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5	Time	delay	systems	for	reservoir	computing

5.1	Introduction

Delay-based	 reservoir	 computers	 are	 reservoir	 computing
implementations	 based	 on	 dynamical	 systems	 with	 delay.	 The
dynamical	 system	 is	 often	 a	 single	 nonlinear	 node.	 As	 it	 will	 be
explained	 later	 in	 more	 detail,	 delay-based	 reservoir	 computers
assign	 different	 time-slots	 of	 the	 nonlinear	 node	 response	 to
different	 network	 nodes,	 also	 known	 as	 virtual	 nodes.	 This	 time
multiplexing	of	a	single	nonlinear	node’s	response	is	equivalent	to
having	a	distributed	set	of	virtual	nodes	along	the	delayed	feedback
loop.

The	 relevance	 of	 delay-based	 reservoir	 computers	 relies	 on	 the
fact	that	they	simplify	greatly	hardware	implementations.	As	such,
the	first	photonic	reservoir	computers	were	based	on	this	approach
[1],	[2],	[3],	[4].

Here,	we	provide	an	overview	of	 the	 theoretical	 foundations	of
delay-based	reservoir	computers.	In	addition,	we	illustrate	the	main
properties	of	 the	 system	with	 several	 examples	both	 in	numerical
simulations	 and	 in	 electronic	 implementations	 of	 the	 concept.	We
also	 examine	 the	main	 challenges	 in	 physical	 implementations	 of
delay-based	reservoir	computers.

5.2	Standard	reservoir	computing



Before	 getting	 started	 with	 delay-based	 reservoir	 computing	 (RC),
we	 revisit	 the	 basic	 concepts	 of	 standard	 reservoir	 computing	 in
this	 section	 for	 the	 sake	 of	 completeness.	 For	 a	 more	 in-depth
description	 of	 the	 concept	 of	 reservoir	 computing,	 we	 refer	 the
reader	 to	 Chapters	 2	 and	 3.	 Reservoir	 computing	 is	 an
implementation	 of	 a	 recurrent	 neural	 network	 with	 the	 general
idea	 that	 the	network	 is	 split	 up	 into	 several	 parts.	 The	 recurrent
part	 is	 difficult	 to	 train,	 therefore,	 another	 layer	 (output	 layer)	 is
added,	which	 is	no	more	 than	a	 series	of	 simple	 linear	nodes	 that
interface	 with	 the	 recurrent	 part	 [5].	 Traditional	 reservoir
computing	 implementations	 are	 generally	 composed	 of	 three
distinct	parts:	an	input	layer,	the	reservoir,	and	an	output	layer,	as
illustrated	in	Figure	5.1.

Figure	5.1:	Classical	reservoir	computing	scheme.	The	input	is	coupled	into	the
reservoir	via	a	randomly	connected	input	layer	to	the	N	nodes	in	the	reservoir.
The	connections	between	reservoir	nodes	are	randomly	chosen	and	kept	fixed,

that	is,	the	reservoir	is	left	untrained.	The	reservoir’s	transient	dynamical
response	is	read	out	by	an	output	layer,	which	are	linear	weighted	sums	of	the

reservoir	node-states.	The	figure	is	taken	from	Appeltant	et al.	[6].

The	input	layer	feeds	the	input	signals	to	the	reservoir	via	fixed
random	weighted	 connections.	 These	 weights	 will	 scale	 the	 input
that	 is	 given	 to	 the	nodes,	 creating	a	different	 input	 scaling	 factor
for	 every	 individual	 node.	 The	 second	 layer,	 which	 is	 called
reservoir	or	liquid,	usually	consists	of	a	large	number	of	randomly
interconnected	nonlinear	nodes,	 constituting	a	 recurrent	network.



The	 nodes	 are	 driven	 by	 random	 linear	 combinations	 of	 input
signals.	 Since	 every	 node-state	 can	 be	 seen	 as	 an	 excursion	 in
another	 state	 space	 direction,	 the	 original	 input	 signal	 is	 thus
mapped	 onto	 a	 high-dimensional	 state	 space.	 The	 emerging
reservoir	state	is	given	by	the	combined	states	of	all	the	individual
nodes.	 Contrary	 to	 what	 happens	 in	 traditional	 recurrent	 neural
networks,	 the	 coupling	weights	within	 the	 reservoir	 itself	 are	 not
trained.	They	are	usually	chosen	in	a	random	way,	globally	scaled
in	order	for	the	network	to	operate	in	a	certain	dynamical	regime.
Under	the	influence	of	input	signals,	the	network	exhibits	transient
responses.	 These	 transient	 responses	 are	 read	 out	 by	 the	 output
layer	via	a	linear	weighted	sum	of	the	individual	node-states,	with
no	additional	nonlinear	transformation	happening	in	the	last	layer.
The	training	algorithm,	which	has	the	goal	to	find	optimum	output
weights,	can	thus	be	drastically	simplified	to	a	linear	classifier.

The	reservoir	computing	implementation	we	work	with	is	closely
related	to	echo	state	networks	[7].	In	echo	state	networks,	the	node-
states	 at	 time	 step	 k	 are	 computed	 according	 to	 the	 following
equation:

r(k) = F[Wres
res ⋅ r(k− 1) +Wres

in ⋅ u(k)]. (1)

In	this	equation,	r(k)	is	the	vector	of	new	node-states	at	time	step	k,
u(k)	is	the	input	matrix	at	time	step	k.	The	matrices	Wres

res 	and	Wres
in

contain	 the	 (generally	 random)	 reservoir	 and	 input	 connection
weights.	The	weight	matrices	are	scaled	by	multiplicative	factors	in
order	to	get	good	performance.	For	the	nonlinear	function	F,	often	a
sigmoidal	function,	e. g.,	F(x) = tanh(x)	 is	chosen.	In	some	cases,
feedback	 from	 the	output	 to	 the	 reservoir	nodes	 is	 also	 included.4
That	 approach	 will	 be	 used	 in	 Chapter	 8.	 In	 a	 simplified
formulation,	 the	 output	 is	 a	 weighted	 linear	 combination	 of	 the
node-states	and	a	constant	bias	value:



ŷout(k) = Wout
res ⋅ r(k) +Wout

in ⋅ u(k) +W out
bias. (2)

In	 reservoir	 computing,	 only	 the	 matrices	 in	 equation	 (2)	 are
optimized	(trained)	to	minimize	the	mean	square	error	between	the
calculated	 output	 values	 ŷout(k)	 and	 the	 required	 output	 values	
yout(k).

5.3	Delayed	feedback	systems

Nonlinear	systems	with	delayed	feedback	and/or	delayed	coupling,
often	 simply	 put	 as	 “delay	 systems,”	 are	 a	 class	 of	 dynamical
systems	 that	 have	 attracted	 considerable	 attention,	 because	 they
arise	 in	 a	 variety	 of	 real	 life	 situations	 [8].	 They	 are	 commonly
found	in,	e. g.,	traffic	dynamics	due	to	the	reaction	time	of	a	driver	[
9],	chaos	control	[10],	[11],	or	gene	regulation	networks	where	delay
originates	from	transcription,	translation,	and	translocation	space	[
12].	 Also	 in	 predator-prey	models	 they	 occur	with	 the	 time	 delay
representing	 a	 gestation	 period	 or	 reaction	 time	 of	 the	 predators.
Sometimes	the	delay	in	the	system	originates	from	the	fact	that	the
previous	number	of	predators	has	an	influence	on	the	current	rate
of	change	of	the	predators	[13].	 In	the	brain,	delay	occurs	because
of	 the	axonal	conduction	delay	between	two	neurons	[14].	Remote
cerebral	cortical	areas	are	subject	to	an	entire	series	of	these	axonal
conduction	delays.	The	total	connection	delay	between	these	areas
could	 even	 be	 tens	 of	 milliseconds,	 but	 still	 zero	 time	 lag
synchronization	 between	 remote	 cerebral	 cortical	 areas	 was
observed	 [15],	 [16],	 [17].	 Delay	 is	 found	 in	 networks	 of
semiconductor	lasers	[18]	when	the	signal	travels	from	one	laser	to
the	other.	Whether	 it	 is	 through	 free	 space	 or	 via,	 e. g.,	 an	optical
fiber,	 the	 light	needs	 to	cover	a	certain	distance	and	 that	 requires
time.	In	control	systems,	the	time-delayed	feedback	originates	from



the	 fact	 that	 there	 is	 a	 finite	 time	 between	 the	 sensing	 of	 the
information	 and	 the	 subsequent	 reaction	 of	 the	 system	under	 the
influence	of	a	control	signal.	Another	example	taken	from	daily	life
is	temperature	control	of	the	water	coming	from	a	shower.	Because
of	the	fact	that	the	water	needs	to	travel	a	certain	distance	along	the
tube	 between	 the	 heating	 element	 and	 the	 shower	 head	 the
response	 to	 any	 temperature	 adjustment	 of	 the	 system	 is	 not
immediate	 from	 the	perspective	of	 the	user.	This	 could	 lead	 to	an
unstable	behavior	where	 the	controller	 increases	or	decreases	 the
temperature	 of	 the	 water	 too	 much	 due	 to	 apparent
nonresponsivity	of	the	system.

It	 has	 been	 shown	 that	 delay	 has	 an	 ambivalent	 impact	 on	 the
dynamical	 behavior	 of	 systems,	 either	 stabilizing	 or	 destabilizing
them	[11],	with	possible	emergence	of	complex	dynamics.	This	has
been	 observed	 in,	 e. g.,	 biological	 systems	 [19]	 or	 laser	 networks
[20].	 Often	 it	 is	 sufficient	 to	 tune	 a	 single	 parameter	 (e. g.,	 the
feedback	 strength)	 to	 access	 a	 variety	 of	 behaviors,	 ranging	 from
stable	 via	 periodic	 and	 quasi-periodic	 oscillations	 to	 deterministic
chaos	[21].	In	photonics,	a	normally	stable	laser	source	can	become
chaotic	 when	 subjected	 to	 feedback	 even	 for	 small	 feedback
strengths.	 As	 an	 example,	 we	 take	 one	 of	 the	 most	 simple	 delay
systems,	given	by	the	equation

ẋ(t) = −αx(t− τ), (3)

where	we	choose	α = 0.2	and	τ	stands	for	the	time	delay.	In	Figure	
5.2,	we	show	the	solution	of	this	equation	for	three	different	values
of	 τ.	 When	 looking	 at	 the	 time	 trace	 in	 Figure	 5.2(a)	 with	 τ = 7,
some	damped	oscillations	 can	be	observed	 in	 the	 transient	before
the	 system	 reaches	 a	 constant	 output	 value.	 However,	 when	 the
delay	time	is	increased	to	τ = 8,	as	in	Figure	5.2(b),	the	oscillations
are	 no	 longer	 exponentially	 damped.	 They	 increase	 in	 amplitude



with	 time.	 For	 an	 even	 larger	 τ,	 equal	 to	 10,	 this	 behavior	 is
confirmed	 with	 an	 even	 stronger	 growth	 in	 amplitude.	 For	 this
system,	the	delay	clearly	has	a	destabilizing	effect.

From	 the	 application	 point	 of	 view,	 the	 dynamics	 of	 delay
systems	is	gaining	more	and	more	interest:	whereas	initially	it	was
considered	more	as	a	nuisance,	it	is	now	viewed	as	a	resource	that
can	 be	 beneficially	 exploited.	 It	 found	 applications	 in	 chaos-
communication	[22],	and	also	reservoir	computing	is	an	example	of
benefitting	from	the	delay	in	the	system	[6],	[1]	as	presented	in	this
chapter.	 One	 of	 the	 simplest	 possible	 delay	 systems	 consists	 of	 a
single	 nonlinear	 node	 whose	 dynamics	 is	 influenced	 by	 its	 own
output	a	delay	time	in	the	past.	Such	a	system	is	easy	to	implement
since	it	comprises	only	two	elements:	a	nonlinear	node	and	a	delay
loop.	When	going	 to	more	complex	situations	of	 several	nonlinear
nodes	 being	 coupled	 with	 delay,	 these	 systems	 have	 successfully
been	 used	 to	 describe	 the	 properties	 of	 complex	 networks	 in
general.	They	allow	a	better	understanding	of,	e. g.,	synchronization
and	resonance	phenomena	[23],	[24],	[25].	Of	particular	interest	for
this	book	 is	 the	situation	 in	which	only	a	 few	dynamical	elements
are	coupled	with	delay	within	a	certain	configuration,	e. g.,	a	ring	of
delay-coupled	elements	[20].





Figure	5.2:	Destabilizing	effect	of	delay.	Time	trace	originating	from	the	system
given	by	equation	(3)	(a)	τ = 7,	(b)	τ = 8,	(c)	τ = 10.	Note	the	different	scaling

factors	in	the	vertical	axis.

