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We use the freedom available in hybrid loop quantum cosmology to split the degrees of freedom between
the geometry and the matter fields so as to build a quantum field theory for the matter content with good
quantum properties. We investigate this issue in an inflationary, flat cosmology with inhomogeneous
perturbations, and focus the discussion on a Dirac field, minimally coupled to the cosmological background
and treated as a perturbation. After truncating the action at the lowest nontrivial order in perturbations, one
must define canonical variables for the matter content, for which one generally employs canonical
transformations that mix the homogeneous background and the perturbations. Each of these possible
definitions comes associated with a different matter contribution to the Hamiltonian of the complete
system, that may, in general, contain terms that are quadratic in creationlike variables, and in
annihilationlike variables, with the subsequent production and destruction of pairs of fermionic particles
and antiparticles. We determine a choice of the fermionic canonical variables for which the interaction part
of the Hamiltonian can be made as negligible as desired in the asymptotic regime of large particle/
antiparticle wave numbers. Finally, we study the quantum dynamics for this choice, imposing the total
Hamiltonian constraint on the quantum states and assuming that their gravitational part is not affected
significantly by the presence of fermions. In this way, we obtain a Schrödinger equation for the fermionic
degrees of freedom in terms of quantum expectation values of the geometry that leads to asymptotically
diagonal Heisenberg relations and Bogoliubov evolution transformations, with no divergences in the
associated normal-ordered Hamiltonian.
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I. INTRODUCTION

Choosing a Fock representation for the quantization of
matter fields in curved spacetimes, and with it a vacuum
state, is a nontrivial task even in the case of linear fields. In
quantum mechanics, when one is considering systems with
finite degrees of freedom, one can make use of results like
the Stone-von Neumann theorem that guarantees that there
exists only one representation of the Weyl relations, up to
unitary equivalence, with the desired properties, namely a
strongly continuous, irreducible, and unitary representation
[1,2]. Nevertheless, when one has to deal with fields that
are systems with infinite degrees of freedom, there is no
such theorem at our disposal and, in the best of cases, one
has to appeal to symmetries or other kinds of physical
arguments in order to select a vacuum. In Minkowski

spacetime, for instance, the most natural thing to ask for is
Poincaré invariance, which in fact picks out a unique
representation, up to unitary transformations [3,4]. For
stationary spacetimes, the so-called energy criterion can be
used to select a preferred complex structure (which
essentially fixes the Fock representation) out of the infinite
many that are possible [5,6]. In spite of all this, no general
uniqueness result has been found for systems with fieldlike
degrees of freedom in nonstationary spacetimes, such as
cosmologies [7,8]. Actually, in nonstationary spacetimes,
and after imposing invariance under the spatial isometries
that the system possesses, one could expect that the
ambiguity that affects the choice of representation could
be solved, not by demanding invariance under time
evolution, since the dynamics is not a symmetry anymore,
but by requiring that, at least, the quantum evolution of the
creation and annihilation operators can be implemented in a
unitary way. For a variety of cosmological systems, it has
been recently proven that this criterion of unitarity (together
with the invariance under spatial symmetries) indeed
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determines a preferred family of vacua, which are all
unitarily related [9–19].
The system that we study in this work is a flat

Friedmann-Lemaître-Robertson-Walker (FLRW) cosmol-
ogy with a Dirac field that will be regarded as a perturba-
tion, including its zero mode if it is not identically
vanishing. Since we are not concerned here about infrared
divergences, in order to simplify the discussion and keep all
definitions rigorous we restrict our considerations to
compact FLRW spatial sections. More specifically, we
analyze the case of sections with the topology of a three-
torus. In this system, it has been proven that there is a
unique family of Fock representations of the Dirac field, all
related among them by unitary transformations, for which
the vacuum is invariant under the isometries of the spatial
sections and the Heisenberg dynamics of the creation and
annihilation operators is unitarily implementable (once one
adopts a standard convention for particles and antipar-
ticles), provided that one treats the FLRW spacetime as a
classical or effective background [20].
Furthermore, the system was further studied within the

hybrid approach for the quantization of gravitational
models, in which the (matter) fields are quantized with
suitable Fock representations and the homogeneous geom-
etry is quantized with techniques inspired by nonperturba-
tive quantum gravity, typically with methods of the
canonical formalism known as loop quantum gravity
(LQG) [21]. This hybrid approach has been successfully
used in cosmological scenarios with perturbations [22–24].
In our particular system, we treat the degrees of freedom of
the homogeneous cosmology exactly and truncate the
action at quadratic order in the perturbations, that is the
lowest order with a nonvanishing contribution. With this
truncation, the zero mode of the Hamiltonian constraint is
formally equal to the constraint of the homogeneous
cosmology plus a contribution that is quadratic in the
perturbations. Nevertheless, it is worth pointing out that
there is an inherent freedom in the way in which one
decides to separate the degrees of freedom of the homo-
geneous cosmology from the inhomogeneous perturba-
tions, since they can always be remixed using
transformations that preserve the canonical symplectic
structure at the level of the perturbative truncation of the
system. Actually, instead of considering this freedom a
nuisance, the idea that was put forward in Ref. [25] was to
exploit the freedom to define canonical variables for which
the Hamiltonian of the perturbative Dirac variables had
certain nice properties. In fact, when fermions were first
studied within the hybrid approach in Ref. [26], the choice
of fermionic variables was based only on the requirements
of invariance of the resulting Fock vacuum under the spatial
symmetries, a unitarily implementable Heisenberg evolu-
tion in the regime of quantum field theory in curved
spacetimes, and a standard convention for particles and
antiparticles. But it was already shown there that ultraviolet

divergences appeared in the resulting Schrödinger equation
for the fermionic degrees of freedom (after a convenient
sort of Born-Oppenheimer approximation in the imposition
of the full quantum constraint). These divergences could
only be solved by either a regularization scheme with
substraction of infinities or by introducing a further
restriction on the choice of perturbative variables that
define the vacuum [25]. In practice, this new restriction
lowered the asymptotic order of the interaction part of the
fermionic Hamiltonian at large wave numbers (identified as
the eigenvalues of the Dirac operator on the spatial
sections), diminishing the production of pairs of particles
and antiparticles in this asymptotic regime.
In the present work, we go one step beyond in the same

