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Spectroscopy of a rotating hydrogen molecule in car-
bon nanotubes
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A first-principle study of the spectroscopy of a single hydrogen molecule rotating inside and out-
side of carbon nanotubes is presented. Density functional theory (DFT)-based symmetry-adapted
perturbation theory (SAPT) is applied to analyze the influence of the rotation in the dispersion-
less and dispersion energy contributions to the adsorbate-nanotube interaction. A potential model
for the H2-nanotube interaction is proposed and applied to derive the molecular energy levels of
the rotating hydrogen molecule. The SAPT-based analysis shows that a subtle balance between
dispersionless and dispersion contributions is key in determining the angular dependence of the
H2-nanotube interaction, that is strongly influenced by the diameter of the carbon nanotube. As
a consequence, the structure of molecular energy levels is very different in wide and narrow nan-
otubes with diameter above and below 1 nanometer, respectively. Strong anisotropy effects lead
to a rather constrained rotation of molecular hydrogen inside narrow nanotubes.
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1 Introduction
High surface area and precisely tuned pores of carbon nanotubes
(CNTs) make them relevant materials for applications such as gas
adsorption, selective separation of light isotopes,1 efficient hydro-
gen storage, and nanoreactivity, e.g., to synthesize and confine
metal nanoparticles in quasi one-dimensional configurations.2

The general goal in hydrogen storage methods being to pack hy-
drogen as close as possible, the existing remarkable experiments
provide evidences for solid-like packing of hydrogen at supercrit-
ical temperatures of industrial importance3 as well as for high-
density orientationally ordered phases at 75 K.4 On a theoreti-
cal side, a very recent study showed possibility for an hexagonal-
close-packing of deuterium molecules in carbon nanotubes.5

The crucial role of quantum nuclear effects in the motion of
light molecular species inside carbon nanotubes has been demon-
strated in experimental observations at low temperatures. Thus,
a recent work by Ohba6 revealed a quenched adsorption of he-
lium atoms in carbon nanopores with diameter below 0.7 nm at
very low temperatures of 2−5 K. The same work also showed
that more molecules of nitrogen than helium atoms adsorb in
these narrow nanotubes despite of the larger kinetic diameter
of molecular nitrogen.6 A subsequent helium density-functional
(DFT)-based study of carbon nanotubes immersed in helium nan-
odroplets pointed out that the quenched adsorption can be at-
tributed to very large zero-point energies in the motion of 4He
atoms, including the formation of cavities with zero helium den-
sities.7 A follow-up study revealed that the experimental obser-
vation can also be explained as a result of the extreme one-
dimensional confinement existing along the axis of narrow nan-
otubes for 4He atoms and N2 molecules.8 For the particular
case of molecular hydrogen inside carbon nanotubes, a quantum-
induced reversed trend in H2 and D2 diffusion rates upon low-
ering the temperature was experimentally detected9 and the-
oretically confirmed.10 The impact of quantum nuclear effects
has also been highlighted when characterizing the (superfluid or
crystalline) phase of parahydrogen molecules inside carbon nan-
otubes at zero11,12 and ultra-low temperatures.13

Recent studies using high-resolution neutron spectroscopy have
allowed to accurately characterize the motion of molecular hydro-
gen under the confinement conditions provided by carbon-based
nanoporous materials such as carbon nanohorns14 and aligned
carbon nanotubes.15 A key ingredient when aiming at repro-
ducing and predicting experimental results is a realistic model
for the molecule-nanotube interaction. Ab-initio intermolecu-
lar interaction theory allows an accurate description of van der
Waals (vdW)-dominated interactions of molecules with carbon
nanostructures.7,8,16–23 Recent options are mixed schemes com-
bining second-order Möller-Plesset perturbation theory with the
coupled-cluster approach,16,17 as well as non-periodic implemen-
tations of the incremental method24 applied at coupled-cluster

level25–29 with periodic calculations using dispersionless density
functional theory.28,30–32 An alternative methodological proto-
col8 combines DFT-based symmetry-adapted perturbation theory
(SAPT), which is used to derive the parameters of potential mod-
els describing the gas adsorption to the carbon material, with
an ad hoc-developed adsorbate wave function treatment. This
method has very recently been applied to precise characteriza-
tions of the nature of bound states of atomic helium, molecular
nitrogen, and molecular deuterium clusters inside carbon nan-
otubes.5,8