Mathematically,	delay	systems	are	described	by	delay	differential
equations	 (DDE)	 that	 differ	 fundamentally	 from	 ordinary
differential	 equations	 (ODE)	 as	 the	 time-dependent	 solution	 of	 a
DDE	 is	 not	 uniquely	 determined	 by	 its	 initial	 state	 at	 a	 given
moment.	For	a	DDE,	 the	continuous	solution	on	an	 interval	of	one
delay	 time	 needs	 to	 be	 provided	 in	 order	 to	 define	 the	 initial
conditions	correctly.	The	general	form	of	a	DDE	is	given	by

ẋ(t) = F[x(t), x(t− τ)]

with	F	any	given	linear	or	nonlinear	function	and	with	τ	being	the
delay	time.	Mathematically,	a	key	feature	of	time-continuous	delay
systems	is	that	their	state	space	becomes	infinite	dimensional.	This
is	 because	 their	 state	 at	 time	 t	 depends	 on	 the	 output	 of	 the
nonlinear	 node	 during	 the	 continuous	 time	 interval	 [t− τ , t[.
Another	interpretation	is	that	a	delayed	feedback	equation	leads	to
a	nonrational	 transfer	 function,	resulting	 in	an	 infinite	number	of
poles.	The	dynamics	of	the	delay	system	remains	finite	dimensional
in	practice	 [26],	but	 exhibits	 the	properties	of	high	dimensionality
and	 short-term	 memory.	 Since	 two	 key	 ingredients	 for
computational	 processing	 are	 nonlinear	 transformation	 and	 high-
dimensional	mapping,	delay	systems	are	suitable	candidates.

5.4	Delayed	feedback	systems	as	reservoirs

The	 term	 reservoir	 originally	 referred	 to	 a	 large,	 randomly
connected	fixed	network	of	nonlinear	nodes	or	neurons.	However,
not	 all	 reservoirs	 are	 neural	 networks.	 Analog	 physical	 systems
such	as	 the	nonlinear	behavior	of	ripples	on	a	water	surface	have



been	 used	 for	 information	 processing	 based	 on	 the	 reservoir
computing	 paradigm	 [27].	 Reservoir	 computing	 therefore	 enables
the	implementation	of	neuromorphic	computing	avoiding	the	need
of	interconnecting	large	numbers	of	discrete	neurons.

With	 reservoir	 computing,	 there	 is	 no	 need	 for	 reconfigurable
connection	 links	within	 the	 recurrent	 network.	 Such	 random	 and
fixed	 connections	 radically	 reduce	 the	 complexity	 for	 a	 hardware
implementation.	 In	 previous	 chapters,	 it	 has	 been	 shown	 how
recurrent	 networks	 for	 optical	 reservoir	 computing	 have	 been
implemented	either	on	a	photonic	 chip	or	using	diffractive	optics.
Various	 photonic	 techniques	 can	 be	 used	 to	 implement	 optical
networks	 for	 reservoir	 computing	 with	 a	 wide	 range	 of	 network
topologies.	 Reservoir	 computers	 based	 on	 optical-networks,	 as
covered	 in	 previous	 chapters,	 have	 many	 hardware	 nodes	 and
network	degrees-of-freedom,	even	though	they	are	fixed	artificially.

In	 this	 section,	 we	 will	 revisit	 the	 concept	 of	 delay	 embedded
reservoir	 computing,	 using	 only	 a	 single	 nonlinear	 node	 with
delayed	 feedback.	Thus,	 from	a	network	perspective,	 there	 is	only
one	(hardware)	node.	Hence,	the	delay-based	approach	allows	for	a
far	 simpler	 system	 structure,	 even	 for	 very	 large	 reservoir	 sizes.
The	 advantage	 of	 delay-based	 reservoir	 computing	 lies	 in	 the
minimal	 hardware	 requirements	 as	 compared	 to	more	 hardware-
intensive	 systems	 from	previous	 chapters.	 In	 essence,	 delay-based
reservoirs	 are	 fixed	 intrinsically:	 they	 take	 the	 form	 of	 a	 time-
delayed	 dynamical	 system	 with	 a	 single	 nonlinear	 state	 variable.
Nodes	 of	 a	 delay-based	 reservoir	 can	be	 sampled	 from	a	 spatially
continuous	 medium	 (i. e.,	 the	 delay	 line).	 These	 nodes	 are
considered	virtual	as	 they	are	not	 implemented	as	 components	or
units	in	hardware.	Nevertheless,	delay-based	RC	has	shown	similar
performance	 as	 networked	 RC,	 with	 the	 advantage	 that	 the
hardware	 requirements	 are	 minimal	 as	 no	 complex
interconnection	 structure	 needs	 to	 be	 formed.	 In	 photonics,	 it



allows	 even	 for	 the	 use	 of	 hardware	 that	 is	 more	 traditionally
associated	with	optical	communications.

5.4.1	Implementation	with	a	nonlinear	node	with
delayed	feedback

The	concept	of	delay-based	reservoir	computing,	using	only	a	single
nonlinear	node	with	delayed	feedback,	was	introduced	in	the	early
2010s	 by	Appeltant	 et al.	 [6]	 and	 Pacquot	 et al.	 [28]	 as	 a	means	 of
minimizing	the	expected	hardware	complexity	in	photonic	systems.
The	first	working	prototype	was	developed	in	electronics	in	2011	by
Appeltant	 et al.	 [6]	 and	 efficient	 optical	 systems	 followed	 quickly
after	that	[29],	[1].

In	essence,	the	idea	of	delay	line	reservoir	computing	constitutes
an	exchange	between	space	and	time:	what	has	been	done	spatially
with	many	nodes	is	now	done	in	a	single	node	that	is	multiplexed	in
time.	 There	 is	 a	 price	 to	 pay	 for	 this	 hardware	 simplification:
compared	to	an	N-node	standard	spatially-distributed	reservoir,	the
dynamical	behaviour	in	the	system	has	to	run	at	an	N-times	higher
speed	in	order	to	have	equal	 input-throughput.	Figure	5.3	shows	a
diagram	of	a	delay-based	RC.



Figure	5.3:	Structure	of	a	delay-based	reservoir	computer.	A	one-dimensional
input	signal	(in	red)	is	first	preprocessed	using	the	masking	function	m(t).

Virtual	nodes	are	defined	along	the	delay	line	and	form	the	reservoir	(in	green).
The	output	layer	(in	blue)	is	unaltered	from	the	standard	RC	structure.

Delay-based	 RC	 are	 efficiently	 implemented	 with	 a	 single
nonlinear	 node	 (or	more	 general	 a	 nonlinear	 dynamical	 element)
with	 a	 feedback	 loop	 [6].	 As	 previously	 stated,	 in	 the	 delay-based
reservoir,	 there	 is	 a	 single	 node	 and	 a	 collection	 of	 virtual	 nodes
(also	called	virtual	neurons)	in	the	delay	line.	The	general	equation
that	governs	these	delay-systems	is

Tẋ(t) = F(x(t), ηx(t− τ) + γJ(t)) (4)

where	T	is	the	response	time	of	the	system,	τ	is	the	delay	time,	J(t)
is	 the	masked	 input,	 γ	 is	 the	 input	 scaling	 or	 input	 gain,	 η	 is	 the
feedback-strength,	and	F	is	a	nonlinear	function.	The	masked	input	
J(t)	 is	 the	 continuous	version	of	 the	discrete	 random	mapping	of
the	 original	 input.	 To	 construct	 this	 continuous	 data	 J(t),	 the
continuous	version	of	the	discrete	random	mapping	of	the	original



input	(Wres
in u(k))	 is	multiplexed	 in	 time,	as	 it	will	be	described	 in

the	next	section.

5.4.2	Time-multiplexing	in	the	delayed	feedback
approach

The	nonlinear	 (NL)	node	 is	 subjected	 to	 the	 time-continuous	 input
stream	u(t)	or	time-discrete	input	u(k)	(see	Figure	5.4),	which	can
be	a	time-varying	scalar	variable	or	vector	of	any	dimension	d.	The
feeding	to	the	individual	virtual	nodes	is	achieved	by	serializing	the
input	using	time-multiplexing.	In	our	approach,	every	time	interval
of	 Tin	 (the	 data	 injection/processing	 time)	 represents	 another
discrete	time	step.	For	this,	the	input	stream	u(t)	or	u(k)	undergoes
a	 sample	 and	 hold	 operation	 to	 define	 a	 stream	 I(t)	 which	 is
constant	 during	 one	 Tin,	 before	 it	 is	 updated.	 The	 resulting
continuous	function	I(t)	is	related	to	the	discrete	input	signal	u(k)
by	 I(t) = u(k)	 for	 Tink ≤ t < Tin(k+ 1).	 This	 procedure	 is
illustrated	 in	 the	 first	 part	 of	 Figure	 5.4	 for	 the	 special	 case	 of	
Tin = τ ;	 function	I(t)	 is	 also	depicted.	 Thus,	 in	 our	 approach,	 the
input	to	the	reservoir	 is	always	discretized	in	time	first,	no	matter
whether	 it	 stems	 from	 a	 time-continuous	 or	 time-discrete	 input
stream.	What	 is	 actually	 injected	 into	 the	 nonlinear	 node	 is	 time-
continuous	again,	but	 from	 this	 signal	no	distinction	can	be	made
whether	the	original	data	points	were	coming	from	a	discrete	or	a
time-continuous	signal.



Figure	5.4:	Masking	procedure.	A	time-continuous	input	stream	u(t)	or	time-
discrete	input	u(k)	undergoes	a	sample-and-hold	operation,	resulting	in	a

stream	I(t)	that	is	constant	during	one	interval	Tin	before	it	is	updated.	In	this
particular	case,	Tin = τ .	The	temporal	input	sequence,	feeding	the	input	stream
to	the	virtual	nodes,	is	then	given	by	J(t) = M ⋅ I(t).	The	figure	is	taken	from

Appeltant	et al.	[6].

At	 the	 input	 driving	 stage,	 one	 also	 introduces	 a	 specific	 input
connection	structure.	In	accordance	to	what	happens	in	traditional
neural	 network	 reservoirs,	 every	 single	 virtual	 node	 can	 have	 its
proper	input	scaling	factor.	In	terms	of	a	“classical’’	reservoir	setup,
these	values	correspond	to	the	weights	of	the	connections	between
the	 input	 layer	 and	 the	 reservoir	 layer.	 In	 equation	 (1),	which	we
repeat	here	for	convenience,

r(k) = F[Wres
res ⋅ r(k− 1) +Wres

in ⋅ u(k)], (5)

these	weights	were	referred	to	as	Wres
in ,	which	is	a	random	(N × d)

matrix	 in	 the	 original	 concept	 (we	 recall	 that	N	 is	 the	 number	 of
virtual	nodes	and	d	 the	dimension	of	the	input).	Every	input	value
sent	 to	 the	 time-slot	 corresponding	 to	 a	 given	virtual	 node	 is	 first
multiplied	by	the	factor	related	to	that	node.	This	is	done	to	increase
variability	 in	 the	network.	However,	 the	delayed	 feedback	 system
comprises	only	one	physically	present	nonlinear	node	that	feeds	all
the	 virtual	 nodes	 in	 the	 delay	 line.	 Hence,	 all	 virtual	 node-states



originate	 from	the	same	nonlinear	 transformation	and	 there	 is	no
possibility	 to	 implement	 a	 scaling	 factor	 in	 the	 virtual	 node	 itself.
The	most	convenient	option	is	to	imprint	coupling	weights	from	the
stream	I(t)	 to	 the	 virtual	 nodes	 by	 introducing	 a	 function	M(t),
from	 now	 on	 referred	 to	 as	 the	 input	 mask,	 as	 follows:	
M(t) = W res

in,i 	 for	(i − 1)θ < t ≤ iθ	 and	M(t+ Tin) = M(t).	 This
mask	 function	 is	 a	 piecewise	 constant	 function,	 constant	 over	 an
interval	 of	 θ	 and	 periodic,	 with	 period	Tin.	 Thus,	 θ = Tin/N 	 and
stands	for	 the	temporal	separation	between	the	virtual	nodes.	The
values	 of	 the	mask	 function	 during	 each	 interval	 of	 length	 θ	 are
chosen	 independently	 at	 random	 from	 some	 probability
distribution.	When	 the	 input	 signal	 is	one-dimensional,	 the	values
to	be	injected	are	given	by

J(t) = I(t) ⋅M(t). (6)

The	function	J(t)	is	the	product	of	the	input	and	the	mask	function,
as	 represented	 in	Figure	5.4.	When	 the	 input	 consists	of	d	 values	
I j(t),	 we	 generate	 a	 separate	 mask	M j(t)	 for	 each	 input	 j	 and
subsequently	they	are	all	summed	together.	The	value	to	be	injected
is	then	given	by

J(t) =
d

∑
j=1

I j(t) ⋅M j(t). (7)

Alternative	 descriptions	 of	 the	 input	 mapping	 procedure	 in
delay-based	RC	can	be	found	in	[30],	[31].

