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Two Modes of Vertical Velocity in Subsurface Mesoscale Eddies
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Abstract Two fundamental modes of vertical velocity (w) in mesoscale subsurface eddies are described
using the quasigeostrophic (QG) approximation and nonhydrostatic numerical modeling. The first mode of
w (the spheroidal mode) arises when a spheroidal upright subsurface eddy acquires horizontal eccentricity
and becomes an ellipsoid, still upright, vertically symmetric vortex. In this case, the vertical displacement of
isopycnals vanishes at the middepth z5 0. Conservation of potential vorticity anomaly (PVA) on elliptical
concave/convex isopycnals entails a three-dimensional octupolar pattern of w which also vanishes at z5 0.
The second mode of w (the tilted mode) arises when the eddy remains spheroidal but its vertical axis tilts
relative to the vertical direction. In this case, the displacement of isopycnals is largest at the middepth z5 0
and has a dipolar distribution. The associated w is largest at the middepth and develops also a dipolar pat-
tern. In both spheroidal and tilted modes, the vertical velocity pattern may be inferred from the fast advec-
tion of PVA conserving fluid particles on slower translating concave/convex or tilted isopycnals. This implies
that the vertical velocity of both modes is approximately QG and may be correctly inferred from the QG
omega equation as long as the Rossby number remains small. Under more general circumstances, the vor-
tex is both spheroidal and tilted. In this case, both spheroidal and tilted modes coexist but remain, to a large
extent, uncoupled, rotating with different and, at least at a first order of approximation, constant phase
speeds.

Plain Language Summary The vertical velocity in ocean eddies depends on how the fluid par-
ticles depart from plane horizontal circular trajectories. We describe two basic ways by which this departure
may take place. In the first way, the fluid particles at different depths rotate around the same vertical axis,
but their trajectories are no longer circles but almost ellipses on concave or convex ellipsoidal surfaces of
constant density. In the second way, the fluid particles at different depths describe almost circles on con-
cave or convex spheroidal surfaces of constant density, but their axis of rotation is no longer vertical but
tilted. These two different ways of vertical motion may coexist in the same vortex so that the vertical veloc-
ity of the fluid particles is the sum of these two ways of motion.

1. Introduction

Analysis of subsurface mesoscale ocean eddies requires, besides the acquisition of relevant experimental
data, the development of simple mathematical vortex models that can help to explain their main physical
characteristics. Among these properties the balanced, that is, void of inertia-gravity waves, eddy vertical
velocity field (w) is specially intended to be analyzed with mathematical models (e.g., Luettich et al., 2002)
because, due to its low order of magnitude typically 4 or 5 orders smaller than the horizontal velocity, it is
very difficult to be directly measured (e.g., Merckelbach et al., 2010). The mesoscale vertical velocity, though
small in comparison with the horizontal velocity, is responsible for the positive vertical transport of deep,
nutrient-rich, oceanic waters from dark to photic layers, and therefore is important for the marine ecosystem
(e.g., Klein & Lapeyre, 2009). In this paper, we address, using mathematical vortex models and numerical
simulations, the following open question: what are the most simple vertical velocity patterns associated
with mesoscale eddies?

The simplest steady baroclinic eddy model is a vortex with circular symmetry around its rotation axis verti-
cally oriented. This vortex is in cyclogeostrophic balance and has only azimuthal velocity (null vertical veloc-
ity), with contours of isopycnals depth and potential vorticity anomaly (PVA) remaining horizontal circles
(e.g., Cushman-Roisin & Beckers, 2001, chap. 18.2). Thus, one of the simplest baroclinic vortex models with
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vertical velocity results from removing the circular symmetry constraint and replacing it with an elliptical
distribution, while preserving the rotation axis vertically oriented condition. This leads to the unsteady ellip-
tical vortex with horizontal semiaxes Ax 6¼ Ay (see Meacham (1992) for quasigeostrophic (QG) dynamics,
and McKiver (2015) and McKiver and Dritschel (2016) for results beyond QG dynamics, and references
therein). The vertical velocity field of this vortex archetype, herein referred to as the elliptical upright vortex,
has an octupolar three-dimensional distribution (Vi�udez & Dritschel, 2003) and vanishes at the vortex equa-
tor plane z5 0. The vertical velocity pattern is related to the fact that now isopycnal depth contours and iso-
pycnal PVA contours depart from circularity and intersect. This elliptical upright vortex is the simplest
model able to qualitatively explain more complex vertical velocity patterns associated with azimuthal per-
turbations measured in mesoscale and submesoscale ocean eddies (Buongiorno Nardelli, 2013; Buongiorno
Nardelli et al., 2001; Vi�udez et al., 1996).

However, another possibility for a simple baroclinic eddy model experiencing vertical velocity results from
removing the z axis vertically oriented constraint while keeping the circular symmetry condition. In this
case, the eddy is an unsteady spheroidal (Ax5Ay) tilted vortex (Miyazaki et al. (1999) using QG dynamics,
and McKiver and Dritschel (2016) using nonlinear QG dynamcs). We show here that the vertical velocity field
of this vortex archetype, herein referred to as the spheroidal tilted vortex, has a dipolar three-dimensional
distribution with maximum absolute values of vertical velocity at the vortex equator plane z5 0. Dipolar dis-
tributions of QG vertical velocity have been recently inferred using experimental data in subtropical intra-
thermocline eddies in the Brazil-Malvinas Confluence region (Mason et al., 2017) and in the Canary Islands
region (Barcel�o-Llull et al., 2017).

In a more general case, the vortex departs from both circular symmetry and vertically oriented conditions.
In this case, here referred to as the ellipsoidal tilted vortex, the vertical velocity distribution is the combina-
tion of the octupolar and dipolar distributions of the ellipsoidal upright and circular tilted vortex modes.
The dominance of one of the vertical modes depends on the relative importance of the horizontal eccen-
tricity and vertical tilting angle. The objective of this work is the analysis and explanation of the vertical
velocity fields of the spheroidal tilted and ellipsoidal tilted vortices.

First (section 2), we briefly revisit the vertical velocity of the elliptical upright vortex using a simple time-
independent exponentially decaying ellipsoidal geopotential /ðx; y; zÞ leading to the octupolar distribution
of w under the QG approximation as long as the horizontal semiaxes Ax 6¼ Ay. The octupolar w pattern is
deduced from the octupolar distribution of the source term in the QG omega equation. Next, the same geo-
potential /ðx; y; zÞ, with Ax5Ay and an appropriate rotation of the independent variables (x, y, z), is used
(section 3) to deduce the dipolar w distribution of the circular tilted vortex. The w of the more general ellip-
soidal tilted vortex is described (section 4) again using the exponentially decaying ellipsoidal geopotential
/ðx; y; zÞ this time with Ax 6¼ Ay and a rotation of the independent variables (x, y, z). The static results
obtained in closed form from /ðx; y; zÞ in these sections are confirmed and complemented with time-
dependent numerical simulations using a three-dimensional nonhydrostatic model (section 5). The numeri-
cal results confirm the simultaneous presence of the two ellipsoidal and tilted modes in ellipsoidal tilted
vortices and show that, at a first approximation, the two vertical velocity modes are uncoupled as each
mode rotates with a different, approximately constant, phase speed. Finally, concluding remarks are given
in section 6.

2. The Octupolar w Distribution of the Ellipsoidal Upright Vortex

This section analyzes briefly the already known octupolar w distribution of the ellipsoildal upright vortex.
The purpose here is the comparison with the distributions of the circular tilted and ellipsoidal tilted vortices
described with more detail in the next two sections. Let us introduce a simple ellipsoidal vortex model
given by the exponentially decreasing geopotential (normalized by the constant Coriolis frequency f0):

/ðx; y;~zÞ � /0 exp 2
x2

A2
x
1

y2

A2
y
1

~z2

A2
~z

 !( )
; (1)

where ~z � c0z is the stretched QG vertical coordinate, c0 � �21
0 � N0=f0 is the ratio between the back-

ground Brunt-V€ais€al€a and Coriolis frequencies (assumed constant), /0 is the potential amplitude at the
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vortex center ðx; y;~zÞ5ð0; 0; 0Þ, and ðAx;Ay; A~zÞ are the semiaxes of the ellipsoidal surface /ðx; y;~zÞ5/0=e.
Isosurfaces /ðx; y;~zÞ5/s < /0 are ellipsoids with semiaxes ðAx; Ay;A~zÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ð/0=/sÞ

p
. Note that / in (1) is

of the form /ðx; y; ẑÞ5f ðx; yÞgðẑÞ. Flows admitting this variable separation have ug3@ug=@~z50, so that the
direction of ugðx; y;~zÞ does not change with depth ~z , and the geostrophic flow is equivalent barotropic.

