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Abstract: In bridging theory and potential applications of chemical reaction networks, we adopt
a geometric perspective to explore equilibrium in mass action law kinetic systems. Such systems
are typically employed to model nonlinear dynamics in open and closed chemical reaction
networks. As a class nonnegative systems, the range of potential applications extends far beyond
chemistry to reach many processes and networks in natural and artificial systems.
In this note we link network deficiency with bifurcation theory. In fact we find out that network
deficiency determines the class of equilibrium multiplicity. For deficiency one networks a saddle-
node bifurcation with respect to mass inventory is the only route to multiplicity whereas for
higher deficiencies alternative routes exist which may include pitchfork bifurcation. Interestingly,
some kinetic networks within this class are capable of multiple equilibrium for any reaction
simplex.
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1. INTRODUCTION

CRNT (Chemical Reaction Network Theory) as its stands
nowadays within the field of applied mathematics offers an
extraordinary potential for analysis and design of complex
dynamic systems of kinetic type (e.g. Muller and Regens-
burger, 2012; Perez-Millan et al., 2012). Unfortunately,
many of its results remain at a large extent unexploited,
when not unnoticed, in the fields of chemical or biochem-
ical engineering. Reasons are diverse but mostly, they
should be found in the heavy machinery that conforms
methods and proofs.

Seminal works as the ones by Feinberg (1972) or Clarke
(1975) mostly relied on graph conditions to assess stability
of the reaction network. Recently, Domijan and Kirkilio-
nis (2009) exploited results from stoichiometric network
analysis (SNA) to detect bistability and oscillations in
metabolic networks.

In this contribution, we adopt a (more suitable) geometric
perspective to explore equilibrium in mass action law ki-
netic systems, linking network deficiency with bifurcation
conditions. The structure of feasible equilibria should be
understood as the set that, for a given set of reaction rate
constants, collects all equilibrium solutions in the (posi-
tive) concentration space. We claim that such set can be
mathematically described in terms of nonlinear manifolds
in the concentration space. The number and topology of
the resulting manifolds, in combination with mass conser-
vation, will determine multiplicity of steady states. Two
classes of equilibrium multiplicity can potentially arise:
one is related to the folded topology of the equilibrium
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manifold and leads to a saddle node bifurcation as a
function of mass conservation constants. The other results
from the coexistence of multiple manifolds and manifests
via a pitchfork bifurcation.

Remarkably, network deficiency, as defined in CRNT
(Feinberg, 1987), plays a central role in the number of pos-
sible manifolds and thus the kind of bifurcations found. In
this regard, we will show that for deficiency one networks
there is just one equilibrium manifold. Consequently, the
saddle-node bifurcation is the only possible route to multi-
plicity. On the other hand, multiple equilibrium manifolds
require deficiencies higher than one. Interestingly, some
kinetic networks within this class are capable of sustaining
multiple equilibrium for any reaction simplex.

The paper is organized as follows: Section 2 introduces
a formal description of chemical reaction networks. The
canonical representation of feasible equilibrium, including
the formal structure of the equilibrium manifolds is pre-
sented in Sections 3 and 4. Finally, in Section 5, some
properties and conditions to support multiplicity will be
discussed with two illustrative examples. The paper con-
cludes with a short discussion on perspectives and future
work.

2. REACTION NETWORKS: GRAPH STRUCTURE
AND DYNAMICS

A chemical reaction network (CRN) comprises a number
m of chemical species grouped into a number n of reaction
complexes which relate each other by set of irreversible
chemical reaction steps. Reaction complexes, linked by
the corresponding reaction steps, constitute the network
skeleton which can be described as a graph, where com-
plexes correspond to nodes and reaction steps to edges.
Formally, the graph can be constructed by associating to
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each complex i a set Ii of integer elements with ordinality
in n. This process results in a number ℓ of connected
components known in CRNT as linkage classes, each con-
taining a number Nλ of complexes we collect in the set
Lλ. In this study we assume that all complexes in each
linkage class are strongly linked so the network is weakly
reversible (Feinberg, 1987).

