(p,9)-REGULAR OPERATORS BETWEEN BANACH LATTICES

ENRIQUE A. SANCHEZ PEREZ AND PEDRO TRADACETE

ABSTRACT. We study the class of (p, g)-regular operators between quasi-Banach
lattices. In particular, a representation of this class as the dual of a certain
tensor norm for Banach lattices is given. We also provide some factorization
results for (p, g)-regular operators yielding new Marcinkiewicz-Zygmund type
inequalities for Banach function spaces. An extension theorem for (g,c0)-
regular operators defined on a subspace of L4 is also given.

1. INTRODUCTION

This paper is devoted to study operators between Banach or quasi-Banach lat-
tices satisfying estimates of the form

n 1 n 1
|(mae) | < | ()
=1 i=1

for every choice of vectors {z;}? ;. The operators for which this inequality holds
are called (p, ¢)-regular, and as far as we know were introduced by A. Bukhvalov in
[2] in connection with the interpolation of Banach lattices (see also [3]). The aim
of this note is to make a systematic study of the class of (p, g)-regular operators.

It should be noted that the notion of regular operator has different usages in
the literature: these can refer to operators that can be written as a difference
of positive operators (cf. [1]), or for the terminology used in [20], these refer to
operators T : X — Y for which there is K > 0 such that

n n
\/ [T \VAEH
=1 =1

for every {z;}_; C X. The latter correspond in the current terminology to (oo, 00)-
regular operators.

There has been a considerable interest in the literature to determine conditions
under which every operator between two Banach lattices is (r,r)-regular (or for
brevity r-regular). In particular, an application of Grothendieck’s inequality due to
J. L. Krivine [14] (see also [17, Theorem 1.f.14]) yields that for any Banach lattices
X,Y, every bounded linear operator T : X — Y is 2-regular. This fact has been
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2 E. A. SANCHEZ PEREZ AND P. TRADACETE

later extended by N. J. Kalton to a quite large family of quasi-Banach lattices [13],
and is also related to the complexification constants of an operator (cf. [10]). On
the other hand, it is also known that positive operators between Banach lattices are
always (p, q)-regular for ¢ < p. The case of (oo, 1)-regular operators, which contain
all (p, g)-regular operators, have been recently shown to have good interpolation
properties with respect to the Calderén-Lozanovskii construction [23].

In the particular case of operators between L, spaces, the question whether
every operator is r-regular can be traced back to classical works of R. Paley, J.
Marcinkiewicz, A. Zygmund and S. Kwapien, and has been completely settled by
A. Defant and M. Junge in [9] (see also the references therein). In particular, in
that paper, the authors characterize the triples (p,q,r) for which every operator
T : L, = Lg is r-regular, even providing quantitative versions and asymptotic
estimates of the constants involved in some cases. In this paper, we will analyze
the analogous situation concerning (p, ¢)-regular operators.

It goes without saying that there is also a natural interplay between (p,q)-
regularity and summability properties. This connection stems from the fact that
for a Banach lattice X and {z;}?; C X it holds that

sup (Z |<$i,x*>|p)1/p = H(Z ‘xilp)l/pHx'

.Z‘*GB)(*

In particular, the above inequality yields that every lattice (p, ¢)-summing operator
is (p, q)-regular (see [5, 18] concerning lattice summing operators). The natural
connection with convexity and concavity will also be explored.

The paper is organized as follows: after Section 2, where a preliminary discussion
about the basics on (p, g)-regular operators is given, in Section 3 we present several
facts for this class of operators in the framework of Lapresté tensor norms (see [7]).
In particular, this allows to represent the class of (p, ¢)-regular operators as the dual
of a certain tensor product in a standard way. It must be noted though that this
point of view has been historically considered for Banach spaces, or locally convex
vector spaces, but it is not so common for the case of Banach lattices. This approach
is not to be confused with that of Banach lattice tensor norms, which studies the
conditions under which a particular topology in a tensor product of Banach lattices
becomes itself a Banach lattice (see the founding paper of D. Fremlin [12] and
related recent work of A. Schep in [24]).

Next part of the paper, Section 4, is devoted to the peculiarities of (p, ¢)-regular
operators between L, spaces. We first study the factorization properties of these
operators in terms of the Maurey-Rosenthal theory (see Theorems 4.1 and 4.4) in
order to provide a characterization of a specific class of operators factoring through
L.-spaces. As a main result of this section, we give a new class of Marcinkiewicz-
Zygmund inequalities involving norms of general Banach function lattices.

The paper is finished by showing the extension properties of the (oo, ¢)-regular
operators defined on a subspace of a Banach lattice (Theorem 5.2), which provide
a version of a result of G. Pisier on extension of co-regular operators (see [20]).

We use standard terminology from Banach spaces, Banach lattices and operator
theory. For any unexplained notion the reader is referred to the monographs [1, 7,
17].
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2. DEFINITIONS AND PRELIMINARIES

Suppose X is a quasi-Banach lattice of measurable functions on a measure
space (,%,p). Given {x;}', € X and p € (0,00), expressions of the form
(30 |ziP)L/P can be defined pointwise (u-almost everywhere). Although Kriv-
ine’s functional calculus ([17, Theorem 1.d.1], see also [22] for the non-locally convex
setting) gives a meaning to this kind of expressions for abstract quasi-Banach lat-
tices, for most applications we will only be concerned with the case of measurable
functions.

Definition 2.1. Given quasi-Banach lattices X,Y, and 0 < p,q < oo a linear
map T : X — Y is (p, q)-regular if there is a constant K > 0 such that for every
{xi}?ZI - X7

() | = () |
i=1 1=1

Similarly, T is (p, oo)-regular (respectively, (oo, ¢)-regular) when

() (e <))

For simplicity, when p = ¢ we will say that T is p-regular. With this notation,
the well-known notion of regular operator (cf. [20]) corresponds to the case of
oo-regular operator.

We will write R, ,(X,Y) for the space of (p,q)-regular operators between X
and Y. We will denote by p, 4(T) the smallest K > 0 for which the inequalities
appearing in Definition 2.1 hold for arbitrary elements in X. The following facts
are straightforward:

P

n

\VAEH

i=1

n
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i=1
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Proposition 2.2.
(1) Every (p, q)-regular linear map T is bounded with ||T|| < pp.q(T).
(2) Let py > p and ¢1 < q. If T is (p,q)-reqular, then T is (p1, q1)-regular with

Pr1,q1 (T) S pP-,Q(T)'

Given {z;}"_; C X, for p > 1, taking 1/p + 1/p’ =1 we can write

n % n n ,

(Sre) =su{ S awrs o <1},

i=1 i=1 i=1
(the supremum being taken in the sense of order in the lattice X). In particular
when T is a positive operator, we have the inequalities

n

(i|Txi|P>‘l’ = sup T(iaixi) ST( _sup iai@) :T[(Z|wi|p)

. M . . .
i=1 S Jas|P <1 i=1 S Jas|P <1 0=1 i=1
i=1 i=1

More generally, if the modulus of an operator T': X — Y exists (cf. [1, Chapter
1]), then it is p-regular for every 1 < p < oo, and p,,(T) < |||T|||. In particular,
this happens when Y is a Dedekind complete Banach lattice and T" can be written
as a difference of two positive operators. Conversely, suppose Y is complemented
by a positive projection in its topological bidual Y**, then every 1-regular operator
T : X — Y can be written as a difference of two positive operators [15, p. 307].