5.4.3	Read-out	and	training	in	delay-based	RC

The	 output	 of	 the	 nonlinear	 node	 is	 driven	 by	 the	 changes	 in	 the
input.	 To	 relate	 the	 states	 in	 the	 delay	 line	 to	 reservoir	 states



corresponding	with	an	input	step,	the	signal	needs	to	be	discretized
again.	The	reservoir	state	comprises	the	virtual	node-states,	i. e.,	the
values	at	the	end	of	each	interval	θ	in	the	injection	time	interval	Tin.
For	the	ith	virtual	node	the	kth	discrete	reservoir	state	is	given	by

ri(k) = x(kTin − (N − i)θ). (8)

Note	 that	 this	 definition	 implies	 that	 the	 virtual	 node-state	 ri	 is
always	 read	 out	 at	 the	 end	 of	 the	 interval	 θ.	 Although	 this	 is	 the
common	 procedure	 throughout	 this	 chapter,	 other	 choices	 of
sampling	position	can	also	yield	good	results.

Each	virtual	node	ri	is	a	measuring	point	or	tap	in	the	delay	line.
However,	these	taps	do	not	have	to	be	physically	realized.	Since	the
x-signal	 revolves	 unaltered	 in	 the	 delay	 line	 anyway,	 a	 single
measuring	 point	 suffices.	 After	 each	Tin-interval,	 a	 new	 reservoir
state	(r(k) ∈ R1×N )	for	the	input	u(k)	is	obtained.

The	 reservoir	 states	 themselves	 are	 not	 the	 desired	 outcome	 of
the	entire	system.	A	training	algorithm	is	used	to	assign	an	output
weight	 to	 each	virtual	node	ri ,	 such	 that	 the	weighted	 sum	of	 the
states	approximates	the	desired	target	value	as	closely	as	possible:

ŷout(k) =Wout
res ⋅ r(k)

=
N

∑
i=1

W out
res,i ⋅ ri(k)

=
N

∑
i=1

W out
res,i ⋅ x[kTin − (N − i)],

with	W out
res,i	 the	weight	assigned	to	the	virtual	node	ri ,	x	 the	output

of	the	nonlinear	node	and	ŷout	the	calculated	approximation	of	the
target.	The	values	of	the	Wout

res 	are	determined	by	a	linear	training

Tin

N



algorithm.	 The	 training	 of	 the	 read-out	 follows	 the	 standard
procedure	for	reservoir	computing	[32],	[7].	In	this	manner,	we	can
map	 every	 discrete	 input	 step	 u(k)	 onto	 a	 discrete	 target	 value	
ŷout(k)	 and	 this	 for	 every	 k.	 The	 testing	 is	 performed	 using
previously	 unseen	 input	 data	 of	 the	 same	 kind	 of	 those	 used	 for
training.

Finally,	 let	us	note	that	as	shown	in	Figure	5.3	and	equation	(4),
the	masked	input	J(t)	is	scaled	by	an	input	scaling	factor	γ	and	the
feedback	 x(t− τ)	 by	 a	 feedback	 strength	 η.	 This	 is	 to	 bias	 the
nonlinear	 node	 in	 the	 optimal	 dynamical	 regime.	 Optimal	 values
for	the	input	scaling	γ	and	η	depend	on	the	task	at	hand,	as	well	as
the	specific	dynamical	behavior	of	the	nonlinear	node.	Finding	the
optimal	 point	 for	 these	 parameters	 is	 a	 nonlinear	 problem	which
can	be	approached	by,	for	example,	a	gradient	descent	or	by	simply
scanning	the	parameter	space.

5.4.4	An	example:	chaotic	time	series	prediction

To	compare	the	approaches	of	traditional	reservoir	computing	and
our	 delayed	 feedback	 system,	 we	 demonstrate	 their	 function	 by
means	 of	 a	 commonly	 used	 benchmark	 task:	 chaotic	 time	 series
prediction.	 Without	 going	 into	 detail	 about	 the	 exact	 data
processing,	 we	 illustrate	 the	 different	 steps	 and	 compare	 the
performance.	The	test	data	originates	from	a	time	series	prediction
competition,	organized	as	a	survey	to	compare	different	time	series
forecasting	 methods.	 At	 that	 time	 many	 new	 and	 innovative
methods,	 such	 as	 artificial	 neural	 networks,	 emerged	 to	 compete
with	 standard	 prediction	methods.	 In	May	 1993	 in	 Santa	 Fe,	 New
Mexico,	 the	 NATO	 Advanced	 Research	Workshop	 on	 Comparative
Time	 Series	 Analysis	 was	 held	 to	 have	 an	 overview	 of	 existing
methods	 and	 their	 performance	 [33].	 Several	 time	 series	 coming
from	 different	 systems	 were	 provided	 as	 a	 challenge.	 Here,	 we



consider	 the	 set	 coming	 from	 a	 NH3	 chaotic	 laser	 exhibiting
dynamics	related	to	Lorenz	chaos.	A	small	segment	of	the	input	data
series	is	depicted	in	Figure	5.6,	with	the	laser	intensity	shown	on	the
y-axis	versus	the	index	of	the	sampled	data	point.

The	 goal	 is	 to	make	 a	 one-step	 ahead	 prediction,	 based	 on	 the
present	value	of	the	system	and	this	for	all	values	of	the	time	trace.
In	our	training	procedure,	both	for	the	case	of	a	reservoir	network
with	many	nodes	and	a	delayed	feedback	system,	the	time	series	is
fed	 to	 the	 system	as	 examples.	 The	 systems	will	 process	 the	 input
data	 and	 nonlinearly	 transform	 it.	 In	 Figure	 5.5,	 a	 part	 of	 the
reservoir	 states	 are	 shown	 both	 for	 a	 network	 of	 randomly
connected	 nodes	 and	 for	 a	 delayed	 feedback	 system,	 where	 we
consider	 400	 states	 in	 both	 cases.	 One	 time	 series	 realization
consists	of	1000	measurement	points.	Every	point	that	is	fed	to	the
reservoir	 leads	 to	 a	 change	 in	all	 400	node-states	of	 the	 reservoir,
hence	 400	 series	 of	 1000	 points	 are	 recorded	 as	 reservoir	 states.
Both	systems	rely	on	a	different	connectivity	and	configuration,	but
use	 the	 same	 nonlinear	 function	 with	 identical	 parameters	 as
network	nodes.

Figure	5.5:	Spatiotemporal	representation	Santa	Fe.	A	zoom	is	presented	of	the
evolution	of	the	reservoir	states	of	nodes.	Feeding	in	1000	input	steps	leads	to
the	construction	of	400	reservoir	states	of	each	1000	steps.	Here,	only	50	input
steps	are	shown	for	50	nodes.	The	state	values	are	shown	in	color	code.	(a)

Network	reservoir	approach,	(b)	delayed	feedback	reservoir.



Both,	in	the	situation	of	Figure	5.5(a)	and	the	one	of	Figure	5.5(b),
400	nodes	were	used,	but	only	50	node-states	are	plotted.	In	Figure	
5.5(a),	the	reservoir	states	of	a	traditional	network	are	depicted.	The
different	node-states	are	plotted	along	the	y-axis	and	their	evolution
in	discrete	 time	 is	 given	by	moving	 along	 the	x-axis.	 Figure	 5.5(b)
shows	the	states	we	can	obtain	with	a	delayed	feedback	setup.	The
representation	 chosen	 for	 this	 figure	 is	 equivalent	 to	 the
spatiotemporal	 mapping	 carried	 out	 by	 the	 system	 [34].	 Moving
along	 the	 x-axis	 gives	 the	 evolution	 in	 time.	 Every	 discrete	 input
step	in	Figure	5.5(b)	corresponds	to	a	jump	in	time	of	τ.	The	general
trend	of	the	reservoir	states	is	quite	similar	for	the	network	and	the
delayed	 feedback	 response.	 The	 fact	 that	 they	 both	 respond	 in	 a
similar	way	to	 identical	 inputs	already	gives	a	first	 indication	that
both	are	able	to	extract	information	in	an	comparable	way.

Delay-based	 reservoirs	 have	 achieved	 performances	 that	 are
comparable	 to	 the	 state-of-the-art	 of	 more	 traditional	 reservoir
computing	 approaches	 for	 the	 Santa	 Fe	 chaotic	 time	 series
prediction	[35].	In	Figure	5.6,	the	result	of	the	training	procedure	on
these	 reservoir	 states	 is	 depicted.	 The	 crosses	 correspond	 to	 the
original	 target	 and	 the	 black	 curve	 is	 the	 approximation.	 Please
note	 that	 the	 approximation	 of	 the	 target	 is	 also	 a	 discrete	 time
series	with	the	same	number	of	samples	as	the	original	target.	The
full	 lines	are	present	only	as	a	guide	 to	 the	eyes	and	do	not	mean
that	we	only	sampled	some	points	of	the	input	or	target.	For	these
examples	 and	 reservoir	 parameters,	 the	 error,	 expressed	 as	 a
normalized	mean	square	error,	is	0.0651	for	the	network	approach
and	0.0225	for	the	delayed	feedback	approach.	Lower	error	values
are	 possible	 for	 both	 the	 network	 and	 the	 delayed	 feedback
approaches	with	optimized	reservoirs.



Figure	5.6:	Target	reconstruction	Santa	Fe.	The	crosses	represent	the	sample
points	of	the	original	target	series.	The	full	line	connects	the	approximation	of
the	target.	(a)	The	network	reservoir.	(b)	The	delayed	feedback	system	reservoir.

5.5	Interconnection	structure	of	delay-based	reservoir
computers

In	the	delayed	feedback	system	with	external	input	as	described	in
the	 previous	 section,	 we	 can	 identify	 four	 time	 scales:	 the
separation	 of	 the	 virtual	 nodes	 θ,	 the	 data	 injection	 time	Tin,	 the
delay	 time	 τ,	 and	 the	 response	 timescale	T	 of	 the	nonlinear	node.
The	 data	 injection	 time	 Tin = Nθ	 is	 defined	 by	 the	 numbers	 of
virtual	 nodes	N	 that	 are	necessary	 to	 compute	 a	 specific	 task	 and
the	node	distance	θ.	The	data	 injection	 time	Tin,	 together	with	 the
inherent	dynamics	of	the	nonlinear	node,	controls	the	connectivity
between	 the	virtual	nodes.	Setting	 the	values	of	 the	different	 time
scales,	a	given	interconnection	structure	is	created.

Virtual	 nodes	 can	 be	 connected	 in	 two	 ways,	 through	 the
feedback	loop,	and	through	the	inherent	dynamics	of	the	nonlinear
node.	To	create	a	virtual	interconnection	between	the	virtual	nodes
due	 to	 the	 inherent	 dynamics	 of	 the	 nonlinear	 node,	 the	 distance
between	the	virtual	nodes	θ = Tin/N 	has	to	be	sufficiently	short	to
keep	 the	 nonlinear	 node	 in	 a	 transient	 state.	 If	 the	 temporal
distance	between	 the	virtual	nodes	θ	 is	 smaller	 than	 the	 response



time	of	the	system,	T,	the	state	of	a	virtual	node	becomes	dependent
on	the	states	of	the	neighboring	virtual	nodes	[6],	[36]	(see	Figure	5.
7(b)).	Typically,	a	number	of	θ = 0.2T 	is	quoted	[6],	[37].	However,
there	is	no	reason	to	assume	this	could	not	be	task	and	system	bias
dependent.	If	θ	 is	 too	short,	 the	nonlinear	node	will	not	be	able	 to
follow	the	changes	in	the	input	signal	and	the	response	signal	will
be	 too	 small	 to	 measure.	 If	 θ	 is	 too	 long,	 the	 interconnection
structure	 between	 neighboring	 virtual	 nodes	 due	 to	 the	 inherent
dynamics	of	the	nonlinear	node	is	lost	(see	Figure	5.8(b)).

Figure	5.7:	Input	time	trace	for	small	θ	and	corresponding	interaction	structure
when	Tin = τ .	(a)	Input	time	trace	γJ(t)	(blue)	and	oscillator	output	x(t)	(red)	of

our	system	when	the	time	scale	T	of	the	nonlinear	system	is	larger	than	the
separation	θ	of	the	virtual	nodes	T ≫ θ	and	Tin = τ .	Here,	we	choose	T/θ = 5.
The	values	on	both	the	x-	and	y-axis	are	dimensionless.	The	mask	M(t)	takes
two	possible	values.	(b)	In	this	case	the	system	does	not	have	the	time	to	reach
an	asymptotic	value.	Therefore,	the	dynamics	of	the	nonlinear	node	couples

neighboring	virtual	nodes	with	each	other.	The	figure	is	taken	from	the
supplementary	material	of	Appeltant	et al.	[6].