direction and, by further taking advantage of the freedom to
split the degrees of freedom between the geometry and the
perturbations, prove that one can absorb the interaction
terms of the fermionic Hamiltonian so as to make them as
negligible as desired in the asymptotic regime of large
eigenvalues (in absolute value) of the modes of the Dirac
field. Moreover, in this way we not only improve the
quantum behavior of the fermionic contribution to the
Hamiltonian of our gravitational model, but we also reduce
the ambiguity in our choice of Fock representation and the
vacuum for the Dirac field, leaving only some remaining
asymptotic freedom in certain phases. In addition, we also
notice that, since the resulting fermionic Hamiltonian
contribution is diagonal, at least asymptotically, the dynam-
ics that it generates is very simple for the vacuum of the
representation, essentially a rotating phase. In this sense,
one can think of this vacuum and our splitting of degrees of
freedom in the hybrid quantization as those that are best
adapted to the dynamics of the entire cosmological system.
The rest of the paper is organized as follows, in Sec. II,

and following the procedure detailed in Ref. [26], we
introduce the Dirac field as a perturbation around the flat
FLRW cosmology, truncating the action at quadratic
perturbative order. In Sec. III we consider a generic choice
of creation and annihilationlike variables for the Dirac field,
allowing definitions that depend on the homogeneous
geometry. This dependence is captured in the coefficients
of the linear transformations that relate our fermionic
variables with the coefficients of the fermionic mode
expansions. We also calculate the form of the fermionic
contribution to the total Hamiltonian constraint for each of
the possible choices of variables, paying special attention to
the nondiagonal part of this contribution that provides the
fermionic interaction terms. Then, in Sec. IV we adopt an
ansatz for the creation and annihilationlike variables
inspired in the analysis of Refs. [25,26], and we investigate
the specific expression that these variables must take so that
they asymptotically diagonalize the fermionic Hamiltonian.
We also give the form of the remaining, diagonal part of the
Hamiltonian. Finally, in Sec. V we briefly revisit the hybrid
quantization of Ref. [26] to adapt it to our new variables.
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In particular, we give the new Schrödinger equation,
Heisenberg relations, Bogoliubov evolution transforma-
tion, and evolution operator for the new choice of vacuum.
We conclude in Sec. VI, summarizing our results, and
commenting on some lines for further research.

II. CLASSICAL MODEL

Let us start by briefly presenting the model that we study.
The homogeneous sector consists of a flat FLRW space-
time with compact spatial sections that are isomorphic to
the three-torus, T3, and of a massive scalar field, ϕ, subject
to a potential VðϕÞ. This field plays the role of the inflaton.
We use spacetime coordinates that exploit the symmetry of
this cosmological background. The inhomogeneous sector
is given by a Dirac field with massM, which is treated as a
perturbation. For all practical purposes, we include in this
sector also the zero mode of the Dirac field if it does not
vanish, regarding it as a perturbative degree of freedom. We
then truncate the action at quadratic order in the perturba-
tions [27,28], and use the canonical structure and the
Hamiltonian of this truncated action to construct our
description of the entire system.
In principle, we can also add perturbative inhomogeneities

to the metric and the inflaton, as in Refs. [29,30], perturba-
tions that we consider again as part of the inhomogeneous
sector. These additional perturbations originate new quad-
ratic contributions to the purely homogeneous part of the
Hamiltonian constraint, and they furthermore introduce a
whole family of linear perturbative constraints. The only
perturbative quantities that are physically meaningful are
those that commute with this family of constraints, and they
are generally called gauge-invariant perturbations [31,32].
Invariant perturbations of this kind, for the case with flat
spatial topology that we are discussing, are the tensor
perturbations of the metric and the Mukhanov-Sasaki scalar
[33–35], which mixes scalar perturbations of the metric and
the inflaton. A phase space for the perturbations can then be
constructed with these gauge invariants and with an
Abelianized version of the perturbative linear constraints,
together with suitable canonical momenta of all of them.
Nonetheless, since the definitions of thesevariablesmake use
of the homogeneous FLRW ones, they do not form a
canonical set with the variables of the homogeneous sector,
and these latter variables have to be modified with quadratic
terms in the perturbations in order to render the whole set
canonical again. On the other hand, since the Einstein-Dirac
action is quadratic in the Dirac field, the fermionic perturba-
tions, at our order of truncation, couple directly to the
homogeneous tetrad and hence turn out to be gauge invar-
iants (namely, they commute under Poisson bracketswith the
linear perturbative constraints arising from the perturbation
of the tetrad).
It is convenient to rescale theDirac field by a factor e3α̃=2 in

order to get canonical Dirac brackets that are constant in the
evolution, after imposing an internal time gauge on the

homogeneous tetrad [36].Here, α̃ is the logarithmof the scale
factor of the FLRW geometry up to an additive constant
ln½4π=ð3l0Þ3�=2, where l0 is the compactification length of
the tori, and, in general, the tilde over a homogeneous
variable indicates that it has been corrected with quadratic
perturbative terms, as we have mentioned above. In the
adopted internal time gauge, we can expand the two chiral
components of the rescaled field in modes of the Dirac
operator on the spatial sections. This expansion is especially
suitable because the Dirac operator is invariant under the
spatial isometries of the FLRW cosmology, a property that at
the end of the day guarantees that the dynamical equations do
not mix its eigenmodes. Since we are dealing with compact
spatial sections, the spectrum of this operator is discrete. The

eigenvalues for T3 are �ωk ¼ �2πjk⃗þ τ⃗j=l0, k⃗ ∈ Z3, and
where τ⃗ ¼ P

θIv⃗I=2 characterizes the spin structure on the
spatial sections (θI ¼ 0 or 1 depending on the spin structure,
and v⃗I is the standardZ3 basis). Then, the rescaledDirac field
can be described in terms of a set of time-dependent
Grassmann variables fmk⃗:r̄k⃗; s̄k⃗; tk⃗g, where the bar denotes
complex conjugation. The ordered pairs ðmk⃗; r̄k⃗Þ and ðsk⃗; t̄k⃗Þ
are simply the coefficients of the Dirac eigenspinors of the
left-handed and (the complex conjugate of the) right-handed
components of the rescaled Dirac field, respectively, up to a
multiplicative constant ½4π=ð3l0Þ�−3=4. The first variable of
each of these pairs is associated with the eigenspinors
that have positive eigenvalues, while the second variable
corresponds to negative eigenvalues. Each of these mode
coefficients is canonically conjugate to its complex con-
jugate, inasmuch as their Dirac bracket equals −i, whereas
the rest of theDirac brackets between our fermionic variables
vanish [36].