S
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The definition of a (p, ¢)-regular operator suggests a connection with convexity
and concavity. Indeed, recall that an operator T : X — Y is (p, q)-concave (cf. [11,
p. 330]) whenever there is a constant C' > 0 such that for every {z;}", C X

(Brm=r) sl () |

Similarly, T : X — Y is (p, ¢)-convex whenever there is a constant C' > 0 such that
for every {z;}", C X

(Soee) ()’
i=1 i=1

In particular, a Banach lattice is called p-concave, respectively p-convex, when the
identity is (p, p)-concave, respectively (p,p)-convex. It is straightforward to check
that, for p > ¢, if T : X — Y is (p,q)-concave and S : Y — Z is p-convex, then
ST is (p, g)-regular with p, ,(ST) < MP)(S)K,, ,(T) (where, M) (S) and K, ,(T)
denote, respectively, the p-convexity constant of S and the (p, ¢)-concavity constant
of T, cf. [17, 1.d.3]).

We will also make use of the concavification of a Banach lattice (cf. [17, 1.d]).
Namely, if X is a p-convex Banach lattice of measurable functions over some mea-
sure space (£2,%, ), we define its p-concavification X,; which consists of those

measurable functions f such that |f |% € X, endowed with the norm

1
1 1l = AP 11

We mentioned above that for a large class of quasi-Banach lattices every bounded
linear operator is 2-regular. In fact, an application of Grothendieck’s inequality due
to J. L. Krivine [14] (see also [17, Theorem 1.f.14]) yields that for Banach lattices
X, Y, every bounded linear operator T' : X — Y is 2-regular with p2 2(T") < K¢|Tl,
where K¢ denotes Grothendieck’s constant.

This fact was extended by N. J. Kalton to L-convex quasi-Banach lattices [13].
Recall that a quasi-Banach lattice X is L-convex whenever its order intervals are
uniformly locally convex, that is, whenever there exists 0 < € < 1 so that if u € X
with Jul| =1 and 0 < z; <wu (for ¢ = 1,...,n) satisfy

%(xl bt o) > (1—o),
then

max |lz;|| > e.
1<i<n

This class includes every quasi-Banach lattice which is the p-concavification of a
Banach lattice (for instance, L,,, A(W,p) and L, o for 0 < p < 00). Kalton’s result
states that if Y is an L-convex quasi-Banach lattice, then for every quasi-Banach
lattice X, every operator T : X — Y is 2-regular [13, Theorem 3.3].

Proposition 2.3. Given quasi-Banach lattices X,Y and 0 < p,q < oo, the space
(Rp,q(X,Y), ppq(-)) is a quasi-Banach space.

Proof. This is straightforward. For completeness, just note that ||T|| < p, ((T). O

Proposition 2.4. Let X,Y be quasi-Banach lattices.
(i) Let 0 < p < g<oo. Then R, 4(X,Y) = {0}.
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(ii) Suppose Y is L-convex, then for every p > 2 > q we have R, (X,Y) =
L(X,Y).

(i) For 0 < ¢ < p, if X is g-concave and Y is p-convez, then Ry ,(X,Y) =
L(X,Y).

Proof. (i) Let T € R, 4(X,Y). Suppose there is € X such that Tz # 0. Then for
each n € N,
1 - 1 - 1 1
v | Tal| = | T2 P) 71| < ppg (DN 1) 7 || = ppg(T) e |2].
i=1 i=1

Since this is impossible for large n, we have that T' = 0.
(ii) This follows from [13, Theorem 3.3] and Proposition 2.2.
(iii) Let T: X — Y be an operator. For (x;)"_; C X we have

- 1 ~ 1 " 1
IO |TzifP)v || < MPO)Q [ Tas|?)r < MPY)(Y_ |1 T 4) 5
=1 i=1 =1

Q=
IN
=
3
=
=
=
-
>
B
=
i\

< MP(Y)|T| (Z i)

i=1

O

In the rest of the section we characterize (p, ¢)-regularity of operators in terms
of the bilinear maps defined by them. Some of the results presented here are well-
known; but we include them here in a unified way and with complete proofs for the
aim of completeness. We first analyze a special type of duality in Kéthe-Bochner
spaces, which will be done in what follows.

Recall that for a Banach lattice X and 1 < p < 00, X (¢,) is the closed subspace
of sequences x = (2, )nen C X for which

k 1
lllxe, = sup | (3 feal?)”
n=1

and which is spanned by the eventually null sequences. Similarly, X ({) corre-
sponds to the space of those sequences with

< 00,

< o0.

k
lall e = sup | \/ fznl
k n=1

These are the natural generalization of Bochner (or Kéthe-Bochner) spaces for ab-
stract Banach lattices. Indeed, let X be an order continuous quasi-Banach function
space over the measure space (Q,%, ) and let 0 < r < co. The Kéthe-Bochner
space X (9, X, u; £") is defined to be the space of strongly Y-measurable functions
¢ : Q0 — {7 with the quasi-norm given by

16llx@2mey = 60l x
where ¢, : 2 = R is given by w € Q — |[p(w)| ¢

Lemma 2.5. Let X be an order continuous quasi-Banach function space over
(Q,3,1), 1 <r < oo and let (e;)ien denote the unit basis of £.. For any (x;)1, C
X we have
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(i) the function ¢ : @ — £ given by p(w) = > i, x;(w)e; belongs to X (Q, %, p; £7)
with

n 1
[l x @, mer) = H(Z |xl|r) ’ ||X’
i=1

(i) the set X (2,2, u;€")o of all the functions defined in this way is dense in
X(Q, 2, u; 0r).

Proof. (i) Since X is order continuous, each function z; can be approximated by
simple functions. Therefore, as the sequence is finite, a direct calculation shows
that there is a sequence of ¢"-valued simple functions converging in the quasi-norm
of X(Q,%,14;¢") to ¢, and also that there is a subsequence of it that converges
p-almost everywhere. Therefore, ¢ is strongly measurable. The formula for the
quasi-norm is just the definition of the quasi-norm in the K&the-Bochner space.