Figure	5.8:	Input	time	trace	for	large	θ	and	corresponding	interaction	graph
when	Tin = τ .	(a)	Input	time	trace	γJ(t)	(blue)	and	oscillator	output	x(t)	(red)	of
our	system	when	the	time	scale	T	of	the	nonlinear	system	is	much	smaller	than
the	separation	θ	of	the	virtual	nodes	T ≪ θ	and	Tin = τ .	Here,	we	choose	

T/θ = 0.05.	The	values	on	both	the	x-	and	y-axis	are	dimensionless.	The	mask	
M(t)	takes	two	possible	values.	For	this	choice	of	parameters,	the	system
rapidly	reaches	a	steady-state.	(b)	In	this	regime,	the	system	behaves	like	N

independent	nodes,	each	of	which	is	coupled	only	to	itself	at	the	previous	time
step.	The	figure	is	taken	from	the	supplementary	material	of	Appeltant	et al.	[6].

The	 virtual	 nodes	 can	 also	 set	 up	 a	 network	 structure	 via	 the
feedback	 loop	 [28],	 [29].	 This	 can	 be	 achieved	 by	 introducing	 a
mismatch	 between	 the	 delay	 time	 τ	 and	 the	 data
injection/information	 processing	 time	 Tin = Nθ	 (τ ≠ Tin)	 (see
Figure	5.11).

In	 contrast	 to	 traditional	 reservoirs,	 where	 all	 interactions
between	nodes	 take	place	 from	one	discrete	 time	 step	 to	 another,
the	interaction	between	nodes	in	delay-based	RC	occurs	through	the
dynamics	of	the	nonlinear	system	(usually	within	the	same	discrete
step)	and	through	the	feedback	line	(usually	from	one	discrete	time
step	 to	 another).	 For	 this	 reason,	 the	 connections	 between	 the
virtual	nodes	do	not	quite	correspond	to	the	interconnection	matrix
W res

res 	used	for	traditional	reservoirs	in	equation	(1).	Although	both



types	of	virtual	node	connections	are	not	exclusive,	in	the	literature
most	of	 the	research	groups	have	used	either	delay-based	RC	with
only	 the	 virtual	 connections	 created	 through	 the	 inherent	 system
dynamics	[6],	 [37]	or	connected	by	the	feedback	line	[28],	 [29].	For
the	case	in	which	Tin = τ,	we	predict	good	performance	when	the
time	 scales	 are	 related	 by	 θ ≲ T ≪ τ .	 It	 is	 also	 clear	 that	 the
operation	 speed	 of	 a	 delay-based	 RC,	 i. e.,	 the	 data	 injection	 time	
Tin = Nθ,	 depends	 on	 θ,	 so	 delay-based	 RC	 with	 virtual	 nodes
connected	only	through	the	feedback	line	(θ ≫ T )	are	slower	that	a
counterpart	 exploiting	 the	 virtual	 connections	 through	 the	 system
dynamics	(θ < T ).

5.5.1	Interconnection	structure	through	system
dynamics

When	θ < T ,	the	state	of	a	given	virtual	node	at	time	t	depends	on
the	states	of	the	previous	virtual	nodes	due	to	the	noninstantaneous
response	 of	 the	 system	 (T)	 to	 the	 inputs.	 The	 strength	 of	 this
dependency	 for	 low-pass	 filtered	 systems	 is	 an	 exponentially
decaying	function	of	the	separation	of	the	virtual	nodes.

For	 the	 case	 of	 Tin = τ 	 (i. e.,	 the	 only	 connection	 between	 the
virtual	nodes	are	 through	 the	 system	dynamics)	 and	a	 time	 series
prediction	task	(NARMA10),	 it	was	found	that	θ = 0.2T 	 is	 the	best
choice	for	N = 400	virtual	nodes	[6].	This	ratio	leads	to	significant
coupling	between	neighboring	virtual	nodes,	as	illustrated	in	Figure
5.7.	 In	 Figure	 5.7(a),	 the	 node	 output	 never	 leaves	 the	 transient
regime.	Since	the	state	of	one	virtual	node	depends	on	the	state	of
the	previous	ones	because	of	 the	 system	dynamics,	 the	equivalent
connectivity	graph	is	given	by	Figure	5.7(b).	All	nodes	are	connected
to	 adjacent	 nodes,	 with	 the	 connection	 weights	 exponentially
decreasing	as	we	move	further	back	 in	time.	They	also	experience
the	self-coupling	as	Tin = τ 	in	this	case.



The	 relation	 between	 the	 timescales	 can	 be	 used	 to	 establish	 a
more	 formal	 link	between	 the	 traditional	 formulation	of	 reservoir
computing,	 such	 as	 given	 in	 Section	 5.2	 and	 the	 virtual
interconnections	 created	 through	 the	 system	 dynamics.	 In	 what
follows,	 we	 will	 derive	 an	 approximate	 interconnection	 matrix	
Wres

res	 describing	 the	 coupling	 between	 virtual	 nodes	 processing
information	 from	 different	 input	 time	 steps	 where	 they	 are	 only
connected	through	the	system	dynamics.	For	simplicity	of	notation,
in	the	following	we	normalize	all	times	with	respect	to	the	intrinsic
time	scale	of	the	nonlinear	system	T,	that	is	we	work	in	units	where	
T = 1.	 In	 the	 following,	 we	 consider	 nonlinear	 equations	 of	 the
form:

ẋ(t) = −x(t) + F[x(t− τ),J(t)] (9)

with	F	any	nonlinear	 function	and	J(t)	 given	by	equation	 (6).	We
recall	that	J(t)	 is	constant	over	each	segment	with	duration	θ	and
equals	W res

in,iu(k)	over	the	segment	containing	virtual	node	 i,	 with	
W res

in,i	the	specific	input	scaling	factor	of	node	i.	Assuming	a	constant
value	of	F [x(t− τ), J(t)]	during	the	duration	θ,	solving	equation	(
9)	yields

x(t) = x0e
−t + (1 − e−t)F[x(t− τ), J(t)] (10)

where	x0	is	the	initial	value	at	the	beginning	of	each	interval	θ,	i. e.,
the	value	for	the	previous	virtual	node.	In	particular,	the	values	of
the	virtual	nodes	 are	 given	by	 equation	 (10)	with	 t	 replaced	by	θ.
Now	returning	to	the	discrete	time	of	input	signal	u(k),	the	state	of
the	ith	virtual	node	(i ∈ [1,N])	is	reached	after	a	time	θ,	denoted	by
ri(k)	 (defined	 in	equation	 (8)).	The	 input	 to	virtual	node	 i	 at	 time
step	 k	 equals	W res

in,iu(k).	 Equation	 (10)	 can	 be	 rewritten	 for	 each



virtual	node	as

r1(k)= rN(k− 1)e−θ + (1 − e−θ)F(r1(k− 1),W res
in,1u(k))

…

ri(k)= ri−1(k)e−θ + (1 − e−θ)F(ri(k− 1),W res
in,iu(k))

…

rN (k)= rN−1(k)e−θ + (1 − e−θ)F(rN(k− 1),W res
in,Nu(k))

(11)

where	θ	is	the	separation	of	the	virtual	nodes.	This	equation	allows
us	to	recursively	compute	each	virtual	node-state	at	time	step	k	only
as	a	function	of	the	input	at	the	same	time	step	k	and	virtual	node-
states	at	time	step	k− 1:

ri(k) = Ωir1(k− 1) +
i

∑
j=1

ΔijF(rj(k− 1),W res
in,ju(k)) (12)

with

Ωi = e−iθ, Δij = (1 − e−θ)e−(i−j)θ, with i ≥ j.

Figure	5.9:	Analytical	interaction	graphs	for	large	and	small	θ	with	Tin = τ .
Interaction	graphs	for	different	virtual	node	separation	where	we	plot	the



coefficients	Ωi	and	Δij	of	equation	(12)	as	a	matrix	using	color	coding.	For	large
values	of	θ	(left),	the	diagonal	elements	are	significantly	larger	than	all	others,
but	when	θ	decreases	(right),	the	exponential	tail	of	the	off-diagonal	elements
and	also	the	connection	to	the	last	virtual	node	of	the	previous	input	step
become	dominant.	The	figure	is	taken	from	the	supplementary	material	of

Appeltant	et al.	[6].

This	 equation	 is	 our	 analogue	 of	 equation	 (1),	 representing
classical	 reservoirs,	 and	 it	 explicitly	 describes	 the	 state	 coupling
between	 consecutive	 time	 steps	 through	 the	 system	 dynamics.
However,	 it	 differs	 from	 traditional	 reservoirs	 because	 the
nonlinear	functions	are	applied	to	the	states	before	the	summation
is	taken.	Figure	5.9	illustrates	this	interaction	topology	by	showing
interaction	strength	matrices	for	two	values	of	θ.	The	coefficients	Ωi

correspond	 to	 the	 values	 found	 in	 the	 last	 column,	 while	 the
diagonal	 and	 off-diagonal	 elements	 are	 given	 by	Δij .	 In	 terms	 of
traditional	reservoirs,	this	can	be	related	to	Wres

res	where	Tin = τ .
The	strongest	assumption	in	this	analytical	derivation	is	the	fact

that	the	function	F	is	treated	as	a	constant	value	over	the	interval	θ.
To	 verify	 whether	 this	 approximation	 is	 valid	 we	 perform	 a
numerical	 check.	 While	 running	 the	 reservoir	 for	 some	 random
input	samples	we	perturb	one	of	 the	virtual	nodes	with	a	pulse	of
amplitude	1	and	observe	how	this	perturbation	is	being	passed	on
to	other	virtual	nodes.	 In	 this	numerical	 experiment,	we	 choose	a
Mackey–Glass	nonlinearity	type	to	fulfill	the	role	of	the	function	F.
Figure	5.10	shows	 the	 interaction	strength	matrices	obtained	 from
numerical	 simulations.	 The	 scaling	 is	 expressed	 in	 arbitrary	 units
since	 the	obtained	values	depend	on	 the	strength	of	 the	pulse	and
the	exact	shape	of	the	nonlinear	transfer	function.



Figure	5.10:	Numerical	interaction	graphs	for	large	and	small	θ	with	Tin = τ .
Interaction	graphs	for	different	virtual	node	separation	where	we	plot	the

coupling	strength	between	the	virtual	nodes	as	a	matrix	using	color	coding.	For
large	values	of	θ	(left),	the	diagonal	elements	are	significantly	larger	than	all
others,	but	when	θ	decreases	(right),	the	exponential	tail	of	the	off-diagonal
elements	and	the	also	the	connection	to	the	last	virtual	node	of	the	previous

input	step	become	dominant.

Qualitatively,	a	confirmation	of	the	analytical	result	is	found.	For
large	values	of	θ	(θ = 2),	the	self-feedback	is	the	strongest	coupling
contribution	 for	 all	 virtual	 nodes.	 This	 results	 in	 a	 strong	 main
diagonal	in	Figure	5.10(a).	When	setting	θ	to	a	small	value	(θ = 0.2),
the	effect	of	the	inherent	system	dynamics	becomes	more	important
and	 the	 off-diagonal	 elements	 are	 more	 pronounced.	 Also	 the
coupling	with	the	last	virtual	node	(last	column)	is	strongly	present.

5.5.2	Interconnection	structure	through	the	feedback
line

Choosing	 θ ≫ T ,	 the	 state	 of	 a	 given	 virtual	 node	 is	 practically
independent	of	the	states	of	the	neighboring	virtual	nodes	and	the
connections	 between	 the	 virtual	 nodes	 due	 to	 the	 nonlinear	 node
dynamics	 are	 negligible	 (see	 Figure	 5.9).	 The	 nonlinear	 node
reaches	its	steady-state	for	each	virtual	node	and	the	reservoir	state
is	only	determined	by	the	instantaneous	value	of	the	input	J(t)	and
the	 delayed	 reservoir	 state.	 The	 system	 given	 by	 equation	 (9)	 can



then	be	described	with	a	map:

x(t) = F[x(t− τ),J(t)] (13)

with	F	any	nonlinear	function	and	J(t)	given	by	equation	(6).
If	θ ≫ T 	and	Tin = τ ,	there	is	no	coupling	between	virtual	nodes

and	the	diversity	of	the	reservoir	states	is	reduced.	The	behavior	in
this	case	is	illustrated	in	Figure	5.8.	Figure	5.8(a)	shows	the	injected
input	 (blue)	 and	 the	 corresponding	 output	 of	 the	 nonlinear	 node
that	is	sent	in	the	delay	line	(red).	The	part	of	the	time	trace	shown
here	corresponds	to	one	time-multiplexed	input	value	with	a	binary
mask	 imprinted	 on	 it.	 Because	 every	mask	 value	 is	 kept	 constant
long	enough	for	the	system	to	reach	the	steady-state,	all	node-states
with	equal	mask	values	are	 identical.	Regardless	of	 the	number	of
virtual	nodes	that	are	tapped	from	the	delay	 line,	with	this	binary
mask	 only	 two	 different	 reservoir	 state	 values	 can	 be	 used	 for
computation.	 Figure	 5.8(b)	 illustrates	 the	 equivalent	 traditional
network	 of	 nodes	 in	 terms	 of	 connectivity.	 All	 nodes	 have	 a	 self-
coupling,	 induced	by	 the	delayed	 feedback	caused	by	Tin = τ ,	but
they	 are	 not	 influenced	 by	 the	 states	 of	 the	 other	 nodes	 in	 the
network.