III. FERMIONIC CONTRIBUTION
TO THE HAMILTONIAN

Let us introduce the following family of annihilationlike
variables of particles and creationlike variables of anti-
particles for the Dirac field, respectively, defined by these
linear combinations of the Grassman variables that deter-
mine the field,

aðx;yÞ
k⃗

¼ fk⃗;ðx;yÞ1 xk⃗ þ fk⃗;ðx;yÞ2 ȳ−k⃗−2τ⃗;

b̄ðx;yÞ
k⃗

¼ gk⃗;ðx;yÞ1 xk⃗ þ gk⃗;ðx;yÞ2 ȳ−k⃗−2τ⃗: ð3:1Þ

Here, ðxk⃗; ȳk⃗Þ is any of the ordered pairs ðmk⃗:s̄k⃗Þ and
ðtk⃗; r̄k⃗Þ, and the superindex ðx; yÞ means that the coeffi-
cients may be different for each of the pairs. Notice that, in
the linear combinations that provide our creation and
annihilationlike variables, we have imposed that they do
not mix contributions from different modes of the spatial

Dirac operator, labeled by the value of k⃗, so that our
definitions respect the spatial symmetries of the fermionic
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dynamics (and hence the resulting complex structure is
invariant under those symmetries) [20]. Since the variables
given in Eq. (3.1) have to satisfy standard anticommutation
relations, the coefficients of the linear combinations that
define them must fulfil the relations [18]

fk⃗;ðx;yÞ2 ¼ eiF
k⃗;ðx;yÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

���fk⃗;ðx;yÞ1

���2r
;

gk⃗;ðx;yÞ1 ¼ eiJ
ðx;yÞ
k⃗ f̄k⃗;ðx;yÞ2 ;

gk⃗;ðx;yÞ2 ¼ −eiJ
ðx;yÞ
k⃗ f̄k⃗;ðx;yÞ1 ; ð3:2Þ

where Fk⃗;ðx;yÞ
2 and Jðx;yÞ

k⃗
are real phases.

In general, we allow linear combinations that depend on

the variables of the homogeneous sector, namely fk⃗;ðx;yÞL ≡
fk⃗;ðx;yÞL ðα̃; πα̃; ϕ̃; πϕ̃Þ and gk⃗;ðx;yÞL ≡ gk⃗;ðx;yÞL ðα̃; πα̃; ϕ̃; πϕ̃Þ,
where L ¼ 1, 2 and πz̃ is the canonical momentum of the
variable z̃ ¼ α̃; ϕ̃. As a result, the new fermionic variables do
not constitute a canonical set with ðα̃; πα̃; ϕ̃; πϕ̃Þ, a fact that
calls for a suitable redefinition of the homogeneous variables,
which must be corrected with quadratic perturbative terms
along the lines that we have already explained in order to
arrive at a new canonical set ðα; πα;ϕ; πϕÞ. At our order of
truncation, the desired corrections are [26]

z − z̃≡ Δz ¼ i
2

X
k⃗;ðx;yÞ

½ð∂πz̃ xk⃗Þx̄k⃗ þ ð∂πz̃ x̄k⃗Þxk⃗

þ ð∂πz̃ yk⃗Þȳk⃗ þ ð∂πz̃ ȳk⃗Þyk⃗�; ð3:3Þ

πz − πz̃ ≡ Δπz ¼ −
i
2

X
k⃗;ðx;yÞ

½ð∂ z̃xk⃗Þx̄k⃗ þ ð∂ z̃x̄k⃗Þxk⃗

þ ð∂ z̃yk⃗Þȳk⃗ þ ð∂ z̃ȳk⃗Þyk⃗�; ð3:4Þ

where z ¼ α;ϕ and the subindex ðx; yÞ indicates that we are
summing over both existing pairs. This change of variables
gives rise then to alterations in the homogeneous part of the
Hamiltonian constraint, producing new perturbative contri-
butions from it. Truncating those contributions at the relevant
perturbative order, one can see that the final result is a new
fermionic contribution H̆D to the zero mode of the
Hamiltonian constraint, given by the expression [26]

H̆D ¼ HD − ∂αHj0Δα − ∂παHj0Δπα
− ∂ϕHj0Δϕ − ∂πϕHj0Δπϕ; ð3:5Þ

where HD is the old fermionic contribution and Hj0 is the
Hamiltonian of the unperturbed model, with their depend-
ence on the old homogeneous variables identified with the
new ones.

Following calculations similar to those of Ref. [25],1 we
then obtain the fermionic contribution