In previous works5,8 molecules of nitrogen and deuterium were
treated as structureless point-like particles using the Full Config-
uration Interaction nuclear orbital (FCI-NO) approach (see, e.g.,
Refs. 33–35 and references therein). As a step forward, we pro-
pose here an extension of the adsorbate wave function treatment
allowing to explicitly include the rotational mode of molecular
hydrogen. This extension is also motivated by very recent experi-
mental evidences demonstrating the appearance of a high-density
orientationally ordered phase in H2 adsorbed in subnanometer
pores.4 This way, our focus will be in analyzing the effect of in-
cluding the H2 orientational mode upon increasing the carbon
tube diameter from the subnanometer scale. The next section is
dedicated to a brief description of the computational methods.
Results are reported in Section 3. Finally, the main conclusions
are provided in Section 4.

2 Method

2.1 SAPT-based decomposition of the adsorbate-nanotube
interaction

The SAPT(DFT) method36,37 has been used to decompose the in-
teraction energy for the H2/CNT system as a function of the angu-
lar orientation of the molecular adsorbate. The total interaction
energy is written as a sum of first- and second-order interaction
terms, namely first-order electrostatic Eelec and exchange Eexch,
second-order induction Eind and dispersion Edisp terms, along with
their respective exchange corrections (Eexch−ind and Eexch−disp).
The dispersion and exchange-dispersion SAPT(DFT) contribu-
tions were summed to provide the total exchange-repulsion part,
as were the induction and exchange-induction contributions into
the total induction term.

2.1.1 Computational details

A carbon nanotube (CNT) is usually characterized by the so
called helicity index (m,n) (see, e.g., Ref. 38). Considering a
(5,5) CNT as an example of tube with subnanometer diameter,
we have applied the SAPT(DFT) method as implemented within
the MOLPRO electronic structure package39 including density fit-
ting (DF).40 The dangling bonds were saturated with hydrogen
atoms. We followed the same computational setup reported in
previous works,5,8 using the Perdew-Burke-Ernzerhof (PBE) den-
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sity functional,41 and a modified version of the augmented polar-
ized correlation-consistent triple-zeta basis42 (aug-cc-pVTZ) for
the nanotube carbon atoms as well as for the adsorbate hydro-
gen atoms. The DF of Coulomb and exchange integrals em-
ploys the auxiliary basis set developed for the aug-cc-pVTZ basis
by Weigend,43 while the aug-cc-pVTZ/MP2Fit basis44 was used
for fits of integrals containing virtual orbitals. The exchange-
correlation PBE potential was asymptotically corrected45 using
the ionization potential (IP) value reported in the NIST Chem-
istry Web Book for the H2 molecule46 while the IP value for the
nanotube was estimated using the DFT PBE0 approach of Adamo
and Barone47 in Ref. 8. In total, the system consists of 64 atoms,
comprising an orbital basis of 2466 basis functions and an effec-
tive basis size of 4712 functions when including density fitting
(see supplementary information of Ref. 5 for further details).

2.2 Adsorbate wave-function approach: Hamiltonian model

The full motion of a H2 molecule inside a carbon nanotube is a six
dimensional (6D) problem. In this section, we describe a series
of approximations reducing the dimensionality of the problem to
three degrees of freedom only.

2.2.1 Potential model of the adsorbate-nanotube interaction

As a first approximation, let us assume that the interaction of the
H2 molecule with the carbon nanotube can be written as a sum
of the interaction of the individual H atoms with the nanotube.
Explicitly,

VH2−CNT(ρ1,ρ2) =VH−CNT(ρ1)+VH−CNT(ρ2)

where ρ1 and ρ2 stand for the radial distance of each H atom
to the tube axis. Notice that an isotropic nature for the H-CNT
interaction is also being assumed. Specifically, the very small cor-
rugation of the VH−CNT potential is ignored, and the potential is
considered to be almost constant along the tube axis, decaying
very slowly at its borders. Hence, using cylindric coordinates,
we assume VH−CNT(ρ,z,φ) ≈ VH−CNT(ρ). The validity of this ap-
proximation has been assessed numerically. Using this model, the
interaction VH−CNT(ρ) can be easily calculated from the known
H2-CNT interaction for a parallel orientation with respect to the
tube axis from Ref. 5, VH2−CNT,||(ρ), as

VH−CNT(ρ) =
1
2

VH2−CNT,||(ρ). (1)

