
SPECTRAL PRE-ADAPTATION
FOR TWO-STEP ARBITRARY-SHAPE-SUPPORT IMAGE RESTORATION

Chaoqun Dong

Dept. of Electronic & Computer Engineering
HKUST, Hong Kong

Javier Portilla∗

Instituto de Óptica
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ABSTRACT

In recent years, boundary problems associated to image
restoration have attracted the attention of imaging scientists.
We explore here the scenario of arbitrary boundary shapes
(exemplified by blurred-background images), starting from a
general discussion and advancing towards realist conditions,
with simulations and real photographic images. We describe
our Spectral-Pre-Adaptation (SPA) method, and compare it
to the highly successful unconstrained boundary conditions
Alternating Direction Method of Multipliers (UBC ADMM)
method. Preliminary results indicate that SPA, combined with
highly efficient restoration algorithms, such as Constrained
Dynamic (ConDy) L2-relaxed L0, may set the new state-of-
the-art (in performance and computational efficiency) for this
kind of problems.

Index Terms— image restoration; arbitrary boundary
conditions; spectral models; extrapolation; circular boundary
condition problem

1. INTRODUCTION

Virtually all image restoration methods (and among them,
those providing current state-of-the-art , e.g., [1, 2, 3]) rely
on the Discrete Fourier Transform (DFT) for some intermedi-
ate linear compensation steps within globally non-linear algo-
rithms. However, a well-known problem of DFT is that it as-
sumes unnatural circular boundary conditions (CBCs) on the
image. This provokes that excellent results obtained on sim-
ulations do not hold acceptable when translated to CBC-free
images (either realistic simulations or real images). Our mo-
tivation to attack the boundary problem is, in addition, to re-
store inhomogeneously blurred images having uniformly con-
volved areas with arbitrarily-shaped boundaries (because of
local movement, defocus, etc.).

Some of the new methods proposed to deal with bound-
aries are adaptations of previous restoration algorithms [4, 5,
6]. Some others follow a different, two-step, strategy: given
a non-CBC blurred image observation, first to process the
observation to make it compatible with CBCs, and then to

∗Funded by the Spanish Government grant FIS2016-75891-P.

apply any standard (i.e., CBC-assuming) restoration method.
Among the latter, classical ones are window masking (analo-
gous to spectral estimation methods, see e.g. [7]), and simple
image extrapolation, either by reflection or by using an ”edge
taper” filter forcing smoothness in the toroidal (CBC) support
(see ”edgetaper.m” R©Matlab function). Window masking is
far from ideal, as it causes serious information loss along the
boundaries. This loss becomes unacceptable when making
the window mask very smooth, to better respect the original
spectrum. Reflection is severely limited to images without
obliquely oriented spatial features being blurred with x- and
y-symmetrical kernels [8]. Edge tapering is usually better
than reflection, but not yet satisfactory [8, 5]. Furthermore,
none of these classical recipes can be easily adapted to generic
unconstrained boundary shapes.

Within the two-step approach, Reeves [9] proposed an el-
egant boundary extension to obtain a CBC-seamless image,
by means of a Laplacian regularizer. In [8] we used the blur-
ring kernel information to estimate not just a CBC-seamless
image, but one also likely in terms of being the output of the
blurring kernel (plus noise). Later on, the same idea was ap-
plied to interpolate samples in aliased blurred observations
to reduce restoration artifacts [10]. Here we apply the same
Spectral Pre-Adaptation (SPA) approach to deal with arbitrar-
ily shaped boundaries, with direct application, among others,
to process images with a sharp foreground plane on a blurred
background, and compare results with the state-of-the-art [5].

2. SPECTRAL PRE-ADAPTATION METHOD

2.1. Problem formulation

Let us consider an observation y, made of K areas, each
convolved with a different kernel, and distributed on arbi-
trarily shaped non-overlapping sub-images {uk, k = 1...K}.
These sub-images can be, e.g., a far out-of-focus background,
a moving object, etc. Our goal is to deconvolve each of these
areas. In this paper we will show examples of K = 2, be-
ing u1 a blurred background, and u2 the rest, a non-degraded
foreground image. uk can be thought of as part of an extended
image zk, a rectangular array of pixels CBC-convolved with
a blurring kernel hk.