2.1 The dynamics of reaction networks

The time evolution of species concentrations on a well-
mixed reaction medium at constant temperature can be
described by a set of ordinary differential equations of the
form:

ċ =
∑

λ

Sλφλ(c), (1)

where c ∈ R
m denotes the vector of species concentrations.

Matrices Sλ ∈ R
m×(Nλ−1) for λ = 1, · · · , ℓ collect column-

wise, the vectors that span the stoichiometric subspace for
each linkage class:

Σλ = span{yi − yjλ | i ∈ Lλ \ jλ}. (2)

In the above expression, jλ ∈ Lλ represents a reference
complex selected from the corresponding strongly terminal
linkage class. φλ : Rm → R

Nλ−1 in (1) is a vector function
that for each linkage class includes the fluxes φi, defined
as:

φi =
∑

(j/i∈Ij)

Rji −
∑

j∈Ii

Rij , (3)

with Rij being the rate at which the set of chemical species
in complex i is transformed into a set of products (complex
j). Under the mass action law assumption, Rij can be
written as:

Rij = kijψi(c), with ψi(c) =

m
∏

j=1

c
yji

j ≡ cyi . (4)

Vectors yi in (2) and (4) collect the stoichiometric coeffi-
cients for complex i, and correspond to the columns of the
so-called molecularity matrix Y ∈ R

m×n, with n =
∑

λNλ.
Whenever c is a strictly positive vector, all monomials are
positive what allows us to write the following expression:

lnψ(c) = Y T ln c, (5)

where ψ : Rm → R
n is the vector function containing as

entries the monomials described in (4), and ln(·) denotes
the natural logarithm operator which acts on any vector
element-wise.

Let Σ = span
(

⋃ℓ
λ=1Σλ

)

define the stoichiometric sub-

space for the reaction network with its elements being
(column-wise) in S ∈ R

m×(n−ℓ). The dimension associated
to the kernel of S can be computed from the rank-nullity
theorem as:

δ = n− ℓ− s. (6)

Such number is known in CRNT as the deficiency of the
network. Related to the reference complexes we define the
reference subspace:

ΣR = span{yjλ − yjℓ | λ = 1, · · · , ℓ− 1}. (7)

Reference complexes will be chosen so that dim(ΣR) = ℓ−
1. This implies that matrix SR ∈ R

m×(ℓ−1), which contains
(column-wise) the elements of the span, is full rank.

Let {gr | r = 1, . . . , δ} be a basis in the kernel of S,
and express each vector gr in terms of ℓ sub-vectors
gr
λ ∈ R

Nλ−1 (one per linkage class), so that:

(gr)T = [ (gr
1)

T · · · (gr
λ)

T · · · (gr
ℓ)

T ].

From the above description, the equality Sgr = 0 can be
re-written as:

∑

λ

Sλg
r
λ = 0 for r = 1, . . . , δ. (8)

In addition, let {vr | r = 1, . . . , s} be a basis that spans the
image of ST . We collect vectors vr and gr as columns in
matrices V ∈ R

(n−ℓ)×s and G ∈ R
(n−ℓ)×δ, respectively, in

order to define the complementary subspaces that compose
the space of complexes. Without loss of generality we
assume that matrices G and V can be partitioned as:

G = [GT
A | GT

B ]T and V = [ V T
A | V T

B ]T , (9)

where GA ∈ R
δ×δ and VB ∈ R

s×s are invertible.

We will be particularly interested in the dynamics of
system (1) on the convex region that results from the
intersection of the positive orthant in the concentration
space and a linear variety associated to the stoichiometric
subspace Σ (also known in CRNT as compatibility class).
Such region can be formally defined with respect to a
reference concentration vector c0 as:

Ω(c0) = {c ∈ R
m | c � 0, BT(c − c0) = 0}, (10)

where B ∈ R
m×(m−s) is a full rank matrix whose columns

span the orthogonal complement Σ⊥.