(ii) By the order continuity of X, it can be easily seen using also that the
functions are strongly measurable that vector valued simple functions are dense
in X(Q,%, u; 0").

Indeed, take a sequence of simple functions (z;) converging p-a.e. to a function
x € X(Q,%, 1;07). We can choose a sequence (y;) such that for every 4, ||z(w) —
Yir1(w)||x < |lz(w) — yi(w)]| x holds p-a.e. In order to see this, just take x1 = y1
and consider the measurable set A := {w|||z(w) — 21 (w)]] < ||lz(w) — z2(w)]|}, and
define the simple function y2 = y1xa, + T2Xxa5. Now, define y3 in the same way
using y» and 3, and so on. The resulting sequence satisfies the requirement. Now,
we have that the real valued functions 7;(w) = |Jz(w) — y;(w)]|| are non-negative,
decreasing and converge to 0 p-a.e. The order continuity of X (u) gives then that
lim; 7; = 0 in the norm of X (), that is, lim; y; = « in X (Q, %, u; £7).

So it is enough to prove that there is a sequence of functions as in (i) converging to
every simple function like ¢ = 377 | wixa, in X(Q, 3, p; £7), with w; = 37, \; je; €
£,. In order to see that, note that for every k we can write ¢ as

m k m
=" Aijes) xa+ Y O Aije) - xa,
i=1 j=1 i=1 j>k
Clearly, the first member in this sum, say ¢y = ZZI(Z?:l i j€j) - XA, belongs
to the above family. Thus, it is enough to check that the second member in the
sum converges to 0 in the quasi-norm, and so ¥ — ©. Indeed,

m m o0
DO Mgen) Xallyammery < 20 D il 7 ladllx =4 0.
i=1 j>k 1=1 j=k+1

O

Let 1 < r,p,s < oo such that 1/r = 1/p+ 1/s, and X a Banach lattice with
dual X*. A similar argument as that of [17, Proposition 1.d.2] yields that for any
{z;}1~, € X, {«f}, C X* it holds that

W (i“ﬁ,xﬁr)i§<(imr|s)i,<i|xz|p>;>

For r = 1 this inequality is sharp, in the sense of [15, 7.2.2 (2)]. For r > 1 this
need not be the case, but in the Kothe-Bochner setting there is an improvement



(p, )-REGULAR OPERATORS 7

which will be the key for our purposes. This can be understood as the consequence
of some “duality in the range” between norms of vector valued function spaces.

We will consider the (u-almost everywhere) pointwise product of vector valued
functions as follows: for ¢ € X(Q, %, y; ¢7) and ¢ € X*(Q, X, p; £%),

o

(2) (@) W) =Y _(d(w), ) (W(w), ei) ;.

i=1

Holder’s inequality in the range of the function yields that that (¢ - ¢) (w) € €7
p-almost everywhere. In fact we have the following:

Lemma 2.6. (Hélder’s inequality for ¢"-valued Kdéthe-Bochner functions) Let X
be an order continuous Banach function space over (2,3, u), and1 <r <p,s < oo
such that 1/r =1/p+1/s. If ¢ € X(Q, X, u; 0P) and ¢ € X*(Q, 2, w; £5), then

HQS',L/]HLl(Q,E,M;W) = HQSHX(Q,E,M;ZP) ’ ||wHX*(Q,E,u;€5)'

Proof. The order continuity of X gives the representation of the duality by means
of the integral with respect to u, which can be taken as a probability measure (cf.
[17, Theorem 1.b.14]. Let ¢ and 1 as in the statement. Then

16 Vlroer = [ (60w eil)
/ Z' 5'(Z|<w(w),ei>|s)%du

/M¢ ool n

= ||¢||X(Q,E,u;ép) ’ H¢||X*(Q,E,M;ZS)'

3=

dp

-

es

O

Lemma 2.7. Let X be an order continuous Banach function space over (€, %, u)
and consider 1 <r <p,s < oo satisfying that 1/r =1/p+1/s. Given {x;}, C X
let g =>""  wie; € X(Q,5, u;0P). Then

léllxospmey = sup ot g ey
YEBx* (0,5, u;09)
Actually, the functions in Bx-(, ¢s) for the computation of the norm can be taken
of the form Y | xfe; € X*(Q, %, p; £%), that is
*
() Z li1°) " [l x- }

Proof. The inequality “ > ” is a consequence of Lemma 2.6. For the equality,
consider {z;}?_ ; C X. By the Hahn-Banach Theorem, we can take z* € Bx~ such
that

n n

[ Jear) | =sup {JI[(D fa - ai1)

=1 i=1

n n

1 )7 [ =, (D laal?) 7).

i=1 i=1
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Fori=1,...,nlet

) (p—r)/r % n
les@ P wn ) e S g (w) [P £ 0,
) (Slaitlr)
zf(w) = =t

0 otherwise.

Note that since

f2a(w)| /7 < Zw

it follows that 7 € X* fori =1,...,n. Note also that

n n n

J (e wir) an= [ () adn= (X i)

i=1 i=1 i=1
Moreover, taking into account that

(p—r)s i—p—S—p—i—s—S—p,

r
we obtain
S 2 L A D
(i) = (X | x| ) =" € Bexgor-
i=1 i=1 (Zz‘:1‘xi|p)
This proves the result. ([

Consider a pair of Banach function spaces X, Y over (2,%, ) and (€, %/ v)
respectively, such that X and Y™ are order continuous. If we take a linear operator
T:X —Y and 1/r <1/q+ 1/s, we can define a bilinear operator

X(Q,%, ;00 x Y, %, v;6%)0 — L' (v, 07)

by means of the product defined in (2) for vector valued functions, as follows:

n

szeuzyz 61 . Z sz 62 Zyz Z[T‘rl}(w/)y:‘(w/)el

i=1
The continuity of such a bilinear map is equivalent to the existence of a constant
C > 0 such that

n n n
| ZT@ yfei||L1(;L,er) <C| ineinx(gz,u;zq) g nyei{
i1 i=1 i=1

In this case, by Lemma 2.5, Pr uniquely extends to a continuous bilinear map on
the space X (0, %, u; £9) x Y*(QU, X v; £%).

Proposition 2.8. Let X, Y be Banach function spaces over (Q, %, u) and (', %, v)
respectively, such that X and Y* are order continuous. Consider an operator T :
X =Y. Let1/r=1/p+1/s and q < p. The following assertions are equivalent.

DN

(i) T is (p,q)-regular.
(ii) The bilinear map Pr is continuous from X (Q, 3, p; 01)o x Y* (', X/, v;£%)
to LY (v, 0.