Given an arbitrary lexicographical vector reordering we
can express uk = Skz, where Sk is a Nk ×M matrix, with
M > Nk, acting as a mask to select only those Nk pixels
of zk belonging to uk. Following a standard stationary Gaus-
sian model, we can express the minus log-likelihood of the
extended image Zk in the frequency domain as:

− log(p(Zk(u, v)) ∝
∑
i,j

|Z(ui, vj)|2

PZk
(ui, vj)

+ C, (1)

where C is a constant and PZk
represents the power spectral

density (PSD) of zk, the so-extended uk sub-image, with

PZk
(u, v) = E|Zk(u, v)|2

= |Hk(u, v)|2E|X(u, v)|2 + E|W (u, v)|2

= |Hk(u, v)|2PX(u, v) + σ2
W . (2)

Here the upper case letters represent the signals and func-
tions (the ideal image x, the kernels hk and the noise w) in
the Fourier space, and we have assumed, for simplicity, uni-
form additive white noise (although to be white is not a con-
straint for the noise in our method). For PX we use a sepa-
rable auto-regressive 1-tap model with parameters σx = 30
(adjusted to the [0, 255] range) and correlation factor ρ =
0.65 [8]. Note that the frequencies having more weight in
the cost functions are those with low PZk

values, typically
corresponding to the zeros of Hk. Keeping these frequen-
cies suppressed (or heavily damped) in the extended image
spectrum is what makes SPA essentially different from mere
smooth inter/extrapolation.

Our goal is to minimize the cost function of Eq.( 1) subject
to Skzk = uk (consistency with the observation uk), that is:

ẑk(uk) = argmin
z
||D−1/2PZk

F∗z||2, s.t. Sk z = uk, (3)

where F∗ is a matrix performing a 2D-DFT, and DPZk
is a

diagonal matrix whose entries correspond to PZk
(u, v).

2.2. An efficient solution

Eq. (3) can be reformulated to an unconstrained optimiza-
tion [8], yielding:

ẑ(uk) = −(EkFD
−1
PZ

F∗Ek
T )−1EkFD

−1
PZ

F∗ST
k uk, (4)

where Ek
T (M × (M − Nk)) performs the extension of the

estimated pixels to a vector containing the whole image and
having set the observed pixels to zero. Sk

T (M ×Nk), con-
versely, preserves the observed pixels, and sets to zero the
rest. Their transpose do the reverse (selection) operations.
For attacking the matrix inversion problem of Eq. (4) (note
that the involved matrix is not shift-invariant), we call A =
EkFD

−1
PZ

F∗Ek
T and b(uk) = −EkFD

−1
PZ

F∗ST
k uk. First

we use Neumann’s series [11] A−1 =
∑∞

n=0 (I−A)n to
obtain the iterative method solving ẑ(uk) = A−1b(uk):

ẑ(n+1) = ẑ(n) + λ(b(uk)−Aẑ(n)). (5)

We have used λ = 2σ2
w as an approximation to λ = 2/||A||.

Secondly, we have used the Minimal Polynomial Extrapo-
lation [10, 12, 13] for accelerating the convergence of ẑ in
Eq. (5). This method performs a linear regression for the Q
consecutive differences in the vector sequence of Eq. (5). A
simple manipulation allows to compute the limit of the series
from the linear predictor [12, 13]. This process is repeated P
times, until getting close enough to convergence.