H̆D ¼
X
k⃗;ðx;yÞ

h
hk⃗;ðx;yÞD ðāðx;yÞ

k⃗
aðx;yÞ
k⃗

− aðx;yÞ
k⃗

āðx;yÞ
k⃗

þ b̄ðx;yÞ
k⃗

bðx;yÞ
k⃗

− bðx;yÞ
k⃗

b̄ðx;yÞ
k⃗

Þ

þ hk⃗;ðx;yÞJ ðb̄ðx;yÞ
k⃗

bðx;yÞ
k⃗

− bðx;yÞ
k⃗

b̄ðx;yÞ
k⃗

Þ

þ h̄k⃗;ðx;yÞI ðaðx;yÞ
k⃗

bðx;yÞ
k⃗

Þ − hk⃗;ðx;yÞI ðāðx;yÞ
k⃗

b̄ðx;yÞ
k⃗

Þ
i
; ð3:6Þ

where

hk⃗;ðx;yÞD ¼ ωk

2eα
ðjfk⃗;ðx;yÞ2 j2 − jfk⃗;ðx;yÞ1 j2Þ þ M̃ℜðfk⃗;ðx;yÞ1 f̄k⃗;ðx;yÞ2 Þ

−
i
2
ðf̄k⃗;ðx;yÞ1 ∂fk⃗;ðx;yÞ1 þ f̄k⃗;ðx;yÞ2 ∂fk⃗;ðx;yÞ2 Þ; ð3:7Þ

hk⃗;ðx;yÞJ ¼ −
1

2
∂Jðx;yÞ

k⃗
; ð3:8Þ

hk⃗;ðx;yÞI ¼ e−iJ
ðx;yÞ
k⃗ ½ifk⃗;ðx;yÞ2 ∂fk⃗;ðx;yÞ1 − ifk⃗;ðx;yÞ1 ∂fk⃗;ðx;yÞ2

þ 2ωk

eα
fk⃗;ðx;yÞ1 fk⃗;ðx;yÞ2 þ M̃ðfk⃗;ðx;yÞ1 Þ2

− M̃ðfk⃗;ðx;yÞ2 Þ2�: ð3:9Þ

Here, we have introduced the rescaled mass M̃ ¼
2M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π=ð3l30Þ

q
, we have used ℜ to denote the real part of

a complex number, and we have defined ∂ as the linear
differential operator ∂ ≡ fHj0; ·g, where f·; ·g are the
Poisson brackets of our truncated system.

IV. DIAGONALIZATION OF THE
FERMIONIC CONTRIBUTION

We know from Refs. [25,26] that, on the sector of large

ωk, one can lower the asymptotic order of hk⃗;ðx;yÞI with a
suitable definition of creation and annihilationlike varia-
bles, restricting also in this way the freedom available in
their choice. If one were to continue with this procedure,
lowering more and more the asymptotic order, one would
restrict more and more the choice of fermionic variables,
with the hope that one would arrive at a unique choice,
perhaps up to certain phases, in the limit of a complete
asymptotic diagonalization of H̆D. Inspired by the analysis

of Refs. [25,26], we adopt for fk⃗;ðx;yÞ1 the following
asymptotic series expansion in inverse powers of ωk:

1As in that reference, we now ignore the possible zero mode of
the Dirac field, assuming that we can find a suitable representa-
tion for it. This is not important in our discussion, because we
focus it on the ultraviolet sector of the field.
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fk⃗;ðx;yÞ1 ¼ eiF
k⃗;ðx;yÞ
2

X∞
n¼1

ð−iÞnþ1γn
ωn
k

; ð4:1Þ

with γn ∈ R. From the first relation in Eq. (3.2), it then
follows that, asymptotically,

fk⃗;ðx;yÞ2 ¼ eiF
k⃗;ðx;yÞ
2

X∞
n¼0

ð−iÞnγ̃n
ωn
k

; ð4:2Þ

with γ̃n ∈ R again, and where the coefficients γ̃n are
defined as

γ̃0 ¼ 1; γ̃2n−1 ¼ 0;

γ̃2n ¼ ð−1Þnþ1

�
1

2
Γ2n þ

X∞
m¼2

ð2m − 3Þ!!
ð2mÞm!

×
Xn
im−1¼1

…
Xi2
i1¼1

Γ2n−2im−1
…Γ2i1

�
; ∀n ≥ 1; ð4:3Þ

with

Γ0¼ 0; Γ2n ¼
X2n
i¼1

ð−1Þnþiγiγ2n−i; ∀ n≥ 1; ð4:4Þ

and we set γ0 ¼ 0.
Substituting these series in the formula for the interaction

coefficient hk⃗;ðx;yÞI of H̆D, one finds that

hk⃗;ðx;yÞI ¼ e−iðJ
ðx;yÞ
k⃗

−2Fk⃗;ðx;yÞ
2

ÞX∞
n¼0

�
−i
ωk

�
n
An;0; ð4:5Þ

where

An;m ¼
Xn
l¼m

½γ̃n−l∂γl − γl∂ γ̃n−l − 2e−αγ̃lγnþ1−l

− M̃ðγlγn−l þ γ̃lγ̃n−lÞ�; n ≥ m; ð4:6Þ

An;m ¼ 0; n < m: ð4:7Þ

It follows that an asymptotic diagonalization of the fer-
mionic contribution to the zero mode of the Hamiltonian
constraint is achieved if and only if An;0 ¼ 0 for all n ≥ 0.
On the other hand, notice that, if we keep n ≥ 0 in the
formula that gives the coefficients An;m, namely Eq. (4.6),
γnþ1 only appears in the case with m ¼ 0, when one
evaluates the contribution corresponding to vanishing label
l. In addition, the sum that determines An;0 in Eq. (4.6) can
be rewritten as the mentioned contribution with label l ¼ 0
plus An;1. With these indications, one can easily deduce that
An;0 ¼ 0 implies the recursive relation

γnþ1 ¼ −
M̃eα

2
γ̃n þ

eα

2
An;1: ð4:8Þ

Since γ̃0 ¼ 1, the above relation gives us, in particular,
the first term of the series (4.1), γ1 ¼ − 1

2
M̃eα, from which

we can univocally obtain the rest of the unknown
terms. This is possible because γ̃n is completely determined
via Eq. (4.3) by γm with m ≤ n, and the nonvanishing
coefficients An;1 only involve contributions of γ̃m with
m ≤ n. For instance, a straightforward calculation shows
that γ2 ¼ − 1

4
e−αM̃πα. Thus

fk⃗;ðx;yÞ1 ¼ eiF
k⃗;ðx;yÞ
2

M̃eα

2ωk
− ieiF

k⃗;ðx;yÞ
2

M̃e−α

4ω2
k

πα þOðω−3
k Þ;

ð4:9Þ

an equation that of course is consistent with the previous
results of Refs. [20,25].
The asymptotic form of fk⃗;ðx;yÞ1 severely restricts our

choice of creation and annihilationlike variables, leaving all

the asymptotic freedom just in the phases Fk⃗;ðx;yÞ
2 and Jðx;yÞ

k⃗
.

