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8 Hadronic matrix elements for TAUOLA: 3π and KKπ channels
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We emphasize that the motivation for including our hadronic matrix elements in TAUOLA is not only theoret-
ical. We also show that our expressions describe better the τ → 3π ALEPH data and are able to fit BABAR data
on the isovector component of e

+
e
−

→ KKπ. The theoretical foundations of our framework are the large-NC

limit of QCD, the chiral structure exhibited at low energies and the proper asymptotic behaviour, ruled by QCD,
that is demanded to the associated form factors.

1. Introduction

Among the many interesting applications that
Tau Physics has [1], we deal with the hadroniza-
tion problem of QCD currents. Being half of the
decay a semileptonic clean and controlled process,
we can focus on the non-perturbative dynamics of
the strong interaction.

The decay amplitude for the considered decays
may be written as:

M = −GF√
2

Vud/us uντ
γµ(1 − γ5)uτHµ , (1)

where our lack of knowledge of the precise
hadronization mechanism is encoded in the
hadronic vector, Hµ:

Hµ = 〈 {P (pi)}n
i=1

| (Vµ −Aµ) eiLQCD |0 〉 . (2)

Symmetries help us to decompose Hµ depend-
ing on the number of final-state pseudoscalar (P )
mesons, n. For three mesons in the final state,
this reads:

Hµ = V1µFA
1 (Q2, s1, s2) + V2µFA

2 (Q2, s1, s2) +

QµFA
3 (Q2, s1, s2) + i V3µFV

4 (Q2, s1, s2) , (3)
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and

V1µ =

(

gµν − QµQν

Q2

)

(p2 − p1)
ν ,

V2µ =

(

gµν − QµQν

Q2

)

(p3 − p1)
ν ,

V3µ = εµν̺σ pν
1 p

̺
2 pσ

3 ,

Qµ = (p1 + p2 + p3)µ , si = (Q − pi)
2 . (4)

Fi, i = 1, 2, 3, correspond to the axial-vector
current (Aµ) while F4 drives the vector current
(Vµ). The form factors F1 and F2 have a trans-
verse structure in the total hadron momenta, Qµ,
and drive a JP = 1+ transition. The pseu-
doscalar form factor, F3, vanishes with the mass
of the Goldstone bosons (chiral limit) and, ac-
cordingly, gives a tiny contribution. This is as far
as we can go without model assumptions, that is,
we are still not able to derive the Fi from QCD
[2]. Our claim is that the most adequate way
out is the use of a phenomenologically motivated
theory that, in the energy region spanned by tau
decays, resembles QCD as much as possible. For
this, the approximate symmetries of QCD are in-
deed useful. They rule what is the theory to be
used in its very low-energy domain and guide the
construction of higher-energy theories.

2. Resonance Chiral Theory

Weinberg’s Theorem [3] states that a descrip-
tion in terms of the relevant degrees of freedom
for a given process that fulfills all general funda-
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mental QFT-symmetries plus those characteristic
of the theory at hand will give the most general
S-matrix elements -and thus observables- corre-
sponding to the underlying theory. The princi-
ples behind effective-field theories [4] would indi-
cate this to be advisable, moreover.

χPT is the effective theory for very low-energy
QCD [5]. However, the tau mass value prevents it
to explain its decays through all the energy region
they span [6]. One then needs a theory fulfilling
the chiral symmetry constraints that includes ex-
plicitly the light-flavoured resonances. For it to
resemble QCD at larger energies, however, one
needs to ensure the right asymptotic behaviour
for Green functions and related form factors [7].
Finally, for it to be useful, one should demand the
existence of an expansion parameter to build any
perturbative computation upon it. Long ago, it
was proposed the inverse of the number of colours
of the color gauge group to do this task [8], and
has proved to work successfully explaining meson
phenomenology [9].

The theory satisfying all these requirements is
Resonance Chiral Theory (RχT ) [10]. Further
studies within it have been presented in this con-
ference in fields as distant as lepton flavor violat-
ing τ decays including mesons [11], and in a lat-
tice evaluation of the hadronic contribution to the
anomalous magnetic moment of the muon [12].