The exponentially decreasing geopotential /ðx; y;~zÞ, given by (1), has been chosen because it provides a
simple model of an isolated vortex able to reproduce the vertical velocity patterns of both the ellipsoidal
upright and spheroidal tilted vortex modes. The resulting QG omega equation (introduced below) in the
case of the ellipsoidal upright vortex is remarkably simple, and the octupolar three-dimensional pattern of
QG vertical velocity is easily deduced. The exponentially decreasing geopotential (1) is simple enough to
qualitatively reproduce snapshots of the vertical velocity patterns of the ellipsoidal upright and spheroidal
tilted modes, but probably is not so good reproducing their time evolution. The total amount of QG PVA
associated with the exponentially decreasing geopotential (1) is null, but the integral on horizontal surfaces
is not (Appendix A). A recent research article (Mahdinia et al., 2017) uses the exponentially decreasing geo-
potential (1) and finds that the only neutrally stably vortices are cyclones with Rossby number in the range
ð0:02; 0:05Þ, which are very weak vortices. On the other hand, the vortex elements of the vortex family -p;q

(defined in section 5) have zero amount of PVA in every isopycnal, a property that seems to favor vortex
stability.

The QG vertical velocity wqðx; y;~zÞ is the solution of the QG-omega equation (Hoskins et al., 1978):

~r2
wq5rh � Qg

h ; (2)

where ~r2
is the Laplacian operator in the QG space ðx; y;~zÞ, and the horizontal vector Qg

h is obtained from
/ðx; y;~zÞ (1) (Appendix A). The result is a simple expression:

~r2
wq543 �0
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/2ðx; y;~zÞ x y ~z : (3)

The rh � Qg
h distribution (right-hand side of (3)) has an octupolar pattern with extrema at the eight points

ðxe; ye;~zeÞ with coordinates xe56Ax=2, ye56Ay=2, and ~ze56A~z=2.

Geopotential squared /2ðx; y;~zÞ > 0 is an exponentially decreasing function, and therefore /2ðx; y;~zÞxy~z in
(3) is an odd function with respect to variables x, y, and ~z , and has only one relative extremum in each
three-dimensional octant. Thus, wqðx; y;~zÞ is either subharmonic ( ~rwq � 0) or superhamonic ( ~rwq � 0) in
each octant. Due to the maximum principle, wqðx; y;~zÞ achieves a minimum in the octant interior where
~rwq > 0, and a maximum in the octant interior where ~rwq < 0. Thus, the QG vertical velocity wqðx; y;~zÞ
satisfying (3) with zero boundary conditions at the infinity, and as long as Ax 6¼ Ay, presents an octupolar,
odd distribution, vanishing at the three planes x5 0, y5 0, and ~z50. In the case Ax5Ay the ellipsoidal vor-
tex degenerates into a spheroidal upright vortex, with the symmetry axis along ~z , rh � Qg

h50, and the verti-
cal velocity vanishes everywhere.

Furthermore, it can be proved that any geopotential of the form:

/ðx; y;~zÞ � /hðvÞ/vð~zÞ with vðx; yÞ5 x2
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which vanishes for spheroids Ax5Ay. Due to the term x y ~z in (5), the vertical velocity pattern is always octu-
polar as long as /2

vð~zÞ has not relative extrema except at ~z50, and /h02ðvÞ has not relative extrema except
at the origin v5x5y50. From a practical point of view, the latter condition implies that /hðvÞ has not rela-
tive extrema nor inflexion points in the open interval v 2 ð0;1Þ.
A simple qualitative explanation for the octupolar vertical velocity pattern may be given (as already
explained in Vi�udez and Dritschel (2003)) in terms of the isopycnal PVA and vertical displacement of isopyc-
nals. To clarify the ideas we assume the eddy be a subsurface ellipsoidal anticyclone with a PVA symmetric
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relative to the horizontal plane ~z50. Consistently with the cyclogeo-
strophic balance the vertical displacement of isopycnals Dðx; y;~zÞ < 0
at ~z < 0, so that isopycnic surfaces dðx; y;~zÞ5d0 < 0 are, viewed from
above, concave surfaces. Since the vertical displacement of isopycnals
D � 2�0/~z is a function smoother than the QG PVA -q5 ~r2

/, QG
PVA contours have a larger eccentricity than D contours. These facts
are illustrated, using the vortex model (1), in Figure 1.

Fluid particles conserving PVA move along PVA contours. These PVA
contours cross the D contours 4 times in every isopycnal, once in
every quadrant, which implies upward or downward motion, giving
rise to the quadrupolar wq pattern for ~z < 0 (Figure 2). For ~z > 0, the
same argument applies except that, since Dðx; y;~zÞ52Dðx; y;2~zÞ
changes sign with ~z , the QG vertical velocity distribution wqðx; y;~zÞ
changes sign as well. The depth of isopycnals ~zðx; y; ~dÞ is obtained by
inverting numerically c0Dðx; y;~zÞ5~z2~d , with D given by (A.2) and
~d � c0d, which results in the nonlinear equation:

2~z
A2~z

/0 e
2 x2

A2x
1y2

A2y
1~z2

A2
~z

� �

5~z2~d : (6)

The octopular distribution of wqðx; y;~zÞ is visualized in a three-
dimensional plot from isosurfaces wqðx; y;~zÞ56wq

0 in Figure 3a.

Thus, a simple argument based on the QG shape of isopycnic PVA and
vertical displacement of isopycnals explains qualitatively the three-
dimensional octupolar distribution of vertical velocity. It must be
pointed out that since -q5 ~r2

/, the streamfunction / of the horizon-
tal geostrophic velocity ug5k3rh/ is a function smoother than -.

Thus, stream function / contours and -q contours cross, implying a nonzero QG advection of PVA
(ug � rh-q 6¼ 0), and therefore a nonzero local rate of change of QG PVA (@-q=@t 6¼ 0). This implies that the
distributions of PVA and vertical displacement of isopycnals are not steady but deform and rotate, anticy-

clonically if /0 > 0, with some phase speed. Rotation of three-
dimensional ellipsoidal vortices is a well-known result in geophysical
flows (McKiver, 2015; Meacham, 1992). This deformation and rotation
is not accounted for in this synoptic vortex model, which assumes
that the geopotential (1) is valid only at a fixed time. It suffices to
notice that in the regime of balanced QG flows the displacement
speed of PVA contours is always smaller than the speed of fluid par-
ticles along PVA contours, and therefore the qualitative argument
used above to infer the vertical velocity pattern is still valid.

In the next section, we analyze a different vertical velocity pattern
associated with a spheroidal eddy where the length of the horizontal
semiaxes coincide (Ax5Ay).

3. The Dipolar w Distribution of the Spheroidal Tilted
Vortex

In the previous section, we have seen that the flow of an upright eddy
with Ax5Ay, that is, a spheroid, is purely horizontal as long as its verti-
cal cross-isopycnal axis remains gravity oriented. However, a spheroi-
dal vortex may have its vertical axis tilted with respect to the gravity
direction. The same exponentially decaying vortex model (1) is useful
to infer the pattern of vertical velocity and diagnose wq in this sphe-
roidal tilted vortex.

Figure 1. Isopycnic PVA -ðx; y;~zðx; y; d0ÞÞ (thick contours, solid for - � 0,
dashed for - < 0, - 2 ½20:26; 0:04�, with the minimum value at the vortex
center, contour interval D51=30) and isopycnal depth ~zðx; y; d0Þ (thin dashed
contours, ~z2d0 2 ½28:3; 0:0066�31022, with the minimum value at the vortex
center, contour interval D50:01), on isopycnal d0520:5. Arrows indicate the
velocity of fluid particles along PVA contours. Particles moving away from the
vortex center ascend on the isopycnal and therefore w> 0, while particles
approaching the center descend on the isopycnal and therefore w< 0 (see
(A12)). In this example, /050:1, Ax5A~z51, Ay51:4, and c0510.

Figure 2. QG vertical velocity wqðx; y;~z0Þ at depth ~z0520:5 for the ellipsoidal
upright vortex (wq 2 ½24:2; 4:2�31025, contour interval D50:531025. wqðx; y;
~zÞ is the numerical solution of the QG omega equation (3) with zero boundary
conditions at the six planes x56p; y56p, and ~z56p.
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To obtain a tilted spheroid the independent variables (x, y, z) in (1) are
replaced with

x; y;~zð ÞT ) RzðaÞ RyðbÞ RxðcÞ x; y;~zð ÞT ; (7)

where RxðaÞ, RyðbÞ, and RzðcÞ are the three basic rotation matrices
which rotate three-dimensional vectors by an angle a, b, and c around
the x, y, and ~z axis, respectively (Appendix B). For an unique rotation
by an angle a around the x axis, the transformation (7) is simply

ðx; y;~zÞ ) ðx; ycos a2~z sin a;~z cos a1y sin aÞ : (8)

Even in this simple case the resulting closed-form expressions for
-q, rh � Qg

h, etc., are too long to be included here. The geopotential
/ðx; y;~zÞ does no longer admit a variable separation in the form
/ðx; y;~zÞ5f ðx; yÞgð~zÞ, as it happened with the ellipsoidal upright vor-
tex (1), and therefore the geostrophic flow is not equivalent barotropic.
As an illustrative example, we set a spheroid with Ax5Ay50:1 and
A~z50:14. The results are shown in Figure 4 with ða; b; cÞ5ð0:1; 0; 0Þ. In
this case, the middle isopycnal d050, whose reference depth is ~z50,
tilts as the cross-isopycnal vortex axis departs from is vertical orienta-
tion. Vortex fluid particles move in circles along PVA contours around
the cross-isopycnal axis on these vertically tilted isopycnals. Thus, fluid
particles, assuming for the moment steady isopycnals, would ascend
and descend once in every loop.