With this choice, or rather with this iterative family of

choices, we can make the interaction terms hk⃗;ðx;yÞI vanish in
the fermionic Hamiltonian at any desired asymptotic order
in inverse powers of ωk.
Let us consider now the rest of fermionic contributions to

the zero mode of the Hamiltonian constraint, namely the
diagonal fermionic terms. It is convenient to define

f̃k⃗;ðx;yÞ1 ¼ e−iF
k⃗;ðx;yÞ
2 fk⃗;ðx;yÞ1 ;

f̃k⃗;ðx;yÞ2 ¼ e−iF
k⃗;ðx;yÞ
2 fk⃗;ðx;yÞ2 ; ð4:10Þ

so that

hk⃗;ðx;yÞD ¼ ℜ

�
e−αωk

2

����f̃k⃗;ðx;yÞ2

���2 − ���f̃k⃗;ðx;yÞ1

���2	þ M̃f̃k⃗;ðx;yÞ1
¯̃f2

−
i
2

�
¯̃f1∂f̃k⃗;ðx;yÞ1 þ ¯̃f2∂f̃k⃗;ðx;yÞ2

	i
þ 1

2
∂Fk⃗;ðx;yÞ

2 :

ð4:11Þ

Here, we have used that the functions hk⃗;ðx;yÞD are always

real.2 In what follows, we restrict the complex phase Fk⃗;ðx;yÞ
2

so that these functions (which provide diagonal fermionic
contributions to the Hamiltonian constraint) do not depend
on the momentum πϕ of the homogeneous inflaton. Notice
that the only part in this constraint that contains the
coefficients γn and γ̃n is given by

2The only term for which this is not obvious is −iðfk⃗;ðx;yÞ1 ×

∂f̄k⃗;ðx;yÞ1 þfk⃗;ðx;yÞ2 ∂f̄k⃗;ðx;yÞ2 Þ. But since jfk⃗;ðx;yÞ1 j2þjfk⃗;ðx;yÞ2 j2¼1, the
term in parenthesis is indeed imaginary.
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h̆k⃗;ðx;yÞD ¼ hk⃗;ðx;yÞD −
1

2
∂Fk⃗;ðx;yÞ

2 ; ð4:12Þ

which, with our asymptotic expansions, takes the specific
form

h̆k⃗;ðx;yÞD ¼
X∞
n¼−1

γ̆n
ωn
k
: ð4:13Þ

Finally, a direct calculation shows that the coefficients γ̆n
turn out to be

γ̆−1 ¼
e−α

2
; ð4:14Þ

γ̆n ¼ ℜðinþ1Þ
Xn
l¼0

�ð−1Þl
2

ð2M̃γ̃lγn−l − 2e−αγnþ1−lγl

þ γl∂γn−l þ γ̃l∂ γ̃n−lÞ
i
; ∀n ≥ 0: ð4:15Þ

V. HYBRID QUANTIZATION

The results of the previous sections restrict in a
physically appealing way the choice of canonical variables
for the homogeneous and fermionic parts of the phase
space of our truncated cosmology. These canonical
variables are the homogeneous pairs ðα; παÞ and ðϕ; πϕÞ,
and the fermionic annihilation and creationlike variables

for particles, fðaðx;yÞ
k⃗

;āðx;yÞ
k⃗

Þgk⃗≠0, and for antiparticles

fðbðx;yÞ
k⃗

;b̄ðx;yÞ
k⃗

Þgk⃗≠0, all of them determined by relations

(3.1)–(3.4). In particular, the homogeneous variables have
been defined so that they commute under Poisson brackets
with the fermionic variables at our order of perturbative
truncation.We have seen that, with asymptotic expansions of
the form (4.1) and (4.2), the interaction terms in the fermionic
contribution to the zero mode of the Hamiltonian constraint
can be rendered as negligible as desired in the ultraviolet
sector of largewave numbers. Then, if one decides to restrict
all considerations to the context of a fermionic field in
linearized cosmology, namely if one ignores the quadratic
fermionic backreaction on the classical dynamics of the
homogeneous variables, the evolution of the introduced
annihilation and creationlike variables becomes asymptoti-
cally diagonal. In this respect, the important result is that this
diagonalization serves as a valid criterion to select canonical
variables for the fermionic degrees of freedom, characteriz-
ing them on the entire phase space of our cosmological
system. Remarkably, nonetheless, the benefits of using this
type of fermionic annihilation and creationlike variables lie
beyond the linearized context that we have just commented
on. Indeed, their definition is compatible with that of the
homogeneous variables in our search for a canonical set, and
the resulting expression for theHamiltonian constraint (at the
considered truncation order) asymptotically displays only

quadratic combinations of these fermionic variables in a way
that is proportional to the number operator, once one adopts a
Fock representation with normal ordering. This fact sim-
plifies enormously the task of finding a quantum represen-
tation of the constraint operator not just for the fermions, but
for the combined system that includes the homogenous
variables within the framework of hybrid quantum cosmol-
ogy. Moreover, as it was argued in Refs. [25,26] and we
discuss in this section, there exist quantum states of the entire
cosmology such that the resolution of the quantum constraint
in a sort ofBorn-Oppenheimer approximation amounts to the
condition that the fermionic part of their wave functions
solves a Schrödinger equation. This is similar to the situation
found in linearized cosmology, with the very important
difference that in our treatment the homogeneous back-
ground does not need to correspond to a classical solution or
even to an effective trajectory. Rather, the dependence of the
linear fermionic equations on this background is given by
expectation values of geometric operators in the part of the
wave function that describes the homogeneous geometry
and, as we have pointed out, in principle it is not necessary
that these expectationvalues evolve as in general relativity or
according to any effective dynamics.
In order to proceed to the hybrid quantization of the

system, with its phase space already split into different
sectors in the way that we have explained, we choose
suitable representations for each of those sectors and
represent the total system on the tensor product of the
partial representation spaces. For the FLRW geometry,
corrected with quadratic perturbative contributions accord-
ing to our comments, we pick out a representation inspired
in LQG and specified in Ref. [37] (see also Refs. [38,39]).
Therefore, instead of using the canonical variables fα; παg
we employ the alternative variable v, proportional to the
physical volume of the spatial sections of our cosmological
model, together with its canonical momentum b=2, which
is proportional to the Hubble parameter [40]. More spe-
cifically, we have that jvj ¼ ½16π=ð27l30γ2ΔgÞ�3=2e3α, where
γ is called the Immirzi parameter [41] andΔg is the area gap
(the minimum allowed nonzero eigenvalue of the area
operator in LQG [39]). The sign of v depends on the triad
orientation. In addition, the physical spatial volume is
V ¼ 2πγΔ1=2

