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Abstract

The quantum motion of clusters of up to
four deuterium molecules under confinement
in a single-wall (1-nm diameter) carbon nan-
otube is investigated by applying a highly ac-
curate full quantum treatment of the most rel-
evant nuclear degrees of freedom and an ab
initio-derived potential model of the underly-
ing dispersion-dominated intermolecular inter-
actions. The wavefunctions and energies are
calculated using an ad-hoc-developed discrete-
variable-representation (DVR) numerical ap-
proach in internal coordinates, with the space
grid approaching a few billions of grid points.
We unambiguously predict the formation of
a solid-like pyramidal one-dimensional chain
structure of molecules under the cylindrical
nanotube confinement. The onset of solid-like
packing is explained by analyzing the potential
minima landscape. The stabilization of collec-
tive rotational motion through “rigid rotations”
of four deuterium molecules provides conclu-
sive evidence for the onset of a quantum solid-
like behaviour resembling that of quantum rings
featuring persistent current (charged particles)
or persistent flow (neutral particles).
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As the lightest molecule in nature, frozen
molecular hydrogen (or deuterium) is a paradig-
matic case of a molecular quantum crystal,[1]
with the molecules being held together by
weak dispersion forces. The cylindrical con-
finement provided by carbon nanotubes has of-
fered the possibility of studying this quantum
system at reduced dimensionality. Particularly,
the quest for the occurrence or either quasi-
superfluid or quasi-crystalline behavior of para-
hydrogen molecules when confined in armchair
carbon nanotubes has recently motivated an in-
tense, somewhat controversial, theoretical re-
search.[2–4] From a practical perspective, high
surface area and precisely tuned pores of carbon
nanotubes have rendered them relevant materi-
als for efficient hydrogen storage. Since the gen-
eral goal in hydrogen storage methods is to pack
hydrogen molecules as close as possible, the
likehood for solid-like packing of hydrogen in
carbon-based nanoporous materials has drawn
considerable attention, existing experimental
evidences at supercritical temperatures of in-
dustrial importance.[5] In the case of molecu-
lar deuterium, our recent theoretical work have
indicated the possibility for hexagonal-close-
packing (as in the bulk phase) of D2 molecules
inside an armchair carbon nanotube of helic-
ity index (10,10).[6] As observed for helium un-
der carbon nanotube confinement,[7, 8] all these
studies[2–4, 6] have highlighted the key role
played by the quantum nature of the nuclear
degrees of freedom in the confined hydrogen or
deuterium motion.

This work is aimed to accurately character-
ize the transition from molecular aggregation
to solid-like packing of deuterium molecules in-
side the single-wall (1-nm) carbon nanotube
(SWCNT) with helicity index (11,4) repre-
sented in Fig. 1 (left panel). To provide con-
clusive evidence on the quantum nature of the
solid-like system, we also analyse the stabi-
lization of excited collective rotational states.
The presence of these states as minima in the
energy spectrum as a function of the angu-
lar momentum has been previously interpreted
with the onset for superfluidiy and persistent
flow of bosonic particles in a ring by Bloch.[9]
The same analysis allowed us to provide in-

sight into experimental measurements[10–12]
attributed to a superfluid behaviour in doped
para-hydrogen clusters.[13] In order to consider
a nanotube as the “dopant” species instead of
a molecule, we have extended and improved
our ad-hoc-developed full quantum approach of
the D2 molecular motion of Ref. 6. This re-
finement makes possible to consider explicitly
the number of molecules which are necessary
for the onset of a quantum solid-like behavior
while an embedding treatment was employed
in our previous study for the same purpose.[6]
The approach is routed on our nuclear orbital
method followed by Full Configuration Interac-
tion diagonalization (FCI-NO)[13–17] but with
the Hamiltonian recast in internal coordinates.
Its key advantage over quantum Monte Carlo
treatments is due to its capability to deliver ex-
cited states with similar accuracy to the ground
state.