As it happens with the ellipsoidal upright vortex whose horizontal
deformation axes rotate, the vertical axis of the spheroidal tilted vortex
rotates as well (McKiver & Dritschel, 2016; Miyazaki et al., 1999). The vor-
tex experiences precession and the dipolar w distribution consequently
rotates. However, under the QG regime, the phase velocity of this rota-
tion is still smaller than the speed of fluid particles, and the qualitative
argument given above is applicable. In contrast to the octupolar w pat-
tern associated with the ellipsoidal upright vortex (Ax 6¼ Ay), where
w5 0 on the middle depth ~z50, the vertical velocity of the spheroidal
tilted vortex reaches maximum values precisely at that depth ~z50. Fur-
thermore, since this vertical velocity is related to the relatively fast
advection of fluid particles on slow moving tilted isopycnals, an impor-
tant amount, which depends on the Rossby number, of this vertical
velocity belongs to the QG balance, and can therefore be obtained
from the QG omega equation (2). The dipolar pattern of wqðx; y;~z0Þ at
the middepth ~z050 (Figure 5), obtained by inverting (2) with zero
boundary conditions, confirms the qualitative arguments given above.

The dipolar distribution of wqðx; y;~zÞ is visualized in a three-
dimensional plot from isosurfaces wqðx; y;~zÞ56wq

0 in Figure 3b.
Notice that the vertical velocity distribution wqðx; y;~zÞ in Figure 3b is
in fact quadrupolar instead of dipolar. This is due to the two cores of
small vertical velocity amplitude located at the vortex edge. These
cores of wq are related to the slope of vertically displaced isopycnals
returning back to their flat configuration as one leaves the vortex cen-
ter. These wq amplitudes are small in comparison with those in the
vortex core (Figure 5) so that the wq distribution is still considered,
from a practical point of view, as dipolar. Assuming a spheroidal vortex
with uniform PVA under the QG approximation the motion in the vor-

tex interior uqðx; tÞ5SðtÞx has a spatially constant velocity gradient (tensor SðtÞ is the velocity gradient) and
McKiver and Dritschel (2016) showed that, at a first order of approximation, if the vortex is tilted around the

Figure 3. Isosurfaces of QG vertical velocity wqðx; y;~zÞ51026 (marked with
symbol1) and wqðx; y;~zÞ521026 (unmarked) for (a) the ellipsoidal upright
vortex (Ax51, Ay51:2, and A~z51:4); (b) the spheroidal tilted vortex (Ax5Ay51,
A~z51:4, and rotation angles ða; b; cÞ5ð0; 0:1; 0Þ); and (c) the ellipsoidal tilted
vortex (Ax51, Ay51:2, A~z51:4, and rotation angles ða; b; cÞ5ð0; 0:1; 0Þ). Com-
mon parameters are c0510 and /050:1.
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x axis by an angle a, the vertical velocity in the vortex interior
wqðxÞ � C0ðaÞ x, where C0ðaÞ is a constant depending on a. This result
is consistent with the dipolar distribution (Figure 5) close to the centre
of the vortex.

4. The w Distribution of the Ellipsoidal Tilted Vortex

In a more general case the vortex is neither upright nor spheroidal. In
such a case, referred to as the ellipsoidal tilted vortex, the vertical distri-
bution of w becomes more complex, but it can still be well under-
stood because it is basically the combination of the two modes
described in the previous sections. Closed-form expressions for the
relevant static fields can be obtained again from (1) now assuming
both the ellipsoidal condition (Ax 6¼ Ay) and the tilt condition (7). The
resulting mathematical expressions are again too long to be included
here, but it suffices with a graphical representation to understand the
basic results.

As an example we chose a vortex (1) with semiaxes fAx;Ay; A~zg5f1; 1:2;
1:4g and three different tilting orientations ða;b; cÞ5ð0; 0:1; 0Þ,
ða;b; cÞ5ð0:1; 0; 0Þ, and ða;b; cÞ5ð0;20:1; 0Þ, which broadly simulate a
time-evolving ellipsoidal tilted vortex in a reference frame rotating anticy-
clonically with the phase speed of the ellipsoidal mode, assumed slower
than the tilted mode. The isopycnal PVA -ðx; y;~zðx; y; d0ÞÞ and isopycnal
depth ~zðx; y; d0Þ on isopycnal d0520:5 are plotted in Figure 6.

The two modes of vertical velocity are now both present at that inter-
mediate depth (note tha isopycnals are labeled by its reference depth, so the reference depth of isopycnal
d0 is d0). In the case, ða; b; cÞ5ð0; 0:1; 0Þ the elliptical contours of ~zðx; y; d0Þ are displaced to the west rela-
tive to the -ðx; y;~zðx; y; d0ÞÞ contours (Figure 6a), and as a consequence, the intersection angle of ~zðx; y; d0Þ
and -ðx; y;~zðx; y; d0ÞÞ contours increases in the region x< 0 and decreases in the region x> 0. This implies
an increase of the absolute values of wq relative to the quadrupolar w pattern in the region x< 0 and the cor-

responding decrease in the region x> 0 (Figure 6d).

It may be also interpreted that the dipolar wq distribution contributes
positively to the quadrupolar wq pattern in the region y> 0, and nega-
tively in the region y< 0, resulting in the corresponding deformation of
the symmetric quadrupolar wq pattern of the ellipsoidal upright vortex
(Figure 6d). For the other tilting orientations ða; b; cÞ5ð0:1; 0; 0Þ, and ða;
b; cÞ5ð0;20:1; 0Þ of the vortex vertical axis the interpretation of the
vertical velocity pattern is similar, taking now into account that the ellip-
tical contours of ~zðx; y; d0Þ are displaced to the north (Figure 6b) and to
the east (Figure 6c) relative to the -ðx; y;~zðx; y; d0ÞÞ contours. A three-
dimensional plot with isosurfaces wqðx; y;~zÞ56wq

0 for the ellipsoidal
tilted vortex is shown in Figure 3c.

The results concerning the subsurface spheroidal or ellipsoidal upright
vortex analyzed here may be directly applicable to a surface eddy
under the rigid-lid approximation since the subsurface vortex has ver-
tical symmetry and the middle isopycnal d050 remains horizontal
~zðx; y; d0; tÞ50, so that a surface eddy may be modeled using only the
lower half d � 0 of the subsurface eddy. However, application of the
subsurface tilted vortex results to a surface tilted vortex seems to be
more complicated since the subsurface tilted vortex no longer has
vertical symmetry and the middle isopycnal d050 doe not remain hor-
izontal ~zðx; y; d0; tÞ 6¼ 0.

Figure 4. Isopycnal PVA -ðx; y;~zðx; y; d0ÞÞ (thick contours, solid for - � 0,
- 2 ½20:5; 0:042�, contour interval D50:05) and isopycnal depth ~zðx; y; d0Þ
(thin contours, solid for ~z � 0, dashed for ~z < 0, ~z 2 ½24:5; 4:5�31023,
D50:531023) on the middle isopycnal d050. Arrows indicate the velocity of
fluid particles along PVA contours. Particles on the left descends on the isopyc-
nal and therefore w< 0, while particles on the right ascends on the isopycnal
and therefore w> 0. In this example, /050:1, Ax5Ay51, A~z51:4, and c0510.

Figure 5. QG vertical velocity wqðx; y;~z0Þ at the middle depth ~z050 for the
spheroidal tilted vortex (wq 2 ½24:1; 4:1�31025, contour interval
D50:531025).

Journal of Geophysical Research: Oceans 10.1029/2017JC013735

VI�UDEZ 3710



In summary, assuming that the precession frequency is larger than the frequency of the ellipsoidal mode,
the static exponentially decreasing model (1) reproduces, for the ellipsoidal tilted vortex at middepths, a
periodic deformation of the quadrupolar w pattern of the ellipsoidal upright mode due to the contribution
of the spherical tilted mode. The relative importance of both contributions depends of course on the terms
A2y2A2x and tilting angle a or b. In the next section, we describe numerical simulations, using a three-
dimensional nonhydrostatic model, carried out in order to verify the simultaneous presence of the ellipsoi-
dal and tilted modes and investigate the time dependence properties of their corresponding vertical veloc-
ity patterns.

