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In this paper we review different expansions for neutrino oscillation probabilities in matter in the 
context of long-baseline neutrino experiments. We examine the accuracy and computational efficiency of 
different exact and approximate expressions. We find that many of the expressions used in the literature 
are not precise enough for the next generation of long-baseline experiments, but several of them are 
while maintaining comparable simplicity. The results of this paper can be used as guidance to both 
phenomenologists and experimentalists when implementing the various oscillation expressions into their 
analysis tools.

Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Over the last two decades neutrino oscillation measurements 
have become increasingly precise and are now entering the preci-
sion era. Most of the current data coming from experiments using 
neutrinos from the sun, reactors, the atmosphere and particle ac-
celerators can be described in terms of three-neutrino oscillations, 
which depend on the six oscillation parameters: two mass split-
tings �m2

31, �m2
21, three mixing angles θ12, θ13 and θ23 and a CP-

violating phase δ. Many of these parameters are measured rather 
well as of now [1]. However, there are some remaining unknowns, 
as for example the value of the CP-phase δ, the octant of the at-
mospheric angle (sin2 θ23 < 0.5 or sin2 θ23 > 0.5) and the neutrino 
mass ordering (�m2

31 > 0 or �m2
31 < 0). Note however, that from 

combining oscillation data with data from cosmological observa-
tions a 3.5σ preference for normal ordering can be obtained [2,3]. 
There are also some anomalies, which might suggest the existence 
of a fourth neutrino, see Refs. [4,5] for the current status. However, 
here we will focus only on the case of standard three-neutrino os-
cillations.

To obtain functions for the oscillation probabilities one has to 
solve the corresponding Schrödinger equation. While this is easily 
done in the case of vacuum oscillations (i.e. a free Hamiltonian), 
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it becomes very difficult to do it in the presence of matter due to 
alterations of the oscillation patterns due to the Wolfenstein mat-
ter effect [6–9]. However, if one assumes a sufficiently constant 
matter profile in the trajectory of the neutrino analytic solutions 
can be found [10]. These expressions are very complicated un-
fortunately and do not permit for a deeper understanding of the 
phenomenology of three-neutrino oscillations due to the presence 
of the cos

( 1
3 cos−1 · · · ) term shown later in Eq. (22).

Therefore to obtain better insights one may try to find simpler 
analytic expansions around naturally appearing small parameters. 
Some commonly used small parameters are the matter potential 
a/�m2

31 [11], sin θ13 or sin2 θ13 [12,13], and the ratio of mass 
splittings �m2

21/�m2
31 or �m2

21/�m2
ee [11,14–19], where �m2

ee ≡
cos2 θ12�m2

31 + sin2 θ12�m2
32 [20,21]. In this paper we analyze, 

with an eye for both precision and computational speed, different 
expansions and show how accurate they are and how they have 
aged as the measurement of the oscillation parameters has evolved 
over the past twenty years. It is clear that simplicity is an impor-
tant trait for an approximate expression. While simplicity may be 
somewhat in the eye of the beholder, we use computational speed 
as a rough proxy for simplicity.

We focus on the DUNE [22] experimental conditions of L =
1300 km and Earth density of ρ = 3 g/cm3. We take the matter 
density to be constant which is a good approximation since effects 
due to the variability of the density of the Earth are beyond the 
sensitivity of DUNE [23]. Our results will also generally apply to 
other long-baseline experiments such as NOVA [24], T2K/HK [25,
se (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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26]. We also discuss the second oscillation maximum which is rel-
evant for T2HKK [27] and ESSnuSB [28].

In the next section we review the various expansions we study. 
In section 3 we compare how well they work comparing them 
among each other and also in comparison to the exact solution. 
We also check how fast the expansions can be computed in com-
parison to the exact analytic solution and to the numerical diago-
nalization process. Finally, section 4 contains our conclusions.

2. Expansions under consideration

In this section we present the expansions we will compare to 
the exact expression. We categorize them into three groups based 
on their forms. The first is the “Madrid-like” group named for the 
common city for which one expression was first written down. 
Other very similar expressions followed and they will be grouped 
together accordingly. The next group is the AKT, MP and DMP 
group. This is a series of works that performs two flavor rotations 
and then perturbation theory. The final group contains the remain-
ing expressions. Expressions generally drop terms proportional to 
various smallness parameters including the ratio of �m2’s, s13, or 
the matter potential.

For historical reasons (i.e. neutrino factory [29]) many of these 
expansions have been performed in the channel νe → νμ . How-
ever, in the context of long-baseline accelerators the most impor-
tant channel is νμ → νe . Therefore we will present our results 
in this channel. They are related to each other through the T-
relation P (νμ → νe; δ) = P (νe → νμ; −δ), just switching the sign 
of the CP-phase.1 If one is interested in antineutrinos, namely 
P (νμ → νe; E) = P (νμ → νe; −E), one only has to switch the sign 
of the neutrino energy. We will focus on neutrinos, but our results 
generally apply to antineutrinos as well. Note that matter effects 
are not very important in the disappearance channels νμ → νμ

and therefore focusing only on the appearance channel will also 
not affect the main message of this paper.