3. CHARACTERIZING THE SET OF FEASIBLE
EQUILIBRIUM SOLUTIONS

The set of monomials associated to each linkage class is
collected into a vector ψλ ∈ R

Nλ which, possibly after
some re-ordering, can be written as ψλ = (ψjλ ,ψ

T
λ )

T

where ψλ is the vector of monomials for all complexes,
but the reference, in linkage class λ.

The relationship between fluxes (3) and monomials (4)
for each linkage class can be expressed in matrix form as
follows:

φλ(ψjλ ,ψλ) = Mλ
kψλ, (11)

where Mλ
k ∈ R

Nλ×Nλ is a compartmental matrix (Fife,
1972) that includes as entries the corresponding reaction
constants, and φλ = (φjλ ,φ

T
λ )

T . As it has been proved
elsewhere (e.g. Alonso and Szederkenyi (2014)) Mλ

k is a
column conservation matrix that can be written as:

Mλ
k =

[

−(1Taλ) bT
λ

aλ Eλ

]

, (12)

with bT
λ = −1TEλ. By construction, the first row in

Mλ
k corresponds to the reference complex jλ which has

been chosen to be in the terminal linkage class. Vectors
aλ,bλ ∈ R

Nλ−1 contain as elements the rate constants
for reaction steps leaving and entering, respectively, the
reference complex. Hence, since there is at least one re-
action step directed to the reference complex, vector bλ

is non-zero. The remaining rate constants are in matrix
Eλ ∈ R

(Nλ−1)×(Nλ−1). As discussed in Alonso and Szed-
erkenyi (2014), such matrix is invertible, provided that
there is one terminal linkage class per linkage class, and
its inverse non-positive. Since we concentrate in this work
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on weakly reversible networks, the above condition will
always hold.

3.1 The family of equilibrium solutions

Given a weakly chemical reaction network, we define for
each λ a vector function fλ : R× R

δ → R
Nλ−1 as:

fλ(xλ;χ) = f∗λ + xλhλ(χ), (13)

where f∗λ = −(Eλ)−1aλ, hλ(χ) = Hλχ, and Hλ =
(Eλ)−1Gλ, with Gλ = [g1

λ · · ·g
r
λ · · ·g

δ
λ]. For every χ ∈ U,

where U = {χ ∈ R
δ | �χ� = 1}, let Xλ(χ) ⊂ R be the

interval in which vector fλ(xλ;χ) remains positive. For
weakly reversible networks f∗λ ≻ 0 is strictly positive, thus
the interval Xλ(χ) is never empty and includes the zero
(if the network is irreversible, the interval will not contain
the zero, and might be even empty).

Let us define a vector function f : Rℓ ×U → R
n−ℓ as:

fT (x;χ) = [fT1 (x1;χ), · · · , f
T
λ (xλ;χ), · · · , f

T
ℓ (xℓ;χ)]. (14)

If the network is weakly reversible, then for every χ ∈ U,
there exists a domain X(χ) = X1(χ) ⊗ · · ·Xλ(χ) · · · ⊗
Xℓ(χ), that includes the zero, such that for every x ∈ X(χ)
f(x;χ) ≻ 0 (i.e. strictly positive).

We are particularly interested in scalars xλ in (13) being
the components of a vector x ∈ D0 (where D0 = R

ℓ
<0 ∪

{0} ∪ R
ℓ
>0) of the form x = xℓ · (z, 1)T , with:

z = (z1, · · · , zi, · · · , zℓ−1)
T and zi =

ψjℓ

ψji

. (15)

Proposition 3.1. Positive vectors of the form ψ
T

λ = ψjλ ·

(1, fTλ ), for every λ = 1, · · · , ℓ, make constant the concen-
tration vector c in (1).

