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ABSTRACT
A first-principle modelling of hydrogen molecular rotation in the outside of carbon
nanotubes is presented. Density functional theory (DFT)-based symmetry-adapted
perturbation theory (SAPT) is first applied to analyze the influence of the rota-
tion on the dispersion and dispersionless H2-nanotube interaction for both sub- and
nanometer-sized tubes. An adsorbate three-dimensional wave-function treatment
is then applied to calculate the molecular energy levels of the rotating hydrogen
molecule. As a key difference with the H2 located inside the tubes, the SAPT-based
analysis indicates a marked influence of a nanotube curvature-induced dipole on the
angular-dependent balance of exchange-repulsion, electrostatic, and dispersion con-
tributions for narrow nanotubes. As a result, the landscape of molecular energy levels
depends strongly on the diameter of the porous material. In addition, an effective
one-dimensional model is proposed to account for the nuclear motion, reproducing
full-dimensional approach within less than 1%.

KEYWORDS
carbon nanotubes; quantum confinement; molecular hydrogen rotation;
curvature-dependent dipole

1. Introduction

Extraordinary properties such as chemical stability, electric conductivity, non-toxicity,
high surface area, and precisely tuned pores of carbon nanotubes (CNTs) make them
relevant nanomaterials for many modern applications ranging from hydrogen storage
[1] to cancer diagnosis [2]. Remarkably, both experimental and theoretical evidences
for hydrogen solid-like packing have been very recently reported [3, 4]. Accordingly,
the research on methods to produce CNTs has been intensified over the last few years,
including synthesis techniques from waste plastics [5] with hydrogen co-production [6].

On a fundamental level, the analysis of the role of quantum nuclear effects (QNEs)
in the low-temperature motion of light molecules and atoms such as hydrogen and
helium [7, 8] in carbon nanotubes has attracted much attention. The impact of QNEs
has been manifested in theoretical studies characterizing the (superfluid or crystalline)
phase of parahydrogen molecules inside carbon nanotubes at zero [9, 10] and ultra-low
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temperatures [11]. A quantum-induced reversed trend in H2 and D2 diffusion rates
upon lowering the temperature has also been experimentally detected [12] and theo-
retically confirmed [13]. Moreover, QNEs effects upon confining molecular hydrogen
in the outside of aligned carbon nanotubes [14] and carbon nanohorns [15] have been
manifested using high-resolution neutron spectroscopy. This technique has allowed to
characterize accurately the energy levels of molecular hydrogen and, in particular, to
provide values of the m-splittings resulting from the anisotropy of the H2-nanotube
interaction [14].

On the theoretical side, the development of computational tools capable of providing
precise values of energy levels, including m-splitting values, is thus necessary, beyond
the treatment of hydrogen molecules as structureless, spherically symmetric, particles
[4]. Very recently, we have developed an effective three-dimensional approach capable
of providing them for molecular hydrogen rotating inside carbon nanotubes [16]. Our
method is based on a potential model for the van der Waals (vdW)-dominated H2-
nanotube interaction relying on ab-initio DFT-based symmetry-adapted perturbation
theory (SAPT) to derive the parameters of an effective pairwise potential model [4, 8].
In fact, ab-initio intermolecular interaction theory has recently allowed an accurate
description of dispersion-dominated interactions of molecules with carbon nanostruc-
tures [7, 8, 17–24]. Recent options include schemes combining second-order Möller-
Plesset perturbation theory with the coupled-cluster approach [17, 18], as well as a
non-periodic implementation of the incremental method [25] applied at coupled-cluster
level [26–30] with periodic calculations employing dispersionless density functional the-
ory [29, 31–33].

Our previous study [16] was focused on molecular hydrogen rotating inside carbon
nanotubes and revealed the key role of the anisotropy of the H2-interaction and the
diameter of the nanotube in the values of the m-splittings, and, more precisely, in
the energy barriers from parallel to perpendicular H2 orientations with respect to the
tube long axis. For CNTs of various size, molecular hydrogen showed a preferential
orientation in a parallel arrangement. This preferential orientation stemmed from a
counterbalance of dispersionless (mainly exchange-repulsion) and dispersion energy
contributions, favoring parallel and orthogonal configurations, respectively. Upon in-
creasing the nanotube diameter, the dispersion energy contribution becomes more
relevant, resulting in reduced energy barriers between different orientations. In the
limiting case of H2 adsorbed on planar graphene, our earliest study [19] showed con-
sistently small m-splitting values but also a preferential orthogonal orientation with
respect to the graphene plane.

Previous findings for H2 rotating either inside CNTs [16] or onto graphene sheets [19]
raise the question of whether the preferential H2 orientation is parallel or orthogonal
when located in the outside of CNTs or, more generally, how much the H2-CNT
interaction is influenced by the H2 rotation and the CNT diameter, and how these
features are reflected in the molecular energy levels. In this context, the diameter-
dependent dipole oriented towards the outside of the nanotube [34] might affect very
significantly the partitioning of the H2-nanotube interaction into the different (i.e.,
exchange-repulsion, electrostatic, and dispersion) contributions and, then, the balance
determining the anisotropy of the interaction and the structure of the molecular energy
levels.