Virtual	 nodes	 can	 also	 be	 connected	 using	 the	 feedback	 of	 the
nonlinear	node	if	one	detunes	the	input	sampling	period	(Tin)	to	the
length	of	the	delay	line	[28].	This	misalignment	can	be	quantified	in
terms	 of	 the	 number	 of	 virtual	 nodes	 by	 using	α = (τ −Nθ)/θ.
The	 topology	 of	 the	 virtual	 network	 structure	 created	 by	 this
misalignment	depends	on	 the	value	of	α.	 The	 interaction	 topology
encoded	 when	 α = 1	 (i. e.,	 τ = Tin + θ)	 is,	 for	 all	 practical
purposes,	equivalent	to	a	standard	ESN	with	ring	topology	[38]	(see
Figure	5.11).	In	the	case	of	1 ≤ α < N ,	the	virtual	nodes,	ri(k)	can
be	described	when	θ ≫ T 	by



ri(k) ={ F(ri−α(k− 1) +W res
in,iu(k)) if α < i ≤ N

F(rN+i−α(k− 2) +W res
in,iu(k)) if i ≤ α.

5.6	Weights	distribution	of	the	input	layer

The	input	layer	defines	the	connectivity	between	the	external	input
and	 the	 reservoir.	 In	 traditional	 RC	 systems,	 the	 connections
between	the	input	and	the	different	nodes	in	the	reservoir	(Wres

in 	in
equation	 (1))	 have	 randomly	 assigned	 weights.	 These	 weights	 are
typically	assigned	from	a	uniform	distribution	[5].

Figure	5.11:	Schematic	representation	of	the	virtual	nodes	over	the	delay	line
(left)	and	the	corresponding	interaction	graph	(right)	when	τ = Tin + θ	(α = 1)
and	N = 6.	Red	arrows	indicate	the	connections	at	time	step	(k − 1)	and	blue

arrows	the	connections	at	the	previous	time	step	(k− 2).

In	 delay-based	 RC,	 there	 is	 only	 one	 hardware	 node	 and	 the
spatial	 temporal	distribution	of	the	input	 layer	in	standard	RC	has
to	be	performed	by	time-multiplexing.	Thus,	as	explained	in	Section
5.4.2,	 the	 input	 mask	 in	 delay-based	 RC	 is	 a	 piecewise	 constant
function	 (constant	 over	 an	 interval	 of	 θ)	 that	 is	 periodically
repeated	with	period	Tin.	The	response	of	 the	nonlinear	system	to
each	 piece	 of	 the	mask	 function	 is	 assigned	 to	 the	 corresponding
virtual	node.	The	values	of	 the	 input	mask	during	each	interval	of
length	θ	 are	 typically	chosen	 independently	at	 random	and	define
the	 coupling	 weights	 from	 the	 input	 to	 the	 reservoir	 as	 on	 the



standard	 RC	 approach.	 The	 input	 mask	 performs	 the	 random
mapping	of	the	input	into	the	reservoir.	In	addition,	the	input	mask
has	the	important	role	to	maximize	the	diversity	in	the	responses	of
the	system	that	can	later	be	used	for	computation.

In	 delay-based	 implementations	 with	 τ ≠ Tin	 and	 θ ≫ T ,	 the
input	 mask	 values	 (or	 weights)	 are	 often	 drawn	 from	 a	 uniform
distribution	 in	 [−1,1]	 since	 this	 approach	 is	 more	 closely	 related
with	 standard	 RC.	 Limited	 research	 has	 been	 done	 for	 other
distributions	of	the	input	weights	in	this	approach.	In	contrast,	the
first	delay-based	RC	implementations	with	τ = Tin	and	θ < T 	used
input	weights	randomly	drawn	from	a	binary	uniform	distribution
[6].	The	binary	weights	are	 typically	randomly	distributed	 in	 time,
although	 a	 nonrandom	 mask	 construction	 procedure	 based	 on
maximum	 length	 sequences	 yields	 an	 improvement	 over	 random
temporal	 assignments	 [39].	 Later,	 it	was	 shown	 that	 the	 choice	 of
two-valued	 input	 weights	 is	 suboptimal	 in	 the	 presence	 of	 noise
[35],	[40]	since	different	virtual	nodes	end	up	having	similar	values
that	 are	 hard	 to	 differentiate	 in	 the	 presence	 of	 experimental
uncertainties.

For	 hardware	 implementations	 of	 delay-based	 RC,	 it	 turns	 out
that	 input	 weights	 drawn	 from	 either	 uniform	 or	 six-valued
distributions	that	are	randomly	distributed	in	time	for	every	piece
of	the	mask	induce	a	larger	diversity	in	the	system	responses.	As	a
consequence,	 the	use	of	 these	distributions	of	weights	 yield	 lower
prediction	errors	in	a	chaotic	time-series	prediction	task	[35],	[40].

A	 final	 refinement	 in	 the	 choice	 of	 input	 weights	 has	 recently
been	reported	in	[40].	Focusing	on	a	time-series	prediction	task	and
taking	 τ = Tin + θ	 with	 θ < T ,	 Nakayama	 et al.	 [40]	 have	 found
optimum	 prediction	 errors	when	 the	mask	 is	 an	 analog	 irregular
function	 with	 the	 same	 frequency	 bandwidth	 than	 the	 nonlinear
reservoir	system	itself.	A	mask	with	the	required	bandwidth	can	be
created	following	two	different	procedures,	either	using	a	random



distribution	 with	 a	 frequency	 cut-off	 (colored	 noise)	 or	 using	 a
temporal	 segment	of	 the	 intrinsic	dynamics	of	 the	nonlinear	node
in	 the	 chaotic	 regime.	 These	 results	 emphasize	 the	 importance	 of
the	bandwidth	of	the	mask	and	agree	with	the	findings	reported	for
fully	trained	hardware	systems	[41].	In	[41],	 it	was	shown	that	 the
bandwidth	of	the	input	mask	adjusts	to	the	analog	bandwidth	of	the
system	when	the	full	system	(input,	reservoir	and	output	layers)	is
optimized	via	back-propagation	techniques.

5.7	Computational	capacity	of	delay-based	reservoirs

Dynamical	 systems	 X	 driven	 by	 time	 dependent	 external	 signals	
u(t)	 can	 process	 the	 information	 contained	 therein	 [42].	 As	 it	 is
shown	 in	 [42],	 functions	 of	 previous	 inputs	 z(u(t− h),… ,u(t))
can	be	reconstructed	from	the	state	of	a	dynamical	system	using	a
linear	 estimator.	 This	 estimator	 is	 constructed	 from	 N	 internal
variables	of	the	system	(see	equation	(3)	in	[42]).	These	N	variables
provide	 a	 high-dimensional	 space,	 referred	 to	 as	 a	 reservoir.	 The
capacity	C[X,z]	measures	how	successful	the	dynamical	system	X
is	at	computing	z	(see	equations	(4)–(5)	in	[42]).

The	 total	 computational	 capacity	 of	 a	 dynamical	 system
corresponds	to	 the	 total	number	of	 linearly	 independent	 functions
of	the	input	the	system	can	compute.	If	the	system	obeys	the	fading
memory	condition	[43],	the	total	computational	capacity	is	equal	to
the	number	of	linearly	independent	internal	variables	of	the	system
[42].	In	delay-based	RC,	the	internal	variables	of	the	system	are	the
virtual	 nodes,	 so	 the	 total	 computational	 capacity	 of	 delay-based
reservoirs	 is	 given	 by	 the	 number	 of	 linearly	 independent	 virtual
nodes.	 The	 computational	 power	 of	 delay-based	 RC	 is	 therefore
hidden	 in	 the	diversity	of	 the	reservoir	 states.	Neighboring	virtual
nodes	 that	 are	 connected	 through	 the	 dynamics	 of	 the	 nonlinear



node	(θ < T )	influence	each	other	and	have	a	similar	state,	yielding
to	 a	 small	 diversity	 in	 the	 available	 reservoir	 states.	 As	 the
separation	between	the	nodes	 increases	and	Tin > τ ,	 the	diversity
increases	 while	 the	 virtual	 connection	 between	 the	 nodes
decreases.	This	behavior	can	be	observed	in	Figure	5.12,	which	plots
the	reservoir	states	of	a	delay-based	RC	for	two	different	values	of
node	separation	θ.

Figure	5.12:	Evolution	of	the	reservoir	states	for	a	delay-based	RC	using	color
coding.	The	system	is	governed	by	equation	(9)	with	F = ηFsig,	where	Fsig 	is	the
sigmoid	function,	N = 100,	η = 0.1,	T = 1,	and	τ = Tin + θ	(α = 1).	For	a

small	value	of	θ	(a),	the	state	of	the	virtual	nodes	are	less	diverse	than	for	a	large
value	of	θ	(b).	(a)	θ = 0.2T .	(b)	θ = 4T .

The	number	 of	 linearly	 independent	 virtual	 nodes	 depends	not
only	 on	 the	 separation	 between	 the	 virtual	 nodes	 but	 also	 on	 the
misalignment	between	Tin	and	τ,	i. e.,	α.	When	α < 0,	a	number	|α|
of	virtual	nodes	are	not	connected	 through	 the	 feedback	 line	with
nodes	 at	 a	 previous	 time	 and	 computational	 capacity	 is	 then
reduced.	Computational	capacity	is	also	reduced	if	|α|	and	N	are	not
coprimes.	 In	 this	 case,	 the	 feedback	 line	 results	 in	 the	 N	 virtual
nodes	 forming	 gcd(|α|,N)	 ring	 subnetworks,	 where	 gcd	 is	 the
greatest	 common	 divisor.	 Each	 subnetwork	 has	
p = N/ gcd(|α|,N)	virtual	nodes.	Virtual	node-states	belonging	to
different	 subnetworks	 have	 a	 similar	 dependence	 on	 inputs	 and
reservoir	diversity	 is	 reduced.	When	 there	are	p	 subnetworks	and



virtual	node	connections	through	dynamics	are	negligible	(θ ≫ T ),
the	total	capacity	of	a	linear	delay-based	RC	ranges	between	(p+ 1)
and	2p	for	0 < α < N .

In	dynamical	systems	X,	when	z	is	a	linear	function	of	one	of	the
past	 inputs,	 z(t) = u(t− k),	 the	 computational	 capacity
corresponds	to	the	linear	memory	capacity	introduced	in	[44].	The
linear	memory	capacity	is	a	way	of	estimating	the	amount	of	fading
memory	 available	 in	 RC	 systems.	 Delay-based	 RC	 has	 an	 intrinsic
memory	due	to	its	feedback	line.	This	fading	memory	is	essential	to
perform	certain	 tasks	 that	depend	on	 the	context,	e. g.,	 time	series
prediction.	As	soon	as	the	task	requires	more	memory	than	the	one
provided	by	the	system,	the	performance	of	the	reservoir	computer
degrades	significantly.

The	maximum	total	capacity	of	a	dynamical	system	is	N	where	N
is	the	number	of	internal	states	of	the	system	(the	number	of	virtual
nodes	 in	 delay-based	 RC).	 The	 total	 capacity	 of	 linear	 reservoirs
(linear	 function	 F	 in	 equation	 (9))	 is	 equal	 to	 the	 linear	 memory
capacity.	Figure	5.13	shows	the	linear	memory	capacity	of	the	linear
delay-based	 RC	 as	 the	 separation	 between	 the	 virtual	 nodes
increases	for	two	different	values	of	the	misalignment	between	the
delay	 and	 the	 input,	α = 1	 (τ = Tin + θ)	 and	α = 0	 (τ = Tin).	 In
the	 case	 of	α = 1,	 the	 linear	memory	 capacity	 increases	with	 the
node	 separation.	 Here,	 larger	 node	 separation	 implies	 weaker
connections	through	the	dynamics	and	more	linearly	independence
between	the	virtual	nodes.	In	the	limit	case	of	linear	reservoir	with
an	 instantaneous	 response	 to	 the	 input	 (T = 0),	 all	 the	 virtual
nodes	are	linearly	independent	and	the	total	capacity	will	reach	its
maximum	value,	N.	As	it	was	shown	in	Figure	5.11,	this	topology	is
similar	to	the	simple	cycle	reservoir	topology	introduced	in	[38].	In
contrast,	 the	 virtual	 nodes	 are	 only	 connected	 by	 the	 system
dynamics	in	the	case	of	α = 0	(see	Figures	5.7	and	5.8).	As	a	result,
Figure	 5.13	 shows	 that	 the	 linear	 memory	 capacity	 decreases



beyond	θ > T 	 since	 the	 delay-based	 RC	 is	 no	 longer	 a	 connected
network.