2.3. Initial extrapolation/interpolation guess

In practice, starting from a guess not too far from the fi-
nal solution may greatly reduce the number of required it-
erations P . Here we propose to use a smart shift-variant
inter/extrapolation filtering for obtaining a suitable initial
guess. Naming mk(x, y) the mask on an rectangular image
support including uk indicating which pixels belong to uk

(1s) and which are unknown (0s), we obtain a first prediction
of zk(x, y) through:

uextk (x, y) =
he(x, y) ∗ (mk(x, y)y(x, y))

he(x, y) ∗mk(x, y)
(6)

z
(0)
k (x, y) = (1−mk(x, y))u

ext
k (x, y) +mk(x, y)y(x, y)

The estimation is an average of known pixels giving more
weight to the closer pixels and less weight to the farther ones.
This is achieved by convolving the masked observation with
an inter/extrapolation kernel he that is a decreasing function
of its radius. However, for the involved sum to be an average
it is necessary to divide it by the number of involved known
pixels, that is, by convolving mk(x, y) with he.

In addition, in order to obtain a reasonable estimate, he
should not blur more than necessary. At short distance to
known pixels it must effectively behave like a small filter,
whereas at locations far from known pixels it must behave
like a large filter. An elegant solution is to choose a large
radially symmetric filter with values falling off very quickly,
being peaky at the center and rapidly flattening. Normaliza-
tion does the rest. We have chosen he(r) = r−ne , for r > 0,
and he(0) = 0, with the exponent ne = 7 chosen to be the
highest value not producing numerical instability.

2.4. Extending the original support

By enlarging the estimated area to go beyond the original sup-
port of the image it has been shown that one can effectively
recover pixels outside the original image support, within half
of the kernel size extension [4, 5, 8] . However, it may be in-
teresting to extend the image even farther. The reason is that,
due to we are using a discrete representation, zeros of hk may
fall on in-between discrete samples in the Fourier domain. To
take full advantage of these zeros in the estimation process, it
is convenient to avoid that whenever is possible. In separable
filters, zeros are aligned and repeated by rows and columns,



which makes this effect more relevant. This can be achieved
by choosing an extension of

Le
x = (dDx/n

(k)
x en(k)x −Dx)/2, (7)

being Dx and n(k)x the size of the image and of the kernel
hk, respectively (in the horizontal direction, same in verti-
cal). This makes the new image dimensions D + 2Le to be
integer multiple of n(k). More generally, we may want to
choose the image support size (Dy, Dx) for the zk includ-
ing uk that minimizes the entropy rate of pzk , by minimizing
〈logPZk

(u, v)〉(u,v) [14]. 1

3. EXPERIMENTS, RESULTS AND DISCUSSION

3.1. An illustrating academic experiment

In [8] we extended the boundaries of non-CBC observed im-
ages so that they could be safely restored using standard meth-
ods. Is the same approach also suitable for accurately in-
painting blurred images, so that they can be safely restored
afterwards? In [5] a beautiful (and somehow surprising) re-
sult was shown: relatively large areas of lost pixels of a highly
blurred image (a uniform 19 × 19 filter was used, with very
low noise, BSNR = 60 dB) were recovered by using a un-
constrained boundary condition (UBC) variant of the ADMM
restoration algorithm (for generic ADMM see, e.g., [15]). In
Figure 1 we show the simulated observation (panel (a)), and
the impressive result Almeida and Figueiredo obtained with
their method (panel (c)). We also show our blur in-painting
result using SPA (Le = 5, computed using Eq. (7), Q = 25,
and P = 500) (panel b), and the result of restoring (b) with
the same method, but without unknown-pixel mask (panel
(d)). The fact that both results are similar indicates that s
simple spectral method (SPA) may suffice to regenerate in-
complete blurred observations.

3.2. Blurred background image simulation

In Figure 2 we present the results of an image simulation com-
posed by an object in focus (a hand, foreground) partially oc-
cluding a blurry background (the standard 512 × 512 pixel
”Pirate”). We used a uniform disk of diameter 9 pixels for
simulating a defocus, and σw = 0.3. Here we applied L2-
relaxed-L0 ConDy-10 [2] to restore the SPA result of panel
(b), see panel (d). We compare again with UBC ADMM (FA-
MD variant) [5] 2. We can see how both methods provide
excellent results. Under more careful inspection, though, one
can see that our combined method has better preserved tex-
ture. This is a feature of L2-relaxed L0-sparse methods, as
compared to TV-like methods. It also has less artifacts (see
pirate’s chin). Not surprisingly, our two-step method obtains

1SPA R©Matlab code available in R©researchgate.net, upon publication.
2We thank Almeida and Figueiredo for making their code available.