To answer these questions, a SAPT-based analysis of the interaction is first pre-
sented for CNTs with diameter below and above one nanometer. Second, our adsorbate
three-dimensional wave function method [16] is adapted to calculate the associated en-
ergy levels. Finally, an effective one-dimensional model is proposed, reproducing full-
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dimensional approach values to within 1%. The next section is dedicated to a brief
description of the computational method. Results are reported in Section 3. Finally,
the main conclusions are provided in Section 4.

2. Method

2.1. SAPT-based decomposition of the adsorbate-nanotube interaction

A carbon nanotube (CNT) is typically characterized by the so called helicity index
(m,n) (see, e.g., Ref. 35). We have considered (5, 5) and (10,10) CNTs as examples of
tubes with diameter below and above one nanometer (6.74 and 13.56 Å, respectively).
To analyze the H2/CNT interaction, the SAPT(DFT) method [36, 37] has been applied
as implemented within the MOLPRO electronic structure package [38] including density
fitting (DF) [39]. This method allows to decompose the H2-nanotube interaction energy
as a function of the angular orientation of the molecular adsorbate. Specifically, the
total interaction energy is written as a sum of first- and second-order interaction terms,
namely first-order electrostatic Eelec and exchange Eexch, second-order induction Eind

and dispersion Edisp terms, along with their respective exchange corrections (Eexch−ind

and Eexch−disp). The dispersion and exchange-dispersion SAPT(DFT) contributions
were summed to provide the total exchange-repulsion part, as were the induction and
exchange-induction contributions into the total induction part.

We followed the same computational setup reported in previous works [4, 8, 16], us-
ing the Perdew-Burke-Ernzerhof (PBE) density functional [40] and a modified version
of the augmented polarized correlation-consistent triple-zeta basis [41] (aug-cc-pVTZ)
for the nanotube carbon atoms as well as for the adsorbate hydrogen atoms. For the
specific case of the nanotube CNT(10,10), the cc-pVTZ basis set for the nanotube car-
bon atoms was employed instead. The DF of Coulomb and exchange integrals employs
the auxiliary basis set developed for the aug-cc-pVTZ basis by Weigend [42], while the
aug-cc-pVTZ/MP2Fit basis [43] was used for fits of the integrals containing virtual
orbitals. The exchange-correlation PBE potential was asymptotically corrected [44]
using the ionization potential (IP) value reported in the NIST Chemistry Web Book
for molecular hydrogen [45] while the IP value for the nanotube was estimated us-
ing the DFT PBE0 approach [46]. The length of these “short” nanotubes used to
parametrize H2-CNT interactions, was of 4 carbon plane sections, or 3.69 Å. Thus,
the total number of carbon atoms was 40 for CNT(5,5) and 80 for CNT(10,10). This
number was limited by computationally demanding SAPT (DFT) calculations.

2.2. Calculation of molecular energy levels

To calculate the energy levels of the H2 molecule rotating in the outside of CNTs,
we followed the same approach described in our previous work [16], which is briefly
outlined here. Essentially, the six-dimensional (6D) problem is reduced to four di-
mensions by first removing the overall translation of H2 along the tube and keeping
the H−H distance (r0) fixed. This approximation is justified because the vibrational
motion of H2 has a different energetic scale than the nuclear motion in which we are
interested. Finally, the overall rotation of H2 as a whole around CNT is separated (the
polar coordinate Φ, see Ref. 16), being represented by the overall rotation quantum
number Λ. Hence, we are left with three relevant coordinates: the H2 center-of-mass
polar radius with respect to the center of the nanotube, R, and two angles describing
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Figure 1. Figure illustrating the atomic structural model employed for the H2/CNT system. Gray spheres
represent carbon atoms while white spheres stand for a single H2 molecule rotating in the outside of a carbon

nanotube CNT. R is the distance from the H2 center-of-mass to the nanotube axis while θ and φ are the angles

defining the orientation of the H−H internuclear axis with respect to the direction of the carbon nanotube.

the orientation of the H−H axis with respect to CNT direction, θ and φ (see Ref. 16
for further details). As can be seen in Figure 1, θ is the angle between the H−H and
the CNT axes, and φ represents the polar angle of the H−H axis with respect to the
direction connecting nanotube center and the H2 center-of-mass. Z axis is oriented
along the CNT, as shown in Figure 1. Explicitly, the carthesian coordinates of the
hydrogen atoms are given by

x1,2 = R cos Φ± r

2
sin θ cos (Φ + φ)

y1,2 = R sin Φ± r

2
sin θ sin (Φ + φ) (1)

z1,2 = Z ± r

2
cos θ

where Z represents the Z coordinate of the H2 center-of-mass. The resulting Λ-
dependent three-dimensional (3D) Hamiltonian can be written as

ĤΛ = − 1
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− 2ıΛ
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− 1
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)
∂
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∂2

∂φ2

}
+ V (R, x, φ)

(2)

with x = cos θ, M as the total mass of the H2 molecule, and µ as the reduced mass
associated to the relative H−H motion (for homonuclear molecules H2, M = 2mH, µ =
mH/2). Finally, V (R, x, φ) is the interaction potential between the H2 molecule and the
nanotube. Its treatment differs slightly from that detailed in our previous work [16].
In fact, we have found that the representation of V (R, x, φ) as a sum of independent
interactions of two individual H atoms with the nanotube, V (R, x, φ) = VH(ρ1) +
VH(ρ2), is not accurate enough for the H2 motion outside of the nanotube. More
precisely, the dispersive part can still be described by this approximation with very
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good accuracy, as one would expect for a long-range dispersive contribution. Thus, we
can write