g jvj. The new variables v and b contain all the
relevant information about the triad and the holonomies of
the Asthekar-Barbero connection of the flat FLRW cos-
mology, within the improved dynamics scheme put forward
in Ref. [39]. While fluxes of the triad are functions of the
volume v, the interesting holonomies have elements that
are complex exponentials of �b=2. The corresponding
Hilbert space Hgrav

kin where the FLRW geometry is repre-
sented admits a basis of eigenstates of the volume, provided
with the discrete inner product. For each of the states of
this basis, the basic holonomy elements simply shift by one
the eigenvalue of v. On the other hand, for the homo-
geneous scalar field we choose the much simpler space of
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square-integrable functions over the real line,L2ðR; dϕÞ, as
the Hilbert space for a standard Schrödinger representation,
with canonical variables fϕ; πϕg.
For the quantum representation of the gauge-invariant

scalar and tensor perturbations, including their contri-
bution to the zero mode of the Hamiltonian constraint,
we adopt suitable Fock representations (for more details,
see Refs. [29,30,42]). As for the quantum implementation
of the linear perturbative constraints, essentially what
they imply is that the physical states do not depend on
perturbative gauge degrees of freedom. Finally, for the
fermionic degrees of freedom, we choose a Fock repre-
sentation FD associated with creation and annihilationlike
variables that have an asymptotic behavior in the sector of
large ωk determined by our previous considerations, and
hence given by Eqs. (3.2), (4.1), (4.2), and (4.8). These
annihilationlike variables are promoted to the annihilation

operators âðx;yÞ
k⃗

and b̂ðx;yÞ
k⃗

for particle and antiparticle

excitations, respectively, while the creationlike variables
are represented by the adjoints of these operators. In the
following, we denote this adjoint operation with a dagger.
The complete system formed by all the sectors is subject

to the zero mode of the Hamiltonian constraint, which we
represent quantum mechanically with some extra prescrip-
tions, additional to the ones fixed by the representation of
the elementary variables. In particular, we adopt normal
ordering for the products of creation and annihilation
operators. The rest of the prescriptions refer to the
representations of the functions of the FLRW geometry
that appear as coefficients of the quadratic perturbative
contributions to the constraint. Since we do not need them
explicitly in the rest of our discussion, we refer the reader to
Refs. [26,42] for details about these prescriptions.
We impose the zero mode of the Hamiltonian constraint

à la Dirac [43], with physical states annihilated by its
(adjoint) action. Following the strategy of Refs. [26,29,42],
we choose an ansatz with separation of variables: The wave
functions of the physical states of interest factorize into
partial wave functions that depend each on a different
sector of the system, namely the FLRW geometry, the
gauge-invariant scalar and tensor perturbations, and the
fermionic perturbations. We allow that all these partial
wave functions depend on the inflaton, which in this way
will play the role of a relational time. Additionally, we ask
that the part of the wave function that contains the geo-
metric degrees of freedom, which we call ΓðV;ϕÞ, is
normalized (in the discrete inner product for the volume)
and has a unitary evolution in ϕ generated by a positive

operator ˆ̃H0, so that

−i∂ϕΓðV;ϕÞ ¼ ˆ̃H0ΓðV;ϕÞ: ð5:1Þ

Finally, we restrict our attention to generators for which the

action of ∂2
ϕ þ ˆ̃H

2

0 on Γ differs from the corresponding

action of the constraint of the unperturbed FLRW cosmol-
ogy at most in a quadratic contribution of the perturbations.
In this way, we contemplate the possibility that there exists
some kind of quantum backreaction between the perturba-
tions and the homogeneous background.
Furthermore, if we can ignore the transition between

states of the FLRW geometry that are mediated by the
action of our Hamiltonian constraint, all relevant informa-
tion about this constraint can be captured by replacing its
operator dependence on the homogeneous geometry with
expectation values h·iΓ on the considered state Γ in Hgrav

kin ,
computed with the discrete inner product. With this
approximatiaon and a kind of Born-Oppenheimer one,
the imposition of the entire Hamiltonian constraint leads in
fact to a set of Schrödinger equations, one for each of the
different perturbative sectors of the system [26,29]. For the
partial wave function that depends on the fermionic degrees
of freedom, which we call ψðN D;ϕÞ,3 we arrive at the
equation

−i∂ϕψDðN D;ϕÞ ¼
l0h dV2=3eαH̆DiΓ − CðΓÞ

D

h ˆ̃H0iΓ
ψDðN D;ϕÞ

≡HðΓÞ
D ðϕÞψDðN D;ϕÞ: ð5:2Þ

Here, the hat above a function of the FLRW geometry
stands for its representation as a quantum operator. Besides,

we have definedHðΓÞ
D ðϕÞ, which can be regarded as a time-

dependent (i.e., ϕ-dependent) effective fermionic
Hamiltonian operator that acts on FD and generates the

Schrödinger evolution. On the other hand, the term CðΓÞ
D ,

plus some similar terms in the Schrödinger equations of the
gauge-invariant scalar and tensor perturbations, equals the
expectation value in Γ of the difference between the action

of ∂2
ϕ þ ˆ̃H

2

0 and the action of the Hamiltonian constraint of
the unperturbed model. It is in this sense that we can

call CðΓÞ
D the fermionic backreaction, as it measures, in

average, how much the homogeneous part Γ of
the solutions of the perturbed model departs from an
unperturbed solution [25,26].
Let us now introduce a change to the time,

dηΓ ¼ l0hV̂2=3iΓ
h ˆ̃H0iΓ

dϕ; ð5:3Þ

which is well defined because H̃0 is positive and V̂ has a
strictly positive lower bound (at least in the adopted
representation: see Ref. [37]). It should be noted that, if
we further restrict ΓðV;ϕÞ to be highly peaked on classical