While the choice of notation does not affect the precision of 
these formulas, it does affect their general clarity and overall use-
fulness. To this end, we have chosen to use uniform notation 
throughout this article as much as possible with the various terms 
defined in Table 1. In doing so we have made several simplifying 
manipulations, in each case maintaining the exact same mathe-
matical expression. The relationship between the notation used 
here and the original notation used is mentioned below whenever 
applicable. While these definitions represent fairly commonly used 
definitions in the literature, some differ by factors of two or other 
slight changes, so care is required when making comparisons.

2.1. The Madrid-like expressions

In this subsection we list a few nearly identical expressions and 
discuss their similarities and differences.

2.1.1. The Madrid expression (2000)
This expression was derived in Ref. [12] (by Cervera, Donini, 

Gavela, Gomez Cádenas, Hernández, Mena, and Rigolin, Madrid 
hereafter) and can be written2

1 Note that sending δ → −δ is equivalent to sending L → −L under the assump-
tion of CPT invariance.

2 In Ref. [12] J̃ ≡ 8 Jr is used instead, the definition of �i j differs by a factor of 
L/2, and terms A ≡ a/(2E) and term B ≡ |b|/(2E) are used. While Ref. [12] de-
fines their b-like parameter with absolute value signs, we note that they are not 
necessary since the probability is even in b.
Table 1
The various terms used throughout this paper. 
Natural units are assumed throughout unless 
otherwise mentioned.

E Neutrino energy
L Baseline

a 2E
√

2G F ne

G F Fermi’s constant
ne Electron # density

si j sin θi j

ci j cos θi j

�m2
i j m2

i − m2
j

�m2
ee c2

12�m2
31 + s2

12�m2
32

�i j �m2
i j L/(4E)

�x xL/(4E)

ε �m2
21/�m2

ee
ε �m2

21/�m2
31

Jr s23c23s13c2
13s12c12

x̂ x in matter
x̃ Approx. x in matter

Pμe = 4s2
23s2

13c2
13

(
�m2

31

b

)2

sin2 �b

+ 4c2
23s2

12c2
12

(
�m2

21

a

)2

sin2 �a

+ 8 Jr
�m2

21

a

�m2
31

b
sin�a sin�b cos (δ + �31) , (1)

where b ≡ a − �m2
31.

The form of this expression suggests the square of two summed 
amplitudes. It is not exactly such a sum due to an extra factor 
of c13 in the interference term which provides the correct CP-
violating term in vacuum. Writing Eq. (1) as the sum of two am-
plitudes has been examined in various forms in Refs. [16,30–32].

There are two ways to correct this. The first is to drop one of 
the c13’s in the Jarlskog invariant ( Jr ). Alternatively, if we add in 
a factor of c13 to one of the amplitudes, we recover the Jarlskog 
in vacuum correctly while still writing the expression as the sum 
of two amplitudes. The natural place to put it is on the a (21) 
term [30–33] as this reproduces the vacuum expression exactly. 
We note that this provides a negligible change to the precision of 
the equation as we are correcting an already subleading term (the 
solar term) by a small amount. On the other hand we can add the 
c13 term to the b (31) term. Doing so improves the precision of the 
Madrid expression for neutrinos by about an order of magnitude 
at the first oscillation maximum, although this effect is due to a 
lucky cancellation for the parameters used. The improvement is 
more modest elsewhere, and for antineutrinos the precision is a 
bit worse than the Madrid expression. As such we do not include 
such an expression in our subsequent analyses.

In addition, considering the previously identified importance 
of �m2

ee [21] and the fact that there is no reason to use �m2
31

or �m2
32 unless both are treated separately, we have also ex-

amined how Eq. (1) performs with �m2
31 → �m2

ee . We find that 
this change results in somewhat better performance in some cases 
(modest improvement at E � few GeV and considerable improve-
ment at and below the second maximum), in the region of interest 
for DUNE around a few GeV the performance is essentially the 
same as the Madrid expression.
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2.1.2. The AJLOS(31) expression (2004)
In Ref. [15] (by Akhmedov, Johansson, Lindner, Ohlsson, and 

Schwetz, AJLOS hereafter) several expressions are introduced each 
with different expansion parameters. We label them by the equa-
tion numbers in the original paper.3

The first expression (#31) drops higher order terms propor-
tional to ε and s13.

Pμe = 4s2
13s2

23

(
�m2

31

b

)2

sin2 �b

+ 4s2
12c2

12c2
23

(
�m2

21

a

)2

sin2 �a

+ 8
Jr

c2
13

�m2
21

a

�m2
31

b
sin�a sin�b cos(�31 + δ) . (2)

We note that up to a factor of c2
13 in each the second and third 

term this expression is otherwise identical to the Madrid expres-
sion in Eq. (1).

2.1.3. The FL expression (2006)
Also the authors of Ref. [16] (by Friedland and Lunardini, FL 

hereafter) write the probability as the sum of two amplitudes. Us-
ing our notation4 they obtain

Pμe =
∣∣∣∣∣�32eiδs13c13s23

e2i(�32−�a) − 1

�32 − �a

−�21s12c12c23
e−2i�a − 1

�a

∣∣∣∣∣
2

. (3)

Note that this expression was derived actually in the context of 
Non-Standard neutrino Interactions (NSI) and that it reduces to 
eq. (3) once all the NSI parameters are set to zero. This expres-
sion is identical to Eq. (1) up to using �m2

32 instead of �m2
31 and 

factors of c13.