To achieve a consistently accurate description
of the D2–SWCNT(11,4) interaction, we have
employed our ab initio-derived pairwise addi-
tive potential model.[6] For the concrete case of
van-der-Waals-dominated adsorbate/(carbon-
based) surface interactions, [6, 18–20] its ad-
equacy relies on the excellent transferability
properties found for the parameters accounting
for the dispersion contribution upon increas-
ing the size of clusters modelling the extended
systems.[19] Complicated, dispersionless con-
tributions are mostly of short-range nature and
the usage of small cluster models can be also
justified. Therefore, different analytical forms
are employed to model the dispersionless and
dispersion contributions, with the model pa-
rameters being computed at ab initio level on
a short and narrow carbon nanotube and then
scaled to the actual system. The detailed en-
ergy decomposition offered by the symmetry-
adapted perturbation theory approach[21, 22]
has rendered such strategy successful when de-
scribing the adsorption of molecular and atomic
species to the carbon material[6, 18, 23] (see
section S1 of the supporting information for
details of the potential model).

To describe the quantum motion of N D2

molecules inside the nanotube, an earlier devel-
oped “pseudo-particle” approach[6, 13] is ap-
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Figure 1: Left panel: Figure illustrating the atomic structural model of the D2/SWCNT system.
Gray spheres represent carbon atoms while blue spheres stand for one D2 molecule inside a 1-nm
carbon nanotube of helicity index (11,4). Cylindrical coordinates (ρ, φ, z) of the D2 center-of-mass
are also indicated. Right panel: Representation of the D2–SWCNT interaction (shown in violet)
and the three lowest-lying energy states of the D2 ⊂ SWCNT(11,4) system.

plied by representing the molecules as heavy
point-like bosonic particles. This “pseudo-
particle” approach has been successfully em-
ployed in previous studies of the H2 graphene
interaction.[24, 25] The nanotube is consid-
ered as infinite, structureless, and fixed in the
space environment. In this way, the interac-
tion between the nanotube and a given molecule
V1(ρ) depends only on the distance between the
molecule center-of-mass (COM) and the nan-
otube center ρ (see Fig. 1). As previously
shown,[6, 23] the Z dependence of the inter-
action (i.e., along the wire), or Φ (referred to
as the overall rotation coordinate) can be ne-
glected in a first approximation. Under these
constraints, the effective Hamiltonian is ex-
pressed as

HN =
N∑
i=1

{
− 1

2M
∆(ri) + V1(ρi)

}
+
∑
i<j

V2(rij),

with M being the mass of a single D2 molecule.
Since the motion of the (D2)N center-of-mass
leads to a continuum spectrum, the Hamilto-
nian has to be recast in internal coordinates
which do not contain the overall Z-translation.
Moreover, we can also separate the overall ro-
tation so that the internal Hamiltonian will de-
pend on 3N − 2 coordinates, having a para-
metric dependence of the overall rotation quan-

tum number (referred to as Λ). In order
to calculate the wavefunction of the (D2)N ⊂
SWCNT system in internal coordinates, we first
introduce cylindrical coordinates for each par-
ticle, x, y, z → ρ, φ, z and perform a Jacobian
transformation of the wavefunction. The one-
particle kinetic energy is then given by

− 1

2M
∆(r) = − 1

2M

{
∂2

∂ρ2
+

∂2

∂z2
+

1

ρ2

[
∂2

∂φ2
+

1

4

]}
.

The two-particle interaction V2 is written in
cylindrical coordinates by using the expression,

r2
ij = ρ2

i + ρ2
i + (zi − zj)2 − 2ρiρj cos(φi − φj)

To separate the overall Z-translation and over-
all rotational motions, we introduce relative co-
ordinates as ti = zi − zN and χi = φi − φN , for
i = 1 . . . N − 1. The overall Z-translation and
overall rotation coordinates are conveniently
defined as Z = ZCOM = 1

N

∑N
i=1 zi and Φ = φN .