As discussed in Ref. 5, the VH2−CNT,|| values are obtained by apply-
ing an additive pairwise potential model (APPM) for the disper-
sionless and dispersion contributions of the adsorbate-nanotube
interaction. The parameters of the APPM were extracted by
fitting to SAPT(DFT)-based values of dispersionless and disper-
sion terms. This APPM is specially designed to characterize the
interaction of adsorbates with curved carbon-based nanostruc-

tures5,8,23 and metallic solid surfaces.48 It should be stressed that
the influence of the nanotube curvature-induced dipole49 in the
H2-CNT interaction is implicitly accounted for in the potential
model through the dependence of dispersionless and dispersion
components on the angle between the radial vector going from
the nanotube center to one carbon atom and the vector pointing
from the H2 center-of-mass to the same C atom.5 Applying the
potential model, the interaction of the whole H2 molecule with
nanotubes is thus described.

2.2.2 Kinetic energy operator and variable representation

We use cylindric coordinates R,Z,Φ for the center-of-mass (COM)
H2 position and spherical coordinates r,x = cos(θ),φ to account
for the relative motion of the two hydrogen atoms. After the cor-
responding Jacobian transformation of the wave-functions, the
kinetic energy operator can be written as:

K̂ =− 1
2M

{
∂ 2

∂R2 +
∂ 2

∂Z2 +
1

R2
∂ 2

∂Φ2

}

− 1
2µ

{
∂ 2

∂ r2 +
1
r2

∂

∂x
(1− x

2
)

∂

∂x
+

1
r2(1− x2)

∂ 2

∂φ 2

}
where M is the total mass of the hydrogen molecule, and µ is the
reduced mass. Since the H2-nanotube interaction potential does
not depend on Z (i.e., on the overall translational motion), the Z
degree of freedom can be simply omitted. Next, the H2 internal
vibrational motion is not considered here since the characteristic
vibrational frequency (about 546 meV) is much higher than the
energy range studied in the present work (below 65 meV). There-
fore, the coordinate r is fixed to the vibrationally averaged rigid
rotor value r0 and the corresponding term is omitted from the ki-
netic energy operator. In principle, more accurate approaches
including non-adiabatic corrections could be applied but these
corrections are small and neglected in this work. For further sim-
plifications, let us write the expression of the variables on which
the adsorbate-nanotube VH2−CNT interaction depends, i.e., ρ1 and
ρ2. In what follows, the ρ1 and ρ2 degrees of freedom which be
referred to as ρ+ and ρ−:

ρ
2
± = R2 +

r2
0 (1− x2)

4
± r0 R

√
1− x2 cos(φ −Φ) .

This expression suggests that a suitable transformation is,

φ → φ̃ = φ −Φ
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Omitting tildes in what follows, the kinetic energy operator be-
comes

K̂ =− 1
2M

{
∂ 2

∂R2 +
1

R2
∂ 2

∂Φ2 −
2

R2
∂ 2

∂Φ∂φ
+

1
R2

∂ 2

∂φ 2

}

− 1
2µ

{
1
r2
0

∂

∂x
(1− x

2
)

∂

∂x
+

1
r2

0(1− x2)

∂ 2

∂φ 2

}

with

ρ
2
± = R2 +

r2
0(1− x2)

4
± r0 R

√
1− x2 cos(φ) . (2)

Hence, the coordinate Φ can be separated out along with the cor-
responding integer overall rotation quantum number Λ and the
associated wave function

ΨΛ(Φ) =
exp(ıΛΦ)√

2π
.

After this separation, the final problem becomes three dimen-
sional (3D) with a Λ-dependent kinetic energy operator:

K̂Λ =− 1
2M

{
∂ 2

∂R2 −
Λ2

R2 −
2ıΛ
R2

∂

∂φ
+

1
R2

∂ 2

∂φ 2

}

− 1
2µ

{
1
r2

0

∂

∂x
(1− x

2
)

∂

∂x
+

1
r2

0(1− x2)

∂ 2

∂φ 2

} (3)

It can be noticed that that the total 3D Hamiltonian is invari-
ant under the symmetry transformation x→ −x, and for Λ = 0,
φ → 2π − φ . Moreover, since the adsorbate-nanotube interac-
tion potential is a sum of terms with ρ1 and ρ2 as the variables,
the total Hamiltonian is also invariant under the transformation
φ → φ +π (that corresponds to ρ1↔ ρ2).