Proof: Substituting ψ
T

λ = ψjλ · (1, f
T
λ ) into the right hand

side of (11), and using (13) we get:

φλ(ψλ) = ψjλ(aλ + Eλfλ) ≡ ψjλxλGλχ.

We also have that Sλφλ = (xλψjλ)
∑

rχrSλg
r
λ, where χr

denotes the r-element of vector χ. On the other hand,
according to (15), for every λ = 1, · · · , ℓ− 1 we have that
xλψjλ = xℓψjℓ . Thus substituting the above expressions
in the right hand side of (1), we get:

ċ =
∑

λ

Sλφλ = (xℓψjℓ)
∑

r

χr

(

∑

λ

Sλg
r
λ

)

. (16)

Since every term in the summation over r satisfies (8),
the right hand side is zero and thus c is constant, what
concludes the proof. ✷

In line with Otero-Muras et al. (2012), we will refer to
expression (14) for every x ∈ D0 as the the family of
equilibrium solutions. Since we are interested in positive
equilibrium, we will study the family of solutions for every
for every χ ∈ U within the domains D(χ) = D0 ∩ X(χ).

4. FEASIBILITY AND EQUILIBRIUM

From mass action law (4), we must have for every λ that:

fλ = exp
(

ST
λ ln c

)

. (17)

Consequently, any fλ in (13), compatible with mass action
law, requires its logarithm to lie in the image of ST

λ . We
then say that the family expressed in (14), is feasible. Here
we make use of this fact to derive a general condition for
feasibility and explore some consequences. Such condition
can be interpreted as a generalized version of the classical
Wegscheider conditions for thermodynamically consistent
reaction networks (Gorban and Shahzad, 2011; Gorban
et al., 2013).

Lemma 4.1. (Feasibility condition). f(x;χ) in (14) is fea-
sible if and only if (ln f)Tgr = 0, for every r = 1, ..., δ.

Proof: The result follows since feasibility implies that ln f
is in the image of ST (i.e. the span of {vr | r = 1, . . . , s}),
which is orthogonal to vectors {gr | r = 1, . . . , δ}. ✷

In preparing to explore feasibility, let us define a function
ρχ : X(χ) → R, for each χ ∈ U to be of the form:

ρχ(x) =
∑

λ

Fλ(xλ;χ), (18)

with Fλ ≡ gT
λ (χ) ln fλ(xλ;χ). The following lemma de-

scribes possible solutions for ρχ(x) = 0.

Lemma 4.2. For every χ ∈ U, there exists a well defined
and Lipschitz continuous function Θ : Rℓ−1

>0 → R, so that:

X(z) = Θ(z) ·

(

z
1

)

, (19)

that solves ρχ(x) = 0.

Proof: The arguments in support of the proof can be
sketched as follows: that there exists a solution ρχ(x) = 0
in D(χ) for (18), results from monotonicity of functions
Fλ : Xλ(χ) → R, where Xλ(χ) includes the zero, and the
maps between each domain and the real line are one-to-one
and onto Alonso and Szederkenyi (2014).

In addition, because such functions are monotonous de-
creasing, with bounded derivatives, the implicit function
theorem applies and a well defined, Lipschitz continuous
function X : Rℓ−1

>0 → R
ℓ exists. That the function is of the

form (19) follows from the fact that x = xℓ · (z, 1)
T , with

z as in (15), and xℓ ≡ Θ(z). ✷

Proposition 4.1. For every z ∈ R
ℓ−1
>0 , there is at least one

vector χ ∈ U for which f(x;χ) is feasible.