Moreover, the continuity constant of the bilinear map Pr equals pp o(T).
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Proof. (i) = (ii): Let {z;}?"; € X and {y;} C Y*. By Lemma 2.6 we have

[ (s ao < [ ra) -
< a1 (52 1)
i=1 i=1

Y
This gives (ii), with C < pp 4(T).
(ii) = (i): Suppose there is C' > 0 such that
" 1 - 1 - 1
[ (S mrait) v < ) N i) -
for every {z;}!; C X and {y/} C Y*. By Lemma 2.7, it follows that
1 1
1S )y = sup {13 17550 gy IO ) Dy < 1)
i=1 i=1 i=1
n
<O Jeil?)
i=1
This also gives that p, ,(T) < C. O

3. LATTICE TENSOR NORMS AND DUALITY FOR (p,q)-REGULAR OPERATORS

In this section we introduce some specific topologies for tensor products of Ba-
nach lattices, following a similar procedure as in the case of the Lapresté tensor
norms [7]. This approach allows us to relate (p,q)-regular operators with other
classical operator ideals by using standard tensor product duality.

Let us start by recalling the definitions and notation of well-known tensor norms.
Given Banach spaces X and Y, for 2z € X ® Y and 1 < p < oo set

g(z) = sup {x* ®Ry*(z): 2" € Bx~,y" € By*},

A ).

(2) = z_zugm{(z o) s ()",
{

sup (Z|<xi,x*>|P’) ()

r*EBx*

m(z) = 1nf

d,(z) = inf
p( z—Zlf T, Qi

1/p’
wy(z) = inf { su ( zi,x" p) - su ( irY ) }
p(2) T U > K ) ” Sup > i

These are the injective, projective and some particular cases of the Lapresté tensor
norms (Chevet-Saphar tensor norms, see [7, 12.5]).

Definition 3.1. Let X, Y be Banach latticesand 1 < ¢ <p<oo. Forz€ XR®Y,
let us define the positively homogeneous function

Spa(e) = int ([ (X ) (S )y« 2= Yo ow)

i=1
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and the seminorm

m

Tp.q(2) = inf { Z bp.q(2j) }

j=1
Proposition 3.2. Let 1 < qg<p < oo, X and Y Banach lattices.

(1) Forze X®Y, e(2) <rpq(z) <7(z). Consequently, rp 4 is a norm.
(2) If X is g-convex and Y is p'-convex (with MD(X) = 1 = M®)(Y)),
then ¢p q is @ quasi-norm with constant 2i =1 where 1/t =1/q+1/p'. In

particular, for p=q, rpp = ¢pp s a norm.

Proof. (1) For the inequality e(z) < r,, 4(2) it is enough to prove that e(z) < ¢, 4(2)
for every z € X ® Y. For every representation z = Z?:l z; ® y; and =¥ € Bx~,
y* € By+, we have

Z(xu (Yiry Z|x z*)[?) 1/p (

leu 1/q (
< (D fil?) 1/q||X O ) -

This gives €(z) < 1p 4(2). For 1, 4(2) < m(2), just note that for each representation
z= Z; 125 @ Y5,

|<yi,y*>|”')1/”/

M: i M:

i, y*) P )VP

N
Il
-

m
Tp,q(2 qup,q T ®yj) < Z 2511 x Nlyslly-

j=1

(2) Let 1/t =1/q+ 1/p’, and note that t < 1. Given 21,20 € X ® Y and € > 0,
let 21 =Y 2l @y} and 2o = Y- | 2? ® y? such that

[ :|le‘qH§(/q = H(E :| i )1/qu (dp.q(21) +)"/4,
[q]
=1 1=

2= Z| LV < (fpalzr) + )77

HZP

and

|| E :\fc?\qillx/q = H(E :| HE )l/qu (dp,q(22) e)t1,
[a]
=1 1=

2= Z| 2PV < (fpglza) + )7

HZH
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Then

n

n n
b1 + 72) < H (ke |Q+Z| 2/a) /1 ](Z|y3|p’+2|yf|p’)””
n p’
zm\uzw Zm v +Z|yz 4
n ] n
||Z\x1| ||X[]+||Z|x2|| Y (||Z|y3 p,]+||2|y§
=1 =1 =1

Bpa(2) )+ (Gpalz2) +9)1) | (@pale0) +0)' + (Dg(z2) +)')

)1/17
Yip

1/p'

<
=
< (21_t(¢p,q(21) + dpq(22) + QE)t) " (21_t(¢177q(21) + palz2) + 25>t) "

= 2171 (ppq(21) + pq(22) + 26).

As & > 0 was arbitrary, it follows that ¢, ,(21 + z2) < 2t (¢p.q(21) + bp.g(22)) as
claimed. 0

’

Now we can provide the representation theorem for (p, ¢)-regular operators. Re-
call that the trace duality allows us to identify (X ® Y*)* with a certain subspace
of L(X,Y**): for p € (X @ Y*)*, take T, : X — Y** given by

(Tp(2),y") = pz@y")
for z € X and y* € Y™.
Theorem 3.3. Let 1 < g <p<oo. Then

Ryq(X,Y) = (X @, , Y*) NL(X,Y).
isometrically.

Proof. To see the inclusion C just take a (p, g)-regular operator T:X —Y and
consider the trace duality with a tensor z = Ej Dt eyt e X®@Y*. We
have by Proposition 2.8 for r =1 (and so s = p’) that

m

D IACINEES DY PACINT]
i=1 j=11i=1
) ) I 1) 7y

Since this holds for all representations of z, it follows that the functional ¢ defined
by T as or(x ® y*) = (T(x), y*) satisfies that
lerll < pp.q(T).

For the converse inclusion, take a functional ¢ : X ®,, Y™ — R and define the
operator T, : X — Y by (T (x),y*) = o(z @ y*). Let {371}1 L C X. For every

e > 0, there is a tensor z = >\ a7 @ y?* with [|[(3 1, |y v )P |ly« <1 such that

sup { ST w0+ (i) - < 1p < STl + =

i=1 i=1

Msm

.
I




12 E. A. SANCHEZ PEREZ AND P. TRADACETE

By Proposition 2.8 for r = 1, it follows that

(> o) | -2 STt ) = o3 @) < el

i=1
<l |=’Ei|q)1/q||x}|(z|y?*|p')# v
ZTLI i=1
<@l O sl )4 -
i=1
Therefore, Ty, is (p, g)-regular and pp, 4(T,) < ||¢||. This finishes the proof. |

This approach fits actually with a more general framework, in which analogous
tensor product representations are also possible for the case of p-convex and p-
concave operators. In order to compare these with classical operator ideals, we
introduce the following.