2.2.3 Calculation of energy levels

The resulting 3D Hamiltonian problem is solved using the Dis-
crete Variable Representation (DVR) approach50 and sinc-DVR
functions5,8 for radial coordinate R and analytic basis of spherical
harmonics for angular coordinates. To be able to perform analytic
integration for angular coordinates, the model H-CNT interaction
potential VH−CNT (Eq. 1), is first expanded in a polynomial series

VH−CNT(ρ
2) =

n

∑
L=0

VL(ρ
2−ρ

2
0 )

L. (4)

Using the explicit expression for ρ2
±, Eq. 2, this can be rewritten

in the form

V (R,x,φ) =
n

∑
I,L=0

I

∑
K=0

PJIK(R2−R2
0)

J
(

1− x2
)I

cos2K (φ) , (5)

with coefficients PJIK being linear combination of VL. Explicit ex-
pressions of the coefficients as well as their derivations are pro-
vided in Section S1 of ESI.

The integration over x and φ can be then performed analytically
using spherical harmonics as a basis, Y jm(θ ,φ), with x = cos(θ)
and j≥m. Using this basis, the Hamiltonian matrix can be explic-
itly written as

Hi′ j′m′,i jm = (6)

δi′i

n

∑
I,J=0

I

∑
K=0

pJIK(R2
i −R2

0)
J〈 j′m′|(1− x2)I cos2K(φ)| jm〉+

δ j′ jδm′m

{
− 1

2M
〈i′| ∂ 2

∂R2 |i〉+
(Λ−m)2

2M
〈i′| 1

R2 |i〉+δi′i
j( j+1)
2µr2

0

}

where i stands for the i-th radial DVR function, with Ri as the cor-
responding DVR grid point. The details for the analytical calcu-
lations of the angular matrix elements 〈 j′m′|(1−x2)I cos2K(φ)| jm〉
are given in section S3 of the ESI. The symmetry noted above
translates into the fact that odd and even j are not mixed, as well
as odd and even m. Moreover, for Λ = 0, symmetric and anti-
symmetric functions of φ , i.e. cos(mφ) and sin(mφ), do not mix
either. Since an important part of the wave function can be close
to R = 0 for nanotubes of small diameter, special attention should
be paid to the explicit evaluation of 1

R2 .

2.2.4 Computational details in adsorbate wave-function cal-
culations

The interaction potential VH−CNT was fitted using the polynomial
expansion of Eq. 4 with n values ranging from 4 to 8 upon increas-
ing the nanotube diameter (see section S1 of the ESI for pictures
showing the accuracy of the fittings and expansion coefficients ).
A basis of spherical harmonics with mmax =10 and jmax =30 was
used to account for the angular degrees of freedom. For the ra-
dial R coordinate we used from 61 to 90 Sinc-DVR functions on
the intervals going from 0 to 9 bohr (from 17 to 25 bohr) for H2

rotating inside (outside) carbon nanotubes.

3 Results and discussion

3.1 Influence of rotational H2 motion on the H2-nanotube
interaction

For a short and narrow nanotube of helicity index (5,5) and di-
ameter of 6.74 Å., the left-hand panel of Figure 1 shows the total
H2/sCNT(5,5) interaction potential for three orientations of the
H2 molecule as a function of the radial distance R between the
molecule center-of-mass and the nanotube center. The electro-
static Eelec, exchange-repulsion Eexch−rep, induction Eind, and dis-
persion contributions Edisp are also shown. As illustrated in the
picture of the right-hand panel, θ = 0◦ (full lines) correspond to
a parallel orientation of the H2 to the tube axis while θ = 90◦

(dashed lines) is associated to a perpendicular configuration in-
stead.

As can be observed in Figure 1 (left-hand panel) and also dis-
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Fig. 1 Radial scan of the total interaction energies between a single H2 molecule and the short carbon nanotube (sCNT) of helicity index (5,5)
represented in the right-hand panel. Gray spheres represent carbon atoms while blue spheres stand for one H2 molecule inside. The sCNT was
saturated with hydrogen atoms (not shown here). The interaction energies are represented as a function of the distance from the H2 center-of-mass to
the nanotube axis, R. Full, dotted and dashed lines correspond to θ values of 0◦, 45◦, and 90◦, respectively, with θ as the angle between the H−H
internuclear axis and the nanotube axis. The different SAPT-based energy contributions to the total interaction energy are also shown. The H−H bond
length was fixed to the vibrationally averaged rigid rotor value, r0=0.7508 Å from Ref. 18.

cussed in Ref. 5, the H2/CNT attractive interaction is dispersion-
dominated, with the net repulsive dispersionless contribution
mainly characterized by the exchange-repulsion term. The po-
tential minimum is located at the center of the narrow nanotube
because this symmetric position allows the adsorbate benefit from
the dispersion interaction with carbon atoms at both sides of the
carbon cage. The exchange-repulsion contribution grows expo-
nentially as the distance between the H2 and the carbon cage
decreases although such behavior is somewhat smoothed out by
the attractive electrostatic contribution. The induction term con-
tributes very little at the relevant range of radial distances in this
work.