Proof: Suppose that for some z ∈ R
ℓ−1
>0 , no feasible

solution exists. Then ln f(x(z);χ) must lie in the subspace
spanned by the basis {gr | r = 1, . . . , δ} so that:

ln f =
δ

∑

r=1

crg
r,

for some given parameters that we collect in a vector
c = (c1, · · · , cδ)T . In turn, this implies that (gr)T ln f = cr,
where without loss of generality, it has been assumed that
the elements of the basis are orthonormal. Pre-multiplying
each expression by cr, summing to δ and dividing by �c�
we have that:

�c�−1(

δ
∑

r=1

cr(g
r)T ln f) = �c� > 0. (20)

Defining χ = �c�−1c, so that χ ∈ U, we have that the
left hand side is of the form (18), which according to
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Lemma 4.2 has a solution in D(χ) which makes it zero,
thus contradicting the assumption. ✷

4.1 The equilibrium manifold

Let us consider expression (14), and use (9) to cre-
ate the following partitions: H = [HT

A | HT
B ]T , f∗ =

[ (f∗A)
T (f∗B)

T ]T and:

D(z) =

(

DA(z) ∅
∅ DB(z)

)

,

where f∗A ∈ R
δ and DA,HA ∈ R

δ×δ are invertible by

construction. Since any feasible f
T (x;χ) ≡ [(fA)

T , (fB)
T ]

must lie in the subspace spanned by the columns of V
in (9), we have that ln fA = VAV

−1
B ln fB . Let ǫ = fB,

and ϕ(ǫ) = exp(VAV
−1
B ln ǫ). Expression (14) can then be

written as:

f∗ +D(z)Hγ(ǫ) =

(

ϕ(ǫ)
ǫ

)

.

where γ(ǫ) = H−1
A D−1

A (z)[ϕ(ǫ) − f∗A]. By Proposition 4.1,
we have that for every z, there exists at least one feasible
solution f(x;χ), what in turn implies a positive vector
ǫ ∈ R

s
>0 satisfying:

ǫ = DB(z)HBγ(ǫ) + f∗B, (21)

Let ǫ(z) be one of the potential curves that solves (21).
Associated to this curve, there is a feasible vector function
f(z) that leads to a manifold of equilibrium solutions in
the ξ ≡ ln c space. Using (17) and expressions (15), where
ln zλ = (yjℓ − yjλ)

T ξ for every λ = 1, · · · , ℓ − 1, the
manifold can be written as:

M · ξ = ln

(

f(z)
z

)

, (22)

where M ∈ R
(s+ℓ−1)×mis the matrix that contains the

independent rows of matrix ST together with the rows of
ST
R
, and f is the sub-vector with the first s components of

f. Note that by construction, M matrix is full rank.

5. STRUCTURAL PROPERTIES OF EQUILIBRIUM
MANIFOLDS

Some consequences can be drawn from the structure of
Eqn (21) that relate deficiency to multiplicity. Among
those we remark the following:

If δ = 1, and xℓ �= 0, for each z there exists exactly one
(positive) vector ǫ ∈ R

s
>0 that solves (21). Such solution

corresponds with a feasible vector function f(z) that leads
to just one manifold of the form (22).

Reaction networks with one linkage class (ℓ = 1), δ > 1,
and reaction rate constants for which system (21) accepts
more than one positive real solution, will exhibit multiple
equilibria irrespectively of the compatibility class.

Some examples that illustrate the above assertions are
presented next. In particular, it is shown that pitchfork
and saddle node bifurcations are directly conditioned by
the deficiency of the network.

5.1 Multiple equilibrium in a network with ℓ = 1 and δ = 2

Let us consider a weakly reversible reaction network taken
from Feinberg (1987) and presented in Figure 1, with

reaction constants k12 = k34 = α and k23 = k41 = β. Mλ
k

(12) for this network includes the following sub-matrices:

E =

[

−β 0 0
β −α 0
0 α −β

]

, a =

[

α
0
0

]

, b =

[

0
0
β

]

.

Molecularity and stoichiometric matrices read:

Y =

(

3 1 0 2
0 2 3 1

)

and S =

(

−2 −3 −1
2 3 1

)

.