The overall rotation quantum number reads
Λ = m1 + m2 + · · · + mN , where mi is the
integer standing for the projection of the an-
gular momentum of the i-th particle onto the
nanotube axis. Since both D2–SWCNT and
D2–D2 interactions do not depend on Φ, the
coordinate Φ can be separated via the factor
exp(iΛΦ)Ψ(χi)/

√
2π. Finally, the full kinetic

energy is written as KN = − 1
2M

∑N
i=1 ∆(ri) =
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KN(z) +KN(ρ) +KN(φ) where

KN(z) = − 1

M

N−1∑
i=1

∂2

∂t2i
− 1

M

N−1∑
i<j=1

∂

∂ti

∂

∂tj

KN(ρ) = − 1

2M

N∑
i=1

∂2

∂ρ2
i

and

KN(φ) = − 1

2M

N−1∑
i=1

1

ρ2
i

[
∂2

∂χ2
i

+
1

4

]

− 1

2M

1

ρ2
N

(iΛ− N−1∑
i=1

∂

∂χi

)2

+
1
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We notice that the internal Hamiltonian does
not account explicitly for the bosonic permuta-
tion symmetry of all N particles. For the parti-
cles labelled as 1 . . . N − 1, the symmetry is au-
tomatically included as it is equivalent to a sim-
ple exchange of the corresponding coordinates
ti, ρi, χi. However, the exchange of the parti-
cles labelled as i and N results in linear trans-
formation of the coordinates ti and χi. Hence,
the symmetry with respect to the i ↔ N ex-
change is investigated a posteriori by defining
a “bosonic symmetry factor” Q as the matrix
element:

Q = 〈Ψi|(1↔ N)|Ψj〉 (1)

The Q factor should be unity for true bosonic
solutions, being an excellent criteria to evaluate
the wavefunction accuracy. We have tested that
Q values differs from unity by less than 0.01 (see
section S2 of the supporting information).

To calculate the eigenvalues of the internal
Hamiltonian, we use the Discrete Variable Rep-
resentation (DVR) approach[26] as in our pre-
vious works.[6, 18, 23] This approach allows an
easy and quick evaluation of the interaction po-
tential V2, with the basis set being obtained as a
direct product of functions for the different co-
ordinates. Sinc-DVR functions are conveniently
employed for the t and χ coordinates. For the
polar radii ρ, however, it is necessary to ex-
plicitly treat the singular kinetic energy term
−1/8Mρ2

i , arising from the Jacobian transfor-

mation to cylindrical coordinates. For this pur-
pose, we use the DVR basis obtained for the
finite basis set representation (FBR) built from
the radial functions of two-dimensional (2D)
Harmonic oscillator functions. However, this
basis renders the grid size too large for clusters
with N=3 and 4 since the internal Hamiltonian
become 7D and 10D, respectively. This prob-
lem is solved by using potential-optimized DVR
(PO-DVRs) functions[27], allowing for a very
fast energy convergence. For instance, bound-
state energies are well converged (to within
0.2%) considering just two PO-DVRs for N =3
and 4 (see section S2 of the supporting infor-
mation).
The diagonalization of the resulting Hamilto-
nian matrix is performed using the Jacobi-
Davidson algorithm.[28] This technique has
been very successful even for ill-behaved inter-
actions such as, e.g., the “hard-core” helium
cluster interaction problem.[14, 16, 29]
We have obtained the D2–SWCNT interaction
potential V1(ρ) shown in Fig. 1 (right-hand
panel) as a spherical average (thus correspond-
ing to j = 0 for the D2 molecule itself) of our
previous ab initio-derived potential model.[6]
The use of this averaged potential and the cor-
responding representation of D2 molecules as
point-like particles is justified by the large value
of the D2 rotational constant. For the case of
the H2 ⊂ SWCNT(10,10) system, we find that
the low-lying bound-state energies differ by less
than 1.3 cm−1 (1%) from those obtained by
applying a full treatment of the j = 0 state
(see Table 1). To model the D2–D2 interac-
tion V2(rij), we use the ab initio potential en-
ergy surface reported by Hinde[30] as restricted
to our one-dimensional model, with the well-
depth and position of the potential minimum
being 24.72 cm−1 and 3.46 Å, respectively. No-
tice from Fig. 1 that the strength of the D2–
SWCNT interaction is close to two orders of
magnitude larger.