2.2. The AKT, MP and DMP expressions

In [17,18,34] a different technique was used. Two-flavor rota-
tions were performed to simply diagonalize the Hamiltonian by 
focusing on the largest off-diagonal terms first. This means that 
all channels (να → νβ for α, β ∈ {e, μ, τ }) are handled simultane-
ously. In AKT the focus is on the vacuum mass eigenstate basis 
whereas MP and DMP focus on the flavor basis. This choice affects 
the order of the two, two-flavor rotations and hence the precision. 
Roughly speaking, AKT performs a 12 rotation followed by 13 ro-
tation whereas MP and DMP first perform a 13 rotation followed 
by a 12 rotation as sketched below.

2.2.1. The AKT expression (2014)
The authors (Agarwalla, Kao, Takeuchi) of Ref. [34] (AKT here-

after) perform the rotations going from largest contribution in the 
Hamiltonian to smallest in the mass basis. They begin with the 
12 rotation, followed by the 23 rotation and then after commut-
ing with the 12 rotation, they absorb this 23 rotation into a 13 
rotation.

3 In Ref. [15] α = ε, A = a/�m2
31, and � = �31 are used. We refer to the equation 

numbers in the version on the arXiv, not in the journal.
4 In Ref. [16] �1 = 2(�32 − �a), �2 = −2�a , G1 = �32 sin 2θ13eiδ , and G2 =

−�21 sin 2θ12 were used.
Using this approach the effective mixing angles can be written 
as

tan 2θ̃12 = �m2
21 sin 2θ12

�m2
21 cos 2θ12 − ac2

13

,

tan 2θ̃13 = �m2
ee sin 2θ13

�m2
ee cos 2θ13 − a

. (4)

Note that δ and θ23 are treated as constant in matter. The eigen-
values of the Hamiltonian are now given by

λ1/p = (�m2
21 + ac2

13) (−/+)

√
(�m2

21 − ac2
13)

2 + 4ac2
13s2

12�m2
21

2
,

(5)

λ2/3 =
(
λp + �m2

31 + as2
13

)
(−/+)

√(
λp − �m2

31 − as2
13

)2 + 4a2s2
1̃2

c2
13 s2

13

2
.

From these expressions we obtain the mass splittings in matter 
simply via the relation �m̃2

i j = λi − λ j . The oscillation probability 
can now be obtained by replacing the vacuum parameters with 
the matter parameters in the vacuum oscillation probability, see 
Eqs. (11) and (12) below. While �m2

ee was not explicitly used in 
Ref. [34], it appears in several places nonetheless and we made 
the substitution here for simplicity.

2.2.2. The MP expression (2015)
After one rotation in the 13 sector, we have an expression that 

is an expansion in εc12s12. This is the expression in Ref. [17] (by 
Minakata and Parke, MP hereafter). The expression is

Pμe =
{

s2
23 sin2 2θ13 + 4ε Jr cos δ

[
(λ+ − λ−) − (�m2

ee − a)

(λ+ − λ0)

]}
×

(
�m2

ee

λ+ − λ−

)2

sin2 (λ+ − λ−)L

4E

+ 8ε Jr
(�m2

ee)
3

(λ+ − λ−)(λ+ − λ0)(λ− − λ0)

× sin
(λ+ − λ−)L

4E
sin

(λ− − λ0)L

4E
cos

(
δ + (λ+ − λ0)L

4E

)
,

(6)

where5

λ0 = ε cos 2θ12�m2
ee , λ± = 1

2

[
�m2

ee + a ± �m̃2
ee

]
, (7)

with

�m̃2
ee ≡ �m2

ee

√
(cos 2θ13 − a/�m2

ee)
2 + sin2 2θ13 = λ+ − λ− .

This expression is very accurate except near the solar resonance 
when �21 > 1.

2.2.3. The DMP expression (2016)
To address the solar resonance, an additional rotation was per-

formed in Ref. [18] (by Denton, Minakata, and Parke, DMP here-
after). The order of the rotations (12 then 13 after an initial con-
stant 23 rotation) is chosen to diagonalize the largest remaining 
off-diagonal term at each step. This procedure also removes both 
level crossings with the minimal number of new angles. After 

5 In Ref. [17] �m2
ren = �m2

ee is used and the definition of the eigenvalues is 
shifted by ε�m2

ee s2
12.
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these two rotations, perturbation theory is now possible every-
where, although the zeroth order expression (DMP0) is sufficiently 
precise for future long-baseline experiments.