Focusing on the influence of the particular H2 orientation on
the total energy, it can be observed that the parallel orientation
(θ = 0◦, full lines) is clearly energetically preferred over the per-
pendicular configuration (θ = 90◦, dashed lines). It can be also
seen that this preference arises from a smaller exchange-repulsion
contribution when the molecule is located along the tube axis.
Contrarily, the dispersion contribution becomes more pronounced
as the θ value increases. Therefore, the preferential orientation

arises from the counterbalance between exchange-repulsion and
dispersion terms.

The subtle balance between dispersion and dispersionless con-
tributions is very much influenced by the diameter of the nan-
otube. To illustrate it, we apply the potential model to longer
nanotubes with helicity indexes (5,5), (10,5) and (10,10), ob-
taining the θ -dependence of total, dispersionless and dispersion
energies presented in Table 1 (see also Figure 2). First, it can be
observed in Table 1 that the potential model provides total en-
ergies at the potential minimum (values in parenthesis) agreeing
with the SAPT(DFT) values to within 6%. Second, it can also
be seen that the weight of the exchange-repulsion the potential
minimum decreases as the diameter of the tube increases and,
then, the dispersion becomes more relevant in determining the
θ -dependence of total energies. This is the reason why the en-
ergy difference between parallel and perpendicular orientations
becomes smaller when the tube diameter increases, as can be
clearly seen in Figure 2. From Table 1, we can also notice the
very weak φ -dependence of total energies, reflecting the small
corrugation of the carbon material.
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Table 1 Total energies (E tot
min, in meV) and positions (R0, in Å) of the potential minima for the interaction between a single H2 molecule rotating in

carbon nanotubes CNT with helicity indexes (n,m) and diameter (dCNT, in Å) of increasing value. The term “s(5,5)" stands for the short CNT used in the
SAPT(DFT) calculations (see right-hand panel of Figure 1). Nanotubes with 10 cell units (a length equal or larger than 23.36 Å) were chosen when
applying the potential model. Values between parenthesis has been obtained using this model.

CNT s(5,5)/SAPT(DFT) (5,5)/model (10,5)/model (10,10)/model
dCNT 6.7 6.7 10.4 13.6
R0 0.0 0.0 2.0 3.6
(θ ,φ) Edisp−less

min Edisp
min E tot

min Edisp−less
min Edisp

min E tot
min Edisp−less

min Edisp
min E tot

min Edisp−less
min Edisp

min E tot
min

(0◦,0◦) 90 −236 −146 (−148) 96 −279 −183 37 −127 −90 31 −103 −72
(45◦,0◦) 108 −247 −139 (−137) 118 −289 −171 51 −133 −82 44 −109 −65
(90◦,0◦) 123 −254 −131 (−124) 141 −300 −159 66 −139 −73 57 −114 −57
(45◦,45◦) 108 −247 −139 (−137) 118 −289 −171 46 −132 −86 32 −100 −68
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Fig. 2 Scan of relative energies E-Emin as a function of θ for one H2
molecule inside carbon nanotubes (CNT) of helicity indexes (5,5),
(10,5), and (10,10).

3.2 Molecular energy levels of H2 in carbon nanotubes
As illustrative examples, we have calculated the molecular en-

ergy levels of H2 inside nanotubes with helicity indexes (5,5),
(10,5), and (10,10), having diameters of 6.7, 10.4, and 13.6 Å,
respectively, as well as the levels outside the (10,10) nanotube.
These energy levels are assigned using three quantum numbers,
n for the radial R degree of freedom, j for the molecular rota-
tion associated with x = cos(θ), and m for the projection of the
angular momentum quantum number corresponding to φ . For all
nanotubes, the motions in R and x,φ are quite well separated so
that the vibrational quantum number n and ( jm) can be uniquely
attributed to each adsorbate bound state. These states have been
calculated for several values of the total angular momentum pro-
jection Λ along the tube axis. It should be noticed that, for Λ = 0

and m > 0, we can distinguish between symmetric (referred to as
“ms”) and anti-symmetric (“ma”) energy levels. For larger nan-
otubes and Λ > 0 this symmetry is still approximately preserved,
in contrast with the (5,5) nanotube where the 1

R2 term plays a ma-
jor role so that m itself becomes a better quantum number. The
energies of the most representative bound states are presented in
Table 3.2 while the complete list of calculated molecular energy
levels is provided in section S2 of the ESI.