Definition 3.4. Let 1 < ¢ < p < oo, and X, Y Banach lattices. For z € X ® Y,
define the positively homogeneous functions

Op.q(2) = inf{(z Hxilqu)l/qu(z |yi|p’>1/p’HY R sz ®yf}

i=1

pg(2) = inf{“(z \xilq)l/qHX(Z HyiH,;//)l/p' R sz ® yf},
i=1

and the corresponding seminorms

j=1 j=1
kpq(2) :=inf { ZLWI(ZJ) 1z = Zz]}
j=1 j=1

Let us write CXp 4(X,Y") for the space of (p, ¢)-convex operators from the Banach
space X to the Banach lattice Y, and CC, 4(X,Y’) for the space of (p, q)-concave
operators from the Banach lattice X to the Banach space Y. The following facts
can be proved arguing as in Proposition 3.2 and Theorem 3.3.

Proposition 3.5. Let 1 < qg<p< oo, X andY Banach lattices.
(1) For z€ XQY, e(2) < hypq(2) < m(2) and e(z) < kp 4(2) < 7w(2). Conse-
quently, hy 4 and k, 4 are norms.
(2) IfY is p'-convex (constant 1), then &, 4 is a quasi-norm with constant 2'~*
where 1/t =1/q+1/p'. In particular, hyp, = 8, p is a norm.
(3) If X is g-convex (constant 1), then v, , is a quasi-norm with constant 21~
where 1/t =1/q+ 1/p’. In particular, kyp = tpp-

Theorem 3.6. Let 1 < q < p < oo. Then we have the following isometric identi-
ties:

(1) CXyy(X,Y) = (X @1, V) ML, Y),
(2) CCpa(X,Y) = (X 4, Y*)* NL(X,Y).
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This point of view allows us to state the relations among (p, q)-regular, (p,q)-
convex and (p,¢)-concave operators in a straightforward way by comparing the
norms appearing in the corresponding representations.

Proposition 3.7. Let 1 < g < p < oo. Then we have the following relations.
(1) (i) If X is g-convez, then Rp 4(X,Y) CCX,4(X,Y).
) If X is g-concave, then CXp o(X,Y) C Rp (X, Y).
(iii) If X is an L7-space, then R, 4(X,Y) =CX, (X,Y).
)
)

IfY is p-concave, then Ry 4(X,Y) CCCpo(X,Y).
IfY is p-convez, then CCp o(X,Y) C R, o(X,Y).
(iii) IfY is an LP-space, then Ry (X,Y) =CCp 4(X,Y).

(8) L(LT,LP) = Ry (L7, L7) = CCpy (L7, L7) = CX, o (L7, L7).

Proof. The proofs of (1) and (2) are direct consequences of the previous results
and duality arguments. For the proof of (3) just note that p’ < ¢’ and for every
representation of a tensor as z =Y, x; ® y; we have

) < an Iyl < (Z ) (Zn )
<(;||xi||q) (Zn )"

O

Besides this, more can be said about the coincidence of (p.q)-regular operators
between L"-spaces. This will be addressed in Section 4.

Some direct consequences of the general theory of summability of Banach lattices
can also be stated in this framework. Using the representation theorem for maximal
operator ideals (see [7, p.203]) and the tensor norms associated to the ideals of p-
summing and p-dominated operators, we obtain the following:

Proposition 3.8. Let X, Y be Banach lattices and 1 < p < oco. The following
relations hold:
(1) wp <7pp and Dy(X,Y) C Ry (X, Y), where D, is the ideal of p-dominated
operators.
(i) gp < hpyp and I3, (X,Y) C CXp (X, Y), where 1T}, (X,Y') is the adjoint to
the ideal of p’-summing operators.
(111) dp < kp/ ' and so 11 /(X, Y) - CCp@p/ (X, Y)

Proof. For (i), use w, = w}, ([7, p. 152]) and the fact that the ideal of p’-dominated
operators is associated to the norm wy. Then (wy)" = wy. A direct calculation
using that for z1,...,z, € X,

s (X)) <] (Thel)

gives wy < 1 . Thus the above comments give the required inclusion.

For (ii), use that IT}; is associated to g, ([7, p.211] and [7, §.17.9]). The inequality
gp < hpp is given by using the same inequality as in (i). Similar arguments show
(ii). O
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In the particular case when we deal with L, spaces, the so called Chevet-Persson-
Saphar inequalities (see [7, 15.10]), provide a useful tool for relating the tensor
norms we just introduced with other classical tensor norms:

dy(2) < dp(2) < Ap(2) < gy (2) < gpl2), 2z€LPRY.
Moreover, in the case when Y is also an LP-space, we actually get
(3) dy(2) = dp(2) = Bp(2) = gy (2) = gp(2), 2z € LP(n) ® LP(v)
for arbitrary measures p and v.

Let us now focus on the topological properties of the tensor product LP(u) ®
L¥ (v) endowed with the 7, ,-norm, and compare them with other classical topolo-
gies. We will comment on p = 2 and the general case separately:

(1) For p = 2, the equalities given in (3) show that L?(u) ®, L?(v) cannot be
isomorphic to L?(u) @y, , L*(v) for o = dj = dy = Ay = g5 = go, since by
Corollary 3.10, we have that 735 is equivalent to 7 in this tensor product.

(2) However, we can easily see that 7 o is equivalent to ds on the tensor product
X @02 for X = ¢ or X = ¢'. This is a direct consequence of the so called
Little Grothendieck Theorem (see [7, 17.14]) and Corollary 3.10.

(3) Similarly, de is also equivalent to r2 o, in this case as a consequence of
Grothendieck Theorem (see [7, 17.14]) and Corollary 3.10.

For the general case (p # 2), the Chevet-Persson-Saphar inequalities yield some
positive results about (s, ¢)-regularity for certain well-known operators. The fol-
lowing are just a sample.

(1) For every Banach lattice Y, d;/ <d, <A, < g;, < gp < 15,4 for every
1 < ¢ < p < sin the tensor product LP(u)®Y . This is a direct consequence
of the p-concavity of LP.

(2) The norm A, concerns spaces of Bochner integrable functions, and can
also be related to operators T : LP(u) — Y defined as Y-valued inte-
gral by means of the formula f — [¢ fdu € Y for a certain function
¢ e LP (u,Y) — (LP(p) ®a, Y*)*. Thus, the comparison of A, and 7y,
provides also some meaningful results.

Using the tensor product representation of maximal operator ideals as dual
spaces of topological tensor products (see [7, 17.5]), the above arguments yield
the following.

Corollary 3.9. Let Y be a Banach lattice, 1 <q<r <pandT:LP(u) =Y.

(1) Ewery r-integral and r-summing operator from L™ () to Y, as well as op-
erators belonging to their associated dual ideals, are (p,q)-reqular.
(2) Every operator T : L"(u) — Y defined as the Y -valued integral T(-) =

J ¢ (-)dp for a function ¢ € L (1, Y) is (p, q)-regular.