Here, as in AKT in section 2.2.1 above, the authors do not derive 
formulas for the oscillation probabilities directly, but rather for the 
oscillation parameters in matter and then write the probability

P̃αβ(�m2
i j, θi j, δ) = Pαβ(�m̃2

i j, θ̃i j, δ̃) , (8)

where x̃ refers to the approximate expression for the quantity x
evaluated in matter. That is, to an excellent approximation the os-
cillation probability in matter has the same form as the expression 
in vacuum with only �m2

21, �m2
31, θ12, and θ13 replaced by their

approximate matter equivalents (θ̃23 and ̃δ are roughly constant in 
matter). The authors obtain to zeroth order the following expres-
sions,6

sin2 θ̃13 = 1

2

(
1 − �m2

ee cos 2θ13 − a

�m̃2
ee

)
,

�m̃2
ee = �m2

ee

√
(cos 2θ13 − a/�m2

ee)
2 + sin2 2θ13 ,

sin2 θ̃12 = 1

2

(
1 − �m2

21 cos 2θ12 − a12

�m̃2
21

)
,

where a12 = 1

2
(a + �m2

ee − �m̃2
ee) ,

�m̃2
21 = �m2

21

√
(cos 2θ12 − a12/�m2

21)2 + cos2(θ13 − θ̃13) sin2 2θ12 ,

�m̃2
31 = �m2

31 + a

4
+ 1

2

(
�m̃2

21 − �m2
21

)
+ 3

4

(
�m̃2

ee − �m2
ee

)
. (9)

Note that we have δ̃ = δ and θ̃23 = θ23 at zeroth order. The expan-
sion parameter is

ε′ ≡ ε sin(θ̃13 − θ13)s12c12 < 0.015 , (10)

and is zero in vacuum confirming that this expression returns the 
exact expression in vacuum.

We recall the vacuum expression here, which we write in the 
following form,

Pμe = 4C21 sin2 �21 + 4C31 sin2 �31 + 4C32 sin2 �32

+ 8D sin�21 sin�31 sin�32 , (11)

where the coefficients are,

C21 = c2
13s2

12c2
12(c2

23 − s2
13s2

23) + cos 2θ12 Jr cos δ ,

C31 = s2
13c2

13c2
12s2

23 + Jr cos δ ,

C32 = s2
13c2

13s2
12s2

23 − Jr cos δ ,

D = − Jr sin δ . (12)

DMP0 is then Eqs. (11), (12) where the vacuum parameters are 
replaced with the approximate matter ones given in Eq. (9).

Also note that �m̃2
ee (which was further explored in [35]) is 

the same as λ+ −λ− in Eq. (7) above from the MP formula in 2.2.2. 
Successive orders of precision can also be calculated by following 
perturbation theory in a straightforward fashion as is done through 

6 In Ref. [18] φ = θ̃13, ψ = θ̃12, λi = m̃2
i were used. The current notation is con-

sistent with Ref. [35]. The following expression from [18] is also useful: cos2(θ13 −
θ̃13) = c2˜ c2

13 + s2˜ s2
13 + sin 2θ̃13c13s13 = (�m̃2

ee + �m2
ee − a cos 2θ13)/(2�m̃2

ee).

13 13
second order in [18] with compact expressions provided through 
first order or by correcting the mixing angles directly [36]. Here 
we focus on zeroth and first orders only (DMP0 and DMP1 here-
after respectively) as they are already extremely precise. Successive 
orders add ∼ 2.5 additional orders of magnitude of precision if de-
sired and expressions through second order exist in [18].

The first order corrections to the coefficients from Eq. (12) are 
given by the following expressions,

C
(1)
21 = ε′�m2

ee

(
F1

�m̃2
31

+ F2

�m̃2
32

)
,

C
(1)
31 = ε′�m2

ee

(
F1 + G1

�m̃2
31

− F2

�m̃2
32

)
,

C
(1)
32 = ε′�m2

ee

(
− F1

�m̃2
31

+ F2 + G2

�m̃2
32

)
,

D
(1) = ε′�m2

ee

(
K1

�m̃2
31

− K2

�m̃2
32

)
, (13)

where ε′ ≡ ε sin(θ̃13 − θ13)s12c12 as shown in Eq. (10) above, and

F1 = c1̃3s2
1̃2

[s1̃3s1̃2c1̃2(c2
23 + cos 2θ̃13s2

23)

− s23c23(s2
1̃3

s2
1̃2

+ cos 2θ̃13c2
1̃2

) cos δ] ,
G1 = −2s1̃3c1̃3s1̃2(s2

23 cos 2θ̃13c1̃2 − s23c23s1̃3s1̃2 cos δ) ,

K1 = −s23c23c1̃3s2
1̃2

(c2
1̃3

c2
1̃2

− s2
1̃3

) sin δ , (14)

and the F2, G2, K2 expressions are related to the above by mak-
ing the transformation c2

1̃2
↔ s2

1̃2
, c1̃2s1̃2 → −c1̃2s1̃2, and m1 ↔ m2. 

This correction is DMP1. Note that the expressions of Eq. (12) are 
also invariant under this transformation [18].

2.3. Other expressions

Here we list other expressions in the literature that do not fall 
into the above two categories.