V (R, x, φ) = Vdisp−less(R, x, φ) + Vdisp−H(ρ1) + Vdisp−H(ρ2) (3)

where ρ1 and ρ2 stand for the radial distance of each H atom to the tube axis. The
dispersion part is easily calculated from that corresponding to the parallel orientation
as

Vdisp−H(ρ) =
1

2
Vdisp(ρ, θ = 0, φ) (4)

As proposed in Ref. 4, an additive pairwise potential model (PPM) has been used
to fit the ab-initio energies for the dispersive H2/CNT interaction obtained with the
SAPT(DFT) method. The parameters of the PPM model were refit for the H2 motion
outside of the nanotube, and are provided in Appendix A, Table A1. We have verified
that this PPM model accurately (within 1%) reproduces the dispersive interaction of
H2 with both (5,5) and (10,10) sCNTs at three different orientations, as obtained from
full SAPT calculations.

The dispersionless interaction SAPT(DFT) energies were fit for different H2 orien-
tations and nanotube sizes. It is clear that for large nanotube diameter, the interaction
should approach that of H2 and graphene sheet. In terms of our coordinates this means
that the interaction for θ = 0 (and any φ) should be the same as for θ = φ = 90. In
practice, especially for smaller diameter, they are slightly different. However, we have
verified that θ, φ-dependence can be accurately reproduced using the following expan-
sion:

Vdisp−less(R, θ, φ) = V 00
disp−less(R) + sin2 θV 10

disp−less(R) + sin2 θ cos2 φV 11
disp−less(R)

where

V 00 = V (θ = 0)

V 10 = V (θ = φ = 90)− V (θ = 0)

V 11 = V (θ = 90, φ = 0)− V (θ = φ = 90)

(5)

To describe the dependence on R, we have found that the following analytic expression

Vdisp−less(R) = A
{

exp(−αR) + exp(−βR2)
}

(6)

provides accurate representation in the relevant R interval. The constants A,α, β de-
pend on the angles θ and φ and are given in Appendix A, Table A2.

The dispersionless interaction is a short-range interaction, therefore the obtained
expressions provide accurate estimation for CNTs of any (infinite) length. The disper-
sive part decays at worst as 1/R6. To obtain the dispersion interaction potentials of
H2 (in parallel orientation) with long CNTs, we have used the PPM model described
above performing explicit summations over all carbon atoms of long CNTs. In prac-
tice, we used CNTs build of 20 plane carbon sections, thus of a total length of 23.4
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Å. We have verified that this length is sufficient to obtain the converged results for
dispersion interaction for the relevant range of H2-CNT distances.

To use the analytic integration in θ and φ for dispersive part as well, as described in
detail in [16], we first fit Vdisp−H(ρ) = 1

2Vdisp−H
||
2
(ρ) as a polynomial function of 1/R,

Vdisp−H(ρ) =
pn(1/R)

R5
(7)

with pn being polynomials of order n. Explicit values of the pn coefficients are also
provided in Appendix A, Tables A3, A4.

For arbitrary orientation of H2 molecule, using this fit and explicit expression of
ρ1,2 in terms of R, θ and φ, the dispersive interaction was represented as

Vdisp(R, x, φ) =

m∑
i=0

i∑
k=0

V ik
disp(R)(1− x2)i cos2k(φ) (8)

We have found that the value m = 2 is large enough for achieving an acceptable accu-
racy. Finally, each R-dependent factor V ik

disp(R) was fit to a polynomial form similar

to that expressed in Eq. (7).
Using the Discrete Variable Representation (DVR) approach [47], the eigenvalues

and eigenfunctions of the Hamiltonian were calculated as in our previous work [16], by
direct diagonalization over a discrete basis built from sinc-DVR functions for R and
spherical harmonics for θ and φ, χi(R)Yjm(θ, φ).

From the form of the Hamiltonian, see Eq. (2), and the symmetry of the interaction
reflected, e.g., in Eq. (8), it can be shown that the solutions have a few extra sym-
metries. For example, odd and even values of j do not mix, as well as odd and even
values of m. Moreover, for Λ = 0, we have an extra symmetry condition with respect
to the change of sign of m. For Λ > 0 this is only approximate, but still remains good
for the case of the H2 molecule rotating outside of the nanotube. For further details,
we refer the interested reader to our previous work [16].

The parameters of the potential analitic representation, as mentioned above, are
provided in the Appendix A, Tables A2-A4. For the dispersive contribution, we used
a polynomial expansion of order 5 and 4 for the nanotubes of helicity indexes (10,10)
and (5,5), respectively. In order to solve the eigenvalue problem, a radial DVR basis of
sinc-DVR type was employed, with 91 basis function on the interval [17,30] bohr for
the tube CNT(10,10), and 85 basis functions on the interval [9,30] bohr for the tube
CNT(5,5). For both tubes, the angular basis was constructed from spherical harmonics
with jmax = 30 and mmax = 10.