Figure	5.13:	Linear	computational	capacity	of	a	linear	delay-based	RC	with	
N = 100	as	a	function	of	the	separation	between	the	virtual	nodes	θ	for	two
different	values	of	α.	The	delay-based	RC	is	governed	by	equation	(9)	with	a
linear	function	F(y) = ηy,	η = 0.9,	and	T = 1.	The	linear	computational

capacity	has	been	obtained	summing	until	k = N .



In	 contrast	 to	 linear	 systems,	 which	 only	 have	 linear	 memory
capacity,	 nonlinear	 dynamical	 systems	 have	 both	 linear	 and
nonlinear	 memory.	 They	 are	 therefore	 capable	 of	 nonlinear
transformations	 on	 the	 inputs.	 In	 this	 case,	 however,	 the	 total
computational	 capacity	 is	 still	 limited	 by	 the	 dimension	 of	 the
reservoir.	As	a	consequence,	there	is	a	trade-off	between	the	linear
memory	 that	 dynamical	 systems	 possess	 and	 their	 capacity	 to
process	the	input	in	a	nonlinear	way	[42].	In	this	context,	a	mixture
reservoir	 made	 of	 both	 linear	 and	 nonlinear	 dynamics	 has	 been
suggested	 as	 a	 work-around	 to	 alleviate	 the	memory-nonlinearity
trade-off	[45].

Hardware	 implementations	 of	 delay-based	 reservoirs	 reach	 a
compromise	 between	 the	 computation	 speed	 and	 the	 available
computational	 capacity	 when	 θ < T .	 This	 combination	 of
parameters,	 however,	 is	 suboptimal	 from	 the	 point	 of	 view	 of
computational	capacity.

5.8	Hardware	implementations	of	delay-based
reservoirs

Thanks	 to	 the	 versatility	 of	 the	 delay-based	 RC	 concept,	 it	 can	 be
implemented	 in	 very	 different	 hardware	 platforms.	 The	 first
working	 prototype	 was	 developed	 in	 electronics	 in	 2011	 by
Appeltant	 et al.	 [6]	 and	 was	 quickly	 followed	 in	 2012	 by
optoelectronic	implementations	[1],	 [29].	Moving	forward	from	the
optoelectronic	 implementations,	 the	 first	 all-optical	 delay-based
reservoir	computers	based	on	semiconductor	optical	amplifiers	and
semiconductor	 lasers	were	 implemented	[3],	 [4].	A	more	extensive
list	of	 recent	hardware	 implementations	of	delay-based	RC	can	be
found	in	[46].

The	main	 differences	 between	 the	 delay-based	 RC	 experiments



are	 in	 the	nonlinearity	 of	 the	 reservoir	 and	 in	 the	 relative	 timing
between	the	input	injection	time	and	the	delay	time.	In	the	case	of
the	 all-optical	 implementations,	 there	 are	 also	 differences	 in	 how
the	input	is	injected	into	the	system.

Most	hardware	 implementations	of	delay-based	RC	focus	on	the
practical	demonstration	of	the	reservoir	layer.	The	input	and	output
layers	 are	 emulated	 off-line	 on	 a	 standard	 computer.	 There	 are,
however,	first	works	aiming	at	the	complete	implementation	of	the
three	 layers	 of	 RC	 on	 analogue	 hardware.	 In	 this	way,	 a	 proof	 of
concept	 for	stand-alone	delay-based	reservoir	computers	has	been
demonstrated	[47].

Optoelectronic	 and	 all-optical	 systems	 have	 been	 widely
employed	 for	 delay-based	 RC.	 A	 number	 of	 classification,
prediction,	 and	 system	modeling	 tasks	 have	 been	 performed	with
state-of-the-art	 results.	 To	 name	 a	 few,	 excellent	 performance	 has
been	 obtained	 for	 speech	 recognition	 [1],	 [48],	 [4],	 chaotic	 time
series	prediction	[1],	[35],	[4],	nonlinear	channel	equalization	[29],	[
47],	[3],	and	radar	signal	forecasting	[47].

The	 operating	 speed	 of	 most	 optoelectronic	 delay-based	 RC
implementations	 is	 in	 the	MHz	 range,	 although	 this	 kind	 of	 setup
can	even	operate	at	GHz	speeds	[49].	In	the	case	of	all-optical	delay-
based	 RC	 implementations,	 a	 photonic	 reservoir	 based	 on	 a
semiconductor	 laser	 with	 feedback	 has	 shown	 unconventional
information	processing	 capabilities	 at	Gbyte/s	 rates	 [4],	 one	 of	 the
fastest	 reservoir	 computer	 up	 to	 date.	 In	 contrast,	 most	 of	 the
electronic	 implementations	 are	 in	 the	 range	 of	 KHz.	 These
electronic	 implementations	 serve	 as	 a	 testbed	 for	 the	 fastest
photonic	 implementations	 that	 will	 be	 discussed	 in	 the	 following
chapters.	In	particular,	the	electronic	platform	allows	to	explore	the
particularities	of	computing	with	an	analog	nonlinear	system.

5.8.1	An	example	of	an	electronic	implementation	of



delay-based	reservoir	computing

For	 illustration	 purposes,	 in	 this	 subsection,	we	 focus	 on	 a	mixed
analog	 and	 digital	 implementation	 of	 the	 delay-based	 RC	 concept
with	a	nonlinear	analog	electronic	circuit	as	a	main	computational
unit	 [6],	 [37].	 This	 delay-based	 RC	 scheme	 can	 be	 conceptually
divided	in	several	distinct	blocks,	which	are	schematically	shown	in
Figure	5.14.	 First,	 there	 is	 an	 input	preprocessing	 stage	where	 the
incoming	data	 are	 time-multiplexed.	A	digital-to-analog	 (DAC)	 and
an	 analog-to-digital	 (ADC)	 converter	 with	 12	 bits	 resolution
interface	the	digital	and	the	analog	part,	and	vice	versa.	An	analog
Mackey–Glass	electronic	circuit	[37]	is	chosen	as	the	nonlinearity	in
this	 implementation.	 A	 delay	 element,	 implemented	 digitally,
provides	 the	 required	 feedback.	 Finally,	 at	 the	 output	 post-
processing	 stage,	 the	 system	 output	 is	 given	 by	 a	 linear	weighted
sum	 of	 the	 values	 of	 the	 virtual	 nodes.	 The	weights	 are	 obtained
with	 a	 simple	 linear	 regression	 during	 the	 off-line	 training
procedure.

Figure	5.14:	Schematic	view	of	the	RC	implementation	based	on	a	single
Mackey–Glass	nonlinear	element	with	delay.	DAC	and	ADC	stand	for	digital-to-

analog	conversion	and	analog-to-digital	conversion,	respectively.	Figure
reprinted	with	permission	from	Ref.	[37],	IEEE.

With	 the	 appropriate	 scaling,	 the	 Mackey–Glass	 system	 with
delay	 can	be	modeled,	 in	 the	presence	of	 a	masked	 input	J(t),	 as
follows	[37]:

⋅ [ ( − ) + ⋅ ( )]



ẋ(t) = −x(t) + , (14)

with	x	 denoting	 the	 dynamical	 variable,	 t	 a	 dimensionless	 time,	 τ
the	 delay	 in	 the	 feedback	 loop	 and	 η	 and	 γ	 represent	 feedback
strength	 and	 input	 scaling,	 respectively.	 Note	 that	 for	 the	 scaled
model	 T = 1.	 This	 equation	 corresponds	 to	 equation	 (9)	 with	 a
Mackey–Glass	 nonlinear	 function.	 The	 exponent	 p	 can	 be	 used	 to
tune	 the	 degree	 of	 the	 nonlinearity.	 Figure	 5.15	 shows	 the
experimental	 Mackey-Glass	 function	 for	 this	 implementation,
together	with	the	corresponding	numerical	fit.	In	this	example,	the
Mackey–Glass	 equation	 fits	 the	 experimental	 nonlinearity	with	 an
exponent	p ∼ 6.

Figure	5.15:	Experimental	nonlinear	function	(red	solid	line)	compared	to	a	fit
using	the	Mackey–Glass	nonlinearity	(green	dashed	line).	The	operating	points
marked	with	dots	of	different	colors	correspond	to	the	solid	lines	in	Figure	5.16.

Figure	reprinted	with	permission	from	Ref.	[37],	IEEE.

We	evaluate	here	the	performance	of	this	electronic	scheme	for
the	same	time-series	prediction	task	that	 in	Section	5.4.4.	This	task

η ⋅ [x(t− τ) + γ ⋅ J(t)]

1 + [x(t− τ) + γ ⋅ J(t)]p



consists	 on	 the	 one-step	 ahead	prediction	 of	 a	 benchmark	 chaotic
time	 series,	 the	 Santa	 Fe	 laser	 time	 series.	 For	 this	 task,	Tin = τ,	
N = 400	 and	 the	 input	 mask	 has	 six	 different	 amplitude	 levels
randomly	 distributed	 in	 time	with	 zero	mean.	More	 details	 about
this	 delay-based	 RC	 can	 be	 found	 in	 [37].	 The	 normalized	 mean
squared	error	(NMSE)	of	the	one-step	ahead	prediction	over	the	test
set	 in	 the	experiments	 (top	panels)	and	 the	numerical	 simulations
(bottom	panels)	is	shown	in	Figure	5.16	for	different	bit	resolutions
in	 the	 ADC.	We	 observe	 a	 clear	 dependence	 of	 the	 NMSE	 on	 the
number	of	bits	in	the	output	ADC,	with	a	wider	region	of	low	NMSE
for	 increasing	 number	 of	 outputs	 bits.	 NMSE	 below	 0.05	 are
obtained	for	γ ∼ 0.3	and	a	wide	range	of	feedback	strengths	when
the	ADC	resolution	is	larger	than	8	bits.

This	example	nicely	illustrates	that	the	nonlinear	function	of	the
hardware	node	plays	an	important	role	in	the	system	performance.
In	delay-based	RC,	the	system	output	oscillates	around	the	operating
point.	 The	 operating	 point	 and	 the	 maximum	 amplitude	 of	 the
oscillation	determine	the	effective	nonlinear	function	of	the	system,
i. e.,	 the	 parts	 of	 the	 nonlinear	 function	 that	 the	 system	 really
explores.	The	color	lines	in	Figure	5.16	show	the	NMSE	values	when
the	delay-based	RC	is	operating	around	the	correspondingly	colored
points	 in	 Figure	 5.15.	 For	 example,	 when	 the	 amplitude	 of	 the
oscillations	 is	 small	 (low	γ)	 and	 the	 operating	 point	 is	 around	 the
inflection	point	of	 the	numerical	Mackey–Glass	function	(see	black
dot	in	Figure	5.15),	the	response	of	the	Mackey–Glass	node	is	almost
linear.	 In	 contrast,	 an	 operating	 point	 at	 the	 maximum	 of	 the
nonlinear	 function	 (see	 pink	 dot	 in	 Figure	 5.15)	 leads	 to	 very
nonlinear	 responses	 of	 the	Mackey–Glass	 node.	 Figure	 5.16	 shows
that	 these	 operating	 points	 lead	 to	 large	 NMSE	 values,	 while	 the
lowest	 NMSE	 values	 are	 obtained	 when	 the	 system	 is	 operated
around	the	brown	dot	in	Figure	5.15.



Figure	5.16:	Experimental	(top)	and	numerical	(bottom)	results	for	the	Santa	Fe
time	series	prediction	test.	Color-coded	NMSE	as	a	function	of	the	parameters	of
the	system	η	and	γ	for	different	number	of	bits	in	the	output	ADC.	The	exponent
is	set	to	p ∼ 6,	N = 400,	θ = 0.4T ,	and	Tin = τ .	Color	lines	correspond	to	the
operating	points	shown	in	Figure	5.15.	The	NMSE	values	are	an	average	over
three	data	partitions.	Figure	reprinted	with	permission	from	Ref.	[37],	IEEE.

