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1. Introduction 

After millennia of surface irrigation practice, this irrigation system continues to interest researchers owing to its 
low operation and maintenance costs and its high potential of application efficiency, similar to that of any other 
irrigation system (Clemmens 1994). Efficient surface irrigation systems require proper design and management. 
During the last two decades of the 20th century, numerical simulation models emerged as critical tools for surface 
irrigation design and management, due to their convenience, accuracy and computational speed.  

A wide range of numerical models have been proposed for the simulation of basin/border irrigation. From the 
standpoint of the governing equations solved in these models, changes have been relevant. Researchers started 
solving simplified versions of the one dimensional Saint-Venant equations, i.e. kinematic wave (e.g. Walker and 
Humpherys 1983) and diffusion wave (e.g. Clemmens 1979; Strelkoff and Souza 1984; Schmitz and Seus 1989) 
approximations. These simulation efforts are based on the use of empirical infiltration equations. In a clear 
precedent to this paper, Dong et al. (2013) presented an implicit Crank-Nicolson, finite volume coupled solution of 
one dimensional Saint-Venant and two dimensional Richards’ infiltration equation. 

The two dimensional Saint-Venant equations have been addressed in the last three decades (Playán et al. 
1994a, b; Khanna et al. 2003a, b; Strelkoff et al. 2003; Xu et al. 2013; Zhang et al. 2014a). In this century, the 
zero-inertia and full hydrodynamic forms of the Saint-Venant equations have been frequently used in two 
dimensional surface irrigation models (Brufau et al. 2002; Zhang et al. 2014b, c, Zhang et al. 2016). Two 
dimensional simulation permits to overcome a number of problems related to one dimensional models. Among 
them, irregular field geometries or the spatial variability of key irrigation variables.  

Recently, Zhang et al. (2014b) developed a finite volume model of the two dimensional Saint-Venant equations 
based on the diffusion wave approximation for application to basin irrigation. They compared the performance of 
their model with the results obtained by the complete hydrodynamic solution of the Saint-Venant equations. These 
authors reported that despite the adopted simplifications (disregarding local and convective acceleration terms in 
the momentum equations), results could be successfully compared to those produced with a full hydrodynamic 
model. Moreover, the diffusion form of the Saint-Venant equations led to a high level of computational efficiency 
due to its relatively simple nature.  

Subsurface flow (infiltration) in surface irrigation models has traditionally been simulated using empirical 
equations such as the Kostiakov or Kostiakov-Lewis equations (e.g. Clemmens 1979; Playán et al. 1994a; Playán 
et al. 1996; Singh and Bhallamudi 1997; Zhang et al. 2014c; Zhang et al. 2016). These equations have proven 
convenient due to their simplicity in calibration and programming. However, Kostiakov parameters are only valid 
at the time and location of their measurement (Khanna and Malano 2006). Moreover, empirical infiltration 
equations only act as a water sink, and cannot simulate water redistribution within the unsaturated zone. To address 
such deficiencies, researchers have explored the use of Richards’ equation (Zerihun et al. 2005a, b; Bautista et al. 
2010) in combination with the Saint-Venant equations. Richards’ equation can provide estimates of the spatial 
distribution of soil water content, and it only requires measurements of specific soil water parameters. Among the 
common forms of Richards’ equation, the mixed form has proven preferable to the water content-based and 
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pressure-based forms. This preference responds to the fact that, during a surface irrigation event, the key driving 
force in soil water is pressure gradient, not water content gradient. Hence, the water content-based form of 
Richards’ equation shows limitations in layered soils (Šimůnek 2005). On the other hand, the water capacity 
function (𝐶𝐶𝑤𝑤 = 𝜕𝜕𝜃𝜃 𝜕𝜕⁄ 𝜓𝜓) can induce large mass balance errors in the pressure-based form of Richards’ equation 
(Celia et al. 1990) due to its highly non-linear nature.  

In order to illustrate the problems related to the use of calibration-dependent empirical infiltration equations, 
Zerihun et al. (2005a) proposed two numerical models for simulation of basin irrigation. In both models, overland 
flow was governed by a zero-inertia form of the one dimensional Saint-Venant equations. Infiltration was 
simulated through: a) the one dimensional Richards’ equation; and b) the empirical Kostiakov equation. In both 
models, cumulative infiltration at the time of recession at a point 85 m downstream from the inlet was tracked and 
compared. A significant difference in cumulative infiltration was found between both models. Zerihun et al. 
(2005a) attributed this difference to the calibration process, since the Kostiakov-based model was only calibrated 
with advance data.  

Khanna and Malano (2006) reviewed several basin irrigation models in the literature. They concluded that two 
dimensional models had higher capabilities than one dimensional models. Furthermore, these authors reported that 
the inclusion of micro topography (soil undulations) could improve the accuracy of simulations. Zapata and Playán 
(2000) simulated the advance phase of four irrigation events applied on a laser-leveled experimental basin and 
compared their results with observed data. They showed that by neglecting the effect of soil undulations on water 
movement, the RMSE of advance phase trajectories with respect to observed data for four irrigations was about 
21.9, 26.2, 29.4 and 28.0% (percentage of the basin area covered by water), while it was reduced to 13.8, 19.9, 
20.8 and 15.9% when the effect of micro topography was taken into account. Khanna and Malano (2006) based 
their conclusion on the work of Playán et al. (1996), who incorporated micro topography in a two dimensional 
basin irrigation model. Further, Zapata and Playán (2000) reported that the inclusion of micro topography 
improves the predictive capacity of the models even if laser leveling is used. On the other hand, many irrigation 
basins are characterized by irregular layouts (Singh and Bhallamudi 1997; Khanna et al. 2003b), or are irrigated by 
point inflows. These situations are best simulated with two dimensional models. 

From the viewpoint of numerical cost, An et al. (2010) (Test case 4, Section 4.4) compared the efficiency of 
non-orthogonal and high resolution stepwise grids for the simulation of the rainfall-runoff problem on a slope in a 
three dimensional curvilinear domain using Richards’ equation. Their results showed that the curvilinear model 
required about seven times lower grid resolution and 15 times less CPU time. Furthermore, using a curvilinear 
model, the mass balance error was reduced from 0.48% to 0.25%. 

In order to contribute to overcome the aforementioned problems in surface irrigation modeling, in this study, a 
simulation model for basin/border irrigation is presented. The model is based on the two dimensional Saint-Venant 
equations with a diffusion wave approximation. Overland hydraulics are coupled to the three dimensional mixed-
form of Richards’ equation. Both overland and subsurface equations are discretized with an underrelaxed finite 
volume approach. The coordinate transformation technique was applied to improve the capability of model for 
simulating water flow on irregular layouts or undulated topographies. Technical aspects of the proposed model, 
such as numerical discretization, coordinate transformation approach and coupling method are illustrated in the 
following sections. Finally, several test cases extracted from the literature are used to validate the proposed model. 

2. Materials and Methods 

2.1. Saturated-Unsaturated subsurface flow 

Saturated-unsaturated subsurface flow is governed by Richards’ equation (Richards 1931), whose mixed form 
is described as, 

http://ascelibrary.org/author/Play%C3%A1n%2C+E
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(1) 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− ∇��⃗ . � 𝐾𝐾(𝜓𝜓) ∇��⃗ (𝜓𝜓 + Z)� =  𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠,𝑒𝑒   

 
Where 𝜃𝜃 is volumetric water content [𝐿𝐿3.𝐿𝐿−3 ], 𝑡𝑡 is time [𝑇𝑇], 𝐾𝐾(𝜓𝜓) is saturated/unsaturated hydraulic 

conductivity [𝐿𝐿.𝑇𝑇−1], 𝜓𝜓 is pressure head [𝐿𝐿], Z represents the vertical coordinate [𝐿𝐿] whose positive direction is 
assumed to be upward, and 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠,𝑒𝑒 is exchange rate between subsurface and surface flows [𝐿𝐿3.𝐿𝐿−3.𝑇𝑇−1]. Equation 
(1) is a highly nonlinear partial differential equation whose three dimensional form requires six boundary 
conditions and one initial condition.  