The relevant part of the RχT Lagrangian is
[10], [13], [14], [15]:

LRχT =
F 2

4
〈uµuµ + χ+ 〉 +

FV

2
√

2
〈Vµνf

µν
+ 〉

+
i GV√

2
〈Vµνuµuν 〉 +

FA

2
√

2
〈Aµνf

µν
− 〉 + LV

kin

+LA
kin +

5
∑

i=1

λiOi
V AP +

7
∑

i=1

ci

MV
Oi

V JP

+
4

∑

i=1

diOi
V V P +

5
∑

i=1

gi

MV
Oi

V PPP , (5)

where all couplings are real, being F the pion de-
cay constant in the chiral limit. The notation
is that of Ref. [10]. P stands for the lightest
pseudoscalar mesons and A and V for the (axial)-
vector mesons. Furthermore, all couplings in the
last two lines are defined to be dimensionless. The

subindex of the operators stands for the kind of
vertex described, i.e., Oi

V PPP gives a coupling be-
tween one Vector and three Pseudoscalars. For
the explicit form of the operators in the last line,
see [13], [14], [15]. For the matching of 2 and 3-
point Green Functions in the OPE of QCD and
in RχT and for requiring a Brodsky-Lepage be-
haviour to the corresponding form factors see [10],
[13], [14], [16], [17], [18], [19], [20], [21], [22]. Fi-
nally, resonance widths are included in a quantum
field theory sound way, as explained in [23]. In
Ref. [15] we give for the first time an axial-vector
width according to that definition.

3. ASYMPTOTIC BEHAVIOUR AND

QCD CONSTRAINTS

There are 24 unknown couplings in LRχT (5)
that may appear in the calculation of three me-
son decays of the τ . The number of unknowns is
reduced when computing the Feynman diagrams
involved. There only appear FV , GV , three com-
binations of the {λi}5

i=1, four of the {ci}7
i=1, two

of the {di}4
i=1 and four of the {gi}5

i=1. The num-
ber of free parameters has been reduced from 24
to 15.

We require the form factors of the Aµ and
Vµ currents into KKπ modes vanish at infinite
transfer of momentum. As a result, we obtain
constraints [15], [24] among all axial-vector cur-
rent couplings but λ0, that are also the most
general ones satisfying the demanded asymptotic
behaviour in τ → 3πντ , studied along these
lines in [25]. Proceeding analogously with the
vector current form factor results in five addi-
tional restrictions [15]. From the 24 initially free
couplings in Eq.(5), only five remain free: c4,
c1 + c2 + 8 c3 − c5, d1 + 8 d2 − d3, g4 and
g5. After fitting Γ(ω → 3π) -using some of the
relations in Ref. [14]- only c4 and g4 remain un-
known. We obtained them from BaBar data on
e+e− → KKπ.

4. Phenomenology

4.1. τ → 3πντ

In this communication, we concentrate on the
semileptonic decays of the τ into 3π and KKπ
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modes. The ππ [26] and Kπ [27] decay channels
have already been analyzed successfully within
our framework. For other devoted studies, see
[28] and references therein.

We present here an updated analyses for the
3π mode [15] that we confront to ALEPH data
[29], to the original work of Kühn and Santa-
maŕıa [30] and to the parameterization included
in TAUOLA [31]. In the Figure 4.1 we see that
our parameterization -although depending on just
one free parameter- is the one working better.
While in section 2 we saw that our approach
is best motivated theoretically, we have checked
now that it is appropriately supported by phe-
nomenology, as well.
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Figure 1. A comparison of different parameteriza-
tions to the ALEPH normalized spectral function of
τ → 3πντ [29].

4.2. τ → KKπντ

In this conference we were extremely glad to see
the nice Belle preliminary data on these modes
[32]. For the moment, however, we lack of ex-
perimental data on the spectral function of τ →
KKπντ publicly available.

Fortunately, it is possible to relate the latter to
the I = 1 component of e+e− → KKπ [33]. The

issue is discussed in detail in our article [15]. We
conclude that [34] the measured isovector com-
ponent in e+e− → KSK±π∓ does not provide
the total isovector component for the (partially)
inclusive decay e+e− → KKπ. Once some as-
sumptions are used, one can employ CV C to re-
late e+e− → KKπ to τ → KKπντ [35]. We
fitted our expressions to BaBar data [36] obtain-
ing c4 = −0.044±0.005. Our results for the decay
widths of the considered channels are consistent
with the PDG values [37]. To confront our pre-
dictions for the spectra with the forthcoming ex-
perimental data is a necessary task.

We have obtained several sets of allowed values
for those quantities that were still free after the
high-energy conditions were imposed [15]. We get
two predictions:

• The ratio of the vector current to all con-
tributions is, for all charge modes:

ΓV (τ → KKπντ )

Γ (τ → KKπντ)
∼ 0.5. (6)

• The spectra of the two independent KKπ

decay modes of the τ . We show in Figure
4.2 that one for τ → K+K−π−ντ . The
shape of the spectral function is similar for
τ → K−K0π0ντ . In both cases, the axial-
vector current dominates the low-energy re-
gion, while the vector one peaks at higher
values of Q2.