2.3.1. The AKS expression (1999)
The oldest expression we consider in this paper is the one de-

rived in Ref. [11] (by Arafune, Koike, and Sato, AKS hereafter). Here 
the authors obtain

Pμe = 4 sin2 �31c2
13s2

13s2
23

(
1 + 2a

�m2
31

cos 2θ13

)
+ 4�31 sin(2�31)c2

13s13s23

×
{

− a

�m2
31

s13s23 cos 2θ13 + εs12(−s13s23s12 + cos δc23c12)

}
− 8 Jr�21 sin2 �31 sin δ . (15)

2.3.2. The MF expression (2001)
In Ref. [14] (by Freund, MF hereafter) the author separates the 

oscillation probability7 in sub-terms, Pμe = P0 + Psin δ + Pcos δ +
P1 + P2 + P3. These terms are given by8

7 We use Eq. 36 of Ref. [14] since Eq. 38 behaves poorly for large values of θ13.
8 In Ref. [14] Ĉ = C13 is used and there is a typo wherein cos θ2

13 is written in-
stead of cos2 θ13.
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P0 = 4s2
23s2

13c2
13

C2
13

sin2(�31C13) ,

Psin δ = − 4 sin δ
�m2

21

a

s12c12s13s23c23

C13
sin(C13�31)

× [cos(C13�31) − cos(�31 + �a)] ,

Pcos δ = − 4 cos δ
�m2

21

a

s12c12s13s23c23

C13
sin(C13�31) ,

× [sin(C13�31) − sin(�31 + �a)] ,

P1 = − 4ε
1 − a

�m2
31

cos 2θ13

C3
13

s2
12s2

13c2
13s2

23�31 sin(2�31C13)

− 4ε
2 a

�m2
31

( a
�m2

31
− cos 2θ13)

C4
13

s2
12s2

13c2
13s2

23 sin2(�31C13) ,

P2 = 4
�m2

21

a

C13 + a
�m2

31
cos 2θ13 − 1

C2
13

× s12c12s13s23c23 sin2(�31C13) ,

P3 = 8

(
�m2

21

a

)2
C13c2

23s2
12c2

12

cos2 θ13(C13 + cos 2θ13 − a/�m2
31)

× sin2
[

1

2
(1 − C13)�31 + 1

2
�a

]
. (16)

The expression in Eq. (16) is similar to the AJLOS(48) expression in 
Eq. (17) below.

2.3.3. The AJLOS(48) expression (2004)
The second AJLOS (Ref. [15]) expression (#48) focuses only on ε

as a smallness parameter. The first two orders, Pμe = P (0)
μe + εP (1)

μe , 
are

P (0)
μe = 4s2

23s2
13c2

13
sin2(C13�31)

C2
13

P (1)
μe = − 8s2

12s2
23s2

13c2
13

sin(C13�31)

C2
13

[
�31

cos(C13�31)

C13

×
(

1 − a

�m2
31

cos 2θ13

)

− a

�m2
31

sin(C13�31)

C13

cos 2θ13 − a/�m2
31

C13

]

+ 4s13s12c12s23c23
�m2

31 sin(C13�31)

aC2
13

×
{

sin δ [cos(�31 + �a) − cos(C13�31)] C13

+ cos δ

[
C13 sin(�31 + �a) −

(
1 − a

�m2
31

cos 2θ13

)

× sin(C13�31)

]}
, (17)

where C13 ≡
√

sin2 2θ13 + (a/�m2
31 − cos 2θ13)2 (this factor is also 

used in MF in the previous subsection, 2.3.2). We note, C13 is 
equivalent to �m̃2

ee/�m2
ee from DMP [18,35] after the change 

�m2 → �m2
ee .

but
lon
term

2.3.

(by

as 

vid

P (2
μe

�m

P

P

P (3
μ

P

wh

P (5
μ

We
sion
(AM

9

31
There is also a third expression in the AJLOS paper, Eq. 66, 
 this is designed for the solar sector and does quite poorly for 
g-baseline oscillations which are dominated by the atmospheric 

. For this reason we do not consider it here.

4. The AM expression (2011)
We study the expression obtained by the authors of Ref. [13]
 Asano and Minakata, AM hereafter). Here the authors use 
expansion parameters s13 


√
�m2

21/�m2
31. The authors di-

e their expressions in powers of s13, P (0)
μe + P (1)

μe + P (3/2)
μe +

) + P (5/2)
μe + . . . Each superscript refers to the order of s2

13 and 
2
21/�m2

31. For our channel of interest they obtain9

(0)
μe = 0 ,

(1)
μe = 4s2

23s2
13

sin2[(1 − rA)�31]
(1 − rA)2

,

/2)
e = 8 Jr

ε

rA(1 − rA)
cos (δ + �31) sin(rA�31) sin[(1 − rA)�31] ,

(2)
μe = 4c2

23c2
12s2

12

(
ε

rA

)2

sin2(rA�31)

− 4s2
23

[
s4

13
(1 + rA)2

(1 − rA)4
− 2s2

12s2
13

εrA

(1 − rA)3

]
× sin2[(1 − rA)�31]
+ 4s2

23

[
2s4

13
rA

(1 − rA)3
− s2

12s2
13

ε

(1 − rA)2

]
× �31 sin[2(1 − rA)�31] , (18)

ere rA ≡ a/�m2
31. The 5/2 order term is given by

/2)
e = 8 Jr s2

13
εrA

(1 − rA)3
cos δ sin2[(1 − rA)�31]

+ 8 Jr
ε

rA(1 − rA)

×
[
−2s2

13
rA

(1 − rA)2
+ (c2

12 − s2
12)

ε

rA
+ s2

12
εrA

1 − rA

]
× cos (δ + �31) sin(rA�31) sin[(1 − rA)�31]
+ 16 Jr s2

13
ε�31

(1 − rA)2
cos (δ + �31) sin(rA�31)

× cos[(1 − rA)�31]

− 8 Jr s2
12

ε2�31

rA(1 − rA)
cos (δ + rA�31) sin(rA�31)

− 8 Jrc2
12

ε2�31

rA(1 − rA)
cos [δ + (1 + rA)�31]

× sin[(1 − rA)�31]

− 8 Jr
ε�31

rA(1 − rA)

(
s2

13
rA

1 − rA
− s2

12ε

)
× cos [δ + (1 − rA)�31] sin[(1 − rA)�31] . (19)

 will consider the precision and speed both of the expres-
 through second order (AM2 hereafter) and through 5/2 order 
5/2 hereafter).