The first three bound states of the D2 ⊂
SWCNT(11,4) system are shown in Fig. 1 (right
panel), with the energies presented in Table 1.
Notice the wide amplitude nature of the D2–
SWCNT motion and the large values of the cor-
responding zero-point energies in Fig. 1 (right
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Table 1: Bound-state energies of H2 and D2 molecules inside the SWCNT(11,4) and
SWCNT(10,10) nanotubes (in cm−1). For the values including the full rotation of the
H2 molecule, see Ref. 23. For v > 0, the energies are given relative to v = 0.

H2 D2

Helicity V av
1 Full rotation j = 0 V av

1

v = 0 (11,4) −607.4 −627.0
(10,10) −474.1 −475.4 −494.5

v = 1 (11,4) 118.0 90.6
(10,10) 124.2 123.2 94.0

v = 2 (11,4) 200.2 164.3
(10,10) 219.2 218.2 173.3

panel) and Table 1. The density peak position
(ca. 2.1 Å from the SWCNT(11,4) center) is
slightly larger than the potential minimum lo-
cation ρmin (ca. 2.0 Å).

Table 2: Bound-state energies of the
(D2)2 ⊂ SWCNT(11,4) system (in cm−1).
The energies of the excited states are
given with respect to that of the ground
state. The binding energies are presented
in square brackets.

(11,4) SWCNT

Level (D2)2

(0,0,0,0) −1267.9 [13.9]
(0,0,2,0) 7.1 [6.9]
(0,0,1,2) 7.4 [6.6]
(0,0,2,2) 10.7 [3.3]
(0,0,3,2) 13.0 [0.9]

Table 2 shows the bound-state energies calcu-
lated for the (D2)2 ⊂ SWCNT system. The
(positive) binding energy ∆EN is defined as

−∆EN = EN − E1
g.s. − EN−1

g.s.

with E1
g.s and EN

g.s being the ground-state en-
ergies for N = 1 and N − 1, respectively.
The assigned quantum numbers associated to
the (ρ1, ρ2, t, χ) coordinates are only indicative
since there is a strong mixing between the mo-
tions corresponding to the t and χ degrees of
freedom. When considering the D2–SWCNT
radial mode, however, it shows up that only
the lowest vibrational level v = 0 becomes pop-
ulated and this holds true for any cluster size.

Thus, the average D2–SWCNT interaction for
the ground state is just slightly modified from
−651 cm−1 for N = 1 to −659 cm−1 for N = 4.
The average D2–D2 interaction per molecular
pair ranges from−18 for N = 2 to−16 cm−1 for
N = 4, with both values being larger than the
free D2–D2 dimer counterpart (ca. −13 cm−1).
Figure 3 present two-dimensional plots of the
ground-state pair densities for three and four D2

molecules inside the SWCNT(11,4) tube. By
considering the cluster geometries associated
with their maxima, it becomes clear that three
D2 molecules form an equilateral triangle. From
a classical view, this triangle is tunneling be-
tween symmetry equivalent potential minima,
as illustrated in the left panel of Fig. 3. Our in-
terpretation can be also correlated with a classi-
cal analysis of the potential minima landscape.
Since the well-depth of the V1 potential is much
larger than the V2 counterpart, the molecules
can be considered as fixed at a distance ρmin
from the nanotube axis, where ρmin is the po-
sition of the V1 potential minimum. Then, the
rest of the geometry is defined by V2. On one
hand, by requiring that all rij distances have
the values at which the V2 potential minimum
is located, we get N(N − 1)/2 conditions. On
the other hand, we have 2(N − 1) free internal
coordinates since all ρi values are fixed to ρmin.
Thus, for N = 2 and N = 3 we have less con-
ditions than variables, and the potential min-
ima landscape corresponds to a 1D constrained
curve in the 2(N−1) space. This simplified pic-
ture explains the reason for the large amplitude
motions of the cluster (D2)3 along and close to
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N = 3