The plot presented here corresponds to:

Ma1
= 1.17 GeV, c4 = −0.04, g4 = −0.5. (7)

5. Kühn-Santamaŕıa-like models

In all the presentations of our work, we have
devoted special care to differentiate between the
original Kühn-Santamaŕıa work [30] and those
done in analogy for other decay modes. While
[30] describes very nicely the two- and three-pion
modes (just see the amount of work needed to
improve it) we can reproached them -from the
theory side- three aspects:
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Figure 2. Spectral function of τ → K
+

K
−

π
−

ντ ob-
tained with the set of parameters (7).

• Although widely believed, Breit-Wigner
functions are just the easiest option to for-
mulate resonance exchange and its link with
QCD is far from proved.

• The proposed off-shell widths are com-
pletely ad-hoc and being mass and width
of particles definition-dependent objects, it
is desirable to follow a QFT-approach to
study the axial-vector resonances.

• It fails to reproduce the O(p4)χPT result
at low energies [38], [25], which is numer-
ically much less important than in other
channels, being all pions in this case.

These three topics may be criticized in the same
way for all subsequent works done along these
lines.

In the KKπ channels, there are more (partic-
ularly important) aspects to be improved:

• The authors of Refs. [39] needed to include
noticeable different masses and widths for
the ρ′ resonance in the vector and axial-
vector currents.

• The inclusion of three multiplets in the vec-
tor form-factors and two in the axial-vector
ones is unnatural. One may cut the spec-
trum and heavier integrated-out resonances
effect will be encoded in those couplings of
the lighter, still active ones. Proceeding dif-
ferently in the various form factors has no
theoretical reason behind.

• Throughout our work [15], we have noticed
that these studies lack from several contri-
butions that happen to be non-negligible in
our formalism, namely, they only account
for ρ0,− and K∗0 being exchanged in one
channel in the modes K+K−π−, K−K0π0,

K−π−π+ and K
0
π0π−. That is, they are

only including these exchanges either in V
µ
1

or V
µ
2 (4), while one naturally obtains them

in both.

Moreover, the CLEO collaboration [40] reported
that it was not possible to fit their data using the
parameterizations in Refs. [39]. They modified it
by including two additional parameters in order
to obtain a good fit, but at the prize of violating
a property of the strong interactions, namely the
Wess-Zumino [41] normalization emanating from
the chiral anomaly of QCD, as was put forward
in Ref. [42].

6. Conclusions and Outlook

In his talk, Z. Was [43] stated that ”Hadronic
currents need to remain experiments’ property, in
case experiments wish so”. We have seen with de-
light throughout this conference, that experimen-
talists do wish, as they presented many interest-
ing measurements and announced forthcoming,
complementary ones.

Let me point out, notwithstanding, that we will
only get full benefit from their work if we are able
to relate their measurements to the theory be-
hind, that -electroweak effects factorized- is QCD.

We have highlighted in section 2 the guide-
lines of our theory, that includes every relevant
(and known) piece of QCD: We preserve the cor-
rect chiral limit at low energies that gives the
right normalization to our form factors, we em-
ploy large-NC QCD arguments to use our the-
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ory in terms of mesons and it fulfills the high-
energy conditions of the fundamental theory at
the mesonic level. While we remain predictive
by including only the lightest multiplet of axial-
vector and vector resonances, our Lagrangian can
easily be extended in a systematic way to account
for the contribution of higher resonance states,
whose parameters may be fitted to experiment.

In section 4 we have explicitly showed that
there are not only theoretical reasons to prefer
our parameterization. It works better for the 3π

and KKπ modes. Immediately, after, we have
reviewed all aspects of the KS-models that need
improvement. Noteworthy, all of them get cor-
rected within our framework.

Therefore, we strongly suggest the implemen-
tation of our form factors in the TAUOLA library
[31]. For those modes we do not have calculated
yet, the expressions in TAUOLA are the best
guidance at the moment.

We have already worked out the τ → Kππντ

decay, for which preliminary data was shown in
this conference [44]. This way, we will be able to
help the simultaneous extraction of Vus and ms

using tau decays [45]. We plan to tackle all three
meson decays of the tau along the lines described
here.

Our Lagrangian approach can also be used to
compute exclusively e+e− into hadrons. This
could be useful for improving the hadronic ma-
trix elements in PHOKHARA [46].

Finally, we want to stress how important is that
the MonteCarlos collect all this QCD-features,
as they constitute the link between theory and
experiment. In the Working Group on Radia-
tive Corrections and Generators for Low Energy
Hadronic Cross Section and Luminosity held in
Frascati last April, there was unanimity in that
understanding the hadronic contribution both
in e+e− and in τ decays is mandatory for the
MonteCarlo’s employed at the τ -charm- and B-
factories. This task will be of great help also in
LHC and any future collider.
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