In this research, the van Genuchten’s water retention and saturated/unsaturated hydraulic conductivity 
functions are used as follows (van Genuchten 1980). 

(2) 𝜃𝜃(𝜓𝜓) = �
𝜃𝜃𝑠𝑠 − 𝜃𝜃𝑟𝑟

(1 + |𝛼𝛼 𝜓𝜓|𝐧𝐧)𝐦𝐦 + 𝜃𝜃𝑟𝑟  , 𝜓𝜓 < 0

𝜃𝜃𝑠𝑠                                   ,         𝜓𝜓 ≥ 0
 

 (3) 𝐾𝐾 = 𝐾𝐾𝑠𝑠 Θ𝑙𝑙  �1 − �1 − Θ
1
𝑚𝑚�

𝐦𝐦
�
2

       ,       𝐦𝐦 = 1 −
1
𝐧𝐧

     ,    𝐧𝐧 > 1 

Where 𝜃𝜃𝑠𝑠  and 𝜃𝜃𝑟𝑟 are saturated and residual water contents respectively [−], 𝛼𝛼 is air-entry-related parameter 
[𝐿𝐿−1], 𝐦𝐦 and 𝐧𝐧 are pore size distribution indices [−], 𝐾𝐾𝑠𝑠 is saturated hydraulic conductivity [𝐿𝐿.𝑇𝑇−1], 𝑙𝑙 is pore 
connectivity parameter that was suggested to be 0.5 for an extensive range of soils. Finally, Θ is effective 
saturation [−], which can be defined as follows: 

(4) Θ =
𝜃𝜃 − 𝜃𝜃𝑟𝑟
𝜃𝜃𝑠𝑠 − 𝜃𝜃𝑟𝑟

 

 

2.2. Surface flow 

In this study, two dimensional overland flow is described by the depth-averaged flow equations commonly 
referred to as Saint-Venant equations (e.g. Weill et al. 2009), consisting of one continuity and two momentum 
equations. The continuity equation is as follows: 

(5) 𝜕𝜕ℎ
𝜕𝜕𝑡𝑡

+ 𝛻𝛻�⃗ . �𝑈𝑈��⃗ ℎ� = 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒 

Where ℎ is the depth of surface flow representing pressure [𝐿𝐿], 𝑈𝑈��⃗  is depth-averaged velocity vector [𝐿𝐿.𝑇𝑇−1], 
𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟 is source term representing rainfall [𝐿𝐿.𝑇𝑇−1], 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒 is the flow rate exchanged with subsurface equation 
[𝐿𝐿.𝑇𝑇−1] (An and Yu 2014). Applying the diffusion wave approximation to the momentum equations, and 
combining them with the Manning-Strickler formula (Lal 1998; Weill et al. 2009; An and Yu 2014): 

(6) 𝑈𝑈𝑖𝑖 = −�
ℎ2 3�

𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 √𝐒𝐒
� 
𝜕𝜕(ℎ + 𝑧𝑧)
𝜕𝜕𝑥𝑥𝑖𝑖

 

Where 𝑈𝑈𝑖𝑖 represents velocity along the ith coordinate direction, namely 𝑥𝑥𝑖𝑖, 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 is Manning’s coefficient and 𝐒𝐒 
is known as mean local slope. Assuming that the water depth gradient is much smaller than the surface elevation 
gradient, the mean local slope equation can be written as follows (An and Yu 2014): 

(7) 𝐒𝐒 = ��
𝜕𝜕𝑧𝑧
𝜕𝜕𝑥𝑥
�
2

+ �
𝜕𝜕𝑧𝑧
𝜕𝜕𝜕𝜕
�
2

 

Combination of equations (5) and (6) results in a diffusion equation for surface flow (An and Yu 2014). 
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(8) 𝜕𝜕ℎ
𝜕𝜕t
− ∇��⃗ . �𝐾𝐾� ∇(ℎ + 𝑧𝑧)� = 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒 

where  

(9) 𝐾𝐾� =
ℎ5 3�

𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚 √𝐒𝐒
 

 

2.3. Discretization of the subsurface flow equation 

To apply the finite volume approach on the 3D mixed form of Richards’ equation, with the assumption of 
constant 𝜃𝜃 and 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠,𝑒𝑒 throughout the control volume, equation (1) is integrated over an arbitrary hexahedron 
control volume (Figure 1). In order to handle the second term of equation (1), assuming �⃗�𝐹 = 𝐾𝐾 𝛻𝛻�⃗ (𝜓𝜓 + 𝑧𝑧)  and 
using the Green-Gauss divergence theorem simultaneously, yields: 

(10) �∇. �⃗�𝐹 𝑑𝑑𝑑𝑑𝑑𝑑𝑙𝑙
𝑉𝑉𝑉𝑉𝑙𝑙

= ��⃗�𝐹.𝑑𝑑𝑑𝑑
𝑆𝑆

≈ �⃗�𝐹𝑒𝑒 .𝑑𝑑𝑒𝑒 − �⃗�𝐹𝑤𝑤 .𝑑𝑑𝑤𝑤 + �⃗�𝐹𝑚𝑚. 𝑑𝑑𝑚𝑚 − �⃗�𝐹𝑠𝑠. 𝑑𝑑𝑠𝑠 + �⃗�𝐹𝜕𝜕𝑉𝑉𝑡𝑡. 𝑑𝑑𝜕𝜕𝑉𝑉𝑡𝑡 − �⃗�𝐹𝑠𝑠𝑉𝑉𝜕𝜕.𝑑𝑑𝑠𝑠𝑉𝑉𝜕𝜕 

Where 𝑑𝑑𝐵𝐵 represents contravariant vectors [𝐿𝐿2] i.e. normal vectors to control volume surfaces whose magnitude 
is equal to the corresponding surface area. The superscript B corresponds to {𝑒𝑒,𝑤𝑤,𝑛𝑛, 𝑠𝑠, 𝑡𝑡𝑑𝑑𝑡𝑡,𝑏𝑏𝑑𝑑𝑡𝑡}, where the letters 
in braces stand for the west, east, south, north, top and bottom side faces of the control volume. 𝑑𝑑𝑑𝑑𝑙𝑙 represents the 
volume of the arbitrary hexahedron control volume [𝐿𝐿3]. 

 

(a)                                                               (b) 

Fig. 1 Illustration of (a) 3D and (b) 2D general control volumes  

 

Using the expansion of �⃗�𝐹, Integration of Richards’ equation in a Cartesian coordinate system yields, 

(11) 𝑑𝑑𝑑𝑑𝑙𝑙𝑖𝑖,𝑗𝑗,𝑘𝑘  
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘

𝜕𝜕𝑡𝑡
− ��𝐾𝐾𝐵𝐵  ∇��⃗ (𝜓𝜓 + 𝑧𝑧)𝐵𝐵.𝑑𝑑𝐵𝐵

𝐵𝐵

�

𝑖𝑖,𝑗𝑗,𝑘𝑘

− �𝑑𝑑𝑑𝑑𝑙𝑙 . 𝑞𝑞𝑠𝑠𝑠𝑠𝑏𝑏,𝑒𝑒�𝑖𝑖,𝑗𝑗,𝑘𝑘
= 0 

Where the subscripts 𝑖𝑖, 𝑗𝑗 and 𝑘𝑘 are grid point counters along the x, y and z directions, respectively.  

This study aims at simulating water flow in irregular cross sections and rugged topographies. Consequently, the 
orthogonal numerical grid is unlikely to be coincident with irregular-shaped boundaries. In order to improve model 
flexibility, one can transform the governing equations from the Cartesian coordinate system to a Curvilinear 
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coordinate system using a Coordinate transformation method (Thompson et al. 1985). With this method, we map 
the governing equations expressed in the physical space (𝑥𝑥,𝜕𝜕, 𝑧𝑧), a space that comprises real-world solution 
domain and may include non-orthogonal grids, onto a computationally ideal domain with orthogonal grids and unit 
mesh sizes, known as the computational space (𝜉𝜉, 𝜂𝜂, 𝜁𝜁) (An and Yu 2014). 