3We use N D as an abstract notation for the occupation
numbers of the fermionic particles and antiparticles in the chosen
Fock representation.
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or effective trajectories, this time coincides (up to correc-
tions that are quadratic in perturbations) with the standard
conformal time in cosmology as far as we circumscribe it
within an interval where the inflaton is monotonic.
Nonetheless, our definition of ηΓ is perfectly consistent
in the quantum theory beyond such a classical or effective
regime, provided that the involved expectation values
remain strictly positive and finite. In this sense, ηΓ may
be regarded as a relational time for the different parts of the
wave function, and one should only attempt to find a
correspondence with a standard conformal time within
regimes and intervals of the type that we have commented.
Using then Eq. (5.2) and the definition of our creation

and annihilationlike variables, we obtain the following
Heisenberg relations (in the considered asymptotic regime
of large ωk), evaluated at ηΓ ¼ η,

dηΓ â
ðx;yÞ
k⃗

ðη; η0Þ ¼ −iFðΓÞ
k⃗
âðx;yÞ
k⃗

ðη; η0Þ;
dηΓ b̂

†ðx;yÞ
k⃗

ðη; η0Þ ¼ iðFðΓÞ
k⃗

þ JðΓÞ
k⃗
Þb̂†ðx;yÞ

k⃗
ðη; η0Þ; ð5:4Þ

where we have called

FðΓÞ
k⃗

¼ 2h d
V2=3eαhk⃗;ðx;yÞD iΓ

hV̂2=3iΓ
;

JðΓÞ
k⃗

¼ 2h d
V2=3eαhk⃗;ðx;yÞJ iΓ

hV̂2=3iΓ
: ð5:5Þ

We can integrate these Heisenberg equations to obtain,
asymptotically, the following Bogoliubov transformation,

âðx;yÞ
k⃗

ðη; η0Þ ¼ e
−iFðΓÞ

η;k⃗ âðx;yÞ;

b̂†ðx;yÞ
k⃗

ðη; η0Þ ¼ e
i

�
FðΓÞ
η;k⃗

þJðΓÞ
η;k⃗

	
b̂†ðx;yÞ; ð5:6Þ

where we have defined âðx;yÞ
k⃗

ðη0Þ ¼ âðx;yÞ
k⃗

, b̂†ðx;yÞ
k⃗

ðη0Þ ¼
b̂†ðx;yÞ
k⃗

and

FðΓÞ
η;k⃗

¼
Z

η

η0

FðΓÞ
k⃗
dηΓ; JðΓÞ

η;k⃗
¼

Z
η

η0

JðΓÞ
k⃗
dηΓ: ð5:7Þ

This Bogoliubov transformation is clearly unitary [44],
because it does not mix creation and annihilation operators
in the considered asymptotic region, so that the antilinear
part of the transformation vanishes asymptotically (or, more
precisely, can be made of an asymptotic order as negligible
as desired).

Finally, we can construct an operator T̂ defined as

T̂ ¼
X
k⃗;ðx;yÞ

T̂ðx;yÞ
k⃗

;

T̂ðx;yÞ
k⃗

¼ iFðΓÞ
η;k⃗
ðâ†ðx;yÞ

k⃗
âðx;yÞ
k⃗

þ b̂†ðx;yÞ
k⃗

b̂ðx;yÞ
k⃗

Þ

þ iJðΓÞ
η;k⃗
ðb̂†ðx;yÞ

k⃗
b̂ðx;yÞ
k⃗

Þ; ð5:8Þ

such that in the regime of large ωk,

eT̂âðx;yÞ
k⃗

e−T̂ ¼ âðx;yÞ
k⃗

ðη; η0Þ; ð5:9Þ

eT̂b̂†ðx;yÞ
k⃗

e−T̂ ¼ b̂†ðx;yÞ
k⃗

ðη; η0Þ; ð5:10Þ

as can be checked using Hadamard’s lemma [45]. Hence,
e−T̂ can be taken as the unitary operator that implements the
dynamical Bogoliubov transformation (5.6).
This confirms that, asymptotically, the vacuum (namely

the normalized state in the kernel of all the annihilation
operators) is stationary under the evolution dictated by this
operator. In turn, this implies that the vacuum is annihilated
by the left-hand side of Eq. (5.2), up to possibly the
contribution of a complex phase. And, since we adopted
normal ordering for the representation of the zeromode of the
Hamiltonian constraint, the first termof the right-hand side of
Eq. (5.2) annihilates the vacuum as well. Hence, with our
choice of Fock representation, the fermionic backreaction

CðΓÞ
D for the vacuum (which was only convergent in Ref. [26]

after a subtraction of infinities scheme) is not only finite now,
but indeed can straightforwardly be set to vanish, at least
asymptotically. In this way, the vacuum remains invariant in
the evolution. Then, it is clear that its image under the action
of the fermionic Hamiltonian is a normalizable state in FD.
As a consequence, we conclude that the fermionic
Hamiltonian is properly defined in the dense subset of FD
spanned by the n-particle/antiparticle states with a finite
number of fermionic excitations.

VI. CONCLUSIONS

We have investigated the choice of a vacuum for the
Dirac field in an inflationary flat FLRW spacetime by
suplementing with extra physical requirements the criterion
of invariance under spatial symmetries and unitary
Heisenberg evolution that has been explored in the liter-
ature recently. More specifically, the additional requirement
that we have considered is the diagonalization of the
fermionic contribution to the Hamiltonian constraint of
the gravitational system when the fermions are treated as
perturbative fields on an average (possibly quantum
mechanically dressed) background, in the asymptotic
regime of large wave numbers, that we identify with the
eigenvalues of the Dirac operator on the spatial sections of
the cosmology. While the original criterion of spatial
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symmetry invariance and dynamical unitarity leads to a
family of Fock representations that are unitarily equivalent
among them, but still leaving an infinite freedom in the
choice of a vacuum, the inclusion of the diagonalization
requirement has been shown to restrict the available free-
dom to the choice of two complex phases and terms that are
negligible at any desired order in an expansion in inverse
powers of the wave number.
In our analysis, we have truncated the Einstein-Dirac