From the values of zero-point energies Ezp in Table 3.2, it can
be observed that the strong confinement of H2 upon adsorption
inside the (5,5) tube leads to a considerable zero-point energy
due to the steepness of the interaction potential along the radial
R distance (see Figure 1). Similar to atomic helium as the adsor-
bate,7 it arises from a very pronounced exchange-repulsion even
at the center of the nanotube. This finding is consistent with the
experimental observations of Ohba,6 showing the quenched ad-
sorption of species as light as helium atoms in nanopores with
diameters below 7 Å at low (2−5 K) temperatures.

It is also interesting to compare the lowest-energy states in Ta-
ble 3.2 with those calculated by considering only the H2 center-of-
mass motion R in Ref. 5, with the H2 molecule lying parallel to the
tube axis. The energies of these states are shown in brackets and
they would be associated with the set ( j m)= (0 0). Notice that the
wave function for states with j = m = 0 is quite broad in θ , which
results in penalty from the less attractive interaction potential for
a perpendicular configuration and a higher energy when includ-
ing the H2 rotation into our treatment. The energy differences
with and without including the H2 rotation are more pronounced
for H2 inside the narrow nanotube where, for ( j m) = (0 0), the
number of vibrational bound states is reduced from three to just
two. Contrarily, the less steep H2-CNT(10,10) interaction poten-
tial supports more than six vibrational states with ( j m) = (0 0).

To better understand the dependence of the energy levels on
the different quantum numbers, the total energies have been de-
composed in the following contributions: (1) the average poten-
tial energy term 〈VH2−CNT〉; (2) the kinetic R-dependent term,
〈K(R)〉, with K(R) =− 1

2M
∂ 2

∂R2 (i.e., the first term from the kinetic
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Table 2 Energy levels (in cm−1) of a rotating H2 molecule inside nanotubes of helicity index (5,5), (10,5) and (10,10) and diameter (dCNT, in Å) of
increasing value. For the (10,10) nanotube, results for the H2 molecule placed outside the carbon cage are also given (denoted as CNT(10,10)-ext).

The energies at the potential minima (Emin, in cm−1) and the zero-point energies (Ezp, in cm−1) are also collected. The energy values are relative to that
of the ground state (0 0 0). The energy of the ground state (0 0 0) is given between parenthesis. For Λ > 0, ∆EΛ=(E-EΛ=0)/Λ2. The energies of the lowest
bound states without including the rotation are presented in brackets. Additional energy levels are provided in section S2 of the ESI.

CNT(5,5) CNT(10,5) CNT(10,10) CNT(10,10)-ext

dCNT, Å 6.7 10.5 13.6 13.6
Emin, cm−1 −1474 −725 −575 −296
Ezp, cm−1 474 99 99 81
n j m EΛ=0 ∆EΛ=1 EΛ=0 ∆EΛ=1 EΛ=0 ∆EΛ=1 EΛ=0 ∆EΛ=1

0 0 0 0.0 154.088 0.0 2.905 0.0 0.727 0.0 0.081
(−997.908) (−625.627) (−475.369) (−215.515)

0 [−1147.07] [−650.433] [−502.037] [−233.840]
0 1 0 61.429 150.275 110.148 2.778 109.371 0.714 112.222 0.082
0 1 1s 340.182 231.611 140.229 4.183 138.983 0.828 130.974 0.082
0 1 1a 309.649 −144.839 112.058 1.646 109.775 0.645 112.313 0.081
0 2 0 338.445 154.303 345.202 2.072 342.789 0.680 346.558 0.081
0 2 1s 510.758 229.605 367.277 4.263 365.256 0.829 361.193 0.083
0 2 1a 488.408 −143.881 345.509 1.360 342.748 0.619 346.560 0.080
0 2 2s 825.042 284.147 382.259 11.179 377.855 −0.254 367.951 0.092
0 2 2a 835.032 −251.237 375.399 −4.388 367.170 0.129 361.452 0.071
1 0 0 522.302 169.873 117.289 5.473 123.191 0.895 93.195 0.076