Applying coordinate transformation to (𝜓𝜓 + 𝑧𝑧) gradients at the control volume surfaces of equation (10) gives, 

(12) 𝑑𝑑𝑑𝑑𝑙𝑙𝑖𝑖,𝑗𝑗,𝑘𝑘  
𝜕𝜕𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘

𝜕𝜕𝑡𝑡
−  ��𝐾𝐾𝐵𝐵 ��𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝒃𝒃

𝜕𝜕(𝜓𝜓 + 𝑧𝑧)
𝜕𝜕𝜉𝜉b

3

𝑠𝑠=1

�
𝐵𝐵𝐵𝐵

�

𝑖𝑖,𝑗𝑗,𝑘𝑘

− �𝑑𝑑𝑑𝑑𝑙𝑙 .𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠,𝑒𝑒�𝑖𝑖,𝑗𝑗,𝑘𝑘 = 0 

Where 𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝒃𝒃 includes geometric constants of the transformation expressed as follows, 

(13) 𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝑏𝑏�
𝑠𝑠=1,2,3

= �
𝜕𝜕𝜉𝜉𝑠𝑠
𝜕𝜕𝑥𝑥𝛽𝛽

. 𝑑𝑑𝑥𝑥𝛽𝛽

3

𝛽𝛽=1

    , {𝜉𝜉1, 𝜉𝜉2, 𝜉𝜉3} = {𝜉𝜉, 𝜂𝜂, 𝜁𝜁}   and   {𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3} = {𝑥𝑥,𝜕𝜕, 𝑧𝑧} 

In this equation, 𝑑𝑑𝑥𝑥𝛽𝛽 represents the components of the contravariant vectors along the 𝑥𝑥,𝜕𝜕 and 𝑧𝑧 directions. The 
𝜕𝜕𝜉𝜉𝑠𝑠/𝜕𝜕𝑥𝑥𝛽𝛽 derivatives, known as transformation metrics, are defined as follows, 

(14) 

𝜉𝜉𝑥𝑥 =
�𝜕𝜕𝜂𝜂 𝑧𝑧𝜁𝜁 − 𝜕𝜕𝜁𝜁  𝑧𝑧𝜂𝜂�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
      ,     𝜉𝜉𝑦𝑦 =

�𝑧𝑧𝜂𝜂 𝑥𝑥𝜁𝜁 − 𝑧𝑧𝜁𝜁  𝑥𝑥𝜂𝜂�
𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠

     ,    𝜉𝜉𝑧𝑧 =
�𝑥𝑥𝜂𝜂  𝜕𝜕𝜁𝜁 − 𝑥𝑥𝜁𝜁  𝜕𝜕𝜂𝜂�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
       

𝜂𝜂𝑥𝑥 =
�𝜕𝜕𝜁𝜁  𝑧𝑧𝜉𝜉 − 𝜕𝜕𝜉𝜉  𝑧𝑧𝜁𝜁�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
      ,     𝜂𝜂𝑦𝑦 =

�𝑧𝑧𝜁𝜁  𝑥𝑥𝜉𝜉 − 𝑧𝑧𝜉𝜉  𝑥𝑥𝜁𝜁�
𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠

     ,    𝜂𝜂𝑧𝑧 =
�𝑥𝑥𝜁𝜁  𝜕𝜕𝜉𝜉 − 𝑥𝑥𝜉𝜉  𝜕𝜕𝜁𝜁�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
   

𝜁𝜁𝑥𝑥 =
�𝜕𝜕𝜉𝜉  𝑧𝑧𝜂𝜂 − 𝜕𝜕𝜂𝜂 𝑧𝑧𝜉𝜉�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
      ,     𝜁𝜁𝑦𝑦 =

�𝑧𝑧𝜉𝜉  𝑥𝑥𝜂𝜂 − 𝑧𝑧𝜂𝜂 𝑥𝑥𝜉𝜉�
𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠

     ,    𝜁𝜁𝑧𝑧 =
�𝑥𝑥𝜉𝜉  𝜕𝜕𝜂𝜂 − 𝑥𝑥𝜂𝜂 𝜕𝜕𝜉𝜉�

𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠
   

 

Where  𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠 is the Jacobian of transformation, which is defined as, 

(15) 𝐽𝐽𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑥𝑥𝜉𝜉  �𝜕𝜕𝜂𝜂 𝑧𝑧𝜁𝜁 − 𝜕𝜕𝜁𝜁  𝑧𝑧𝜂𝜂� + 𝑥𝑥𝜂𝜂�𝜕𝜕𝜁𝜁  𝑧𝑧𝜉𝜉 − 𝜕𝜕𝜉𝜉  𝑧𝑧𝜁𝜁� + 𝑥𝑥𝜁𝜁�𝜕𝜕𝜉𝜉  𝑧𝑧𝜂𝜂 − 𝜕𝜕𝜂𝜂 𝑧𝑧𝜉𝜉�   

The symbol 𝑥𝑥𝛽𝛽𝜉𝜉𝑏𝑏 for 𝛽𝛽 =  𝑏𝑏 = {1,2,3} stands for derivative of 𝑥𝑥𝛽𝛽 with respect to 𝜉𝜉𝑠𝑠. Its values can be 

estimated by a finite difference approach as shown below for 𝑥𝑥𝜉𝜉𝑏𝑏  for 𝑏𝑏 = {1,2,3} at the eastern face of the 
control volume: 

(16) 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜉𝜉
�
𝑖𝑖+1

2,𝑗𝑗,𝑘𝑘
=
𝑥𝑥𝑖𝑖+1,𝑗𝑗,𝑘𝑘 − 𝑥𝑥𝑖𝑖,𝑗𝑗,𝑘𝑘

∆𝜉𝜉
 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜂𝜂
�
𝑖𝑖+1

2,𝑗𝑗,𝑘𝑘
=

1
2
�
𝑥𝑥𝑖𝑖+1,𝑗𝑗+1,𝑘𝑘 − 𝑥𝑥𝑖𝑖+1,𝑗𝑗−1,𝑘𝑘

2 ∆𝜂𝜂
+
𝑥𝑥𝑖𝑖,𝑗𝑗+1,𝑘𝑘 − 𝑥𝑥𝑖𝑖,𝑗𝑗−1,𝑘𝑘

2 ∆𝜂𝜂
� 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜁𝜁
�
𝑖𝑖+1

2,𝑗𝑗,𝑘𝑘
=

1
2
�
𝑥𝑥𝑖𝑖+1,𝑗𝑗,𝑘𝑘+1 − 𝑥𝑥𝑖𝑖+1,𝑗𝑗,𝑘𝑘−1

2 ∆𝜁𝜁
+
𝑥𝑥𝑖𝑖,𝑗𝑗,𝑘𝑘+1 − 𝑥𝑥𝑖𝑖,𝑗𝑗,𝑘𝑘−1

2 ∆𝜁𝜁
� 

 
The transformed gradients of (𝜓𝜓 + 𝑧𝑧) on each control volume boundary are calculated using the same 

procedure applied in equation (16) to the eastern face: 
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(17) 

𝜕𝜕(𝜓𝜓 + 𝑧𝑧)
𝜕𝜕𝜉𝜉

�
𝑖𝑖+1

2,𝑗𝑗,𝑘𝑘

=
(𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗,𝑘𝑘 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗,𝑘𝑘

∆𝜉𝜉
 

𝜕𝜕(𝜓𝜓 + 𝑧𝑧)
𝜕𝜕𝜂𝜂

�
𝑖𝑖+12,𝑗𝑗,𝑘𝑘

=
1
2
�

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗+1,𝑘𝑘 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗−1,𝑘𝑘

2 ∆𝜂𝜂
+

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗+1,𝑘𝑘 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗−1,𝑘𝑘

2 ∆𝜂𝜂
� 

𝜕𝜕(𝜓𝜓 + 𝑧𝑧)
𝜕𝜕𝜁𝜁

�
𝑖𝑖+12,𝑗𝑗,𝑘𝑘

=
1
2
�

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗,𝑘𝑘+1 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗,𝑘𝑘−1

2 ∆𝜁𝜁
+

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗,𝑘𝑘+1 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗,𝑘𝑘−1

2 ∆𝜁𝜁
� 

 

Unsaturated hydraulic conductivity was estimated at control volume faces as the arithmetic average of 
hydraulic conductivity at the two neighboring grids. Equation (18) presents an example of unsaturated hydraulic 
conductivity estimation at the eastern face of a control volume:  

(18) 𝐾𝐾
𝑖𝑖+12,𝑗𝑗,𝑘𝑘

=
�𝐾𝐾𝑖𝑖,𝑗𝑗,𝑘𝑘 + 𝐾𝐾𝑖𝑖+1,𝑗𝑗,𝑘𝑘�

2
 

The use of geometric and harmonic averages is also possible, but this might lead to underestimation of the 
hydraulic conductivity at the wetting front (Van Dam and Feddes 2000). 