Figure 6. (left column) Isopycnal PVA -ðx; y;~zðx; y; d0ÞÞ (thick contours, solid for - � 0, - 2 ½20:35; 0:047�, D50:05) and
isopycnal displacement ~zðx; y; d0Þ2d0 on the isopycnal d0520:5 (dashed for ~z2d0 < 0 ~zðx; y; d0Þ2d0 2 ½20:049; 0�,
D50:005). (right column) QG vertical velocity wqðx; y;~zðx; y; d0ÞÞ on isopycnal ~d5d0520:5 (wq 2 ½24:1; 4:1�31025,
D50:531025). Angles (a, d) ða0;b0; c0Þ5ð0; 0:1; 0Þ, (b, e) ða0; b0; c0Þ5ð0:1; 0; 0Þ, and (c, f) ða0;b0; c0Þ5ð0;20:1; 0Þ. In this
example, /050:1, Ax51; Ay51:2, A~z51:4, and c0510.
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5. Time Evolution of the Vertical Velocity in an Ellipsoidal Tilted Vortex

We have seen in the previous sections that the simple exponentially decreasing static vortex model (1) is
useful to infer the static vertical velocity fields associated with the ellipsoidal upright and spheroidal tilted
vortex modes. This analytical static model does not provide however relevant information on the time evo-
lution of these fields. In order to analyze this time evolution we turn to numerical integrations of the
dynamical equations.

5.1. Numerical Algorithm
The three-dimensional baroclinic geophysical (rotating and stably stratified) volume-preserving nonhydro-
static vortex flow, under the Boussinesq and f-plane approximations, is simulated using a triply periodic
numerical model (Dritschel & Vi�udez, 2003) initialized using the PV initialization approach (Vi�udez & Drit-
schel, 2003). This initialization, which is based on a Lagrangian smooth growing of PVA during an initializa-
tion time tI , is important in this nonhydrostatic model since it substantially avoids the generation of inertia-
gravity waves due to the otherwise unbalanced initial conditions. These inertia-gravity waves could severely
affect the patterns of the small magnitude vertical velocity fields associated with the ellipsoidal tilted vortex.
The PVA is represented by contours lying on isopycnals. We use a 1283 grid, with 128 isopycnals, in a
domain of vertical extent Lz52p (which defines the unit of length) and horizontal extents Lx5Ly5c0Lz,
where c0 � N0=f0510, as in the previous sections. We take the buoyancy period (1 bp � 2p=N0) as the unit
of time by setting N0 � 2p. One inertial period (1 ip � 2p=f ) equals 10 bp. The time step dt50:01, and ini-
tialization time tI55 ip. The initialization time is the minimum time required for the fluid to reach its initial
prescribed PVA state with minimal generation of inertia-gravity waves.

The vertical displacement D of isopycnals with respect to the reference density configuration is
Dðx; tÞ � z2dðx; tÞ, where dðx; tÞ � ðqðx; tÞ2q0Þ=.z5� is the depth, or vertical location, that an isopycnal
located at x at time t has in the reference density configuration defined by q01.zz, where q is the mass density
and q0 > 0 and .z < 0 are background density and background density stratification constants that do not
need to be specified in this approach. Note that D is triply periodic but d is not. Static instability occurs when
Dz � @D=@z > 1. The Rossby number R � f=f0 and the Froude number F � jxhj=N, where xh and f are
the horizontal and vertical components of the relative vorticity x respectively, and N is the total Brunt-V€ais€al€a
frequency. The PVA - � P21, where P � ðx=f01kÞ � rd is the dimensionless total potential vorticity. The
PVA - is represented by contours in every isopycnal. The state variables are the components of the vector
potential /5ðu;w;/Þ that provide the velocity u=f052r3/ and the vertical displacement of isopycnals
D52�20r � /. This approach, described in detail in Dritschel and Vi�udez (2003) and only outlined here in
Appendix C, has been applied to the study of a variety of ageostrophic flows (e.g., Tsang & Dritschel, 2015).

5.2. Initial Conditions
In this, PV-conserving algorithm and PV initialization approach the vortex initial conditions are more conve-
niently defined in terms of the full PVA -, rather than in terms of / given by (1). We are looking for an iso-
lated three-dimensional baroclinic vortex, in the sense that its total amount of PVA must be zero that
remains marginally stable for long time periods. We take an ellipsoidal anticyclonic eddy (denoted -2;2 and
fully defined below), which is a slight geometrical modification of a member of a family of spheroidal vorti-
ces (denoted -p;q, with vortex parameters p and q defined below; Vi�udez, 2017) and is endowed with the
above isolation and stability properties. Numerical simulations carried out with others members of this vor-
tex family gave, as long as the vortices remained stable, results similar to those here described for vortex
-2;2 concerning the simultaneous persistence and patterns of the ellipsoidal and tilted vertical velocity
modes. The structure of this eddy is briefly explained here for completeness.

Since the initial base conditions are axis-symmetric and the vortex is defined in the isopycnal space, it is eas-
ier to work with isopycnal cylindrical coordinates ð�; h; �Þ of radial distance �, azimuthal angle h, and isopyc-
nal �. The two-dimensional base PVA distribution ~-bð�; h; �Þ satisfies the boundary conditions:

~-bð0; h; �Þ5~-0ð�Þ ; (9a)

~-bð�0ðh; �Þ; h; �Þ50 ; (9b)

where ~-0ð�Þ in (9a) defines the PVA profile along the vortex vertical axis and (9b) is required for PVA
continuity at the vortex outer limit �0ðh; �Þ. The radial dependence of ~-b is specified by the two parameters
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(p, q). The first parameter p (here chosen p5 2) specifies the degree of
smoothness along the radial direction on isopycnals at the vortex origin
�50:

@ i ~-b

@�i
ð0; h; �Þ50 ; 1 � i � p52 : (10)

This boundary condition specifies the spatial extent of the inner vor-
tex core rotating approximately with a constant angular speed. The
larger p, the larger the solid body part of the vortex. The second
parameter q (here chosen q5 2 as well), specifies the degree of
smoothness at the vortex outer limit �0ðh; �Þ:

@ j ~-b

@�j
ð�0ðh; �Þ; h; �Þ50 ; 1 � i � q52 : (11)

Besides the above conditions we impose zero amount of PVA along
the radius on every isopycnic layer,

ð�0ðh;�Þ

0
~-bð�; h; �Þ �d�50: (12)

Thus, the isopycnal gradient of the PVA assumes both signs along the
vortex radius and satisfies the Charney-Stern necessary condition for
the growth of disturbances (Charney & Stern, 1962).

The PVA solution ~-bð�; h; �Þ for monopolar one-core PVA vortices
with a single outer PVA shield can be decomposed, in the isopycnal
space, into horizontal and vertical components:

~-bð�; h; �Þ5~-0ð�Þ ~-Bð�=�0ðh; �ÞÞ : (13)

In this equation, ~-B defines the horizontal spatial PVA distribution in
terms of the radial distance � normalized by the radius of the elliptical
vortex �0ðh; �Þ on each isopycnal �, and is given (Appendix D) by

~-BðKÞ � 114 Ið4; 3; KÞ25 Ið3; 3; KÞ ; (14)

where Iðp; q;KÞ is the regularized incomplete Beta function defined as

Iðp; q; xÞ � Bðp; q; xÞ
Bðp; qÞ 5

ðx

0
tp21 ð12tÞq21 dt

ð1

0
tp21 ð12tÞq21 dt

; (15)

where Bðp; q; xÞ is the incomplete Beta function, and B(p, q) is the Beta
function. The function ~-0ð�Þ in (13) defines the PVA amplitude along
the vortex vertical axis, or the vertical structure of the vortex. For an
ellipsoidal geometry, both the normalized vortex horizontal semiaxes
Axð�Þ=Ax0, Ayð�Þ=Ay0, and the normalized vertical axis PVA ~-0ð�Þ=-0

are given by the same function:

Axð�Þ
Ax0

5
Ayð�Þ
Ay0

5
~-0ð�Þ
-0

5

ffiffiffiffiffiffiffiffiffiffiffiffi
12

�2

�20

s
; (16)

where constants Ax0, and Ay0 are the vortex semiaxes at the middle
isopycnal �50, -0 � ~-0ð0Þ is the PVA at the vortex centre ð�; �Þ5 ð0;
0Þ and �0 is the deepest vortex isopycnal (located at a depth z0 in the
reference configuration, or ellipsoidal vertical semiaxis). The radius of
the elliptical vortex on every isopycnal � is therefore given by

Figure 7. Time evolution of the horizontal PVA distribution -ðx; y;~z0; tÞ at the
middle depth ~z050 and times t5 5, 25, and 60 ip (- 2 ½20:50; 0:12�, contour
interval D50:05, negative contour values are thick, zero dashed, and positive
thin).
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�0ðh; �Þ5
Ax0 Ay0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2
x0sin

2h1A2y0cos
2h

q
ffiffiffiffiffiffiffiffiffiffiffiffi
12

�2

�20

s
: (17)

In the numerical simulation, we have chosen an ellipsoidal anticyclone with Ax052, Ay052:2, �050:6 c0, and
-0520:5. The initial condition Ax0 6¼ Ay0 triggers the ellipsoidal mode. The tilted mode is excited by adding
a small perturbation consisting in a horizontal displacement of the PVA contours by an amplitude dr50:1
and vertical wave numbers 2 and 3. The PVA distribution -ðx; y;~z0Þ at middepth ~z050 at the end of the

Figure 8. Time evolution (t5 10, 13, and 16 ip) of the vertical velocity w at three horizontal layers: (a–c) horizontal layers
~z050 (wðx; y; 0Þ 2 ½21:6; 1:6�31024, thick contours, D50:431024), and ~z0521 (wðx; y;~z0Þ 2 ½20:30; 0:30�31024, thin
contours, D50:531025); and (d–f) horizontal layer ~z0520:5 (wðx; y;~z0Þ 2 ½20:97; 1:0�31024, D51025).
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initialization time t5tI55 ip is shown in Figure 7a. The vortex has a
negative PVA core and a positive PVA shield, such that the
total amount of PVA in every layer is zero. The anticyclone
reached time-dependent maximum Rossby number RmaxðtÞ 2
½20:39; 0:13� > 21, maximum Froude number FmaxðtÞ 2 ½0:14; 0:15�,
and maximum stratification number DzmaxðtÞ ’ 0:18 < 1, and
remained therefore inertially and statically stable during the complete
numerical simulation (integration time DT5251 ip).