In Ref. [13] r� = ε and � = 2�31/L are used.
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2.4. Exact expressions

For completeness, we discuss two different means of exactly 
calculating the oscillation probabilities. The first uses the analytic 
solution to a cubic equation and the second involves numerically 
diagonalizing the Hamiltonian. We have verified that these are 
equivalent up to numerical precision, ∼ 10−13.

Several pieces of software designed to solve neutrino oscilla-
tions in matter also exist in the literature [7,37,38]. While these 
may offer modest improvements in speed over off-the-shelf linear 
algebra packages, we have verified that they still do not compete 
with analytic expressions in terms of speed. In fact, several of them 
are the same, in part or in full, as the ZS expression in the next 
section. NuSquids [38] is a bit different than the other options in 
that once it has solved the differential equation for a given matter 
profile and baseline, extracting the probability (or the flux more 
generally) for a given energy is fairly efficient. It starts to become 
computational efficient for long-baseline at � 1000 energy compu-
tations [39].

2.4.1. The ZS expression (1988)
It is possible to solve the characteristic polynomial of the 

Hamiltonian in matter directly. Using this approach one can ex-
press the eigenvalues in matter in terms of the vacuum parameters 
which involves solving a completely general cubic equation.10 This 
was done in Ref. [10] (by Zaglauer and Schwarzer, ZS hereafter), 
where the authors obtain

m̂2
1 = A

3
−

√
A2 − 3B S

3
−

√
3
√

A2 − 3B
√

1 − S2

3
,

m̂2
2 = A

3
−

√
A2 − 3B S

3
+

√
3
√

A2 − 3B
√

1 − S2

3
,

m̂2
3 = A

3
+ 2

√
A2 − 3B S

3
. (20)

The mass splittings in matter are then given by

�m̂2
21 = 2

√
3

3

√
A2 − 3B

√
1 − S2 ,

�m̂2
31 =

√
A2 − 3B S +

√
3

3

√
A2 − 3B

√
1 − S2 , (21)

where ̂x refers to the given quantity in matter and11

A = �m2
21 + �m2

31 + a ,

B = �m2
21�m2

31 + a[�m2
31c2

13 + �m2
21(c2

13c2
12 + s2

13)] ,
C = a�m2

21�m2
31c2

13c2
12 ,

S = cos

{
1

3
arccos

[
2A3 − 9AB + 27C

2(A2 − 3B)3/2

]}
. (22)

The parameter S is the one mentioned in the introduction that has 
cos

( 1
3 cos−1 · · · ) which ends up in all the final parameters: mass 

squared differences, mixing angles, and the CP-phase. The mixing 
angles and the CP-phase are

10 The original solution of the cubic equation was from [40] based on work by 
Scipione del Ferro and Niccolò Fontana Tartaglia in the sixteenth century.
11 Note, that in Ref. [10] D = a and there are two typos: the root in the denomi-

nator of S should be to the 3/2 power not 1/3 and the numerator of e−îδ should 
have a factor of s23c23 instead of s23c2

23.
s2
1̂2

= −[(m̂2
2)

2 − αm̂2
2 + β]�m̂2

31

�m̂2
32[(m̂2

1)2 − αm̂2
1 + β] − �m̂2

31[(m̂2
2)2 − αm̂2

2 + β] ,

s2
1̂3

= (m̂2
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3 + β

�m̂2
31�m̂2

32

,

s2
2̂3

= E2s2
23 + F 2c2

23 + 2E F c23s23 cos δ

E2 + F 2
,

e−îδ = (E2e−iδ − F 2eiδ)c23s23 + E F (c2
23 − s2

23)√
(E2s2

23 + F 2c2
23 + 2E F c23s23 cos δ)(E2c2

23 + F 2s2
23 − 2E F c23s23 cos δ)

,

(23)

where

α = �m2
31c2

13 + �m2
21(c2

13c2
12 + s2

13) ,

β = �m2
21�m2

31c2
13c2

12 ,

E = [�m2
31(m̂

2
3 − �m2

21) − �m2
21(m̂

2
3 − �m2

31)s2
12]c13s13 ,

F = �m2
21(m̂

2
3 − �m2

31)c12s12c13 . (24)

As in the case of DMP the oscillation probabilities in matter can 
now be obtained by simply replacing the vacuum parameters with 
the matter parameters in the vacuum oscillation probability from 
Eq. (11).