 

2.4. Linearization of the subsurface equation with an underrelaxed-modified Picard scheme 

The highly non-linear equation of saturated/unsaturated subsurface flow requires linearization during the 
numerical solution process. In this research, Picard iteration was used for this purpose, owing to its simplicity, 
cost-efficiency on an individual iteration basis, and linear convergence rate (An et al. 2012). Temporal 
discretization of the 3D Richards’ equation was performed using the well-known numerical procedure introduced 
by Celia et al. (1990), based on Taylor series expansion of the storage term, discretized with a backward Euler 
method.  

(19) 𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 − 𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚

∆𝑡𝑡
=
𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚 − 𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚

∆𝑡𝑡
+
𝐶𝐶𝑤𝑤𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚. �𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 − 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚�
∆𝑡𝑡

 

Where 𝑛𝑛 represents the number of time steps and 𝑚𝑚 represents the number of iterations. At convergence, 
𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 = 𝜃𝜃𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚 and 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 = 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚. Consequently, the method is independent of the water capacity 
function, which is the origin of mass balance error (Kosugi 2008). To increase convergence rate and avoid 
oscillatory solutions, the implementation of a relaxation technique is suggested (Paniconi and Putti 1994; Durbin 
and Delemos 2007). 

(20) 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 = 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚 + 𝜑𝜑 �𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘
𝑚𝑚+1,𝑚𝑚+1 − 𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘

𝑚𝑚+1,𝑚𝑚� 

Where 𝜑𝜑 is underrelaxation factor. Celia et al. (1990) named their Taylor series-based model for Richards’ 
equation as Modified Picard Iteration method. With the use of an underrelaxation factor, which is expected to have 
a positive effect on the convergence of the coupled surface-subsurface model, the proposed method is referred to as 
Underrelaxed-Modified Picard Iteration.  

2.5. Discretization of the surface flow equations 

The 2D Saint-Venant equation, Equation (8), was discretized in the same manner as the subsurface equation. In 
this case, the governing equations were integrated over a quadrangular-shaped control volume (Figure 1). 
Assuming 𝐹𝐹�⃗ = 𝐾𝐾� 𝛻𝛻�⃗ (ℎ + 𝑧𝑧) and using the Gauss-Green divergence theorem, the second term of equation (8) could 
be written as,  
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(21) �∇. �⃗�𝐹 𝑑𝑑𝑑𝑑
𝐴𝐴

= � 𝐹𝐹�⃗ .𝑑𝑑𝐿𝐿
𝐿𝐿

≈ 𝐹𝐹�⃗𝑒𝑒 .𝐿𝐿�⃗ 𝑒𝑒 − 𝐹𝐹�⃗𝑤𝑤 .𝐿𝐿�⃗ 𝑤𝑤 + 𝐹𝐹�⃗𝑚𝑚.𝐿𝐿�⃗ 𝑚𝑚 − 𝐹𝐹�⃗𝑠𝑠.𝐿𝐿�⃗ 𝑠𝑠 

Where 𝐿𝐿�⃗ 𝐺𝐺 is the contravariant vector [𝐿𝐿] i.e. normal vector to the 2D control volume sides whose magnitude is 
equal to the corresponding surface length. Superscript G is {𝑒𝑒,𝑤𝑤,𝑛𝑛, 𝑠𝑠}, in which the letters in the braces stand for 
east, west, north and south sides of the 2D control volume, respectively.𝑑𝑑 represents the surface of a 2D control 
volume. Hence, integrating the diffusion form of Saint-Venant equation in Cartesian coordinate system yields, 

(22) 𝑑𝑑𝑖𝑖,𝑗𝑗  
𝜕𝜕ℎ𝑖𝑖,𝑗𝑗
𝜕𝜕𝑡𝑡

− ��  𝐾𝐾𝐺𝐺�  ∇(ℎ + 𝑧𝑧)𝐺𝐺  .  𝐿𝐿�⃗ 𝐺𝐺
𝐺𝐺

�

𝑖𝑖,𝑗𝑗

− 𝑑𝑑𝑖𝑖,𝑗𝑗 �𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒�𝑖𝑖,𝑗𝑗 = 0 

Where subscripts 𝑖𝑖, 𝑗𝑗 are grid point counters along the 𝑥𝑥 and 𝜕𝜕 directions, respectively. 

Using the coordinate transformation approach, equation (21) is transformed from a Cartesian coordinate system 
to a Curvilinear coordinate system, 

(23) 𝑑𝑑𝑖𝑖,𝑗𝑗  
𝜕𝜕ℎ𝑖𝑖,𝑗𝑗
𝜕𝜕𝑡𝑡

− ��𝐾𝐾𝐺𝐺�
𝐺𝐺

�𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝑔𝑔
𝜕𝜕(ℎ + 𝑧𝑧)
𝜕𝜕𝜉𝜉𝑔𝑔

�
𝐺𝐺
�

𝑖𝑖,𝑗𝑗

− 𝑑𝑑𝑖𝑖,𝑗𝑗 �𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒�𝑖𝑖,𝑗𝑗 = 0 

Where 𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝒈𝒈 includes geometric constants of the transformation expressed as follows, 

(24) 𝐶𝐶𝑑𝑑𝑒𝑒𝐶𝐶𝜉𝜉𝑔𝑔�
𝑔𝑔=1,2

= �
𝜕𝜕𝜉𝜉𝑔𝑔
𝜕𝜕𝑥𝑥Ω

. 𝐿𝐿𝑥𝑥Ω

2

Ω=1

    , {𝜉𝜉1, 𝜉𝜉2} = {𝜉𝜉, 𝜂𝜂}   and   {𝑥𝑥1,𝑥𝑥2} = {𝑥𝑥, 𝜕𝜕} 

Where, 𝐿𝐿𝑥𝑥Ω represents the components of contravariant vectors of 2D control volumes and the transformation 
metrics, 𝜉𝜉𝑔𝑔/𝜕𝜕𝑥𝑥Ω , which are defined as follows, 

(25) 

𝜉𝜉𝑥𝑥 =
𝜕𝜕𝜂𝜂
𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟

      ,     𝜉𝜉𝑦𝑦 = −
𝑥𝑥𝜂𝜂
𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟

       

𝜂𝜂𝑥𝑥 = −
𝜕𝜕𝜉𝜉
𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟

      ,     𝜂𝜂𝑦𝑦 =
𝑥𝑥𝜉𝜉
𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟

    

 

The Jacobian of transformation for 2D equation, 𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟, is defined as, 

(26) 𝐽𝐽𝑠𝑠𝑠𝑠𝑟𝑟 = 𝑥𝑥𝜉𝜉  𝜕𝜕𝜂𝜂 − 𝑥𝑥𝜂𝜂 𝜕𝜕𝜉𝜉     

Where the derivatives 𝑥𝑥Ω𝜉𝜉𝑔𝑔 for Ω =  𝑔𝑔 = {1,2} can be estimated in a similar manner as equation (16), 

whose discretized form of 𝑥𝑥𝜉𝜉𝑔𝑔 for 𝑔𝑔 = {1,2} at the eastern face of the control volume is as follows, 