2.3. Effective one-dimensional model

Due to the large value of the rotational constant of the H2 molecule (B0 ≈ 59.3383
cm−1), the energy spacings between states with different j values (i.e., 2B0, 6B0, . . . )
are much larger than those associated to different n values. This feature along with
the symmetry of the problem suggests a very simple one-dimensional (1D) model to
describe the 3D rotational wave functions. Assuming that j is a good quantum number,
the effective 1D potentials are built by averaging the full 3D Hamiltonian over the
corresponding spherical harmonics. For j = 0, we will have thus a single 1D potential
to calculate. For j = 1 (we consider here Λ = 0 only, see below), all three components
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Table 1. SAPT(DFT)-based decomposition of the interaction energy between H2 and short nanotubes sCNTs

of helicity indexes (5,5) and (10,10) at the potential minima position (R =6.75 an 10.5 Å, respectively). For
comparison purposes, the energy values corresponding to H2 adsorption inside (the center) of the sCNT(5,5)

are also included in parentheses, obtained following the procedure reported in Ref. 16. The angles θ and φ

characterize the angular orientation of the H−H internuclear axis with respect to the nanotube direction, as
shown in Figure 1 (see also Figure 2).

(5,5) (10,10)

(θ, φ) (0◦, 0◦) (90◦, 0◦) (90◦, 90◦) (0◦, 0◦) (90◦, 0◦) (90◦, 90◦)

Eelec, meV −5.67 −17.04 −8.12 −2.21 −5.42 −2.21
(−57.77) (−51.42)

Eexch−rep, meV 35.62 45.29 34.87 11.64 14.93 11.64
(150.45) (−179.08)

Eind, meV −0.39 −1.57 −0.38 −0.11 −0.52 −0.11
(−2.80) (−5.05)

Edisp, meV −45.63 −52.99 −44.75 −19.50 −23.89 −19.50
(−235.80) (−254.10)

Etot, meV −16.07 −26.31 −18.38 −10.18 −14.90 −10.17
(−145.92) (−131.50)

(i.e., m = 0,±1) do not interact. However, as explained in the Supplementary Material,
the effective potentials are different, resulting in the splitting of the three components.
To get the total energy for j = 1, the 2B0 contribution is simply added to the 1D
energies of the H2 molecule moving as a whole in the effective 1D radial potential.

For j > 1, some extra mixing between different m states exists so that an explicit
matrix form of the 1D Hamiltonian needs to be constructed and diagonalized. For
example, m = 0 and m = +2 do mix for j = 2 (i.e., 1 and cos(2φ) functions). More
details, as well as the discussion of the infinite CNT diameter limit (graphene) are
provided in Supplementary Material.

3. Results and discussion

3.1. Influence of the curvature of the nanotube on the angular
dependence of the H2-nanotube interaction

For short nanotubes of helicity indexes (5,5) and (10,10) and diameters of 6.7 and 13.6
Å, Figure 2 shows the total H2/sCNT interaction potentials, for three orientations of
the H2 molecule, as a function of the radial distance R between the molecule center-
of-mass and the nanotube center, with φ = 0◦ (see Figure 1). The electrostatic Eelec,
exchange-repulsion Eexch−rep, induction Eind, and dispersion contributions Edisp are
also presented, with the explicit energy values at the potential minima provided in
Table 1. The configuration (θ = 0◦, φ =any), shown with full lines, correspond to
a parallel orientation of the H2 to the tube long axis while the (θ = 90◦, φ = 0◦)
arrangement (dashed lines) is associated to a perpendicular configuration to tube long
axis but along the radial direction. Finally, the H2 molecular is perpendicular to both
the tube long axis and the radial direction when adopting the (θ = 90◦, φ = 90◦)
configuration (dotted lines).

As can be observed in Figure 2 and Table 1, the H2/CNT attractive interaction
is dispersion-dominated while the net repulsive dispersionless contribution is mainly
characterized by the exchange-repulsion term. This repulsion contribution grows ex-
ponentially as the distance between the H2 and the carbon cage decreases although
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Figure 2. Radial scan of the total interaction energies between a single H2 molecule and short carbon

nanotubes (sCNT) of helicity indexes (5,5), represented in the upper panel, and (10,10), represented in the

bottom panel. Gray spheres represent carbon atoms while white spheres stand for one H2 molecule. The
interaction energies are represented as a function of the distance from the H2 center-of-mass to the nanotube
axis, R. Full, dotted, and dashed lines correspond to (θ, φ) values of (0◦, 0◦), (90◦, 0◦) and (90◦, 90◦),

respectively, with the angles defined in Figure 1. The different SAPT-based energy contributions to the total
interaction energy are also shown along with that obtained with our potential model. The H−H bond length

was fixed to the vibrationally averaged rigid rotor value, r0=0.7508 Å from Ref. 19.
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such behavior is smoothed out by the attractive electrostatic interaction, with the
induction term contributing very little. All these features were also found for H2 lo-
cated inside the CNTs (see Refs. 4, 16). However, in stark contrast with the latter,
the perpendicular orientation to the tube axis but along the radial direction (θ = 90◦,
φ = 0◦), shown with dashed lines, is clearly energetically preferred over the parallel
configuration (θ = 0◦, full lines). This key difference arises from the major role of
the electrostatic contribution: as opposed to the inside case, the electrostatic term is
clearly more attractive when the H−H axis is along the radial direction, compensating
for the smaller exchange-repulsion when the molecule is located along the tube long
axis. Since the dispersion contribution is also more attractive for the (θ = 90◦, φ = 0◦)
configuration, this arrangement is also energetically favored.