5.3. Numerical Results
As expected, the vortex Rossby wave breaks at the outer vortex (Fig-
ure 7) at the critical radius rc where the tangential velocity rc h1

: asso-
ciated with the phase speed of the ellipsoidal mode h1

: equals the
azimuthal vortex velocity. However, the vortex persisted coherently,
and remained marginally stable during the complete simulation time
period DT5251 ip.

The vertical velocity field wðx; y;~z ; tÞ is shown in Figure 8 at three dif-
ferent depths at times t5 10, 13, and 16 ip. On the middle depth ~z50
(Figure 8a) the distribution is clearly dipolar, while on a deeper layer ~z
521 the pattern is quadrupolar. At an intermediate depth ~z520:5
the pattern is a contribution of both dipolar and quadrupolar distribu-
tions. These results clearly coincide with the vertical velocity distribu-
tions of the ellipsoidal upright and spheroidal tilted vortex modes
described in the previous sections. This dipolar distribution of w seems
to have been also reproduced in some numerical simulations of ellip-
soidal vortices in Tsang and Dritschel (2015, Figures 15 and 16), proba-
bly due to the excitation of the tilted vortex mode, seen as a
distortion of the octupolar w distribution property of the ellipsoidal
upright vortex mode.

It can be also observed that the phase speed of the tilted mode _h2 is
larger than the phase speed of the ellipsoidal mode _h1. The precise math-
ematical definitions of the phase speeds _h1 and _h2 are given below but,
from a visual inspection of Figure 8 it can be estimated following the spa-
tial rotation of the vertical velocity patterns that _h2 � 2ðp=2Þ=ð6 ipÞ ’
20:26 ip21, while _h1 � 2ðp=4Þ=ð6 ipÞ ’ 20:13 ip21. The tilted mode
frequency is about twice the ellipsoidal mode frequency.

The ellipsoidal and tilted modes may be quantitatively analyzed in terms of the second moments matrix of
negative PVA I-2ðtÞ (Appendix E). The eigenvectors of I-2ðtÞ, denoted here ðe1; e2; e3Þ, define the directions
of the principal axes of the negative PVA distribution. The principal axes vectors are
ðs1; s2; s3Þ � e1=

ffiffiffiffiffi
e1

p
; e2=

ffiffiffiffiffi
e2

p
; e3=

ffiffiffiffiffi
e3

p� �
, where ðe1; e2; e3Þ are the corresponding eigenvalues. Though

these vectors are fully three-dimensional, s1 and s2 are almost hori-
zontal since the vortex is always oblate in the the physical space
(c0 > 1), and provide information on the ellipsoidal mode, while s3 is
almost vertical and provides information on the tilted mode.

Only the direction of the eigenvectors is used to compute the phase
speed of the ellipsoidal and tilted modes. The nearly vertical eigenvec-
tor s3ðtÞ is easily identified by its almost vertical direction. Eigenvec-
tors s1ðtÞ and s2ðtÞ are defined by their spatial proximity to the
eigenvectors computed in the previous data save. That is, first eigen-
vectors fsað0Þ; sbð0Þg are obtained at t5 0, and fs1ð0Þ; s2ð0Þg are
defined arbitrarily, say fs1ð0Þ; s2ð0Þg5fsað0Þ; sbð0Þg. For subsequent
times t> 0, eigenvectors fs1ðtÞ; s2ðtÞg are simply defined by their
proximity relative to the eigenvectors computed in the previous data

Figure 9. Time evolution of the horizontal component of (a) the semiaxis vec-
tor s1ðtÞ, and (b) the semiaxis vector s3ðtÞ. The dots indicate the data location
every ip, from the initialization time t55 ip (big dot) to t5253 ip.

Figure 10. Time evolution of the phases h1ðtÞ and h2ðtÞ.
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save, that is, s1ðtÞ and s2ðtÞ are the eigenvectors of the set f6sa ðtÞ;6
sbðtÞg closest to s1ðt2DtÞ and s2ðt2DtÞ, respectively.
The horizontal components of s1ðtÞ and s3ðtÞ are plotted in Figure 9. Both
vectors rotate anticyclonically around the vertical axis ~z , though s3 rotates
faster than s1. The phases h1ðtÞ and h2ðtÞ are defined from the first and
third semiaxis vectors s1ðtÞ5ðs1x ; s1y ; s1zÞ and s3ðtÞ5ðs3x ; s3y; s3zÞ as

h1ðtÞ � arctan
s1yðtÞ
s1xðtÞ

; and h2ðtÞ � arctan
s3yðtÞ
s3xðtÞ

: (18)

The time evolution of the corresponding phases h1ðtÞ and h2ðtÞ is
shown in Figure 10. Linear model fits to h1ðtÞ and h2ðtÞ give tangents,
or phase speeds, _h1 ’ 20:135 ip21 for the ellipsoidal mode, and
_h2 ’ 20:296 ip21, for the tilted mode. Therefore, the octupolar w distri-
bution takes 2p=j _h1j ’ 46:4 ip to complete one revolution, while the
dipolar w distribution takes only 2p=j _h2j ’ 21:4 ip. These values prove
that the estimations obtained from simple visual inspection of the verti-

cal velocity field (Figure 8) given before ( _h1 � 20:13 ip21 and _h2 � 20:26 ip21) were reasonably accurate.

The trend of the ellipsoidal mode may be investigated using the eccentricity defined from the semiaxes
vectors s1ðtÞ and s2ðtÞ. We use a signed eccentricity squared:

�ðtÞ � js1j22js2j2

js1j2
; (19)

instead of simple eccentricity � �
ffiffiffiffiffi
j�j

p
, because s1ðtÞ and s2ðtÞ may interchange the roles of major and

minor semiaxes vectors so that js1j22js2j2 may be negative. Proper identification of semiaxes vectors s1ðtÞ
and s1ðtÞ is important for the sake of computing the phases h1ðtÞ and h2ðtÞ and their rate of change. When
the vortex becomes approximately spheroidal (at t ’ 60 ip) these semiaxes vectors become indeterminate
and are defined using a simple linear extrapolation.

The time evolution of �ðtÞ (Figure 11) shows that it reaches a maximum at t ’ 25 ip, which corresponds
to the large PVA elliptical pattern in Figure 7b and, consistently, a maximum of the averaged vertical
velocity hjwjið~z ; tÞ at the intermediate depth ~z ’ 20:5 (Figure 12). Eccentricity then decreases to zero at
t ’ 55 ip, corresponding to a minimum of hjwjið~z ; tÞ for the ellipsoidal mode.

Semiaxis vector s2 now becomes the major semiaxis vector, and eccentricity seems to stabilize to an abso-
lute value j�j ’ 0:05. Thus, there is a circular symmetrization (also called axis-symmetrization) process but
the vortex, at least during the integration time DT5251 ip, does not become fully spheroidal.

Notice that the vortex has a relatively small initial eccentricity � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12Ax=Ay

p
’ 0:42. A larger initial eccen-

tricity will cause initial vertical velocities associated with the ellipsoidal mode larger than those associated
with the tilted mode, and our desire is to work with similar ampli-
tudes. Though small, this initial eccentricity still causes a long adjust-
ment time period after which �ðtÞ reaches a smaller and more
stationary value �5

ffiffiffiffiffi
j�j

p
’ 0:05 (after t ’ 60 ip in Figure 11).

Vortex vertical alignment (extent to which the geometric vortex cen-
ter of all horizontal cross sections becomes close to a vertical straight
line) and horizontal axisymmetrization (extent to which PVA contours
of a horizontal cross section at a given vertical level reach a circular
shape) has been analyzed in previous studies (Viera, 1995; Vi�udez,
2010; Tsang & Dritschel, 2015).

The trend of the tilted mode may be analyzed using the amplitude:

js3hj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s23x1s23y

q
(20)

of the horizontal component of s3 (Figure 11). It seems that the ampli-
tude of the tilted mode tends to decrease as vector s3 tends to

Figure 11. Time evolution of the signed eccentricity squared , and the horizon-
tal radius js3hjðtÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s23xðtÞ1s23yðtÞ

q
of the horizontal component of the third

(vertical) semiaxis vector s3hðtÞ5ðs3xðtÞ; s3yðtÞÞ, scaled as ðjs3hj2min js3hjÞ3500
with fmin js3hj;max js3hjg ’ f2:7; 8:0g31024.