(27) 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜉𝜉�𝑖𝑖+12,𝑗𝑗

=
𝑥𝑥𝑖𝑖+1,𝑗𝑗 − 𝑥𝑥𝑖𝑖,𝑗𝑗

∆𝜉𝜉
 

𝜕𝜕𝑥𝑥
𝜕𝜕𝜂𝜂�𝑖𝑖+12,𝑗𝑗

=
1
2
�
𝑥𝑥𝑖𝑖+1,𝑗𝑗+1 − 𝑥𝑥𝑖𝑖+1,𝑗𝑗−1

2 ∆𝜂𝜂
+
𝑥𝑥𝑖𝑖,𝑗𝑗+1 − 𝑥𝑥𝑖𝑖,𝑗𝑗−1

2 ∆𝜂𝜂
� 

The transformed gradients of (ℎ + 𝑧𝑧) on the borders of the control volume were estimated as follows, 
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(28) 

𝜕𝜕(ℎ + 𝑧𝑧)
𝜕𝜕𝜉𝜉

�
𝑖𝑖+12,𝑗𝑗

=
(ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗 − (ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗

∆𝜉𝜉
 

𝜕𝜕(ℎ + 𝑧𝑧)
𝜕𝜕𝜂𝜂 �

𝑖𝑖+12,𝑗𝑗
=

1
2 �

(ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗+1 − (ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗−1

2 ∆𝜂𝜂 +
(ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗+1 − (ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗−1

2 ∆𝜂𝜂 � 

Parameter 𝐾𝐾� in equation (9) was estimated by an Upwind technique, whose value at the eastern boundary can 
be calculated as, 

(29) 𝐾𝐾�𝑒𝑒𝑖𝑖,𝑗𝑗 = �
𝐾𝐾�𝑖𝑖+1,𝑗𝑗      ,    (ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗 ≤ (ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗

𝐾𝐾�𝑖𝑖,𝑗𝑗          ,    (ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗 < (ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗
 

2.6. Linearization of surface equation with an underrelaxed Picard scheme 

The temporal term of the 2D Saint-Venant equation was discretized using the backward Euler method:  

(30) 𝜕𝜕ℎ𝑖𝑖,𝑗𝑗
𝜕𝜕𝑡𝑡

=
ℎ𝑖𝑖,𝑗𝑗𝑚𝑚+1 − ℎ𝑖𝑖,𝑗𝑗𝑚𝑚

∆𝑡𝑡
 

Following the procedure applied to the Richards’ equation, the overland flow equation was linearized through 
an underrelaxed Picard scheme. 

(31) ℎ𝑖𝑖,𝑗𝑗
𝑚𝑚+1,𝑚𝑚+1 = 𝑚𝑚𝑚𝑚𝑥𝑥� ℎ𝑖𝑖,𝑗𝑗

𝑚𝑚+1,𝑚𝑚 + 𝜑𝜑 �ℎ𝑖𝑖,𝑗𝑗
𝑚𝑚+1,𝑚𝑚+1 − ℎ𝑖𝑖,𝑗𝑗

𝑚𝑚+1,𝑚𝑚�    , 0.0� 

Where the maximum operator was applied to equation (31) in order to prevent negative head values affecting 
surface water volume (An and Yu 2014).  

 

2.7. Coupling surface and subsurface flow equations 

Enforcing continuity of pressure in the surface-subsurface interface, the governing equations were coupled and 
the exchanged flux between both domains was estimated as follows (Figure 2): 

 

Fig. 2 Coupling surface and subsurface flow equations by enforcing continuity of pressure in the surface and 
subsurface interface 
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(32) �𝑑𝑑𝑑𝑑𝑙𝑙. 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠,𝑒𝑒�𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚
= −�𝑑𝑑. 𝑞𝑞𝑠𝑠𝑠𝑠𝑟𝑟,𝑒𝑒�𝑖𝑖,𝑗𝑗 = ��𝐾𝐾 ∇��⃗ (𝜓𝜓 + 𝑧𝑧). 𝑑𝑑�𝜕𝜕𝑉𝑉𝑡𝑡�𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1

 

Where the right-hand equation is the Buckingham-Darcy equation, applied to the top interface of the control 
volume lying beneath the surface-subsurface interface. The water abstracted from overland flow enters the 
subsurface domain as boundary condition on the nodes lying at the top of the subsurface domain, which is 
coincident with surface flow cells. The (𝜓𝜓 + 𝑧𝑧) gradients on the top interface of the control volumes lying below 
the surface (𝑖𝑖, 𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑥𝑥 − 1) were discretized as follows: 

 

(3
3) 

𝜕𝜕(𝜓𝜓 + 𝑧𝑧)
𝜕𝜕𝜉𝜉

�
𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−

1
2

=
1
2
�

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖−1,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1

2 ∆𝜉𝜉
+

(ℎ + 𝑧𝑧)𝑖𝑖+1,𝑗𝑗 − (ℎ + 𝑧𝑧)𝑖𝑖−1,𝑗𝑗

2 ∆𝜉𝜉
� 

 
𝜕𝜕(𝜓𝜓 + 𝑧𝑧)

𝜕𝜕𝜂𝜂
�
𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−

1
2

=
1
2
�

(𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗+1,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗−1,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1

2 ∆𝜂𝜂
+

(ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗+1 − (ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗−1
2 ∆𝜂𝜂

� 

 
𝜕𝜕(𝜓𝜓 + 𝑧𝑧)

𝜕𝜕𝜁𝜁
�
𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−

1
2

=
(ℎ + 𝑧𝑧)𝑖𝑖,𝑗𝑗 − (𝜓𝜓 + 𝑧𝑧)𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚−1

∆𝜁𝜁
 

 
  

2.8. Dynamic time step, linear system solver and convergence criterion 

The linearized system of equations was solved using an Alternating Direction Implicit (ADI) method, which is 
well-known for its simplicity and cost efficiency (An et al. 2011). This method was first introduced by Peaceman 
and Rachford (Peaceman and Rachford 1955), and has been applied to water flow simulation (Perrens and Watson 
1977; Weeks et al. 2004). In order to improve the model computational speed, we used a dynamic time stepping 
approach, first introduced by Paniconi and Putti (1994).  

The convergence criterion introduced by Huang et al. (1996) was applied to the subsurface equation.  

(34) 𝐶𝐶𝑤𝑤
𝑚𝑚+1,𝑚𝑚|𝜓𝜓𝑚𝑚+1,𝑚𝑚+1 − 𝜓𝜓𝑚𝑚+1,𝑚𝑚| = |𝜃𝜃𝑚𝑚+1,𝑚𝑚+1 − 𝜃𝜃𝑚𝑚+1,𝑚𝑚| ≤ 𝛿𝛿𝜕𝜕 

Where 𝛿𝛿𝜕𝜕 is the convergence tolerance for the subsurface equation, whose value in this research lied between 
10−4 and 10−5. This criterion was proposed for the mixed form algorithm of Celia et al. (1990). The criterion has 
been proved capable of optimizing the number of iterations needed to achieve a convergent solution. The 
effectiveness of this criterion has been highlighted for the simulation of water flow in coarse-textured soils (Huang 
et al. 1996).  

The convergence criterion for the surface equation was set as:  

(35) |ℎ𝑚𝑚+1,𝑚𝑚+1 − ℎ𝑚𝑚+1,𝑚𝑚| ≤ 𝛿𝛿ℎ 

Where 𝛿𝛿ℎ is the convergence tolerance of the surface equation. In this paper, the values of 𝛿𝛿ℎ ranged between 
10−4 and 10−5 𝑚𝑚. 

The Curvilinear Coupled Surface-Subsurface model (CCSS) described above was developed as a FORTRAN 
code. Model capacities were tested through a number of test cases.  
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2.9. Analysis of Mass Balance Error (MBE) and CPU Time 

The time evolution of mass balance error was calculated for the first three validation cases using equation (36), 
as introduced by Celia et al. (1990).  

(36) 𝑀𝑀𝑀𝑀𝑀𝑀(𝑡𝑡) = �1 −
Total additional mass in the domain

Total net flux into the domain
� 

Where the total additional mass was measured with respect to the initial mass in the system. The total net flux 
into the domain is the flux balance integrated with respect to time up to the current time step. CPU time was also 
measured for the first three validation cases. An Intel® processor with a speed of 2.4 GHz was used for all 
simulation runs. 