Let us recall that an equivalent form of Grothendieck’s Theorem can be given in
terms of tensor products of C'(K)-spaces [21, Theorem 3.1]: for each pair of compact
Hausdorff spaces K7 and K> and every z = Y " x;®y; € C(K1)®C(K>), it holds
that

n

7(2) < K IO 1) e - 10O 1) le ).
i=1 i=1
where K is Grothendieck’s constant.
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Krivine’s version of Grothendieck’s Theorem (cf. [17, Theorem 1.f.14]) states
that Ro2(X,Y) = L(X,Y), and the corresponding constants are related as ||T']| <
p2,2(T) < K¢||T||. The following result is the pre-dual version of this fact, and so
is also equivalent to Grothendieck’s Theorem.

Corollary 3.10. Let X and Y be Banach lattices. Then m < Kgroo < Kgm on
X®Y.

Proof. Take a tensor z = >, 7;®y; € X®Y, and consider zo = (31, |2:|>)¥/? €
X andyo = (3, |vi|?)'/? € Y. Take the ideals I(xg) and I(yo) generated by these
elements in the corresponding lattices, and endow both of them with AM-norms:

o } and ||y||y,oo:inf{)\: \y|gALO}.
[ol 9ol

Note that ||z]lx < ||z]lx,00 and ||ylly < ||y|ly,c0, and so the inclusion maps Jx :
I(zo) — X and Jy : I(yp) — Y acting in the closure of these ideals satisfy that
l7x]| < 1and ||Jy|| <1, respectively. By Kakutani’s theorem these can be consid-

ered as C'(K) spaces (cf. [17, Theorem 1.b.6]. Note also that

2]l x.00 = inf{)\ Lz < A

n n
Izollx.00 = lzollx = 10O )% x and  lyollviee = lwolly = 1O lwil>) 2]y
i=1

i=1
Since 7 satisfies the metric mapping property (see for example [7, 3.2]), we have
that

| Jx ® Jy : I(zo) ®@x I(yo) = X @5 Y| < ||Jx]| - [|[Jy]l < 1.

Now, we apply Grothendieck’s Theorem for tensor products of C(K) spaces to
obtain

n

(3w @ ya) =m(Y T (wa) © Fr(w) < Ko [ Qo 1) 2 - I )2y

i=1 i=1
n n

K || 1l 2] - 1O w2
i=1 i=1

The result follows by convexity. (]

4. (p,q)-REGULAR OPERATORS BETWEEN L,-SPACES AND
MARCINKIEWICZ-ZYGMUND INEQUALITIES

In this section we will center our attention in the case of operators defined
between L,-spaces, in relation with the Marcinkiewicz-Zygmund type inequalities
presented by A. Defant and M. Junge in [9]. By means of the so called Maurey-
Rosenthal factorization theory (see for instance [6, 8]), we will be able to extend
these results to the case of operators acting in r-convex function lattices and with
values in r-concave Banach function lattices. In particular, we study the require-
ments to reduce the study of (p,g)-regular operators between Banach lattices to
the properties of such operators between L,.-spaces.

For the case p = ¢, a Maurey-Rosenthal factorization theorem for p-regular
operators holds under the usual convexity/concavity requirements. The following
result is similar to Theorem 3.1 in [8]. However, the reader must notice that the
requirements on the operator T are different. We sketch the proof showing the
argument; see the proof of Theorem 3.2 in [8] for more details.
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Theorem 4.1. Let 1 < s <p < oo. Let X be a p-conver order continuous Banach
function space over (2,2, 1) and Y be an s-concave Banach function space over
(', % v) with Y* order continuous. Let T : X — 'Y be a p-regular operator. Then
T factors as

X T Y
A
Mf Mg
Y N
Lp(p) > L(v)

for suitable functions f and g. Here, T is a linear and continuous operator.

Proof. Note first that 1/p +1/s" < 1. Take r > 1 such that 1/r = 1/p + 1/s’.
For the aim of simplicity we assume that the p-convexity and s-concavity constants
involved are equal to 1; note that, being s-concave, Y is order continuous. For
{z;}}~, € X and {y}}!, C Y*, using the generalized Holder inequality (1) and
the fact that T is p—regular it holds that

(iHTminyEl(V)) _/(Z|T$Z|p) (sz )S%dy
<C||(;Iwilp>;!|x|}(;|yr8/)

Since X is p-convex and Y* is s’-convex, by Young’s inequality, it follows that

n n r n TR

S ITzillz, o) < Itk 11 1w 1
=1 =1 =1
(T " » T wls!

= (p||;|xi| ”X[p] T g”;|yi| . 3'])'

We now make a standard application of Ky Fan’s Lemma (see for example [19,
E.4;p.40] for the Lemma and the requirements to apply it, and [6, Theorem 1] for
a proof similar to the one presented here). It provides functions fo € (X (u)))* =
M(X(p), LP (1)) p) (where M denotes the space of multiplication operators), and

90 € (Y()")is1)" = M(Y (v)*, L¥ ()5 such that

[rretiar <o [rarsoan)” ([uroan)".

This gives the inequality

/‘1/5

for all z € X(p). This provides the desired factorization, using the associated
multiplication operators and T to define the operator T (see the argument given in
[8, Th.3.2]). The decomposition of the operator is given by

)]

1/s 1/p

‘dz/ SC(/|x|pfodu> !

Ml/b, Og() l/s ('/f&/p)oMf]/p:T7

that is, f:f(}/p,fzgo_l/s T(~/f&/p) andg—gé/s. O
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Remark 4.2. The statement of the previous result excludes the fundamental case
in which Y = Lq, since the dual of such space is not order continuous. It must
be mentioned here that this was one of the most relevant instances of the original
factorization of Maurey and provides some of its main applications, for example
regarding the structure of reflexive subspaces of L'-spaces (see IL.H.13 in [25]). We
will not consider this case for the aim of simplicity. However, the result is expected
to be true also in this case, since the separation argument can be extended for this
case using a nowadays well-known procedure that is explained in [6].

Remark 4.3. The result above assures that the operator factors through an op-
erator T : L,(u) — Ls(v) for 1 < s < p < co. However, as can be seen in [9,
Corollary on page 282|, not every operator from L, to L is p-regular. In fact,
regarding operators between L,-spaces, we trivially have the following: Every op-
erator T : L, () = Ly(v), for 1 <r <t < o0, is (¢, r)-regular.

Indeed, let {z;}7—; C L,(u).

||, = (Tl o)™ < ITICE el ()"
i=1 i=1 i=1
<71 ||xiHZT(V))1/T _ HT||H(Z )
i=1 =1

In the rest of this section we will analyze what happens when r =t (s = p above).