Figure 12. Distribution of the horizontal average of absolute vertical velocity
hjwjið~z ; tÞ as a function of depth ~z and time t (max hjwji ’ 1:2131025,
D51026).
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vertical alignment (Figure 9b), but it does so in an oscillating way, and
no definitive conclusion can be drawn from this numerical data. Lon-
ger time integration studies are needed to fully resolve this point. It
suffices here to notice that these long term changes are slow com-
pared to the phase speeds of the ellipsoidal and tilted modes.

It remains however to verify the degree of approximation of the QG
assumptions in order to link the numerical fields w with the QG vertical
velocity wq, and validate the QG results of the conceptual model given
by (1) obtained in previous sections. With this objective we compare
the QG vertical velocity wq and w of the numerical simulation. The QG
vertical velocity is obtained again solving the QG omega equation using
the numerical simulation data. Scatter plots at a given time t0 of wqðx; y;
~z0; t0Þ versus wðx; y;~z0; t0Þ (Figure 13) at depths ~z050, where the verti-
cal velocity of the tilted mode is maximum, and ~z0521, where the verti-
cal velocity of the ellipsoidal mode dominates, show that both vertical
velocity distributions are, to a considerable extent, QG modes. The linear
model fits gave slopes wq=w ’ 0:75 at ~z050 and wq=w ’ 0:89 at
~z0 ’ 21. The vertical velocity of the tilted mode departs from QG more
than the ellipsoidal mode does. This is consistent with the fact that
the tilted mode rotates faster than the ellipsoidal mode, is therefore
more unsteady, and that the QG omega equation neglects the rate

of change of the ageostrophic differential vertical vorticity df0z=dt where f
0
z � @ðf2fgÞ=@z is the vertical deriva-

tive of the ageostrophic vertical vorticity.

6. Concluding Remarks

The balanced motion, that is void of inertia-gravity waves, of an spheroidal upright subsurface vortex is
purely horizontal. Vertical velocity however arises as soon as the vortex departs from being a spheroid and
becomes an upright, vertically symmetric, ellipsoid. In this case the vertical displacement of isopycnals is
zero at the middepth ~z50. Conservation of potential vorticity anomaly on elliptical concave/convex isopyc-
nals gives rise to the vertical velocity octupolar pattern, which vanishes at ~z50. Vertical velocity may
develop as well if the vortex remains spheroidal but its vertical axis tilts relative to the gravity direction. In
this case the displacement of isopycnals is largest at ~z50, where it acquires a dipolar distribution, and the
associated vertical velocity, which is largest also at this depth, develops a dipolar pattern as well. In both
the spheroidal and tilted modes the vertical velocity may be inferred from the fast advection of PVA con-
serving fluid particles on slower translating tilted isopycnals. This fact implies that the vertical velocity of
both modes is approximately QG and it is correctly inferred from the QG omega equation as long as the
Rossby number remains small. Both the dipolar and octupolar distributions are perfectly consistent with the
classical theory of QG vertical motion in baroclinic waves (e.g., Holton, 2004, section 6.4).

Numerical simulations carried out with a nonhydrostatic model under the Boussinesq and f-plane approxi-
mations confirm the presence of both modes in spheroidal tilted eddies. In this case both spheroidal and
tilted modes coexist but remain, to a large extent, uncoupled. The modes rotate with different phase speeds
which remain approximately constant. The uncoupling of the modes implies that, at least at a first order of
approximation, the time-dependent problem is amenable to a linear mode decomposition under the QG
theory. In terms of the QG PVA -q one may decompose -qðr; tÞ5-q

BðrÞ1-q
Eðr; tÞ1-q

Tðr; tÞ into a steady
spheroidal upright base mode -q

BðrÞ, a time-dependent ellipsoidal upright mode -q
Eðr; tÞ, and a time-

dependent spheroidal tilted mode -q
Tðr; tÞ. The time-dependent QG PVA modes may be separately inverted

to obtain the corresponding QG geopotential perturbations -q
E5

~r2
/E and -q

E5
~r2
/T using the QG

approximation, and taking into account that the initial PVA perturbations -q
Eðr; 0Þ and -q

Tðr; 0Þ may now
assume simpler (e.g., homogeneous) spatial distributions. Work along this line is left for future research.

Both ellipsoidal upright and spheroidal tilted modes are unsteady. The vertical velocity magnitude of the
ellipsoidal upright vortex mode seems to decrease faster than that of the spheroidal tilted vortex mode
because vortex axisymetrization, of an initially perturbed vortex, is faster than vortex vertical alignment.

Figure 13. Scatterplots of fwðx; y;~z0; t0Þ;wqðx; y;~z0; t0Þg3104 at the middle
depth ~z050 (the dashed line is the linear model fit) and fwðx; y;~z0; t0Þ;wqðx; y;
~z0; t0Þg353104 at depth ~z0 ’ 21 (the dotted line is the linear model fit) at
time t0512 ip.
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Thus, the vertical velocity of the ellipsoidal upright vortex mode may be more important during the first
steps of the eddy life, right after the vortex formation from separation or breaking of a baroclinic current, or
when the vortex interacts with another vortex or current and loses its axial symmetry. However, on the
other hand, there is a clear persistence of the vortex PVA extrema, which becomes unstable, to accumulate
in two interior regions at opposite sides of the vortex core. When the whole vortex remains stable the
amount of this PVA pileup is not enough to reverse the sign of the vortex circulation. However, this weak
tripole-like structure exerts a double torque in the vortex core able to transform the otherwise spheroidal
vortex into an ellipsoidal vortex. This tripole structure is very stable and is the reason why the spheroidal
upright vortex mode may endure long time periods. Field measurements to elucidate the characteristics of
these modes present a challenge to experimental oceanographers. The period of the spheroidal vortex
mode, in the case studied here, is about 20 inertial periods. The maximum time interval able to discretize a
sinusoidal wave is a quarter of the wave period, which means that the three-dimensional baroclinic struc-
ture of the vortex should be completed in about only five inertial periods. This task, though not impossible,
clearly with the technology currently available, is experimentally very costly.

Appendix A: The Three-Dimensional Exponentially Decaying Vortex Model

This appendix includes the relevant closed-form expressions derived from (1) and leading to (3). The dimen-
sionless geostrophic vertical vorticity ~f

g
5r2

h/ becomes

~f
gðx; y;~zÞ52/ðx; y;~zÞ 2x22A2x

A4
x

1
2y22A2

y

A4
y

 !
: (A1)

The displacement of isopycnals D � 2�20/z is

Dðx; y;~zÞ5 2 �0~z
A2~z

/ðx; y;~zÞ ; (A2)

while the stratification number Dz52@2/=@~z2,

Dzðx; y;~zÞ52/ðx; y;~zÞA
2
~z22~z2

A4
~z

: (A3)

Notice that

Dðx; y;~zÞ5 A2
~z �0~z

A2
~z22~z2

Dzðx; y;~zÞ ; (A4)

so that the ratio Dz=D is a function of ~z alone, and therefore the horizontal gradients rhD and rhDz have
the same vector lines. These facts are common to any geopotential /ðx; y;~zÞ admiting a separation of varia-
bles in the form /ðx; y;~zÞ5f ðx; yÞ � gð~zÞ, as (1), which leads to an equivalent barotropic geostrophic flow.
The stratification number Dz changes sign at the horizontal planes ~z56A~z=

ffiffiffi
2

p
.

The geostrophic velocity ug � k3rh/ is

ugðx; y; ẑÞ52/ðx; y; ẑÞ y
A2
y
;2

x
A2
x

 !
: (A5)

The QG PVA -q5~f
q
2Dz5r2

h/1@2/=@~z25 ~r2
/, where ~r2 � r2

h1@2=@~z2 is the three-dimensional Lapla-
cian operator in the QG space, is

-qðx; y;~zÞ52/ðx; y;~zÞ
X

K5fx;y;~zg

2K22A2
K

A4
K

: (A6)

The total amount of QG PVA -q in this vortex model is null:
ð1

21

ð1

21

ð1

21
-qðx; y;~zÞ dx dyd~z50 ; (A7)

but the area integral on horizontal surfaces is not
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hh-qiixy �
ð1

21

ð1

21
-qðx; y;~zÞ dx dy52

ð1

21

ð1

21
Dzðx; y;~zÞ dx dy (A8)

52p/0
AxAy

A4
~z

ðA2
~z22~z2Þe

2~z2

A2
~z : (A9)

The finite size of the total amount of -q on horizontal layers is therefore due to the stratification term Dz .
The amount of -q on horizontal layers hh-qiixy changes sign at depths ~z56A~z=

ffiffiffi
2

p
.