 

3. Results and Discussion 

In this section, the proposed model is validated with results obtained from published models, analytical 
solutions and irrigation experiments. Validation was first applied to the subsurface and surface models. After 
validation, the model was applied to the simulation of irrigation in a highly-undulated basin. 

Table 1 presents the parameters of the van Genuchten’s model for water retention and unsaturated hydraulic 
conductivity functions corresponding to the soils used in this research.  

 

3.1. Validation: one dimensional infiltration in homogenous soil 

The subsurface model was verified through the simulation of a simple one dimensional infiltration process in 
three homogenous soils with clay, loam and sand textures (soils 1 to 3 in Table 1). The size of the soil blocks was 
0.2 𝑚𝑚 × 0.2 𝑚𝑚 × 1 𝑚𝑚. The boundary condition at the top was set as Dirichlet type (𝜓𝜓𝑖𝑖,𝑗𝑗,𝑘𝑘𝑚𝑚𝑚𝑚𝑚𝑚 = −0.2 𝑚𝑚). The 
boundary condition at the bottom was free drainage (∇𝑚𝑚(𝜓𝜓) = 0). Vertical boundaries were set as no-flow, and the 
initial condition was 𝜓𝜓 = −10 𝑚𝑚 throughout the domain.  

The mesh size independency of the subsurface model was tested in the sand soil. The mesh size was refined 
along the Z direction to achieve a mesh independent solution. Five grids (9 × 9 × 21, 9 × 9 × 41, 9 × 9 × 81, 9 ×
9 × 161, and 9 × 9 × 321) were simulated for both orthogonal and non-orthogonal grids. Figure 3 presents a 
scheme of the orthogonal and non-orthogonal grids involved in the one dimensional infiltration test. Figure 4 
presents the convergence behavior of solutions with mesh size refinement. The total simulated time was 12 h. 

 

 

Table  1- Constant parameters of van Genuchten’s model 

𝑲𝑲�
𝒄𝒄𝒄𝒄
𝒅𝒅𝒅𝒅𝒅𝒅

� 𝛼𝛼 �
1
𝑐𝑐𝑚𝑚

� 𝑛𝑛 (−) 𝜃𝜃𝑟𝑟 (−) 𝜃𝜃𝑠𝑠 (−) Texture Soil 
No. 

4.80 0.008 1.09 0.068 0.380 Clay a 1 
24.96 0.036 1.56 0.078 0.430 Loam a 2 

712.80 0.145 2.68 0.045 0.430 Sand a 3 
14.40 0.053 1.63 0.041 0.314 Sand b 4 

a soils used in section 3.1, obtained from the ROSETTA model (Schaap et al. 2001). 
b Yuma Mesa soil used in section 3.3, obtained from Zerihun et al. (2005a). 
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(b) (a) 

Fig. 3 (a) Orthogonal and (b) non-orthogonal grids used for simulation of one dimensional infiltration in clay, 
loam and sand soil textures 

 

(a) 

 
(b) 

Fig. 4 Convergence behavior of solutions for the one dimensional infiltration test using (a) orthogonal (b) 
non-orthogonal grids 
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Mesh refinement leads to convergence in the solutions, with grids 9 × 9 × 161 and 9 × 9 × 321 yielding very 
similar solutions. The results of the 9 × 9 × 161 grid were validated with the results of the HYDRUS-1D software 
(Šimůnek et al. 2013). Figure 5 compares the solutions of the one dimensional infiltration test obtained from CCSS 
and HYDRUS-1D. 

  
(b) (a) 

  
(d) (c) 

  
(f) (e) 

Fig. 5 Comparison of CCSS model and HYDRUS-1D simulations for Clay (a and b), Loam (c and d) and Sand (e 
and f) soils. (a), (c) and (e) implemented orthogonal grids, whereas (b), (d) and (f) implemented non-
orthogonal grids 

The results of CCSS and HYDRUS-1D showed excellent agreement in a wide range of soil texture. Figure 6 
shows the time evolution of mass balance error for three soil textures with non-orthogonal grids (9×9×161) in order 
to evaluate the subsurface code of CCSS model separately. 
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Fig. 6 Time evolution of mass balance error for non-orthogonal grids (9×9×161) in section 3.1 for 
evaluation of subsurface code of CCSS model 

In all soil textures the mass balance error increases in time, reaches a peak value and then decreases to approach 
a steady value of 10-3 – 10-4. The same trend was observed for the orthogonal grids (results not presented), but the 
final mass balance error was 10−7 − 10−8 for the three soil textures. 

Table 2 shows the CPU time for all test cases in this section, including grids differing in density and 
orthogonality.  

Table  2- CPU times calculated for one dimensional infiltration in homogenous soil (seconds). 

Grid 
Orthogonal  Non-orthogonal 

Clay Loam Sand  Clay Loam Sand 

9×9×21 1.391 1.922 1.906  1.453 2.062 10.375 

9×9×41 3.531 5.000 2.672  3.625 6.375 25.406 

9×9×81 10.625 16.906 7.188  11.031 20.703 77.984 

9×9×161 31.312 51.641 16.609  35.938 64.516 187.766 
 

CPU time generally increases with an increase in grid complexity, either in terms of mesh density or 
irregularity. More nodal values need to be calculated with increasing mesh density. Therefore, the number of 
iterative sweeps increases, and so does the CPU time. Results in Table 2 indicate that the increase in CPU time 
with the number of nodes is quite linear in the explored range of grid size. Six potential regressions of CPU time 
vs. number of nodes on the results of Table 2 produced an average exponent of 1.50. Further, for instance for the 
sandy soil, nodal CPU time grew from 0.47 × 10-3 s node-1 to 1.39 × 10-3 s node-1 and then to 1.45  × 10-3 s 
node-1 in the three linear segments connecting the four experimental grids. The similitude of the two latter slopes 
and the low value of the potential exponent indicate that the simulation model can attain high computational 
efficiency when handling large grids. 

The grid non-orthogonality shows the degree of dominance of cross-derivative terms. When orthogonal grids 
are used, only the normal-derivative terms undertake a change in each time step, and the cross-derivative terms 
equal zero. Therefore, the non-orthogonal grids require cross-derivative terms to be determined and used to update 
the solution. Hence, non-orthogonal grids increase the required CPU time. Table 2 also evidences the dependence 
of CPU time on soil type in this test case. The increase in CPU time with the use of non-orthogonal grids is also 
affected by soil type. Averaging the four experimental grids, the sandy soil requires much more CPU time (828% 
more) when the grid changes from orthogonal to non-orthogonal. An increase in CPU time can also observed for 
clay and loam soil textures, but the magnitude is much smaller (6 and 21%, respectively). This fact could be 
explained through the shape of the water retention curve of each soil type, and needs further investigations.  
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3.2. Validation: Analytical solution of one dimensional rainfall-runoff in an impervious channel 

Gottardi and Venutelli (1993) proposed an analytical solution for the diffusion form of one dimensional 
rainfall-runoff problem occurring in an impermeable channel. The input parameters are the same as reported by He 
et al. (2008), who simulated the outflow occurred out of a constant rainfall with a rate of 0.33 𝑚𝑚𝑚𝑚

𝑚𝑚𝑖𝑖𝑚𝑚
 and duration of 

200 𝑚𝑚𝑖𝑖𝑛𝑛 on a 400 m long channel. The bed slope was 0.0005 𝑚𝑚
𝑚𝑚

, with Manning roughness coefficient of 

0.02 s.𝑚𝑚−1/3. The total simulation time was 300 𝑚𝑚𝑖𝑖𝑛𝑛. The boundary condition was set as zero depth gradient at 
the outlet, and no-flow at the other three boundaries. The initial condition was ℎ(𝑥𝑥,𝜕𝜕, 0) = 0. Similar to section 
3.1, simulation was performed in orthogonal and non-orthogonal grids (Figure 7-b, c). The convergence of 
simulations is presented in Figure 8. Mesh sizes were refined along the surface flow direction to obtain 10 × 25, 
10 × 100, 10 × 200 and 10 × 400 grids. As grids were refined, all simulations (orthogonal and non-orthogonal) 
converged to a unique hydrograph.  