Le(v)

Theorem 4.1 does not give a priori any information on the regularity properties
of T; of course, T need not be positive, otherwise the results regarding this property
are trivial. Next result characterizes the existence of a factorization for (p, ¢)-regular
operators through L,-spaces preserving the property of being (p, ¢)-regular. The
requirements are formally more restrictive than the ones needed in Theorem 4.1,
and they involve a new vector norm inequality that suggests some mixed norms for
Banach function spaces.

Theorem 4.4. Let X be an r-convexr Banach function space over (2,%, 1), and
let Y be an r-concave Banach function space over (¥,%' v) such that X and Y*
are order continuous. Let T : X — Y be an operator. The following are equivalent.

(i) There is a constant K > 0 such that for each pair of matrices of elements
(@i )i nfj L and (y”);I T] 1 i X and Y*, respectively, the following in-
equality holds.

S0 Trswi) < K[| (3 (X ey )

i=1 j=1 i=1 j=1

r!

H Z Zlyml” )"")

(ii) Thereis a constant K > 0 such that for each matriz of elements (xiyj)zll,jzl
in X, the following inequality holds.

Y *

n

|3 (S i)

i=1 j=1

T

n
L <K Zw D
i=1

(iii) There are functions f and g such that T factors as

1
r
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X— =Y
A
My M,
Y .
T
L, () > L. (v)

where T is (p, q)-reqular.

Proof. Tt can be seen as a consequence of the lemmata of the introductory sections
that (i) and (ii) are equivalent. Let us prove that (i) = (ili). The argument is
similar to the one in the proof of Theorem 4.1. Since Y™* is also r’-convex (with
constant 1), and writting the inequalities in (i) in the form

n,m r n m -
Z HTxi,j y;jHLl(V) - K]; H Z (Z |4]7)
=1 j=1

i,j=1 %

KLY (i)

i=1 j=1

Xir)

<0
(Y*) ey

)

we can define a set of functions ¢ : B(x )+ X B((y*)[r,])* — R as

n

6(£.9)=> > Tt — K%/(Z(Zmi,ﬂq)%)fdﬂ
j=1

i=1 j=1 i=1
- KL [0 (i) ) gan
i=1 j=1

We can apply Ky Fan’s Lemma now. The arguments are similar to the ones that
can be found in the proofs of Theorem 1 and Theorem 2 in [6]. The requirements,
which can be found in [19, E.4;p.40], are that the set of functions must be concave
(see the definition in [19, E.4.1.2], the functions themselves must be convex and
(lower semi-)continuous for the product of the weak* topologies, and the required
inequality must be satisfied in a (maybe different) point for each function. Indeed,
the above defined functions are continuous when the product of the weak* topologies
is defined in the product B(X[r])* X B((Y*)[r,])*7 and convex. A simple computation
shows that the family of all the functions (defined for each couple of finite matrices
(i )i j=1 and (y; )i} j—1), is concave. So, by Ky Fan’s Lemma we find two
functions fy € Bx,)* and gg € B((y*)[r,])* such that, in particular,

13172550 < K5 [ (i) o K2 [ (3 1517)
Jj=1 Jj=1 Jj=1

Taking into account the homogeneity of this expression, multiplying by positive
constants « and 8 such that « - § = 1 —see for example the proof in [7, 19.2]—,
we can find a minimum in this sum in order we get the inequality

!
7

?" go dv.

’ .
7

m m r 1 i N o
1317553l < K ([ (i) o)™ ([ (1) gnar)
Jj=1 Jj=1 j=1
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By duality, and using Lemma 2.7, we find the inequality
n T.Tj 1 Ui jd % U 1
[y, <K ([ T hm i ade)” = K[(C ki)
j=1 A j=1 j=1

for functions f; and g; defined as adequate powers of f; and gg. This gives the
factorization —obtained for the case when the inequality is considered just for
m =1 and all possible vectors z— and also the (p, ¢)-regularity of operator T from
L,(u) to L.(v).

The converse is straightforward, and so the proof is finished. O

L. (p)

A factorization for T as the one given in (iii) of Theorem 4.4 is usually called a
strong factorization of T through L"-spaces.

The characterization of Marcinkiewicz-Zygmund type inequalities given in [9]
provides the following.

Corollary 4.5. Assume that1 < ri,79,p,q < 00. ThenRp ¢(Ly,, Ly,) = L(Ly,, Ly,)
in the following cases.

Ifg<ri=nr<p.

Ifri=rys=1and 1 <g<p< .

Ifri=ry=00and1 <q<p<oo.

If 1 <ry <ry <2 and there exists t such that q <t <p andr; <t <2.
If 2 < ry <ry < oo and there exists t such that ¢ <t <p and2 <t <rs.
If1<ry;<2<r;<ooandqg<2<p.

For r; = ro = r and using Theorem 4.4, we obtain the following result.

Corollary 4.6. Assume that 1 < p,q < co. Let 1 < r < oo and let X be an r-
convex Banach function space over (2,5, 1), andY an r-concave Banach function
space over (', %' v) such that X and Y* are order continuous. Let T : X =Y be
an operator. Suppose that

[¢,p] N [min{r, 2}, max{r, 2}] # 0.

Then the following assertions are equivalent.

(i) Thereis a constant K > 0 such that for each matriz of elements (2 ;);2\ ;_;

in X, the following inequality holds.

|33 e

i=1 j=

m

K[ ()

i=1 j=1

1
=

<
(ii) There is a strong factorization of T through L,-spaces.

Together with Theorem 4.1, this corollary provides an equivalence among (p, q)-
regular-type properties for the operator T', that may be understood as a general-
ization of Marcinkiewicz-Zygmund inequalities. Let us finish the section with this
result.

Corollary 4.7. Under the assumptions on p,q,r, X and Y in Corollary 4.6, with
[g,p] N [min{r, 2}, max{r, 2}] # 0.

The following statements are equivalent.
(i) The operator T : X — 'Y is r-regular.
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(ii) There is a constant K > 0 such that for each matriz of elements (z; ;)
in X, respectively, the following inequality holds.

n,m
1=

1,5=1
m n m

[ (S rm) B < K[| (3 (S st ?)

i=1 j=1 i=1 j=1

1
s

=
5. EXTENSION PROPERTIES

The definition of (p, q)-regular operator makes also sense for operators defined
on a subspace of a Banach lattice: Given X, Y Banach lattices, and Xy C X a
closed subspace, an operator T': Xo — Y is (p, q¢)-regular if there is K > 0 such
that

() =l ()
i=1 i=1

for every (z;); C Xo (with the obvious modification when p or ¢ are infinite).

In [20, Theorem 4] it is shown that every oo-regular operator defined on a closed
subspace of a Banach lattice with values in another Banach lattice extends to a oco-
regular operator on the whole Banach lattice. This extension property also holds
for (00, ¢)-regular operators as the following shows.