N = 4

Figure 2: Two-dimensional representation of
the pair density as a function of the internal
χ1,2 and t1,2 coordinates for the ground state
of the (D2)3 ⊂ SWCNT (upper panels) and
(D2)4 ⊂ SWCNT (bottom panels) systems.
The corresponding total energies (binding en-
ergies) are −1915.25 (20.4) and −2573.6 (30.1)
cm−1, respectively.

this 1D curve, as illustrated in the left panel
of Fig. 3. For N = 4, the number of variables
and conditions is the same so that the poten-
tial minimum is just a single point in the pa-
rameter space. Accordingly, the pair density is
much more compact for N = 4 than for N = 3,
as shown in Fig. 2. As schematically repre-
sented in the middle panel of Fig. 3, the four
D2 molecules form a symmetric nearly equilat-
eral pyramidal structure (i.e., a regular tetra-
hedron) composed by two D2–D2 dimers placed
centrally inside the SWCNT, and orthogonal to
each other and to the SWCNT axis. The mean
values of the D2–SWCNT and D2–D2 interac-
tions differ by less than 0.2 cm−1 (2%) for N=3
and 4, being consistent with the triangle and
equilateral pyramidal structures (see section S3
of the supporting information).

The Z-extension of the pyramidal structure
for N = 4 is at about 3 Å. Considering the
stability of this structure and the fact that the
value of V2 at 6 Å is negligible (ca. −1 cm−1)
we can predict that the structure for N � 4 is
a 1D chain of pyramids as shown in the right
panel of Fig. 3. This outcome is valid only for
this nanotube of 1-nm diameter. It is necessary
to consider explicitly more than four molecules
to predict the solid-like structure in wider nan-
otubes. In contrast, three molecules are enough
to predict the extended structure in a narrower
SWCNT(5,5) tube with a diameter below 1 nm:
An aligned 1D molecular chain of D2 molecules,
with the mean D2–D2 interaction being essen-
tially that featured by the free dimer (see sec-
tion S3 of the supporting information).

Finally, aimed to provide further evidence for
the transition from a Van der Waals aggre-
gate to a quantum solid, we have investigated
the stabilization of the collective rotational mo-
tion of a few D2 molecules. To this end, the
lowest-state energies of the (D2)3 ⊂ (11, 4) and
the (D2)4 ⊂ (11, 4) systems are represented
at each Λ value (the so-called yrast states) in
Fig. 4. Notice that the line connecting the yrast
states (and then termed the yrast line) shows a
strong non-monotonic behaviour which is more
marked for the (D2)4 ⊂ (11, 4) system. The
yrast line for N = 4 is reminiscent to that ex-
hibited by electrons and 4He atoms confined in
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Figure 3: Left hand-panel: Arrangement of three D2 molecules inside the SWCNT(11,4) nanotube.
The spread of the “nuclear” wave functions is indicated by balls (representing molecules) of different
colors. Middle panel: Classical structures representing the maximum density arrangements for
the ground state of the (D2)4 ⊂ SWCNT system. Right-hand panel: Predicted structure of the
(D2)N ⊂ SWCNT system for a large N value. Notice that it bears a clear solid-like high-density
appearance.
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Figure 4: Energies for the lowest-energy states of the (D2)3 ⊂ (11, 4) and (D2)4 ⊂ (11, 4) systems as
a function of Λ. Left-hand panels: total energies. Right hand panels: total energies after removing
the overall rotation term BeffΛ2. For N = 3, The labels s and a indicates that the wave function
is symmetric (s) or antisymmetric (a) with respect to the transformation z → −z. The ground
state energies obtained with our independent rotational model are also shown (see section S4 of the
supporting information).