 

 

           (c)          (b) (a) 

Fig. 7 Analytical solution of one dimensional rainfall-runoff in a channel. (a) Structure and flow domain of the 
one dimensional rainfall-runoff test case; (b) Orthogonal and (c) non-orthogonal grids used for simulation 
process 
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(b) 

Fig. 8 Convergence behavior of solutions for one dimensional rainfall-runoff simulation in channel using (a) 
orthogonal (b) non-orthogonal grids 

Subsequently, the CCSS model results were compared with the analytical solution of Gottardi and Venutelli 
(1993), and with the results of the numerical model proposed by He et al. (2008). Results express acceptable 
agreement between the three approaches, with excellent agreement between both models. 

  
(b) (a) 

Fig. 9 Comparison of CCSS, Analytical solution of Gottardi and Venutelli (1993), and simulation results by He 
et al. (2008) for the simulation of the one dimensional rainfall-runoff test case 

Figure 10 shows the time evolution of the mass balance error for this case study. MBE soon reached a steady 
value. At the moment of rainfall cutoff, MBE peaked and reached a steady value of 10-4 – 10−5. 
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Fig. 10 Time evolution of mass balance error for non-orthogonal grids  (10×400) in section 3.2 for evaluation 
of surface code of CCSS model 

Table 3 presents a comparison of calculated CPU time for the test case introduced in this section. In 
coincidence with Table 2, an increase in CPU time can be observed with mesh density and with the use of the non-
orthogonal grids. 

Table  3- CPU Times Calculated for Analytical solution of one dimensional 
rainfall-runoff in an impervious channel  (seconds) 

Grid  Orthogonal  Non-orthogonal 

10×25  1.078  1.188 

10×100  31.781  32.766 

10×200  202.125  212.203 

10×400  1,065.203  1,163.703 
 

 

3.3. Validation of the coupled surface-subsurface model through the simulation of 1D advance in 

border irrigation  

Experimental data obtained by Zerihun et al. (2005a) was used for this validation exercise. These authors 
conducted irrigation experiments at the Yuma Mesa research farm of the University of Arizona. The size of the 
experimental borders was 33 𝑚𝑚 × 177.7 𝑚𝑚, with an average slope of 0.1%. They measured advance at 11 
regularly spaced stations along the border. Datasets C-4 and C-5 were used in this research. A flow rate of  

1.115 𝑚𝑚3

𝑚𝑚𝑖𝑖𝑚𝑚 .  𝑚𝑚
 was uniformly applied to the borders up to an advance distance of 107.2 𝑚𝑚. The van Genuchten soil 

characteristics are illustrated in Table  1  (soil No. 4). Manning roughness coefficient was 0.05 s.𝑚𝑚−1/3. The initial 
condition of surface and subsurface flows were assumed to be ℎ(𝑥𝑥,𝜕𝜕, 0) = 0 𝑚𝑚 and 𝜃𝜃(𝑥𝑥,𝜕𝜕, 𝑧𝑧, 0) = 0.067 𝑐𝑐𝑚𝑚3/
𝑐𝑐𝑚𝑚3, respectively. Figure 11.a shows the boundary conditions of surface and subsurface flows. Boundary 
conditions at the surface outlet and at the bottom of the subsurface domain were zero depth gradient and free 
drainage, respectively. All vertical boundaries were set as no-flow boundary conditions. 

In border irrigation the surface and subsurface flows can be assumed to be governed by 1D zero inertia Saint-
Venant and 1D mixed-form of Richards’ equations, respectively. However, the infiltration process is practically 
two dimensional. Moreover, the 3D shape of the border (the field slope) requires non-orthogonal grids. Figure 9.b 
presents the 10 × 201 × 25 non-orthogonal grid used for simulation. On the other hand, the uniform inflow 
applied to the border induces one dimensional surface flow. As a consequence, in order to prevent time-consuming 
calculations, the 33-meter width was reduced to 0.08-m width. 
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(b) (a) 

Fig. 11 (a) Structure and boundary conditions of the solution domain for surface and subsurface flows in 
Zerihun et al. (2005a) test case along with (b) its corresponding 10 × 201 × 25 non-orthogonal grid 

Figure 12 compares the experimental data with the results of simulation by Zerihun et al.’s model (2005a) and 
the CCSS model. The Root-mean-square error of both simulation models is also presented. The results presented in 
Figure 12 could imply that the CCSS model performs slightly better than Zerihun et al.’s model (2005a).  
However, we believe that both models show similar accuracy. This validation case is only based on the advance 
phase, in which the effect of infiltration can be small compared to the effect of the high inflow rate. Therefore, the 
performance of these models - whose main difference is the dimensionality of the subsurface equations - cannot be 
thoroughly assessed through the results depicted in Figure 12. 
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(b) 

Fig. 12 Advance phase trajectories simulated by CCSS and Zerihun et al.’s model compared to experimental data for (a) 
C-4 and (b) C-5 datasets of Zerihun et al. (2005a) along with Root-mean-square error (RMSE)* of each model. 

 ∗𝑅𝑅𝑀𝑀𝑑𝑑𝑀𝑀 =  �
(𝑥𝑥𝑚𝑚𝑒𝑒𝑚𝑚𝑠𝑠𝑠𝑠𝑟𝑟𝑒𝑒 − 𝑥𝑥𝑠𝑠𝑖𝑖𝑚𝑚𝑠𝑠𝑙𝑙𝑚𝑚𝜕𝜕𝑖𝑖𝑉𝑉𝑚𝑚)2

𝑛𝑛  

Finally, the mass balance error of the coupled surface-subsurface model reproducing the advance phase of the 
basin irrigation case is presented in Figure 13. MBE increased during the simulation, approaching a steady value in 
the order of 10−2 soon in the simulation process. 

 

Fig. 13 Time evolution of mass balance error for the test case proposed by Zerihun et al. (2005a) for 
evaluation of coupled surface-subsurface code of CCSS model. 

The largest CPU time was obtained for this test: 154,334 s (about 42 hours). The reason behind the long CPU 
time is the large linear system resulting from the coupling of 2D overland flow and 3D infiltration equations that 
were simultaneously solved in a curvilinear coordinate system. Simulation of such complex cases will require 
additional computational speed through code optimization, the use of faster computation devices and/or parallel 
programming. 

 

3.4. Validation: 2D basin irrigation using a Kostiakov infiltration equation 
The CCSS model was further validated with the field experiment conducted by Zapata and Playán (2000). 

Surface irrigation was applied on an undulated square-shaped basin with an area of 729 𝑚𝑚2 (27 𝑚𝑚 × 27 𝑚𝑚). As the 
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available data for this experiment was not suitable to run Richards’ equation, in this section the empirical equation 
of Kostiakov-Lewis was coupled with equation (23). 