Before the proof, let us recall the Calderén product construction (cf. [4]): for
Banach lattices Xy, X; and 6 € (0,1) let X} ™% X? the space of elements f for which
there exist fo € Xo, f1 € X such that |f| < |fo|'~?|f1]? and let

1110 o = mEL Sl 1A% = LF1 < Lfol =01 £2)°, with f; € X}

This expression defines a norm when Xy and X; are Dedekind complete Banach
lattices (see [4]). In particular, this is the case for Banach lattices of measurable
functions satisfying some convexity assumptions, which are those of interest in this
section.

)

Lemma 5.1. Let 1 < g < oo, let X be a g-convexr Banach lattice of measurable
functions on (2, %, 1) (with q-converity constant equal to one) and let Xg C X be
a closed subspace. Every (oo, q)-regular operator T': Xo — £y has an (oo, q)-regular

extension T : X — by with Po0.q(T) < poo.g(T).

Proof. We follow a similar approach to that of [20, Theorem 4]. Let Z be the tensor
product £, ® X, where % + L =1, endowed with

q
|v]|z = inf { (zn: |ai|q/)$ ‘(zn: |$Z|q)%
i=1 i=1

Let us see that || - ||z indeed defines a norm.
Let Ey be the space of n-tuples of functions of L, (u) endowed with the norm

n
1(ga)izallze =D llgilloo-
i=1

n
TV = E aiei®xi}.
X ‘
=1

Let E; be the space of n-tuples of measurable functions (h;)"; C Lo(p) such
that \hz|% € X fori=1,...,n, equipped with

I(h)is ey = H(ilhif

q
x .
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This is indeed a norm since X is g-convex with constant 1.
We claim that || - ||z coincides with the norm of the space By ?E{ for § = %
under the identification mapping (i), € Es °EY to Y e®fiell®X.
Indeed, note first that for 1 < ¢ < n, there exist ¢; € Loo(p) and h; € Lo(p)
with |h;| = \hzﬁ € X, such that |fi| < |gi|'7%|hs|?, which yield that f; € X for
1 <i < n, and in particular Y31 | e; ® f; € €2, ® X. Now, given ¢ > 0, let (g;)i-;
and (h;)"_, as above so that

1llgyoeg (Zugznm)

()

1
Set a; = ||gi||&, and A; = {w € Q: g;(w) # 0}. Since fi = fixa,, it follows that

|gz|

Hence,

2y

I35 252 ) .

Thus,

n
Py opge = ()7

1
a

fi

i

(il

and as € > 0 is arbitrary, the inequality

)

(2B

IS,

n
||fHE(1)*9Ef > H Zei & fz 5
i=1
follows. For the converse inequality, let £ > 0 and f = > ", a;e; ® x; with

11z +e > (Zw) \(Zm\ R

7 (bt =

Let h; = |z;|7 and g; = |a;|" xo. Hence, as [fi| = |azi| < (la;|7)7
lgi|*=?|hs]?, it follows that

||f||z+e>(2||gl||m) \(Zm )71, 2 Mo, 2 151 5o

As e > 0 is arbitrary, the claim follows.
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Now, we claim that Z* = Ro 4(X,fy) isometrically. Indeed, given u : X — (7
we have

st =] ] NSk, 210

an {55 ), ()

sup{iak\"} (e, ux;)| HZakekH (i|xz|q)% N
k=1 =1 i=1

n 1 n 1
s {| et wo| - (L), (Sl
k=1 k=1

= sup{[(u, v)| : [|[v]lz <

gl,meN}
X

gl,meN}

L ()i © [Lm]}

Finally, consider the subspace M C Z formed by all v = ZZ:1 aper ® xrp such
that z € Xofork=1,...,n. Let T : Xg — Y be a (00, g¢)-regular operator. Given
v € M, and € > 0, take scalars a; and z € Xg such that

n % n 1
Z ’ Z
k=1 k=1

By [17, Proposition 1.d.2.], we have

(0 = | ST, one|
k=1
<\ 1LY Jalew)
k=1 k=1
<[ Ve, | e

< Pooyg(T) (vl z + ).

||Z+€.

n
I4 v

Since € > 0 is arbitrary, it follows that for every v € M we get [{T, v)| < poo,q(T).
Hence, we can consider a Hahn-Banach extension of v € M +— (T, v) with norm not
exceeding poo q(T). This extension is clearly of the form v € Z + (T, v) for some
operator T : X — ¢y with the required properties. (I

Theorem 5.2. Let 1 < g < oo, and measure spaces (0,2, p), (V, X v). Given a
closed subspace Xo C Lq(p) and an (oo, q)-regular operator T : Xo — L4(v), there
is an (00, q)-regular extension T : Ly(1) — Lq(v) with poo,¢(T) = poo,q(T)-

Proof. For simplicity, assume ) = Q' = [0, 1] endowed with Lebesgue measure. The
proof can be easily carried over to general measure spaces. For every n € N, let
P,:L;— Kﬁn be given by

on

P.f =27 Z/ fdv-e;.
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n

Notice that the norm of P, is less or equal than one. Also, let J, : Eg — L4 be
given by

In 62—2‘1)([

27 12n]
for 1 < i < 2" and extended linearly. Its norm is equal to one: in fact it is an
isometry.
Given a closed subspace Xo C Lq(p) and an (oo, g)-regular operator T : Xo —
L,(v), for each n € N, consider T,, = P,T : Xy — Egn. Since P, is positive, we
clearly have pocq(Th) < poc,q(T), so by Lemma 5.1, there is an extension Ty : Ly —
KQ with peo o(Th) < poo.q(T).
Given f € Ly(u), the sequence (Jnfnf)neN is bounded in Lg-norm. Since 1 <

q < oo, balls in L, are weak-+ compact. Let U be a free ultrafilter in N and for
each f € Ly(p), let

Tf = lim J, T, 7,
neu
the limit taken in the weak-* topology along the ultrafilter . ~
It is clear that 7' defines a bounded linear operator on L,. We claim that T is

the required extension.
Indeed, for f € Xg, note that

n—00

which implies in particular that Tf = Tf for every f € X,.
Moreover, for every (f;)72; and every g € Ly with [|g||¢ <1 we have

<\7|Tfi\7g> = }Lierg<\/|=f T(f), g>

i=1 i=1

< lm | ViRt

<t (Vi)
m

<l Vim],

<

peat (510

Thus,

H \/ T

< a0 (S50’

O

Remark 5.3. The analogous results for extension properties of regular operators
on subspaces of L1 and L, can be found in [16, 20]. However, note that by Corollary
4.5, every operator T : L, — L, is (00, g)-regular, while the projection onto the
span of the Rademacher sequence in L, is not co-regular.
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