To further understand the very pronounced anisotropy of the electrostatic term
when molecular hydrogen is located in the outside of CNTs, it is important to con-
sider the existence of a curvature-induced dipole in the radial direction of the nanotube
and oriented towards the outside of the carbon cage [34]. The electrostatic contribu-
tion becomes thus more attractive when the H−H axis (i.e., the induced dipole) is
oriented in the same direction of the curvature-dependent dipole of the nanotube
as the polarizability of the hydrogen molecule along the molecular axis is about 1.5
times larger than the orthogonal one[48]. As the H2-nanotube distance decreases, the
exchange-repulsion contribution grows much more rapidly than the electrostatic term.
As a result (see Figure 2), the preferential orientation changes from perpendicular to
parallel when entering into the repulsive region of the potential, where the exchange-
repulsion contribution dominates.

Let us now discuss the dependence of the potential on the angle φ (as defined in
Figure 1). For the tube (5,5), it can be observed from Figure 2 and Table 1 that the
net energy and individual energy contributions change very little in going from θ = 0◦

to the (θ = 90◦, φ = 90◦) configuration. Once again, the most noticeable difference is
for the electrostatic contribution, that is slightly more attractive when the molecule is
not aligned with the tube long axis. For the wider tube (10,10), the energy differences
between θ = 0◦ and (θ = 90◦, φ = 90◦) configurations become almost negligible. This
is signaling that the value of the nanotube dipole decreases as its curvature becomes
reduced upon increasing the diameter of the nanotube. Another consequence is that
the anisotropy of the dispersionless H2-CNT interaction becomes determined mainly
by the dispersion rather than the dispersionless contribution in going from CNT(5,5)
to CNT(10,10) tubes.

3.2. H2-nanotube potential model

To consider longer nanotubes, we have applied the potential model described in sec-
tion 2.2. It can be observed from Figure 2 that our model provides interaction energies
agreeing very well with the SAPT(DFT)-based counterparts. By applying it to long
nanotubes of helicity indexes (5,5) and (10,10), we obtain the dispersionless and disper-
sion interaction energies shown in Figure 3. Notice that the energy ordering of parallel
and perpendicular configurations is not modified but the potential minima becomes
significantly deeper due the the much more attractive dispersion contributions.

Our model has also been applied to describe the φ-dependence of the interaction. For
this purpose, we have chosen the orientation associated to the angles (θ, φ)= (90◦, 90◦).
This configuration corresponds to the H2 molecule lying perpendicular to both the
CNT long axis and the CNT radius. As can be seen in Figure 3, its energy position is
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between the H−H internuclear axis and the tube long axis.
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in between those of parallel and perpendicular arrangements for the narrow CNT(5,5)
tube but, for the wider CNT(10,10) tube, it is the highest-energy orientation. This
change is a direct consequence of the less relevant role of the electrostatic contribution
from the curvature-dependent nanotube dipole upon increasing its diameter.

3.3. Molecular energy levels of H2 rotating in the outside of carbon
nanotubes

As illustrative examples, we have calculated the molecular energy levels of H2 located
outside the nanotubes with helicity indexes (5,5) and (10,10). These energy levels
are assigned using three quantum numbers, n for the radial R degree of freedom, j
for the H2 rotation associated with x = cos(θ), and m for the angular momentum
projection quantum number corresponding to φ. The energy levels and wavefunctions
were calculated by diagonalizing the 3D Λ-dependent Hamiltonian, see Eq. (1), as
described above. The dependence on Λ is very weak (perturbative) due to the large
values of the equilibrium R distances (see Figure 2), resulting in small values of the
overall rotational constant (below 0.1 cm−1):

Bext =
1

2M
〈 1

R2
〉.

As a consequence, the energy levels for Λ > 0 are perfectly fitted through the expres-
sion,

E(Λ) = E(Λ = 0) +Bext Λ2

The energy levels E(Λ = 0) as well as the values of Bext are presented in Table 2 for
n < 4, and j,m < 3. For comparison purposes, the energy values obtained without
accounting for the rotation are also provided. These energy levels were obtained by
diagonalizing the 1D radial Hamiltonian describing the motion of H2 as a whole (as
in Ref. 4), employing the potential associated to the parallel orientation, V (R, θ = 0).

As mentioned in section 2.3, the whole Hamiltonian has extra symmetries. First,
the states with odd and even values of j do not mix, corresponding to the symmetry
transformation θ → π − θ (or x → −x). Second, odd and even values of m do not
mix either, reflecting that the Hamiltonian is invariant under the symmetry operation
φ → φ + π. Finally, for Λ = 0, symmetric and antisymmetric combinations of m and
−m do not mix due to the Hamiltonian invariance under the symmetry transformation
φ → −φ. In Table 2, +m and −m corresponds to symmetric and antisymmetric
combinations, with the φ-dependence described as cos(mφ) and sin(mφ), respectively.
This symmetry condition is not exact for Λ > 0 but still quite accurate.