(37) 𝑍𝑍𝑖𝑖𝑚𝑚𝑖𝑖 = 𝐾𝐾𝑘𝑘𝑙𝑙  𝜏𝜏𝑚𝑚𝑘𝑘𝑘𝑘 + 𝐶𝐶𝑘𝑘𝑙𝑙  𝜏𝜏 

Where 𝑍𝑍𝑖𝑖𝑚𝑚𝑖𝑖 is cumulative infiltration [𝐿𝐿], 𝜏𝜏 is opportunity time [𝑇𝑇], 𝐾𝐾𝑘𝑘𝑙𝑙 [𝐿𝐿.𝑇𝑇−𝑚𝑚𝑘𝑘𝑘𝑘], 𝑚𝑚𝑘𝑘𝑙𝑙 [−] and 𝐶𝐶𝑘𝑘𝑙𝑙 [𝐿𝐿.𝑇𝑇−1] are 
empirical coefficients of the Kostiakov-Lewis equation. The constant parameters 𝐾𝐾𝑘𝑘𝑙𝑙, 𝑚𝑚𝑘𝑘𝑙𝑙 and 𝐶𝐶𝑘𝑘𝑙𝑙 were reported to 
be 0.0147 𝑚𝑚/𝑚𝑚𝑖𝑖𝑛𝑛𝑚𝑚𝑘𝑘𝑘𝑘, 0.2563  and 0.0 𝑚𝑚/𝑚𝑚𝑖𝑖𝑛𝑛, respectively. The Manning roughness coefficient was estimated as 
0.4 s.𝑚𝑚−1/3. The experimental basin was irrigated from the southwestern corner with a constant discharge of 
0.0093 m3/𝑠𝑠 for 90 min. The in-situ observations of advance and recession were recorded in a regular network 
with 1.5 m spacing. The topography of the experimental basin in Zapata and Playán (2000) is presented in Figure 
14. Brufau et al. (2003) developed a two-dimensional model for the full-hydrodynamic form of the Saint-Venant 
equations using an upwind-based finite volume scheme with unstructured triangular and quadrilateral 
computational cells (for the case presented in this paper, they used square shaped computational grids). Their 
model was based on a cell-centered Godunov-type explicit solution scheme. The temporal and spatial 
discretization approaches were first-order accurate i.e. backward Euler method for the temporal discretization (the 
same as CCSS model) and piecewise constant scheme for distribution of dependent variables (CCSS model uses a 
second-order spatial discretization scheme). 

 

Fig. 14 Field topography of the experimental basin in Zapata and Playán (2000) 
 

A grid density of 100 × 100 (≈ 0.27 × 0.27 m2) was chosen for the simulation of this test case. The advance 
and recession phase trajectories simulated with CCSS and Brufau et al.’s (2002) model are presented in Figure 15 
together with the experimental observations. Brufau et al. (2002) presented their results for two grid sizes of 0.5 
and 0.75 m. in this section results of 0.5 m mesh size is reported as through which more acceptable results were 
obtained by Brufau et al. (2002). The root mean squared error of each simulation is presented in the Figure. Based 
on the calculated RMSEs, CCSS model resulted in more accurate simulations. This was more clear during the 
recession phase, where the RMSE of the CCSS model was almost half of that obtained by Brufau et al.’s (2002) 
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model. In the case of the advance phase trajectory (Figure 15-a), the CCSS model performed better than Brufau et 
al.’s model, particularly in the second half of irrigation advance. 

 

(a) 

 

(b) 

Fig. 15 (a) Advance and (b) recession trajectories simulated by CCSS model and Brufau et al.’s (2002) 
model compared to experimental data obtained by Zapata and Playán (2000) 

 

The main reason for the difference between the models in this section may reside in the different order of 
spatial schemes. CCSS had slightly more accurate results as it employs a second-order accurate spatial scheme. 
Moreover, a very dense mesh was used for running the CCSS model in this test case to obtain mesh-independent 
results. On the other hand, Brufau et al. (2003) did not state that the solution presented for their 0.5 m mesh size 
was mesh-independent. They might have obtained the same results if they had used 0.27 m mesh size. Both models 
performed similarly during the advance phase, while CCSS produced a better simulation of the recession curve. 
During the advance phase of the irrigation, the role of the neglected terms in the simplified form of Saint-Venant 
equations used in CCSS is more significant than in the recession phase, in which water is almost stagnant. The 
inertia terms in Brufau et al.’s model could compensate its first-order spatial accuracy in advance phase. 
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The CPU time for a simulated time of 1600 min was 4,514 s. The CPU time obtained by Brufau et al. (2002) for 
this case was in the order of tenths of minutes with a grid of 0.5 m spacing and a 500 MHz processor. 

3.5.  Application: Numerical simulation of water flow on a closed highly-undulated basin  

In this section, the performance of the CCSS model in the simulation of a point source water flow in a 20 𝑚𝑚 ×
20 𝑚𝑚 highly-undulated irrigation basin (Figure 16) is presented. Average basin slopes in the 𝑥𝑥 and 𝜕𝜕 directions are 
1 and 2 %, respectively. The constant inflow rate was 5 × 10−3 𝑚𝑚3. 𝑠𝑠−1 for 90 min. Soil texture in the basin is 
clay, as presented in Table  1 (Soil No. 1), and the Manning roughness coefficient is 0.03 s.𝑚𝑚−1/3. The initial 
condition of surface and subsurface domains are ℎ(𝑥𝑥,𝜕𝜕, 0) = 0 𝑚𝑚 and 𝜓𝜓(𝑥𝑥,𝜕𝜕, 𝑧𝑧, 0) = 0.0 − 𝑧𝑧, respectively. The 
boundary conditions of the basin were set as no-flow in all directions, including the bottom condition of subsurface 
flow. 

 

Fig. 16 Highly-undulated basin, presenting the boundary conditions and the non-orthogonal mesh 

Surface water flow is presented in Figure 17 at 5, 25, 32, 60, 70 and 90 min after the beginning of irrigation. 
During the first 25 min water applied through the point source fills the adjacent depression (Figure 17.a and b). 
Subsequently, it overflows to the next pond in about 30 min (Figure 17.c). Then it finds its way towards the 
northern boundary. Since this is a no-flow boundary, water flows down to the north-eastern corner of irrigation 
basin and accumulates at this part due to its low elevation.  
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(a) 

 

(b) 

 

(c) 

 

(d) 
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(e) 

 

(f) 

 

Fig. 17 Water movement on highly-undulated basin after (a) 5 min, (b) 25 min, (c) 32 min, (d) 60 min, 
(e) 70 min and (f) 90 min 
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4. Conclusion 

In this study a coupled surface-subsurface simulation model for basin/border irrigation is proposed. This model 
employs a finite volume approach to solve the three dimensional mixed-form of Richards’ equation coupled with 
the two dimensional Saint-Venant equations in diffusion wave approximation form. The simulation of water flow 
on undulated topographies was carried out using a non-orthogonal curvilinear coordinates system. The use of an 
underrelaxed-modified Picard iteration algorithm for Richards’ equation and an underrelaxed Picard iteration 
algorithm for Saint-Venant equations accompanied with dynamic time stepping resulted in a relatively simple-to-
implement, yet robust model. Coupling the surface and subsurface models was obtained with enforcing the 
continuity of pressure at the interface.  

The subsurface and surface models were separately validated. The subsurface code and the HYDRUS-1D 
software showed adequate agreement for the simulation of one dimensional infiltration within clay, loam and sand 
soil textures. Surface flow was validated with the analytical solution of Gottardi and Venutelli (1993) as well as the 
numerical simulation of He et al. (2008) in the case of one dimensional rainfall-runoff simulation through a 
constant rainfall rate on an impermeable channel. For both orthogonal and non-orthogonal grids the mesh-
independent simulations showed adequate agreement with analytical and previous numerical solutions. The 
proposed model was then validated with two sets of experimental border and basin irrigation data. The proposed 
model showed similar performance to a one dimensional surface-subsurface model. Comparison of CCSS 
simulations with experimental irrigation data on an undulated basin showed consistent results. Root mean squared 
error of CCSS simulations compared with that of previous simulation efforts showed small decreases in both the 
advance and recession phases. The mass balance error showed acceptable, decreasing/constant rates in all three 
validation cases. The increase of CPU time with grid size showed a potential exponent of 1.50. CPU time strongly 
varied with soil type, and increased with non-orthogonality at strongly variable rates (between 6 and 828%, 
depending on soil type).  

The complete CCSS model was applied to simulate point source irrigation in a highly-undulated basin. 
Simulation results were compatible with the expected outcome. Flow depth was adequately simulated in this 
demanding case study. 

This paper illustrates the application of the proposed model to the simulation of experiments available in the 
literature. Further development of the model will require specific experiments in different soil types, mesh 
configurations and other types of surface irrigation systems, such as furrow irrigation. Additionally, the processes 
of soil water redistribution and evapotranspiration could be included in the model to produce a more 
comprehensive simulation tool providing operational, accurate answers to water management questions in irrigated 
agriculture. An increase in computational speed will be required in the phase of model exploitation. 
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