2.4.2. Numerical diagonalization
It is also possible to diagonalize the Hamiltonian numerically. 

The Schrödinger equation in matter can be written in matrix form 
as

i
d

dt
�α(t) = H�α(0), (25)

where

�α(t) =
⎛⎝ ψαe(t)

ψαμ(t)
ψατ (t)

⎞⎠ , H = 1

2E
(UM

2U † +A). (26)

Here ψαβ(t) = 〈νβ |να(t)〉 is the oscillation amplitude, U =
U23(θ23) × U13(θ13, δ) ×U12(θ12) is the PMNS-matrix and M2 =
diag(0, �m2

21, �m2
31). The matter potential is given by A =

diag(a, 0, 0), where as always in this work a is constant. In princi-
ple this equation can be solved easily by writing H = R D R†, where 
D = diag(d1, d2, d3) is the diagonal matrix containing the eigenval-
ues di of H, and R is the diagonalization matrix of eigenvectors. 
Then the solution is easily found to be

�α(t) = R diag(e−iLd1 , e−iLd2 , e−iLd3) R† �α(0). (27)

This diagonalization can be performed numerically using for exam-
ple the packages Eigen [41] or HEigensystem [42,43], among 
others. We will refer to this method as Diag from here on.

3. Comparison of expansions

We now compare the usefulness of each expression. First we 
describe the behavior of the various expressions under several use-
ful limits. Next, we define two metrics: precision and speed/sim-
plicity. Precision can be quantified as either the error or fractional 
error between a given expression and the exact expression. We 
focus on fractional error since that is more relevant for experi-
ments although it can become misleading when the probability is 
small or goes to zero such as in the high energy limit. While the 
simplicity of an expression is a somewhat subjective metric, the 
computational efficiency is somewhat more scientific and quanti-
tative.



G. Barenboim et al. / Physics Letters B 791 (2019) 351–360 357
Table 2
The expansion terms of each expression. Terms that are expansion parameters in 
the sense of Eq. (28) are denoted with a green check (�), while terms that are not 
are denoted with a red cross (×). Note that Madrid refers also to the expression 
AJLOS(31) and FL which are all generally quite similar. AM refers to both AM2 and 
AM5/2, and DMP refers to both DMP0 and DMP1.

ε (ε) s13 a/�m2
31

Madrid(like) × × ×
AKT � � �
MP � × ×
DMP � � �
AKS × × ×
MF � × ×
AJLOS(48) � × ×
AM × × ×

Table 3
Neutrino oscillation parameters used. All of the 
values are within the 1σ ranges of the best fit 
values obtained in the global fit in Ref. [1].

Parameter Value

�m2
21 7.5 × 10−5 eV2

�m2
ee 2.50 × 10−3 eV2

sin2 θ12 0.32
sin2 θ23 0.55
sin2 θ13 0.022
δ −0.40π

3.1. Expansion term

Each approximate expression is an expansion in one or more 
parameters. In order to clearly show how each expression behaves, 
Table 2 shows which parameters each formula is expanded in. In 
order to qualify as an expansion parameter we require that the 
probability recovers the exact (to all orders) expression as that pa-
rameter goes to zero. That is, x is an expansion parameter if and 
only if

lim
x→0

Papprox(x) = Pexact(x = 0) . (28)

We note that as many expressions drop higher order terms of more 
than one parameter at a time, it is quite common for expressions 
to not be true expansions in the sense of Eq. (28) in that all of the 
parameters that were treated as small numbers simultaneously.

We find that DMP (at any order) as well as AKT are the only 
expressions that are an expansion in s13 and the matter potential. 
Also, while several expressions are expansions in ε or ε (including 
DMP and AKT), some are not an expansion in ε or ε either de-
spite treating ε as a smallness parameter, such as the Madrid-like 
expressions. In addition to the parameters listed in the table we 
note that none of the expression are exact as L → 0, the so-called 
vacuum mimicking regime [44].

3.2. Precision and speed

In this section we compare the different expressions. As a 
benchmark point we use the standard oscillation parameters in 
Table 3. We take δ to be slightly off-maximal to avoid any unin-
tentional cancellations and to require both sin δ and cos δ terms 
to be correct. We choose as benchmark baseline L = 1300 km 
and density ρ = 3 g/cm3, the configuration for the DUNE experi-
ment [45–47] although our results are applicable to any current or 
future long-baseline experiment, including those focusing on the 
second oscillation maximum.

The probabilities for selected expressions are shown in Fig. 1
for both neutrinos (left) and antineutrinos (right). They should 
Fig. 1. Various expressions for the oscillation probabilities for neutrinos (left) and 
antineutrinos (right) at L = 1300 km. The exact expression (ZS) is shown as a black 
dashed curve. Note that the AM5/2 expression (the AM expression to the 5/2 or-
der) nearly matches the exact expression, although some deviation is visible at the 
second and third maxima. The DMP0 (the DMP expression through zeroth order) 
expression matches the exact expression pixel for pixel in the figure here. DMP1 is 
not shown as it is even more precise than DMP0.