[486.978] [126.178] [130.899] [100.079]
1 1 0 571.230 165.199 230.937 5.068 235.674 0.876 208.018 0.076
1 1 1s 912.150 233.919 256.851 8.366 258.877 1.070 220.864 0.076
1 1 1a 857.645 −142.973 234.331 0.745 236.068 0.748 208.069 0.075
1 2 0 877.251 151.240 467.850 3.594 470.371 0.765 443.506 0.074
1 2 1s 1058.936 239.767 486.606 8.764 487.858 1.082 453.361 0.077
1 2 1a 1019.278 −148.993 469.366 0.100 470.381 0.698 443.503 0.074
1 2 2s 1390.569 320.492 505.672 20.008 499.811 0.215 458.592 0.088
1 2 2a 1414.431 −267.805 500.797 −10.555 490.208 −0.112 453.576 0.064
2 0 0 1087.333 183.886 205.702 14.606 218.204 1.247 155.322 0.069

[1022.891] [220.287] [231.836] [166.508]
2 1 0 1123.970 177.651 321.341 13.555 332.906 1.211 271.706 0.069
2 1 1s 1521.755 221.946 353.967 18.234 350.725 1.632 279.919 0.069
2 1 1a 1435.031 −137.1229 332.991 −6.195 333.508 0.886 271.743 0.067
2 2 0 1465.285 141.410 560.816 9.167 569.158 0.498 507.901 0.067
2 2 1s 1646.533 247.978 584.240 19.849 581.976 1.679 514.236 0.071
2 2 1a 1592.477 −152.7319 568.653 −7.433 568.833 0.771 507.907 0.067
2 2 2s 1992.091 351.905 614.377 33.948 592.094 4.737 518.548 0.078
2 2 2a 2029.057 −279.984 612.508 −22.713 585.367 −1.427 514.422 0.063
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Table 3 Decomposition of total energies (Etot, in cm−1) of molecular states of H2 inside CNT(5,5) into the following contributions: average potential
term 〈VH2−CNT〉, kinetic R-dependent term, 〈K(R)〉, kinetic (internal) term, 〈Kint〉, and kinetic (external) term 〈Kext〉. Energy differences ∆Etot with respect
to the ground-state energies are also provided.

n j m Λ Etot ∆Etot 〈VH2−CNT〉 〈K(R)〉 〈Kint〉 〈Kext〉
0 0 0 0 −998 0.0 −1206 188 19 0.1
0 1 0 0 −936 61 −1246 184 125 0.0
0 1 1s 0 −658 340 −1073 168 128 120
0 1 1a 0 −688 310 −1087 160 126 113
0 2 0 0 −659 338 −1191 191 340 0.2
1 0 0 0 −476 522 −986 475 34 0.9
2 0 0 0 89 1087 −760 796 50 3.3
0 0 0 1 −844 154 −1138 159 23 112
0 1 0 1 −786 212 −1178 156 126 109
0 1 1s 1 −426 572 −971 163 129 253
0 1 1a 1 −833 165 −1153 195 125 0.3

energy operator in Eq. 3); (3) the “internal" kinetic term 〈Kint〉
(i.e., the terms multiplied by the H2 rotational constant BH2 =

1
2µr2

0

in Eq. 3); (4) the “external" kinetic term 〈Kext〉 (i.e., the terms
multiplied by the “external" rotational constant Bext =

1
2MR2 in

Eq. 3). This decomposition is presented in Table 3 for the par-
ticular case of the (5,5) nanotube.

Focusing first on the energy levels with (m Λ) = (0 0), we can
notice from Tables 2 and 3 that their j-dependence deviates by
just 10% from that of gas-phase H2 molecules and expressed as
BH2 j( j + 1). For Λ > 0, it can observed that the Λ-dependence
of the energy levels is very weak for the wide CNT(10,10) tube,
being simply accounted for with the energy contribution BextΛ

2.
This can be explaining by considering the large value of the equi-
librium distance R0, of 3.6 Å (see Table 1), leading to a very small
value of the “external" rotational constant Bext =

1
2MR2

0
(about 1

cm−1).