action, also in the presence of a scalar field that plays the
role of an inflaton, at quadratic order in perturbations,
treating as such the nonzero Fourier modes of the metric
and the scalar field and all the contributions of the Dirac
field. The zero modes of the inflaton and the metric have
been treated exactly. Because of this, the action does not get
contributions that are linear in our perturbations, including
those of the lapse and the shift (actually, this statement
holds beyond our quadratic truncation, in higher-order
perturbative schemes). Apart from linear perturbative con-
straints, the system is subject to the zero mode of the
Hamiltonian constraint, which contains a term that is
formally identical to the global Hamiltonian constraint of
the unperturbed model, but in addition includes other
contributions that are quadratic in the perturbations, in
particular a fermionic term. These perturbations can be
described by (an Abelianized version of) the linear pertur-
bative constraints, gauge variables that are momenta of
those constraints, and gauge invariants that commute with
all the former quantities. For the metric and the inflaton,
one can choose as gauge invariants the Mukhanov-Sasaki
field and the tensor perturbations, together with their
canonical momenta. The fermionic perturbations, on the
other hand, are immediately gauge invariants, because the
Einstein-Dirac action is quadratic in the Dirac field, so that
the latter couples directly to the unperturbed tetrad when
we truncate the action in our scheme. The above set of
perturbative variables can be completed into a canonical set
for the whole system, at the considered truncation order, by
including zero modes that are suitably corrected with
quadratic perturbative terms [29].
Focusing our discussion on the fermionic sector of the

inhomogeneities, one still has considerable liberty in the
way in which one can separate the fermionic degrees of
freedom from those of the homogeneous background
through canonical transformations, with a splitting that
maintains the gauge-invariant character of the fermionic
variables. Different splittings of the fermionic and the zero-
mode sectors of phase space result in different quantum
behaviors for the combined system and different quantum
dynamics for the fermionic variables, since the separation
amounts to a background-dependent (and hence dynami-
cal) redefinition of the basic, creation, and annihilationlike
fermionic variables. Instead of regarding this ambiguity as
a complication, we have taken advantage of it and looked
for a choice of those creation and annihilationlike variables

such that the part of the Hamiltonian constraint that rules
their evolution has good physical properties. In order to do
this, we have considered all possible linear combinations of
the fermionic mode coefficients that define creation and
annihilationlike variables, allowing these combinations to
depend on zero modes. Among all the viable combinations
that do not mix fermionic modes, and therefore respect the
spatial symmetries of the model, we have then sought
for choices that lead to a especially simple fermionic
Hamiltonian, without interaction terms that would create
and destroy pairs of particles and antiparticles (at least in
the ultraviolet sector of large wave numbers). The absence
of these interactions amounts to the (asymptotic) diago-
nalization of the fermionic contribution to the zero mode of
the Hamiltonian constraint. We have shown that it is
possible to attain this diagonalization at any asymptotic
order in inverse powers of the wave number, and that the
resulting characterization of fermionic variables is unique
up to certain phases at that order and up to terms that are
negligible in the asymptotic series of the coefficients that
define the creation and annihilationlike variables.
Combining then this Fock representation for the Dirac

field, suitable Fock representations for the rest of gauge
invariants, and an LQG-inspired quantization for the
homogeneous sector, we have considered the hybrid
quantization of the system. Given our choice of fermionic
creation and annihilation variables, the Fock representation
determined by them has a considerably simple quantum
dynamics. We have shown this in detail by adopting an
ansatz with separation of variables for the physical wave
functions and introducing a kind of Born-Oppenheimer
approximation in which we neglected changes in the
FLRW geometry mediated by the zero mode of the
Hamiltonian constraint. The relevant information about
this constraint is then captured in its expectation value on
the partial wave function that describes the background
FLRW cosmology. In this manner, one obtains a
Schrödinger equation for the fermionic degrees of freedom
that, with our (asymptotic) choice of vacuum, leads to
Heisenberg equations that do not mix the creation and
annihilation operators of the particles and antiparticles.
Thus, the dynamical Bogoliubov transformation of these
operators can be implemented trivially as a quantum
unitary transformation in the discussed asymptotic regime,
because its antilinear part can be made equal to 0 at any
desired asymptotic order. We also have constructed an
evolution operator that implements this Bogoliubov trans-
formation, and checked that it leaves the vacuum stationary.
This property and the fact that the fermionic contribution to
the zero mode of the Hamiltonian constraint annihilates the
vacuum guarantee that the backreaction term in the
Schrödinger equation not only does not diverge, but can
be made negligible at any asymptotic order in inverse
powers of the wave number, without the need of any
regularization scheme.
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Let us emphasize that our choice of annihilation and
creationlike variables, which leads to an asymptotically
diagonal fermionic Hamiltonian, is carried out within a
canonical framework that is valid for the entire, truncated,
cosmology, with a phase space that describes not only the
fermionic perturbations, but also the background variables.
In particular, the choice provides a specific splitting between
the two sectors of the cosmological system: the homo-
geneous one and the perturbations. Besides, since the zero
mode of theHamiltonian constraint for this entire cosmology
contains a term quadratic in all of the perturbations, the
classical dynamics of the selected fermionic variables is only
linear if one ignores their backreaction on the homogeneous
sector. Nevertheless, the resulting Hamiltonian constraint
applies to the entire cosmology even beyond this linearized
context, keeping its nice properties for quantization even in
that extended scenario. Furthermore, we have seen that it is
possible to reach a regime in the quantum dynamics of
the entire cosmology where the fermionic wave function
effectively obeys a Schrödinger equation. The effective
Hamiltonian operator that drives this evolution actually
corresponds to the Fock representation of the fermionic
contribution to the constraint, but with its background
dependence replaced with expectation values in the partial

wave function that describes the homogeneous geometry. In
this sense, the hybrid quantum theory allows for a general-
ized linearized regime of a fermionic field that propagates
over a mean quantum background, which need not follow
any classical or effective trajectory and might even allow for
some backreaction effects.
Our conclusions support some aspects of a similar study

under development for the case of cosmological scalar
perturbations in flat FLRW cosmologies, where the require-
ment of Hamiltonian diagonalization appears to supplement
satisfactorily the criterion of spatial symmetry invariance and
unitarity of the Heisenberg evolution [46]. It would be
interesting to discuss other aspects explored in that work
about the properties of the selected vacuum and its relation
with adiabatic states, taking into account the results that are
known about such states for fermionic fields [47] and
extending them with further investigations.
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