The	 Santa	 Fe	 time	 series	 prediction	 task	 requires	 a	 RC	 system
with	fading	memory	and	nonlinear	 computational	 capacity.	When
the	 operating	 point	 is	 in	 a	 very	 nonlinear	 region	 of	 the	Mackey–
Glass	function	(pink	line	in	Figure	5.16),	the	system	does	not	reach
the	memory	capacity	required	by	 the	Santa	Fe	 task	and	 the	NMSE
increases.	 In	 turn,	 when	 the	 operating	 point	 is	 in	 a	 quasi-linear
region	of	the	Mackey–Glass	function	(black	line	in	Figure	5.16),	 the
system	 has	 a	 large	memory	 but	 a	 lower	 nonlinear	 computational
capacity,	and	there	 is	a	slight	 increment	of	 the	NMSE.	As	stated	 in
the	 previous	 section,	 there	 is	 a	 trade-off	 between	 the	 memory
capacity	of	a	RC	system	and	its	computational	capacity	[42].	In	this
example,	the	brown	operating	point	in	Figure	5.15	leads	to	the	best
compromise	 between	 the	 linear	 memory	 and	 the	 nonlinear
computational	capacity.

5.8.2	Challenges	in	physical	implementations	of	delay-
based	reservoir	computers



The	main	advantages	offered	by	hardware	 implementations	 of	RC
are	 high	 processing	 speed,	 parallelism,	 and	 lower	 power
consumption	 compared	 to	 digital	 implementations.	 However,
physical	analog	 systems	are	affected	by	noise.	The	 finite	 signal-to-
noise	 ratio	 (SNR)	 reduces	 the	 computational	 capacity	 [42]	 and
degrades	the	performance.

Another	 limitation	in	hardware	implementations	of	delay-based
RC	comes	from	the	noninstantaneous	response	of	the	system	to	an
input	 signal.	 When	 θ	 is	 smaller	 than	 the	 response	 time	 of	 the
system,	 the	 system’s	 dynamics	 couples	 consecutive	 virtual	 nodes.
These	network	connections	 lead	to	similar	virtual	node-states,	and
the	computational	capacity	is	degraded.	In	this	case,	the	covariance
matrix	of	 the	outputs	 is	 ill	 conditioned	with	a	 large	 ratio	between
the	largest	and	smallest	eigenvalues	(condition	number).	Moreover,
this	kind	of	reservoirs	are	more	sensitive	to	noise	[50].	In	summary,
when	 the	 influence	of	 the	 inherent	dynamics	 is	not	negligible,	 the
computational	capacity	is	degraded	and	more	sensitive	to	noise.	The
influence	of	 the	system’s	dynamics	can	be	mitigated	by	 increasing
the	node	distance	θ.	Since	the	information	processing	rate,	given	by	
T −1
in = (Nθ)−1 ,	 is	 limited	 by	 the	 system	 response	 time,	 it	 is

desirable	from	the	practical	point	of	view	to	keep	the	system	as	fast
as	 possible.	 If	 one	 desires	 a	 high-speed	 hardware	 implementation
that	 still	 exhibits	 a	 good	 computational	 capacity	 and	 a	 certain
degree	of	noise	robustness,	 it	 is	recommended	to	use	 intermediate
values	of	θ	but	it	cannot	be	arbitrarily	small	as	discussed	in	Section	
5.7.

Role	of	noise

Several	noise	sources	can	be	present	at	the	different	layers	of	the	RC
system.	In	particular,	noise	can	appear	in	the	reservoir	itself,	and/or
the	input	and	output	layers.	The	noise	in	the	acquisition	procedure,



i. e.,	 output	 layer,	 has	 contributions	 from	 detection	 noise	 and
digitization	noise,	which	 is	 the	 strongest	 noise	 contribution	 in	 the
case	of	mixed	analog	and	digital	implementations	[35].	Digitization
noise	 originates	 from	 the	 finite	 resolution	 of	 the	 analog-to-digital
(ADC)	 and	 digital-to-analogue	 (DAC)	 converters,	 which	 act	 as	 an
interface	between	the	analog	and	digital	worlds.

Since	performance	 is	degraded	by	noise,	one	may	 try	 to	reduce
the	 digitization	 noise	 by	 oversampling	 and	 averaging	 over	 the
measured	response	of	 the	 system.	Signal-to-noise-ratio	 can	be	also
increased	 by	 averaging	 over	 several	 repetitions	 of	 the	 reservoir
output.	 In	 all	 of	 these	 strategies	 to	 reduce	 the	 effect	 of	 noise,	 the
maximum	information	processing	rate	is	reduced.

Interestingly,	 classification	 tasks	 are	 relatively	 robust	 against	 a
finite	 SNR	 [51].	 For	 a	 spoken	 digit	 recognition	 task,	 an	 all-optical
hardware	system	even	outperformed	software	 implementations	of
RC	in	terms	of	speed	and	accuracy	[4].	In	contrast,	the	performance
of	time-series	prediction	tasks	significantly	degrades	when	the	SNR
decreases	[35].	 The	difference	 in	 sensitivity	 is	 due	 to	 the	different
nature	of	the	two	tasks.	A	classification	task	only	requires	a	winner-
takes-all	decision	that	relies	mainly	on	the	recognition	of	the	shape
of	 the	 corresponding	 digit.	 This	 shape	 is	 still	 preserved	 in	 the
presence	 of	 digitization	 noise.	 However,	 time-series	 prediction
actually	 requires	 the	 precise	 approximation	 of	 a	 nonlinear
transformation.

The	 sensitivity	 of	 the	 reservoir	 state	 to	 noise	 can	 have	 a	 clear
impact	 on	 the	 consistency	 properties	 of	 the	 system.	 Consistency
relates	 to	 the	 reproducibility	 of	 system	 responses	 for	 multiple
similar	 inputs.	 Computational	 performance	 requires	 reproducible
results,	 making	 consistency	 an	 essential	 condition	 for	 reservoir
computing	[52].	Different	sets	of	initial	conditions	due	to	noise	and
different	noise	realizations	in	the	reservoir	may	result	 in	different
temporal	 evolutions	 of	 the	 dynamics	 under	 the	 injection	 of	 the



same	input.	As	a	consequence,	the	lack	of	consistency	degrades	the
performance	[40],	[52].

In	photonic	systems	based	on	lasers,	spontaneous	emission	noise
is	 always	 present	 in	 the	 reservoir.	 Numerical	 simulations	 of	 all-
optical	 implementations	 of	 delay-based	 RC	 have	 shown	 [53],	 [54]
that	 time-series	prediction	 task	performance	degrades	 for	 realistic
values	of	the	spontaneous	emission	noise.	In	all-optical	delay-based
RC,	the	computational	performance	has	also	been	found	to	be	very
sensitive	to	feedback	phase	[55].	In	other	words,	tiny	fluctuations	in
the	precise	value	of	the	delay	time	can	have	an	important	impact	on
the	 performance.	 This	 phase	 sensitivity	 can	 be	 avoided	 by
modifying	 the	 readout	 layer,	 such	 that	 the	 read-out	 weights	 are
optimized	 from	 a	 combination	 of	 the	 reservoir’s	 state	 and	 its
delayed	 version	 [55].	 In	 summary,	 noise	 in	 the	 output	 layer	 is
typically	 the	 main	 limiting	 factor	 of	 computing	 performance	 for
photonic	systems	[35].

In	 the	 following,	 we	 show	 some	 examples	 of	 the	 performance
degradation	 due	 the	 noise,	 focusing	 on	 the	 cases	 for	 which	 there
exist	virtual	connections	through	the	system	dynamics.

Noise	in	an	electronic	implementation

Digitization	 noise	 in	 the	 output	 layer	 has	 been	 studied	 in	 the
electronic	 implementation	 [51]	 described	 in	 Section	 5.8.1.	 We
remind	the	reader	that	in	this	particular	implementation	θ < T 	and
there	 is	no	mismatch	 (Tin = τ ).	The	performance	 for	 the	Santa	Fe
laser	 time-series	 prediction	 task	 is	 evaluated	 and	 it	 is	 found	 that
performance	 improves	when	 the	 bit	 resolution	 of	 the	 output	ADC
increases.	 However,	 the	 improvement	 saturates	 for	 resolutions
larger	 than	 10	 bits	 (see	 top	 panels	 of	 Figure	 5.16)	 when	 other
sources	of	noise	become	dominant.	The	maximum	SNR	attained	in
this	electronic	implementation	is	slightly	larger	than	60 dB.



Noise	in	an	optoelectronic	implementation

The	optoelectronic	implementation	consists	of	a	nonlinear	oscillator
with	 delayed	 feedback	 [35].	 The	 nonlinear	 transformation	 is
provided	by	a	Mach–Zehnder	modulator	(MZM).	This	system	can	be
modeled,	in	the	presence	of	a	masked	input	J,	as	follows:

ẋ(t) = −x(t) + η ⋅ (sin2[x(t− τ) + γ ⋅ J(t) + Φ]− 0.5), (15)

where	time	and	delay	τ	are	scaled	to	have	T = 1,	x	is	the	dynamical
variable,	 η	 and	 γ	 represent	 feedback	 strength	 and	 input	 scaling,
respectively,	and	Φ	is	the	MZM	offset	phase.	It	is	worth	noting	that
the	local	properties	of	the	nonlinearity	around	the	operating	point
can	be	easily	tuned	by	changing	Φ.

We	 discuss	 here	 the	 implementation	 in	 which	 the	 number	 of
virtual	nodes	is	N = 400,	θ = 0.2T 	(i. e.,	virtual	connections	due	to
system	dynamics	are	important)	and	Tin = τ.	The	performance	for
the	 Santa	 Fe	 laser	 time-series	 prediction	 task	 is	 evaluated	 for	 two
different	 masks	 (a	 binary	 mask	 and	 a	 multi-level	 mask)	 under
different	digitization	noises.	For	this	system,	it	has	been	shown	that
performance	can	be	improved	with	a	multivalued	mask	[35].

The	 influence	 of	 the	 number	 of	 output	 digitization	 bits	 on	 the
performance	degradation	is	shown	in	Figure	5.17	for	 the	 two-	and
six-valued	input	masks.	The	prediction	errors	are	consistently	lower
for	 the	 six-valued	 mask	 compared	 to	 the	 binary	 mask	 over	 the
whole	 range	 of	 digitization	 bits.	 Multivalued	 masks	 increase	 the
diversity	 of	 the	 reservoir	 states,	 and	 then	 noise	 sensitivity	 is
reduced.	When	 a	 binary	 mask	 is	 used,	 neighboring	 virtual	 node-
states	 tend	 to	be	similar	due	 to	 the	short	distance	between	 them	(
θ = 0.2T ),	 and	 the	 performance	 is	 very	 sensitive	 to	 noise.	 In	 the
absence	of	noise,	the	two	types	of	masks	yield	the	same	error	for	the
Santa	Fe	time-series	prediction	task.



Figure	5.18	shows	the	normalized	mean	square	error	(NMSE)	for
the	 Santa	 Fe	 task	 as	 a	 function	 of	 the	 offset	 phase	 of	 the
nonlinearity	 Φ	 when	 two-valued	 and	 six-valued	 input	 masks	 are
used.	 In	 the	 presence	 of	 digitization	 noise	 (10-bit	 resolution),	 the
prediction	 error	 for	 a	 six-valued	 mask	 (solid	 black	 line)	 is
significantly	 lower	 than	 for	 the	 binary	mask	 (solid	 red	 line),	 over
the	 entire	 parameter	 range,	with	 a	minimum	error	 of	 about	 0.02.
The	 error	 is	 not	 reduced	when	 increasing	 further	 the	 number	 of
discrete	values	in	the	input	mask.

Figure	5.17:	Minimum	NMSE	test	prediction	error	in	the	Santa	Fe	laser	time-
series	prediction	task	for	η = 0.8	and	γ = 0.45	as	a	function	of	the	number	of
output	digitization	bits.	The	red	(black)	line	corresponds	to	a	binary	(six-valued)
mask.	The	error	bars	correspond	to	ten	different	random	realizations	of	the

masks.	Figure	reprinted	with	permission	from	Ref.	[35],	OSA.



Figure	5.18:	NMSE	test	prediction	error	in	the	Santa	Fe	laser	time-series
prediction	task	for	η = 0.8	and	γ = 0.45	as	a	function	of	the	offset	phase	ϕ.	The
red	(blue)	line	corresponds	to	a	binary	mask	in	the	presence	(absence)	of	10	bits

digitization	noise.	The	black	line	corresponds	to	a	six-valued	mask	in	the
presence	of	10	bits	digitization	noise.	In	the	absence	of	noise,	a	minimum

prediction	error	of	about	0.01	is	obtained	(blue	dashed	line).	Figure	reprinted
with	permission	from	Ref.	[35],	OSA.