As opposed to the case of the wide CNT(10,10) tube, the poten-
tial minimum for the H2-CNT interaction is located at the center
of narrow nanotubes (i.e., R0 =0) so that the value of the rota-
tional constant Bext is very large, differing by less than 13% from
the value of the H2 rotational constant BH2 . The quantum num-
bers Λ and m are thus strongly correlated and the Λ-dependence
of the energies can be approximated as Bext(Λ−m)2. Therefore,
as can be observed Table 3, the “external" kinetic term 〈Kext〉 is
almost zero for levels with Λ = m.

It is important to note that the levels (n 1 1a) and (n 1 0) are
nearly degenerate with the exception of the narrow (5,5) tube.
This outcome can be explained as follows: the most important
term in the potential expansion splitting m = 0 and m = 1 states
corresponds to that with indexes I = K = 1, see Eq. (5) above
(the terms with K = 0 give no splitting), which is directly related
to the V2 coefficient. However, it can be demonstrated that the
I = K = 1 term contributes equally to (n 1 0) and (n 1 1a) Hamilto-

nian matrix elements, while it is three times larger for the (n 1 1s)
counterparts. A detailed analysis of the degeneracy of (n 1 1a)
and (n 1 0) levels is provided in section S4 of the ESI. For the nar-
row (5,5) tube, the anisotropy of the H2-CNT interaction is much
more marked. In this case, the Bext(Λ−m)2 rotational term con-
tributes to increase the energy of the (0 1 1) level by ca. 250 cm−1.
The energy pattern is then determined by the whole combination
of different contributions. This way, the energy differences be-
tween (0 1 0) and (0 1 1) levels are much larger such as the levels
(n 1 1a) and (n 1 0) are no more degenerate. In stark contrast, the
m-splitting of (n j) = (0 1) levels inside and outside of the wider
(10,10) tube is below 20 cm−1 (see Table 1).

Recent experimental measurements using high-resolution neu-
tron spectroscopy have provided precise values of m-splittings for
H2 adsorbed in the outside of carbon nanohorns14 and aligned
carbon nanotubes.15 Specifically, values of ca. 4 and 8 cm−1

have been reported for the energy difference between (0 1 0) and
(0 1 1) levels in carbon nanohorns14 and carbon nanotubes, re-
spectively.15 By extending our potential model to the outside of
the CNT(10,10) nanotube (see Table 1), the estimated value of
the m-splitting is 18 cm.−1 This value is probably overestimated
because our model potential is based on ab-initio calculations
with H2 placed inside the carbon cage. As shown in Ref. 8, the
repulsive core of adsorbate-CNT interaction is less marked for
the adsorbate localized in the outside of the carbon cage and,
then, the anisotropy of the interaction. Moreover, as discussed
in Ref. 49, it is well known that there is an electronic charge
displacement directed toward the outside of the carbon cage in
nanotubes. It is clear that this redistribution of the electronic
density must affect the H2-nanotube interaction, in particular the
exchange-repulsion. Hence, more precise estimations would re-
quire the refitting of dispersionless contributions using ab-initio
values for H2 placed outside the nanotube. Using preliminary cal-
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culations of SAPT(DFT) interaction energies with the H2 molecule
located outside of the carbon cage, a refitting of the pairwise po-
tential model indicates that the m-splitting is reduced from 18 to
11 cm,−1 with the global structuring of molecular energy levels
being almost unmodified. Finally, a proper modeling of assem-
blies of CNTs used in experimental measurements,15 is probably
needed.

4 Conclusions
We presented a new potential model and adsorbate wave-function
method based on accurate vdW ab initio calculations and an ex-
plicit treatment of the relevant nuclear degrees on freedom. The
method has been applied to provide accurate energy levels of
molecular hydrogen rotating inside and outside carbon nanotubes
of various sizes, starting from the subnanometer regime. An anal-
ysis based on SAPT-DFT theory has been performed to estimate
the influence of the different physical contributions to the H2-
nanotube interaction energy on the rotating molecule. This anal-
ysis highlights the dramatic modification of the interaction energy
landscapes and molecular energy patterns in going from carbon
tubes of sub-nanometer diameter to nanometer sizes. In particu-
lar, strong anisotropy effects constraint the rotation of molecular
hydrogen in narrow nanotubes.

The new computational tool presented in this work will al-
low to interpret future experimental measurements using high-
resolution neutron spectroscopy of H2 molecules inside carbon
nanotubes. Work is in progress to refine our potential model
and to provide more accurate estimations of molecular energy
levels for H2 molecules adsorbed outside carbon nanotubes and
nanotube assemblies. The application of our method to other di-
atomic molecules in carbon nanotubes is also envisaged.
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