The corresponding basis in (9) for S are:

G =

(

1 0
0 1

−2 −3

)

and V =

(

2
3
1

)

For this network, vector x reduces to the scalar x1 so that
D(z) = 1 in the expression for the family of solutions (14),
whereas f0 and H become:

f0 =

(

α/β
1

α/β

)

, H =

(

−1/β 0
−1/α −1/α
1/β 2/β

)

.

In computing (21) we have that:

ϕ(ǫ) =

(

ǫ2

ǫ3

)

and γ(ǫ) =

(

−βǫ2 + α
−αǫ3 + βǫ2

)

.

Re-ordering the terms we finally get:

ǫ = ǫ2 − 2(α/β)ǫ3 + 2(α/β) (23)

Solutions of (23) for different values of the parameter α/β
are presented in Figure 1 (b). For each parameter set
below the critical α/β, system (23) will have 3 positive
real solutions, thus leading to multiple equilibria in the
form of bistability for every compatibility class (10) with

B = ( 1 1 )
T
.

5.2 The open Michaelis-Menten reaction network

Let us consider a Michaelis-Menten reaction mechanism
that takes place on a CSTR (continuous stirred tank reac-
tor). The input-output mass fluxes only allow exchange of
substrate S and product P . This results in a three linkage
class (ℓ = 3) network which is presented in Figure 2 (a).

In this graph k13 = k23 = 1/τ , k31 = S0/τ , k32 = P0/τ ,
where τ = 10 is the (dimensionless) residence time in the
reactor, and S0, P0 are the input concentrations of reactant
and product, respectively. For this example k68 = 20,
whereas the value for the remaining constants is 1. The
dimension of the stoichiometric subspace (equivalently
rank of S) is 4, what implies a network deficiency (6)
δ = 7− 3− 4 = 1. Thus, there must be only one manifold
of the form (22).

Figure 2 (b) represents the mass conservation constant
σ = BT exp(ξ) for two sets of reaction parameters. The
dashed line represents a manifold with just one equilibrium
in each compatibility class, whereas the continuous line
folds for intermediate z parameters resulting into multiple
equilibrium for some compatibility classes lying in the
interval σ = (200, 300), which coincides with a saddle-node
bifurcation.

6. CONCLUSIONS

In this contribution we gave account of the wealth of po-
tential dynamics associated to multiple equilibrium solu-
tions and manifolds which does not restrict, as it is the case
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Fig. 1. Example of a weakly reversible one-linkage class network. (a) The graph of the network with the reference
complex in the square box. Complexes are numbered clockwise starting with the reference. (b) The set of positive
solutions for system (23) as a function of the parameter ratio α/β. Below a critical parameter value, three positive
solutions coexist.
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Fig. 2. Open Michaelis-Menten network. (a) The graph of the network with the different linkage classes and the reference
complex for each class in the square box. (b) Plot of the mass conservation constant σ = BT c vs parameter z for
two sets of input concentrations. Continuous line presenting multiplicity corresponds to S0 = 100 and P0 = 1.
Discontinuous line corresponds to S0 = 100 and P0 = 100 an presents unique solutions.

of deficiency one networks, to saddle-node bifurcations.
As we have shown and illustrated with examples, higher
deficiency networks are potential candidates for pitchfork
bifurcations. This, in some instances, translates into equi-
librium multiplicity phenomena persisting, irrespectively
of the system mass inventory (i.e. mass conservation con-
stants).

The methods discussed here open the room to explore
far more complex classes of bifurcations linked to limit
cycles or even chaotic attractors, for instance. In particular
equation (21) suggests a number of research directions
oriented to the study of the effect of deficiency, number
of linkage classes, graph structure and parameters, on the
resulting dynamics. In the context of process systems,
the results can be at the foundations of a theory for
robust control of complex chemical reactors or for design
of biochemical circuits.
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