully consistent with the failure of some
of the approximations to describe the dissociation of
dimers.6,11,12,39–41 Functionals, such as GU and PNOF, in-
volving the SI removal, are well known to fail at the disso-
ciation limit. Since most of the fragments are open shell,
there is an additional error due to the behavior of functionals
in the regime of fractional spin, as demonstrated recently for
DFT functionals.33,34 However, the size consistency problem,
described in the present work, contributes to the dissociation
error independent of the fragments being open or close shell.

IV. CONCLUSION

We studied the size consistency of various approxima-
tions within RDMFT, i.e., their ability to reproduce the ad-
ditivity of the total energy of a system composed of identical
independent subsystems. Since almost all approximate func-
tionals depend explicitly on the natural orbitals and occupa-
tion numbers �instead of the 1RDM� some of them are not
invariant under unitary transformations that leave the density
matrix unchanged. We gave a rigorous definition of these
approximations as functionals of the 1RDM: in the subspace
of sets of natural orbitals corresponding to the same density
matrix we choose the particular set that minimizes the total
energy. This minimization is automatically performed when
these approximations are used in practice for atomic and mo-
lecular calculations. However, we saw that a size inconsis-
tency is present for several functionals due to their nonin-
variance under DUT. In particular, we can distinguish three
different classes of functionals. �i� Functionals that are in-
variant under DUT and are, therefore, size consistent. This
class includes the Müller, ML, and power functionals. �ii�
Functionals that are not invariant under DUT but are size

consistent by favoring orbital localization. Such functionals
are BBC1, BBC2, BBC++, and AC3. �iii� Functionals such
as GU, PNOF0, PNOF, and BBC3 that suffer from size in-
consistency. For BBC3, the problem is relatively small and
originates from the assignment of bonding/antibonding orbit-
als.

The functionals investigated here have been used suc-
cessfully in describing systems at the equilibrium distance.
The size inconsistency problem reported in the present work
only affects their performance at large separation of sub-
systems, for example at molecular dissociation, but does not
reduce their usefulness in describing properties of molecular
systems at their equilibrium geometries. One should not for-
get that even state-of-the-art ab initio methods, like many
truncated CI expansions, suffer from size inconsistencies.32

We want to emphasize that size inconsistency �in the re-
stricted definition used throughout this work� is only one
possible source of error in molecular dissociation. For open-
shell fragments, additional errors due to spin are to be
expected.33,34 Finally, although it is a desirable property for a
functional to be a true functional of the 1RDM �in the way
we define it in this work�, this requirement is rather restric-
tive. As we have demonstrated, several functionals recover
size consistency despite not being true functionals.
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