It can be observed from Table 2 that zero-point energies are rather large and that
the vibrational R motion is quite anharmonic, as expected for a light molecule such
as H2. As for the inside location [4], the energy differences with and without including
the rotation for the H2 center-of-mass motion are very pronounced for the molecule in
the outside of the tube (5,5) with diameter below one nanometer and are smaller for
the tube (10,0) with diameter above one nanometer.

The results obtained using effective 1D model, are also provided in Table 2. By an-
alyzing the contribution of different angular components of the potential, see Eq. (6),
we found that the terms with i ≤ 1 are the most important while higher-order con-
tributions can be practically neglected. Energy levels for this simple 1D model were
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Table 2. Energy levels (in cm−1) of a rotating H2 molecule located outside of a nanotube of helicity indices

(5,5) and (10,10), for n ≤ 3, j, |m| ≤ 2 obtained using full 3D calculation and 1D model. The energies at the

potential minima (Emin, in cm−1) and the zero-point energies (Ezp, in cm−1) are also collected. The energy
values are relative to that of the ground state (0 0 0). The energy of the ground state (0 0 0) is given between

parenthesis. The dependence on Λ is described with the external rotation constant Bext, with their values

being also listed. For comparison, we provide the energy values without including the rotational mode (in
square brackets).

CNT(5,5) CNT(10,10)

dCNT, Å 6.7 13.6
Emin, cm−1 −304.386 −352.10
Ezp, cm−1 113.491 102.75
n j m EΛ=0 E1D Bext EΛ=0 E1D Bext

0 0 0 0.000 0.000 0.176 0.000 0.000 0.081
(−188.395) (−260.435)
[−159.307] [−249.881]

0 1 0 131.048 129.881 0.174 123.120 122.585 0.081
0 1 1 100.429 99.949 0.172 108.685 108.940 0.079
0 1 -1 127.135 125.690 0.180 125.102 124.448 0.082
0 2 0 370.830 369.121 0.179 363.794 362.982 0.084
0 2 1 352.088 350.973 0.169 352.168 351.899 0.078
0 2 -1 370.717 369.015 0.181 363.732 362.941 0.083
0 2 2 344.962 342.582 0.092 349.331 349.039 0.065
0 2 -2 349.623 347.831 0.253 353.815 353.221 0.093
1 0 0 79.640 78.768 0.156 98.629 98.313 0.075

[67.015] [95.243]
1 1 0 205.259 203.814 0.154 220.317 219.673 0.075
1 1 1 187.919 186.828 0.151 210.308 210.201 0.074
1 1 -1 202.993 201.327 0.162 221.749 221.001 0.077
1 2 0 443.952 442.164 0.161 459.998 459.147 0.079
1 2 1 433.422 431.975 0.147 451.925 451.457 0.073
1 2 -1 443.889 442.099 0.163 459.949 459.117 0.078
1 2 2 429.116 427.184 0.057 450.173 449.474 0.055
1 2 -2 432.145 430.135 0.248 453.163 452.406 0.092
2 0 0 132.368 131.091 0.134 166.359 165.830 0.069

[112.472] [160.041]
2 1 0 254.907 253.324 0.132 286.823 286.102 0.069
2 1 1 245.278 243.869 0.127 280.754 280.353 0.066
2 1 -1 253.641 251.886 0.142 287.774 286.963 0.071
2 2 0 493.009 491.199 0.141 525.642 524.766 0.074
2 2 1 487.187 485.570 0.122 520.710 520.081 0.065
2 2 -1 492.981 491.160 0.145 525.603 524.745 0.072
2 2 2 484.966 482.892 0.006 519.477 518.884 0.045
2 2 -2 486.599 484.520 0.254 521.578 520.702 0.087
3 0 0 164.642 163.133 0.110 209.099 208.441 0.061

[140.297] [200.801]
3 1 0 285.321 283.654 0.108 328.735 327.964 0.061
3 1 1 280.356 278.745 0.101 325.431 324.828 0.057
3 1 -1 284.674 282.879 0.119 329.337 328.494 0.064
3 2 0 523.073 521.255 0.120 566.956 566.067 0.070
3 2 1 520.094 518.372 0.094 564.209 563.472 0.056
3 2 -1 523.062 521.233 0.123 566.924 566.052 0.066
3 2 2 519.006 516.968 -0.037 563.604 562.829 0.029
3 2 -2 519.890 517.806 0.245 564.798 563.855 0.08412



Figure 4. Figure illustrating the states associated to j = 0, and the three components (m = 0,±1) of the
j = 1 state.

obtained including only i ≤ 1 terms in the potential. As can be seen, the model re-
produce almost exactly (to within 1%) the 3D values. The corresponding effective
potentials are shown in the Supporting Material along with their correlation with the
H2-nanotube interaction potentials in different orientations.

Actually, as illustrated in Figure 4, the three states associated to j = 1 have a
very clear physical interpretation: they simply represent three orthogonal symmetric
orientation of the H2 molecule. Thus, the state with m = 0 corresponds to a parallel
orientation of the H2 molecule (i.e, along the Z axis); the state with m = +1 describes
the H2 orientation along the radial direction connecting the CNT center with the
H2 center-of-mass (i.e., the X axis for Φ = 0). Finally, for m = −1, H2 is lying
perpendicular to both the CNT long axis and to the radial direction (i.e., the Y axis).