Fig. 2. The relative precision in the neutrino channel of several of the expressions 
compared to the exact expression. The various sharp dips down are where the 
approximate and exact solutions cross. Note that towards lower energies all the 
expressions tend to do poorly except DMP. At high energies |�P |/P = |P test − P |/P
with P = PZS becomes somewhat misleading as P → 0, but the precision of each 
formula levels out (for DMP0 and AKT (DMP1) it levels out at �P/P = 0.057 (0.007) 
past the atmospheric resonance).

be compared to the exact curves given by ZS. To compare the 
precision of the formulas in a more quantitative way we show 
|P test−P |

P = |�P |
P , where P = PZS is the exact formula. The result 

is shown in Fig. 2. As one can see for low energies DMP gives the 
best results, while for E > 2 GeV the most precise result is AM5/2. 
The precision of DMP0 and AKT is the worst at the atmospheric 
resonance (∼ 11 GeV) before leveling off, although the probability 
is approaching zero thus this region is less relevant experimentally. 
We also show the precision of the several Madrid-like expressions 
in Fig. 3. The precision of the remaining expressions can be found 
in Fig. 4. Note that the sharp dips are not representative of im-
proved precision, rather they represent a crossing between the 
exact and approximate expressions. In addition, the peaks in the 
errors are when the oscillation probability, and thus the denomi-
nator, goes to zero.

In order to more clearly compare the precision of each expres-
sion, we show in Fig. 5 the precision with which each expression 
reconstructs the first and second oscillation maxima. We focus on 
the oscillation maxima because the heights (probability) of the 
maxima are an important test for CP violation [48] and the lo-
cations (energy) of the maxima are an important test for the at-
mospheric mass splitting [49]. The horizontal line at 1% is to guide 
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Fig. 3. The precision of the Madrid-like expressions.

Fig. 4. The precision of the remaining expressions.

Fig. 5. The relative error at the first (blue, left) and second (orange, right) oscillation 
maxima in the probability (star) and energy (cross) for each formula. While evaluat-
ing these on the peaks could lead to a chance conspiracy, we have verified that the 
results are fairly robust under changes in δ and in energy away from the maxima.

the eye. Since DUNE and other next generation long-baseline ex-
periments are aiming to reach near the percent level in precision, 
we cannot introduce theoretical errors larger than 1%. We have 
also verified that these results are generally robust under changes 
to the oscillation parameters, although for certain specific values 
of say the CP-violating phase some of the fairly precise expres-
sions may appear to perform much better if there is a crossing 
between the approximate and exact expressions at the oscillation 
maximum.
Fig. 6. The precision of each expression compared with the computational speed. 
The vacuum dot refers to calculating the exact vacuum expression without any mat-
ter effects. The precision is defined as the relative error in probability at the first 
maximum and the speed is the time it takes to compute one probability.

We also measured the computational time on a single core i7 
processor using c++ with the gnu v7.3.0 compiler.12 Our result can 
be found in Fig. 6 along with the precision at the first oscillation 
maximum. The green (red) dots are those for which the proba-
bility at the first maximum is better (worse) than 1%. We also 
measure the computational time for the exact vacuum expression 
from Eq. (11) for comparison. All of the approximate expressions 
and ZS are faster than the diagonalization by about an order of 
magnitude or more, depending on the expansion of interest. The 
DMP expressions have the best precision among the approximate 
expressions by a considerable amount.

When computational speed is the primary, if 1% precision is 
required then MP is the best expression, although it is right at 
∼ 1% and has much larger errors at ∼ 1 GeV. After MP, the next 
simplest expression that is also better than 1% is DMP0 which 
is precise at the per mille level or better. The software used to 
perform these tests Nu-Pert-Compare is publicly available at 
github.com/PeterDenton/Nu-Pert-Compare [50].

4. Conclusions

With the advent of next generation long-baseline neutrino ex-
periments, neutrino oscillation physics will truly enter the preci-
sion era. Over the years, various approximate expressions describ-
ing oscillation probabilities have been written down. In this paper 
we have normalized the notation as much as possible and cate-
gorized similar expressions. We then directly compared them with 
the exact solution with an eye for precision and speed where the 
latter provides a rough proxy for simplicity.

We have found that the DMP expressions from Ref. [18] (Den-
ton, Minakata, Parke) are the most precise expressions available in 
most cases, even at zeroth order, with the option for considerably 
improved precision at higher orders. In terms of simplicity they are 
comparable to any of the other expressions available as shown in 
Fig. 6. It is interesting to see within the expression from Ref. [13]
(Asano and Minakata) that while the addition of the 5/2 term adds 
considerably to the precision making it about as precise as any ex-
pression, leads to a considerable loss in simplicity and speed as 
can be seen from Eq. (19) and Fig. 6. In the same vein we can see 
in Fig. 6 that DMP1 adds much more precision (close to two or-
ders of magnitude) than the already quite precise DMP0 with only 
a modest cost in complexity due to the compact form of the first 

12 We have performed the same test using Fortran with the gfortran compiler, 
obtaining qualitatively the same results.

https://github.com/PeterDenton/Nu-Pert-Compare
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order correction. These expressions are also guaranteed to be uni-
tary, in that the oscillation probabilities are in [0, 1] for all values 
of the vacuum parameters. Of the other expressions, some are also 
unitary while others are not; for example the Madrid expression 
cannot be written as an amplitude squared without adding a c2

13
term making it possible that the probability becomes negative.

Finally, we note that most of the most precise expressions, AKT 
and the DMP expressions, all naturally use �m2

ee which is the νe
average of �m2

31 and �m2
32. This was not “forced” or put in by 

hand, rather it naturally appears. This suggests that whenever one 
atmospheric mass splitting is required, the correct expression to 
use is �m2

ee since there is no reason to prefer one of �m2
31 or 

�m2
32 over the other.
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