The horizontal Q-vector Qg
h � 2rh~u

g � rhD is

Qg
hðx; y;~zÞ52

24 �0~z
A2
x A

2
y A

2
~z

/2ðx; y;~zÞ k3rhðx; yÞ ; (A10)

where the horizontal position vector rhðx; yÞ � x i1y j. Notice that the direction of Qg
hðx; y;~zÞ is given only

by k3rhðx; yÞ, and therefore vector lines of Qg
hðx; y;~zÞ are always concentric circles with origin at (0, 0) no

matter the vortex eccentricity given by the horizontal semiaxes Ax and Ay. This is most easily appreciated by
noticing that Qg

h, in cylindrical coordinates in the QG space, is Qg
chðr; h; ẑÞ,

Qg
chðr; h;~zÞ52

24�0
A2
xA

2
yA

2
~z

/2
cðr; h;~zÞ r ~z ĥ ; (A11)

and has only one component along the azimuthal unit vector ĥ. The vector field Qg
h points clockwise at

depths ~z < 0 and anticlockwise at depths ~z > 0, independent of the sign of /0. As a consequence the hori-
zontal divergence rh � Qg

h results in

rh � Qg
hðx; y;~zÞ543�0

A2
y2A2x

A4
xA

4
yA

2
~z

/2ðx; y;~zÞ x y ~z

5
42

A2xA
2
y
DðrÞ rh � ug

hðrÞ : (A12)

The last expression in (A12) implies that, for DðrÞ < 0 the source term rh � Qg
h is negative if the geostrophic

velocity ug
hðrÞ points out of the vortex center, and positive if ug

hðrÞ points toward the vortex center.

Appendix B: Basic Rotation Matrices

The three basic rotation matrices, which rotate three-dimensional vectors by an angle a, b, and c around
the x, y, or z axis, respectively, are defined as

RxðaÞ �

1 0 0

0 cos a 2sin a

0 sin a cos a

2
66664

3
77775
;

RyðbÞ �

cos b 0 sin b

0 1 0

2sinb 0 cosb

2
66664

3
77775
;

RzðcÞ �

cos c 2sin c 0

sin c cos c 0

0 0 1

2
66664

3
77775
:

(B1)

Appendix C: QG Terms in the Spheroidal Tilted Vortex

As an example of a spheroidal tilted vortex, we assume the same exponentially decaying geopotential
function (1):
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~/ðx; y;~zÞ � /0 exp 2
X2

A2
x
1
Y2

A2y
1

Z2

A2
~z

 !( )
; (C1)

where now coordinate functions ðX ;Y;Z) are the rotation by an angle a around the x axis of the coordi-
nates ðx; y;~zÞ given by (8):

ðXðx; y; ẑÞ;Yðx; y; ẑÞ;Zðx; y; ẑÞÞ5ðx; ycos a2~zsin a;~zcos a1ysin aÞ : (C2)

To highlight the role of the tilted mode, we further assume that the tilted vortex is spheroidal, so that
Ax5Ay5A0.

Though most of the QG terms are quite complicated, the geostrophic advection of D is surprisingly simple,

ug � rhD52�0
ðA2

~z2A20Þ
A4
0A

2
~z

sin ð2aÞ ~/2
x : (C3)

Since in the QG approximation the QG vertical velocity is the geostrophic rate of change of D, that is
@D=@t1ug � rhD5wq, (C3) gives us some clues regarding the QG vertical velocity pattern where the geo-
strophic advection of D is larger than its local rate of change, a condition which is likely to happen close to
the vortex core. Clearly, due to the term x in (C3), ug � rhD has a dipolar pattern as long as the spheroidal
vortex has not spherical geometry in the QG space (A~z 6¼ A0) and the vortex is not an ellipsoidal upright vor-
tex (a 6¼ p=2).

The term rh � Qg
h in the omega equation (2) is complicated but to our purposes it suffices to show its

expression at ~z50,

rh � Qg
hðx; y; 0Þ532�0

ðA2~z2A20Þ
A6
0A

2
~z

sin ð2aÞ ~/2
x

x2

A2
0
1

y2

A2
0

cos2a A2~z1sin2aA2
0

A2
~z

� �
21

� �
: (C4)

The pattern of the field rh � Qg
hðx; y; 0Þ above is the product of three contributions. The first contribution is

the square of the exponentially decaying function ~/ðx; y; 0Þ, which makes rh � Qg
hðx; y; 0Þ decrease expo-

nentially so that it becomes close to zero far from the origin. The second contribution is simply x, which is
responsible for the dipolar pattern of rh � Qg

hðx; y; 0Þ, and therefore for the dipolar pattern of wq close to
the vortex center. The third contribution (term inside squared brackets) is responsible for the change of
sign of rh � Qg

hðx; y; 0Þ at a certain distance from the vortex center. The location where this change of sign
takes place is the ellipse:

x2

A2
0
1

y2

A2
0

cos2a A2~z1sin2aA2
0

A2
~z

� �
51 : (C5)

This ellipse is consistent with the change of sign of wqðx; y; 0Þ (zero value contour in Figure 5). Function rh

�Qg
hðx; y; 0Þ has six critical points (where rhðrh � Qg

hðx; y; 0ÞÞ50), four of which are extrema located along

the x-axis, with two maxima at x57A0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
77

ffiffiffiffiffi
33

pp
=
ffiffiffi
8

p
and two minima at x56A0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
77

ffiffiffiffiffi
33

pp
=
ffiffiffi
8

p
. The two

remaining critical points located along the y axis at y56A0A~z=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2aA2~z1sin2aA20

q
are saddle points. The

relative extrema of rhðrh � Qg
hðx; y; 0ÞÞ50 located outside the vortex core (at x56A0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
71

ffiffiffiffiffi
33

pp
=
ffiffiffi
8

p
) has a

magnitude smaller than the extrema close to the vortex core, and cause the relative extrema of wqðx; y; 0Þ
far from the vortex center, which in the isosurface plot Figure 3b is visualized as an horizontal annulus with
oppositive sign to the isosurface of wq located nearby. Note that in Figures 3b and 3c the rotation angle is
b (around the y-axis) instead of a (around the x axis) as assumed here.

Appendix D: Theoretical Basis of the Numerical Algorithm

By combining the nonhydrostatic balance of linear momentum in a rotating frame under the f-plane and
Boussinesq aproximations, the mass conservation equation and the isochoric condition we obtain the rate
of change of A5Ai1Bj1Ck � x=f2c20rD,

dA
dt

52fk3Ah1ð12c20Þrw1
x

f
� ru1c20ru � rD : (D1)

The horizontal component of (D1), namely the rate of change of Ah5ðA;BÞ, is numerically integrated
using an explicit leapfrog scheme, together with a weak Robert-Asselin time filter to avoid decoupling

Journal of Geophysical Research: Oceans 10.1029/2017JC013735

VI�UDEZ 3720



between even and odd time levels. Spatial derivatives are carried out in the spectral space. A biharmonic
hyperdiffusion term, providing a small damping rate (e-folding) per ip at the highest wave number equal
to ef550 is added to the horizontal component of (D1). The third prognostic equation is the explicit mate-
rial conservation of PVA by contour advection on isopycnals (d-=dt50), so that large PV gradients are not
severely smoothed by diffusion. The locations of the PV contours are numerically integrated in time using
a standard third-order three-time-level Adams-Bashforth scheme. The horizontal potentials /h5ðu;wÞ are
recovered from the inversion, in the spectral space, of Ah5r2/h, while the vertical potential / is
obtained from the inversion of the PVA definition - � P215ðx=f1kÞ � ðk2rDÞ21in terms of the
potentials, -5-/fu;w;/g. The main advantage of these prognostic equations is that they allow us to
use the potential vector / so that volume conservation is implicit, both three-dimensional velocity and
vertical displacement are obtained directly from /, and the inversion of the horizontal potentials is easy
(symbolically, /h5r22Ah). The disadvantage of this formulation is that the computation of the (horizon-
tal component) right-hand side of (D1) and the inversion of the PVA (symbolically /5-21

/ fu;w;-g) are
numerically costly.

Appendix E: Radial PVA Function -BðKÞ
The base PVA ~-bð�; �Þ is constructed from the one-dimensional function -BðKÞ, where variable
K5~ð�; �Þ � �=�0ð�Þ, is the radial distance scaled by the vortex radius �0ð�Þ on isopycnal �. Function -B must
satisfy boundary conditions:

-Bð0Þ51 ; (E1a)

-Bð1Þ50 ; (E1b)

and

di-B

dKi
ð0Þ5di-B

dKi
ð1Þ50 ; i51; 2 ; (E2)

and the integral condition
ð1

0
-BðKÞKdK50 (E3a)

)
ð1

0
-0

BðKÞ K2 dK50 : (E3b)

For monopolar vortices with a single PVA core and one PVA annulus of opposite PVA sign, the PVA -B on
every isopycnal must have one zero and, subjected to the above conditions, only one interior extremum.
Thus, -BðKÞ has only one interior extremum, say at K5Ke, and -0

BðKÞ must be of the form:

-0
BðKÞ / K2 ð12KÞ2 ðKe2KÞ : (E4)

The extremum Ke is found from the integral condition (E3b), resulting in

Ke5
�eð�Þ
�0ð�Þ

5
Bð6; 3Þ
Bð5; 3Þ5

5
8
; (E5)

where Bðp; qÞ is the Beta function. Integration of (E4), with boundary conditions (E1a) and (E1b), and Ke
given by (E5), leads to (14).