(a) (b)

(c) (d)

Fig. 1. Recovering lost regions (panel (a)) in blurred images,
using UBC ADMM [5] (panel (c)), vs. using SPA in-painting
(panel b) followed by standard restoration (panel (d)).

a significantly better Signal-to-Noise ratio result on the back-
ground (24.95 dB vs. 24.44 dB). In this case the improvement
comes from the restoration method, because using SPA plus
”unmasked” UBC ADMM we obtain very close results (24.47
dB) than with ”masked” ADMM. In this experiments we used
150 iterations for UBC ADMM (”masked” and ”unmasked”),
close to convergence, and used Q = 25, Le = 8 and P = 4
for SPA. Computation times in a 2 x 2,26 GHz Quad-Core
Intel Xeon using R©Matlab code was ca. 80 s. for both UBC
ADMM (with and without mask), 4 times longer than the se-
quence of SPA (ca. 6 s.) and L2-r-L0 (ca. 14 s,).

3.3. Real examples

First example is a 512× 512 crop of a real picture of a comb
in the foreground and a text on the background. It was taken 3

using a professional camera 4, indoors, with tripod, and with-
out flash. We took the average of the color channels to con-
vert it into gray scale, so further reducing the noise. In a real
image, the foreground must be segmented, and the blurring
kernel plus the noise variance must be estimated. In this case
none of these requirements were too difficult. First, the fore-
ground is quite dark, compared to the background. To es-
timate the blurring kernel we assumed a uniform disk, and,

3Many thanks to Isabel Portilla for kindly providing us with this picture.
4Canon EOS 5D Mark II, 20 Mpix, CR2 to uint16 TIFF, focal length

50mm, exposure 1/2500 s., ISO 100, f/3.5
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Fig. 2. (a) Simulated observation; (b) SPA in-painting result;
(c) masked ADMM result; (d) L2-r-L0 restoration on (b); (e)
final masked ADMM result; (f) final SPA + L2-r-L0 result.

from an only-background crop of the same picture, we opti-
mize the fit for the diameter, which turned out to beD ≈ 29.5.
For the noise, we estimate σw ≈ 4 (note that the range now
is [0, 65536]). Second restoration case is more challenging:
a 512 × 512 crop from a picture taken with a mobile phone
indoors with indirect natural light, without tripod, in JPEG
format 5. The foreground is part of a pen, and the background
is a printed text, as before. We obtained the mask through
high-pass filtering and morphological operations, and esti-
mated D ≈ 14.5, σw ≈ 1.25 on an only-background sub-
crop. For the SPA method we used Le = 5, Q = 25, and
M = 3 for both pictures. For the L2-relaxed L0 restoration
we imposed the range [30000, 54000] in the comb image and
[120, 210] for the pen during the estimation loop. In all ex-
periments we used Niter = 10 iterations (ConDy-10).

52Mpix camera from Sony Xperia D2203, focal length 2.78mm f/2.4,
exposure time 1/250 s, JPEG compress: approx. 2.4 bits per RGB pixel.

(a) (b)

(c) (d)

Fig. 3. Restoring a high quality photography crop. (a) ob-
servation; (b) Background SPA result (scaled); (c) Restored
background (scaled); (d) Final result

4. CONCLUSIONS

We presented a new approach to restore arbitrary-shape
blurred images, based on the Spectral Pre-Adaptation method,
previously used for tackling circular boundary conditions and
aliasing in restoration problems. First, in an academical ex-
ample we have shown how SPA is able to accurately in-paint
heavily blurred images. In a more realistic simulation, our
method provided better results than current state of the art.
Finally, we successfully applied it to real photographies with
out-of-focus background, including one casually captured
with a mobile phone camera. The proposed pre-processing
allows for an open choice of the restoration method, and this
finally translates into better and faster restoration results.

Fig. 4. Restoring a JPEG-compressed medium quality pho-
tography. See text for details.
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