These	 numerical	 simulation	 results	 are	 in	 agreement	 with
experimental	results	[35].	The	prediction	error	for	the	experimental
realization	of	 the	optoelectronic	 system	 is	 shown	 in	Figure	5.19(b)
as	a	function	of	the	offset	phase	of	the	nonlinearity	Φ	for	both	the
two-valued	and	the	six-valued	input	masks.	The	dependence	of	the
error	on	the	offset	phase	agrees	with	the	numerical	results	shown
in	Figure	5.18.	A	better	performance	 is	also	obtained	with	 the	 six-
valued	mask	 (solid	 line)	 than	with	 the	 binary	mask	 (dashed	 line).
The	minimum	prediction	error,	0.06	(0.1)	for	the	six-valued	(binary)
mask,	 is	 slightly	 higher	 than	 the	 numerical	 results	 for	 8	 bits
digitization	of	 the	ADC.	A	 lowest	 error	of	 0.02	 can	be	 found	when
the	signal	is	detected	with	five	times	oversampling	and	subsequent
averaging	(see	Figure	5.19(c)).	In	this	case,	the	SNR	measured	at	the
output	layer	is	equivalent	to	a	10	bit	dynamic	range.



Figure	5.19:	(a)	Experimentally	recorded	nonlinearity	(dotted	line)	and	operating
point	(solid	line	with	triangles)	as	a	function	of	the	Mach–Zehnder	offset	phase
for	η = 0.8	and	γ = 0.	(b)	Test	prediction	error	(NMSE)	for	the	Santa	Fe	laser
time-series	prediction	task	with	400	virtual	nodes	for	two-valued	(dashed	line)
and	six-valued	(solid	line)	input	masks	(γ = 0.45).	(c)	NMSE	of	the	predicted
time-series	for	an	improved	detection	with	5:1	oversampling	and	subsequent
averaging	obtained	for	the	six-valued	mask.	Figure	reprinted	with	permission

from	Ref.	[35],	OSA.

The	 influence	 of	 a	 finite	 SNR	 has	 also	 been	 analyzed	 in	 an
optoelectronic	 system	 when	 the	 virtual	 connections	 through	 the
dynamics	are	negligible	(θ = 4T )	and	Tin = τ + θ	(α = 1)	[30].	We
show	 in	 Figure	 5.20	 the	 memory	 function	 obtained	 from	 the
experiment	 and	 the	 corresponding	 numerical	 simulations.	 The
signal	 to	 noise	 ratio	 of	 a	 single	 measurement	 is	 ≈ 24dB.	 The
experimental	 SNR	 can	 be	 increased	 to	 40 dB	 by	 averaging	 the
detection	 over	 ten	 repetitions	 of	 the	 measurement.	 An	 excellent
agreement	 is	 found	 between	 numerics	 and	 experiments.
Experimental	 memory	 functions	 with	 SNR ≈ 40 dB	 and	
SNR ≈ 24 dB	 yield	 a	 linear	 memory	 capacity	 of	 8.5	 and	 6,
respectively.	 To	 characterize	 the	 linear	 memory	 capacity
degradation	 due	 to	 noise,	we	 also	 show	 the	 numerical	 results	 for
the	noise-free	system,	which	yield	a	linear	memory	capacity	around
12.	The	memory	capacity	of	this	optoelectronic	system	with	a	SNR	of



24 dB	is	half	the	one	of	the	noise-free	counterpart.

Figure	5.20:	The	linear	memory	capacity	for	the	numerical	(dashed	lines)	and
experimental	(solid	lines)	realizations	of	an	optoelectronic	RC.	The	system

parameters	are:	θ = 4T ,	α = 1,	N = 246	virtual	nodes,	η = 0.9,	γ = 0.3,	and	
Φ = 0.4π.	Figure	adapted	from	Ref.	[30].

Role	of	system	response	time

Delay-based	 RC	 consisting	 of	 a	 single	 nonlinear	 neuron	 can	 be
easily	 implemented	 in	 hardware,	 potentially	 allowing	 for	 high-
speed	 information	 processing.	 Since	 the	 information	 processing
rate	(1/Tin)	is	inversely	proportional	to	the	number	of	virtual	nodes
(N)	 and	 the	 node	 separation	 (θ),	 the	 input	 throughput	 can	 be
increased	 by	 reducing	 N	 and	 θ.	 However,	 as	 shown	 in	 previous
sections,	 both	 the	 computational	 capacity	 (with	 N	 being	 its
maximum)	and	the	noise	robustness	are	reduced	when	the	value	of
θ	approaches	that	of	the	system	response	time	(T).	For	this	reason,
the	 system	 response	 time	 imposes	 a	 limit	 to	 the	 maximum
information	processing	rate.

In	 this	 context,	 parallel-based	 architectures	 with	 k	 nonlinear
nodes	 reduce	 the	 information	processing	 time	by	a	 factor	of	k	 for
the	same	total	number	of	virtual	nodes.	It	has	been	shown	[56],	[57]



that	 for	 the	 same	 (T/θ) > 1	 and	 without	 mismatch,	 Tin = τ ,
performance	 is	 improved	when	 different	 activation	 functions	 are
used	 for	 the	 nonlinear	 nodes.	 In	 this	 way,	 reservoir	 diversity	 is
increased.	However,	 the	hardware	 implementation	becomes	more
involved	 than	 the	one	of	a	delay-based	RC	with	a	single	nonlinear
node.

Several	strategies	have	been	used	to	increase	reservoir	diversity
of	 delay-based	 RC	 with	 a	 single	 nonlinear	 node	 when	 (T/θ) > 1
and	Tin = τ .	First,	we	have	shown	in	Section	5.6	and	earlier	in	this
section	that	the	use	of	multi-valued	input	masks	increases	reservoir
diversity	and	noise	robustness.

Another	strategy	to	increase	reservoir	diversity	is	to	use	multiple
feedback	 lines	 [36],	 [58].	When	 the	 delay	 times	 of	 extra	 feedback
lines	 are	 close	 to	 but	 not	 exact	 multiples	 of	 τ,	 memory	 capacity
increases	and	performance	improves.	In	the	case	of	only	one	extra
feedback	 line	 with	 a	 delay	 time	 τ2 = Mθ	 (M > N),	 the	 best
performance	 is	obtained	when	M	 and	N	 are	 coprimes	 [59].	 In	 this
case,	 the	 number	 of	 virtual	 nodes	 that	 are	mixed	 together	within
the	 history	 of	 each	 virtual	 node	 is	 maximized.	 Multiple	 feedback
delay	 lines	 have	 been	 implemented	 in	 an	 optoelectronic	 system
based	on	nonlinear	wavelength	dynamics	[48].	In	this	case,	15	delay
lines	with	delay	times	smaller	than	Tin = τ 	have	been	used,	giving
a	good	performance	for	a	classification	task.

Finally,	 we	 consider	 an	 additional	 strategy	 still	 based	 on	 the
simple	 architecture	 of	 a	 single	 nonlinear	 node	with	 one	 feedback
delay	line.	In	this	strategy,	the	mismatch	α	can	be	used	to	increase
reservoir	 diversity	 when	 θ < T .	 The	 value	 of	 α	 has	 to	 fulfill	 the
requirement	of	having	no	common	divisors	with	N.	Otherwise,	the
computational	 capacity	 is	 reduced	 due	 to	 the	 formation	 of
subnetworks	 (see	 Section	 5.7).	When	0 < α < N 	 has	 no	 common
divisors	with	N,	all	virtual	nodes	are	connected	through	feedback	in
a	 ring.	 The	 minimum	 time	 steps	 required	 for	 a	 virtual	 node	 to



connect	through	feedback	with	itself	increases	with	α.	Every	virtual
node	connects	with	itself	after	(N + α)	time	steps.	For	small	values
of	(θ/T ),	the	states	of	virtual	nodes	that	are	separated	by	less	than
T	are	correlated.	When	the	mismatch	is	increased,	virtual	nodes	are
connected	 through	 feedback	 to	 nodes	 that	 are	 not	 connected
through	 the	 inherent	 system	 response.	 Reservoir	 diversity	 is	 then
increased	and	a	 larger	 computational	 capacity	 is	 achieved.	 This	 is
shown	 in	 Figure	 5.21	 for	 a	 linear	 delay-based	 RC	 with	 97	 virtual
nodes.	The	linear	computational	capacity	of	 the	 linear	delay-based
RC	 increases	 from	 23	 (α = 0)	 to	 42	 (α = 94)	 when	 θ = 0.2T .	 If	
θ ≫ T ,	 the	 total	 linear	computational	capacity	of	 the	 linear	delay-
based	 RC	 is	 equal	 to	N	 for	 0 < α < N ,	 i. e.,	 a	mismatch	α = 1	 is
sufficient	 and	 has	 often	 been	 used	 in	 delay-based	 RC	 systems.
Negative	 values	 of	 α	 have	 only	 been	 used	 in	 a	 system	 with	 a
microchip	 laser	 [60].	 In	 this	 case,	 the	 computational	 capacity	 is
reduced	(see	Section	5.7).	In	addition,	a	larger	α = 5	has	been	used
in	 systems	 with	 analogue	 nonrandom	 masks	 [47].	 In	 this	 case,	 a
large	α	is	necessary	to	ensure	that	connected	virtual	nodes	receive	a
very	different	version	of	the	input	signal.



Figure	5.21:	Numerical	results	for	the	linear	memory	capacity	as	a	function	of
the	misalignment	α	for	a	linear	delay-based	RC.	The	system	is	governed	by
equation	(9)	with	a	linear	function	F(y) = ηy.	The	parameters	are:	N = 97

virtual	nodes	and	η = 0.9.

5.9	Conclusion

Reservoir	computing	stands	out	as	a	simple	yet	powerful	machine
learning	technique	to	process	sequential	data,	in	which	the	context
is	relevant	for	the	information	processing.	The	reservoir	is	typically
nothing	else	than	a	randomly	connected	network	with	recurrences
where	 the	 input	 information	 is	 also	 randomly	 mapped	 to	 the
reservoir.



The	 development	 of	 delay-based	 reservoir	 computing	 has
contributed	 to	a	 further	 simplification	of	 the	RC	 concept	 in	which
the	connectivity	of	the	reservoir	is	no	longer	random	but	it	follows
a	predetermined	 (e. g.,	 ring)	 topology.	 This	 agrees	with	 the	 results
presented	 in	 [38],	 [61],	 in	 which	 deterministically	 connected
reservoirs	perform	as	well	as	random	reservoirs.	In	delay-based	RC,
the	 reservoir	 connectivity	 can	 be	modified	 by	 tuning	 the	 relative
time-scales	of	the	input	sampling	period,	the	feedback	line	and	the
system	response	time.

Most	 machine	 learning	 algorithms	 are	 intended	 to	 run	 on
software	 platforms.	 Although	 this	 is	 also	 the	 case	 for	 reservoir
computing,	 it	 turns	out	that	this	concept	 is	particularly	well	suited
for	 hardware	 implementations	 due	 to	 the	 random	 connectivities.
The	hardware	implementation	of	delay-based	reservoir	computing
has	minimal	requirements	since	only	a	single	nonlinear	hardware
node	is	needed	 [6].	 The	 recurrence	 is	 provided	 via	 a	 simple	 delay
feedback	 loop,	 easy	 to	 implement	 in	 hardware.	 The	 concept	 of
delay-based	reservoir	computing	was	initially	developed	to	simplify
hardware	implementations,	with	the	focus	on	photonics,	and	these
conceptual	 simplifications	have	already	allowed	 for	 full	hardware
implementations	[47].

Delay-based	RC	exploits	 the	 time-multiplexing	 technique	 for	 the
creation	 of	 multiple	 virtual	 nodes.	 As	 a	 result,	 the	 information
processing	rate	is	reduced.	In	this	context,	frequency	multiplexing	[
62]	 is	 a	 promising	 way	 to	 increase	 the	 information	 processing
speed.	A	combination	of	 time	and	frequency	multiplexing	can	also
be	 used	 to	 reduce	 the	 influence	 of	 noise	 by	 combining	 several
repetitions	of	the	reservoir	output	in	different	frequencies.

The	 development	 of	 delay-based	 reservoir	 computing
approaches,	 and	 reservoir	 computing	 in	 general,	 has	 greatly
benefited	 from	 the	 interactions	 between	 experts	 on	 machine
learning,	neuroscience,	and	dynamical	systems	theory.	We	foresee



further	 conceptual	 developments	 of	 this	 brain-inspired
computational	 paradigm	 from	 the	 joint	 forces	 of	 these	 different
communities.	Some	of	the	main	challenges	remaining	ahead	are	the
robustness	 to	 noise	 for	 the	 improvement	 of	 hardware
implementations,	the	development	of	deep	architectures	keeping	a
minimalistic	 approach,	 and	 the	 combination	 of	 analog	 and	 digital
systems	for	high-speed,	power-efficient	computations.
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