Appendix F: Second Moments of PVA

The second moments of the PVA tensor is defined, in Cartesian coordinates, as

I-2ðtÞ � 2

ð

V2

-ðx; y; z; tÞ R2ðx; y; zÞ dV ; (F1)

where matrix
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2R2ðx; y; zÞ �
y21z2 2xy 2xz

2yx x21z2 2yz

2zx 2zy x21y2

2
664

3
775 : (F2)

In this application, the integral above extends to the volume V2ðx; y; z; tÞ where -ðx; y; z; tÞ < 0.

References
Barcel�o-Llull, B., Pall�as-Sanz, E., Sangr�a, P., Mart�ınez-Marrero, A., Estrada-Allis, S. N., & Ar�ıstegui, J. (2017). Ageostrophic secondary circulation

in a subtropical intrathermocline eddy. Journal of Physical Oceanography, 47, 1107–1123. https://doi.org/10.1175/JPO-D-16-0235.1
Buongiorno Nardelli, B. (2013). Vortex waves and vertical motion in a mesoscale cyclonic eddy. Journal of Geophysical Research: Oceans,

118, 5609–5624. https://doi.org/10.1002/jgrc.20345
Buongiorno Nardelli, B., Santoleri, R., & Sparnocchia, S. (2001). Small mesoscale features at a meandering upper-ocean front in the Western

Ionian Sea (Mediterranean Sea): Vertical motion and potential vorticity analysis. Journal of Physical Oceanography, 31, 2227–2250.
https://doi.org/10.1175/1520-0485(2001)031<2227:SMFAAM>2.0.CO;2

Charney, J. G., & Stern, M. E. (1962). On the stability of internal baroclinic jets in a rotating atmosphere. Journal of the Atmospheric Sciences,
19, 159–172. https://doi.org/10.1175/1520-0469(1962)019<0159:OTSOIB>2.0.CO;2

Cushman-Roisin, B., & Beckers, J.-M. (2001). Introduction to geophysical fluid dynamics (2nd ed.). Cambridge, MA: Academic.
Dritschel, D. G., & Vi�udez, A. (2003). A balanced approach to modelling rotating stably-stratified geophysical flows. Journal of Fluid Mechan-

ics, 488, 123–150. https://doi.org/10.1017/S0022112003004920
Holton, J. R. (2004). An introduction to dynamic meteorology (535 pp.). Amsterdam, the Netherlands: Elsevier.
Hoskins, B. J., Draghici, H. C. & Davies, (1978). A new look at the x-equation. Quarterly Journal of the Royal Meteorological Society, 104(439),

31–38. https://doi.org/10.1002/qj.49710443903
Klein, P., & Lapeyre, G. (2009). The oceanic vertical pump induced by mesoscale and submesoscale turbulence. Annual Review of Marine Sci-

ence, 1(1), 351–375. https://doi.org/10.1146/annurev.marine.010908.163704
Luettich, R. A., Jr., Muccino, J. C., & Foreman, M. G. G. (2002). Considerations in the calculation of vertical velocity in three-dimensional circu-

lation models. Journal of Atmospheric and Oceanic Technology, 19, 2063–2076. https://doi.org/10.1175/1520-0426(2002)019<2063:CIT-
COV>2.0.CO;2

Mahdinia, M., Hassanzadeh, P., Marcus, P. S., & Jiang, C.-H. (2017). Stability of three-dimensional Gaussian vortices in an unbounded, rotat-
ing, vertically stratified, Boussinesq flow: Linear analysis. Journal of Fluid Mechanics, 824, 97–134. https://doi.org/10.1017/jfm.2017.303

Mason, E., Pascual, A., Gaube, P., Ruiz, S., Pelegr�ı, J. L., & Delepoulle, A. (2017). Subregional characterization of mesoscale eddies across the
Brazil-Malvinas Confluence. Journal of Geophysical Research: Oceans, 122, 3329–3357. https://doi.org/10.1002/2016JC012611

McKiver, W. J. (2015). The ellipsoidal vortex: A novel approach to geophysical turbulence. Advances in Mathematical Physics, 2015, 613683.
https://doi.org/10.1155/2015/613683

McKiver, W. J., & Dritschel, D. G. (2016). Balanced solutions for an ellipsoidal vortex in a rotating stratified flow. Journal of Fluid Mechanics,
802, 333–358. https://doi.org/10.1017/jfm.2016.462

Meacham, S. P. (1992). Quasigeostrophic, ellipsoidal vortices in a stratified fluid. Dynamics of Atmospheres and Oceans, 16, 189–223. https://
doi.org/10.1016/0377-0265(92)90007-G

Merckelbach, L., Smeed, D., & Griffiths, G. (2010). Vertical water velocities from underwater gliders. Journal of Atmospheric and Oceanic
Technology, 27, 547–563. https://doi.org/10.1175/2009JTECHO710.1

Miyazaki, T., Ueno, K., & Shimonishi, T. (1999). Quasigeostrophic, tilted spheroidal vortices. Journal of the Physical Society of Japan, 68(8),
2592–2601. https://doi.org/10.1143/JPSJ.68.2592

Tsang, Y.-K., & Dritschel, D. G. (2015). Ellipsoidal vortices in rotating stratified fluids: Beyond the quasi-geostrophic approximation. Journal
of Fluid Mechanics, 762, 196–231. https://doi.org/10.1017/jfm.2014.630

Viera, F. (1995). On the alignment and axisymmetrization of a vertically tilted geostrophic vortex. Journal of Fluid Mechanics, 289, 29–50.
https://doi.org/10.1017/S0022112095001224

Vi�udez, A. (2010). Vertical splitting of vortices in geophysical dipoles. Journal of Physical Oceanography, 40, 2170–2179. https://doi.org/10.
1175/2010JPO4418.1

Vi�udez, A. (2017). Isolated marginally stable geophysical vortices. Journal of Fluid Mechanics, 824, https://doi.org/10.1017/jfm.2017.440
Vi�udez, A., & Dritschel, D. G. (2003). Vertical velocity in mesoscale geophysical flows. Journal of Fluid Mechanics, 483, 199–223. https://doi.

org/10.1017/S0022112003004191
Vi�udez, A., Tintor�e, J., & Haney, R. L. (1996). Circulation in the Alboran Sea as determined by quasi-synoptic hydrographic observations. Part

I. Three-dimensional structure of the two anticyclonic gyres. Journal of Physical Oceanography, 26, 684–705. https://doi.org/10.1175/
1520-0485(1996)026<0684:CITASA>2.0.CO;2

Acknowledgments
I thank two anonymous reviewers for
their careful reading of the first version
of this manuscript and their relevant
comments, which helped to improve
this article. Partial support for this
study was obtained through project
CTM2014–56987-P (Spanish Ministry of
Science and Innovation). No new
experimental data were used in
producing this manuscript.

Journal of Geophysical Research: Oceans 10.1029/2017JC013735

VI�UDEZ 3722

https://doi.org/10.1175/1520-0485(1996)026%3C0684:CITASA%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(1996)026%3C0684:CITASA%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(1996)026%3C0684:CITASA%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(1996)026%3C0684:CITASA%3E2.0.CO;2
https://doi.org/10.1017/S0022112003004191
https://doi.org/10.1017/S0022112003004191
https://doi.org/10.1017/jfm.2017.440
https://doi.org/10.1175/2010JPO4418.1
https://doi.org/10.1175/2010JPO4418.1
https://doi.org/10.1017/S0022112095001224
https://doi.org/10.1017/jfm.2014.630
https://doi.org/10.1143/JPSJ.68.2592
https://doi.org/10.1175/2009JTECHO710.1
https://doi.org/10.1016/0377-0265(92)90007-G
https://doi.org/10.1016/0377-0265(92)90007-G
https://doi.org/10.1017/jfm.2016.462
https://doi.org/10.1155/2015/613683
https://doi.org/10.1002/2016JC012611
https://doi.org/10.1017/jfm.2017.303
https://doi.org/10.1175/1520-0426(2002)019%3C2063:CITCOV%3E2.0.CO;2
https://doi.org/10.1175/1520-0426(2002)019%3C2063:CITCOV%3E2.0.CO;2
https://doi.org/10.1175/1520-0426(2002)019%3C2063:CITCOV%3E2.0.CO;2
https://doi.org/10.1175/1520-0426(2002)019%3C2063:CITCOV%3E2.0.CO;2
https://doi.org/10.1146/annurev.marine.010908.163704
https://doi.org/10.1002/qj.49710443903
https://doi.org/10.1017/S0022112003004920
https://doi.org/10.1175/1520-0469(1962)019%3C0159:OTSOIB%3E2.0.CO;2
https://doi.org/10.1175/1520-0469(1962)019%3C0159:OTSOIB%3E2.0.CO;2
https://doi.org/10.1175/1520-0469(1962)019%3C0159:OTSOIB%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(2001)031%3C2227:SMFAAM%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(2001)031%3C2227:SMFAAM%3E2.0.CO;2
https://doi.org/10.1175/1520-0485(2001)031%3C2227:SMFAAM%3E2.0.CO;2
https://doi.org/10.1002/jgrc.20345
https://doi.org/10.1175/JPO-D-16-0235.1

	l
	l
	l
	l
	l
	l
	l
	l
	l
	l
	l