The analysis of the splitting of j = 1 levels shows very interesting physical effects.
First, this splitting is very sensitive to the representation of the potential. In our
preliminary study for the outside H2 location [16], we used a ρ-only dependent model
for both dispersionless and dispersive contributions. This resulted in the degeneracy
of j = 1,m = 0 and j = 1,m = −1 levels, with the level j = 1,m = +1 lying higher in
energy (see Supplementary Material of Ref. 16). In the present work, we have found
that this model is not accurate enough for the dispersionless contribution due to an
enhanced role of the electrostatic term. More specifically, due to the interaction of
H2 with the induced dipole of the nanotube, the radially aligned j = 1,m = +1
state is the lowest. Moreover, the energy ordering of the states with j = 1,m = 0
and j = 1,m = −1 is modified when going from the CNT(5,5) to the CNT(10,10)
tube: for the CNT(5,5) tube j = 1,m = 0 is the highest in energy while, for the
CNT(10,10) tube it is lower than j = 1,m = −1 However, in both cases the splitting
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between j = 1,m = 0 and j = 1,m = −1 levels is much smaller than that between
j = 1,m = 0 and j = 1,m = +1 reflecting the fact that it should disapper for larger
nanotube diameter as discussed in the next section.

3.4. Comparison with the H2/graphene system

It is interesting to analyze our results by considering the limit of an infinite CNT
radius which corresponds to interaction of the H2 molecule with the graphene sur-
face, as analyzed in our previous work [19]. We notice, however, that the axes are
oriented differently so that the m quantum numbers have different meaning. For the
interaction with graphene, the Z axis was oriented perpendicularly to the surface, i.e.
it corresponds to the X axis in the present study (see Figure 1). Specifically, the X
and Y axes for graphene translate into the Y and Z axes in the present case. As a
consequence, the m = 0,+1,−1 values in the graphene case [19] would correspond
to the m = +1, 0,−1 values in the present work. For graphene, the m = ±1 states
are degenerate, reflecting the isotropy of the surface, while the m = 0 state is the
lowest-energy state. It correlates well with the present finding on the m = 1 state as
the lowest-energy one. However, the m = 0 and m = −1 states are still not degenerate
due to the curvature of the carbon cage.

Upon increasing the value of the CNT diameter, the graphene m = ±1 states should
become progressively more and more degenerate. The values of the m-splittings in the
present work are about 30 cm−1 for CNT (5,5) and 15 cm−1 for CNT (10,10) and are
similar to those previously found for graphene and graphite (ca. 23 cm−1 from Ref. 19).
Both values are somewhat larger than those measured for aligned carbon nanotubes (8
cm−1 from Ref. 14). The difference might be due to an additional confinement effect
induced by the alignment of carbon nanotubes. Moreover, since the m-splitting values
are very sensitive to both the θ- and φ-dependence of the dispersionless interaction,
work is in progress to ensure its correct treatment in wider nanotubes.

4. Conclusions

To summarize, this study has revealed the impact of the anisotropy of the H2-nanotube
interaction on the molecular rotation in the outside of both sub- and nanometer-sized
carbon nanotubes CNTs. In particular, in constrast with the case of the H2 location
inside the CNTs [16], a SAPT(DFT)-based energy decomposition has shown a marked
influence of the electrostatic contribution in the balance determining the anisotropy
of the interaction in a narrow nanotube. This feature has been interpreted as an
indication of the key role of the curvature-dependent dipole of the nanotube. This
way, our results indicate that there is a strong correlation between the curvature-
induced dipole of carbon nanotubes, the anisotropy of the H2-nanotube interaction,
and the energy levels landscape. Moreover, we propose an effective one-dimensional
model for the nuclear motion capable of reproducing full-dimensional approach energy
levels to within 1%.
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[20] M. d. R. Cuevas-Flores, M. A. Garćıa Revilla and M. Bartolomei, J. Comp. Chem, 2018,

39, 71–80.
[21] M. Bartolomei, R. Perez de Tudela, K. Arteaga, T. González Lezana, M. I. Hernandez,
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Appendix A. Parameters for the H2-nanotube dispersion and
dispersionless interaction energies

The additive pairwise potential model (PPM) proposed in Ref. 4 has been used to

fit the dispersion contribution to the H2-nanotube interaction energy Edisp
int . Specifi-

cally, the dispersion energies calculated with the SAPT(DFT) method were fitted by
means of the Das functional of Szalewicz and collaborators [31–33] but modulated by
a corrugation scaling amplitude:

Edisp
int ({RA−C}) = −

∑
C

[1 + γA(1− 3

2
cos2 θC)]

×
∑
n=6,8

√
CA
n C

C
n

RnA−C

fn

(√
βAβCRA−C

)
,

(A1)

where RA−C stands for the distance between the H2 center-of-mass and one carbon
atom, θC is the angle between the vector going from the nanotube center to the carbon
atom and the vector RA−C pointing from the adsorbate center-of-mass to the same
carbon atom. The sum in the second term (the Das function) runs over all carbon
atoms of the nanotube and the terms fn stand for the damping functions of Tang
and Toennies [49]. The dimensionless factor γA in the first term measures the anti-
corrugation strength, when γA bears a negative value, indicating that the dispersion
become more attractive when the H2 molecule is on top of one carbon atom of the
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Table A1. Parameters defining the dispersion contributions to the H2/CNT interaction energies using the

additive pairwise potential model (PPM) proposed in Ref. 4.