quantum rings featuring persistent current[31]
and persistent flow,[9] respectively.
For the case N = 3, the Λ-dependence of the
yrast line can be easily explained through an
independent rotational model providing energy
values agreeing to within 0.2 cm−1 with those
calculated (see section S4 of the supporting in-
formation). This model provides the following
explicit expression for the energy as a function
of Λ:

E(Λ) =
B1

N

[
Λ2 + Λ̃(N − Λ̃)

]
,

where B1 = 1
2Mρ2min

and Λ̃ = mod (Λ, N).

Once the quadratic term is separated, we get

the function B1Λ̃(N − Λ̃)/N which is periodic
in Λ with period N and symmetric with re-
spect to Λ̃ → N − Λ̃. This periodicity can be
clearly observed in the right panel of Fig. 4 for
all the low-lying states (e.g., the energy values
for Λ = 1 and Λ = 2 are practically identi-
cal). Our finding is similar to that previously
observed for helium or para-hydrogen clusters
confined by a molecular dopant.[13] In this way,
“singularities” at the energy spectrum shown in
Fig. 4 are found at Λ = ν N , with ν integer
as a consequence of the bosonic symmetry of
the wavefunction. The lowest energy are found
when all the bosonic D2 pseudo-particles bear
the same single-particle state. For instance, for

7



Λ = N = 3, it occurs when three D2 molecules
occupy the quantum level m = 1 (see section
S4 of the supporting information).
Importantly, as found for doped para-hydrogen
clusters,[13] four deuterium molecules are nec-
essary for the appearance of the collective rota-
tional states as energy minima at Λ = ν N
with a periodic dependence on Λ. This fea-
ture has been previously connected with the
onset of a superfluid behaviour and persistent
flow in quantum rings made of helium atoms.[9]
Using a very simplified but intuitive picture,
the rigidity of the structure formed with four
D2 molecules causes that their rotation around
the tube axis is collective. We notice that the
bosonic symmetry of the wavefunction is a nec-
essary but not a sufficient condition. As shown
in Fig. 4, the energy spectrum deviates much
from the independent rotational model, already
encompassing both bosonic symmetry and pe-
riodicity. In fact, as consequence of the hard-
core D2–D2 interaction, there is a strong mix-
ing between different nuclear modes of the four
D2 molecules. In this way, the energy spec-
trum resembles that derived for bosonic par-
ticles featuring an infinity repulsive interaction
when confined in a 1D ring.[32] As predicted
for doped hydrogen clusters,[33] this outcome
also suggests the “supersolid” character of the
cluster formed by four D2 molecules under con-
finement. It should be stressed, however, that
the same conclusion can be extended to the pre-
dicted rigid 1D structure (i.e., through a collec-
tive rotational motion of the entangled pyra-
mids with the same phase.)

In concluding, this Letter has been motivated
by the identification of the transition from
molecular aggregation to a condensed matter
system of deuterium at the reduced dimension-
ality offered by carbon nanotubes. To this
end, a highly accurate DVR-based approach
has been developed and applied along with a
consistently accurate ab initio-derived poten-
tial model. On one hand, we unambiguously
predict the formation of a solid-like pyramidal
one-dimensional chain structure. On the other
hand, we have demonstrated the strong quan-
tum nature of the formed solid, having features
of quantum rings of bosonic particles bearing

persistent rotational motion. This important
aspect is deduced from full quantum computa-
tions and not from the application of a theoreti-
cal model. Such advance suggests an important
step forward an improved fundamental under-
standing of hydrogen solid formation in carbon
nanotubes for optimized energy storage.
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