Dispersion parameters
CX

6 / meV·Å6 CX
8 / meV·Å8 βX / Å−1 γA

X=C 12985.1 0.0 4.7307 −0.4284
X=H2 23940.6 199945 4.3263 −

nanotube.The parameters of the PPM model are provided in Table A1. It can be noted
that only the values of the CH2

6 and βH2 parameters differ from to those given in Ref. 4
and calculated with the H2 molecule located inside the CNT(5,5) tube.
Table A2 shows the parameters characterizing the dispersionless H2-nanotube inter-
action (see section 2.2), while Tables A3 and A4 provide parameters of dispersive
part. We note that for CNT(10,10) the dispersionless potentials for θ = 0◦ and
θ = 90◦, φ = 90◦ are extremely close so we have taken the same parameters for
the fit, see Table A2. Thus, the term V 10 vanishes in this case. For CNT (5,5) there
difference is larger and so parameters differ.
We recall that parameters of dispersion interaction given in Table A1, refer to PPM
model for individual C-H interaction. The orientation dependent H2-(infinite)CNT
dispersion interaction is obtained by summation over all CNT atoms (taken as long as
needed to ensure convergence) and the subsequent fitting. The results of this fitting
are presented in Tables A3, A4 and the dispersion part is obtained explicitly from
these coefficients as

Vdisp(R, x, φ) =

m∑
i=0

i∑
k=0

V ik
disp(R)(1− x2)i cos2k(φ) (A2)

where

V ik
disp(R) =

∑n
j=0 t

ik
j

(
1
R

)j
R5

(A3)

The dispersionless part is obtained by a sum similar to Eq.(A2) with m = 1, where
V ik

disp−less(R) are obtained as linear combinations of corresponding potentials at three

different orientations, according to Eq.(5), that, in turn, have explicit analytic expres-
sion Eq.(6) with parameters given in Table A2.
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Table A2. Parameters defining the dispersionless contributions to the H2/CNT interaction energies for the

nanotubes of helicity indexes (5,5) and (10,10).

CNT(5,5)
A / meV α / Å−1 β / Å−2

θ = 0◦ 1.42016 · 108 2.2772 0.4117
θ = 90◦, φ = 0◦ 1.42014 · 108 2.3251 0.3770
θ = 90◦, φ = 90◦ 1.42014 · 108 2.2902 0.4092

CNT(10,10)
A / meV α / Å−1 β / Å−2

θ = 0◦ 1.42009 · 108 1.6959 0.1532
θ = 90◦, φ = 0◦ 1.42009 · 108 1.8577 0.1501
θ = 90◦, φ = 90◦ 1.42009 · 108 1.6959 0.1532

Table A3. Parameters of the fits to account for the angular dependent interaction, Eq. (6), such as V ik
disp(R) =

pikn (1/R)/R5 with pikn (x) =
∑n

j=0 t
ik
j x

j , for the nanotube CNT(5,5). Energy values are given in meV and

distances are provided in Å. Powers of 10 are given in parentheses. We note that the pn coefficients appearing

in Eq. (7) (parallel orientation) are exactly the same as for the p00 case below.

j 0 1 2 3 4 5

t00j -0.5560965(7) 0.2443774(9) -0.4226421(10) 0.3494356(11) -0.1393687(12) 0.2080465(12)

t10j 0.2130418(6) -0.9412775(7) 0.1600929(9) -0.1309009(10) 0.5127714(10) -0.7507330(10)

t11j -0.3025122(7) 0.1358180(9) -0.2360527(10) 0.1986538(11) -0.8078217(11) 0.1249451(12)

t20j -0.5657917(4) 0.2431584(6) -0.4021383(7) 0.3201542(8) -0.1222434(9) 0.1764795(9)

t21j 0.2875362(6) -0.1249993(8) 0.2100560(9) -0.1710924(10) 0.6758078(10) -0.1031020(11)

t22j -0.8673363(6) 0.3794565(8) -0.6428611(9) 0.5291679(10) -0.2119686(11) 0.3297781(11)

Table A4. Parameters of the fits to account for the angular dependent interaction, Eq. (6), such as V ik
disp(R) =

pikn (1/R)/R5 with pikn (x) =
∑n

j=0 t
ik
j x

j , for the nanotube CNT(10,10). Energy values are given in meV and

distances are provided in Å. Powers of 10 are given in parentheses. We note that the pn coefficients appearing

in Eq. (7) (parallel orientation) are exactly the same as for the p00 case below.

j 0 1 2 3 4

t00j -0.1260955(9) 0.7764788(10) -0.1738772(12) 0.1686217(13) -0.6054142(13)
t10j 0.4757973(7) -0.2449426(9) 0.4745701(10) -0.4103420(11) 0.1338520(12)
t11j -0.5791307(8) 0.3008662(10) -0.5906302(11) 0.5198074(12) -0.1733430(13)
t20j -0.5691953(5) 0.2835595(7) -0.5303355(8) 0.4418789(9) -0.1386058(10)
t21j 0.1853017(7) -0.9260081(8) 0.1739158(10) -0.1457194(11) 0.4604202(11)
t22j -0.5089811(7) 0.2551668(9) -0.4812227(10) 0.4053862(11) -0.1289875(12)
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