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21. INTRODUCTION1.1. MotivationThe main concern of this paper is to introduce a many-valued logicalcalculus based on rule specialisation to model a type of cooperative com-munication between autonomous agents in the presence of imperfect orimprecise knowledge. Other important communicational issues such asprotocols or agent communication languages are not dealt within this pa-per. Rather, we focus on the informational content of the communicationbetween agents.For the sake of simplicity and readability, we restrict ourselves to archi-tectures of multi-agent systems composed of a set of autonomous rule-basedagents communicating each other by means of message passing. Moreover,we only consider two types of asynchronous communication actions: queriesand answers. Finally, external users of the multi-agent system are supposedto interact with the autonomous agents through an interface that allowsthem to pose queries and give answers.In a very simpli�ed way, the standard behaviour of traditional knowledge-based agents when communicating could be described as follows: when anagent is inquired whether a given proposition holds, the agent starts itsdeductive machinery in order to �nd out a proof for that proposition. Ifit succeeds, it gives back either the truth value true in the case of classicalreasoning or a partial degree of truth or certainty in the case of approximateor uncertainty reasoning. If it fails, under the open world assumption, theanswer is unknown.In the case of rule-based agents, we propose to improve this simple com-munication process by using in a more e�ective way the information storedin the rule base of an agent. For instance:1. When the user of an agent makes a query, he might be interested inknowing not only about the query itself but also about other relatedfacts that can be useful for the problem being solved. It can bealso the case that the user might be interested in knowing whichconclusions can be drawn from the proposition being queried.2. When an agent is not able to answer a query because it has not beenprovided with enough information, he will probably answer with thevalue unknown, as already commented. However, even in this case,the answer may be much more informative if the agent let the useror another agent know which is the lacking information causing thefailure of the answer.All this `hidden' information is somehow actually used by humans whencooperating in solving problems. Indeed, looking carefully at, for instance,



3how physicians cooperate and communicate in a diagnosis problem, it canbe noticed that they may:� condition their decisions. Suppose it is not known whether a pa-tient is allergic to penicillin. Then a physician asked for the possibilityof giving penicillin as treatment would answer: `Penicillin is a goodtreatment from a clinical point of view provided that the patient hasno allergy to penicillin'.� provide suggestions to be considered together with the an-swer of a query. Instead of strictly answering whether there is aninfection or not, a physician may answer: `Pneumococcus has beenisolated in the culture of sputum. In this case it is strongly suggestedto make an antibiogram to the patient '.� provide conditioned suggestions to be considered togetherwith decisions. This would correspond to a combination of theabove two communication patterns. For instance, `Ciprooxacine isa good treatment, but if the patient is a woman breast-feeding she muststop breast-feeding '.To model such communication patterns, we need to extend the agentanswering procedure, by allowing it to answer queries with sets of formulas(rules and propositions). We propose to do it by means of a calculus basedon rule specialisation. Specialisation as understood in this paper is relatedto the notion of partial evaluation expressed in the well known Kleene'sTheorem [10]. Specialisation Calculus is based on logic, then we use theterm partial deduction instead of partial evaluation [12]. Partial deductionalgorithms have been used intensively in logic programming [5, 11, 13, 18,20], mainly for e�ciency purposes.1.2. Partial deduction of rulesIn classical (boolean) rule bases, deduction is mainly based on the modusponens inference rule: A;A! B ` BIn the case that A denotes a conjunction of conditions A1 ^A2, the aboveinference rule is only applicable when every condition of the premise, i.e.A1 and A2, is satis�ed, otherwise nothing can be inferred. However, ifwe only know that condition A1 is satis�ed, due to the well known logicalequivalence (A1 ^ A2) ! B � A1 ! (A2 ! B) � A2 ! (A1 ! B), we canuse partial deduction to extract the maximum information from incompleteknowledge in the sense of the following specialisation inference rule:A1; A1 ^ A2 ! B ` A2 ! B



4The rule A2 ! B is called the specialisation of A1 ^ A2 ! B with respectto the proposition A1. Notice that in the particular case that the rulehas only one condition in the premise, we may resort to the usual modusponens rule.The following are the corresponding functional speci�cation of what arule specialisation process is.Definition 1.1. (Rule Specialisation) Let R be a set of rules and P aset of literals. We note rules as pairs, r = (mr; cr) where mr is the premise(a set of literals) and cr is the conclusion (a literal). The rule specialisationis de�ned as a function: SR : R � P ! R� PSR(r; p) = 8<: (r; ;) if p 62 mr(;; cr) if mr = fpg((mr � fpg; cr); ;) otherwiseThe extension to specialisation of agent's rule bases is straightforward.Definition 1.2. (Agent Specialisation) Let A be a set of agents. Wenote Agents as pairs a = (R;P ) where R is a set of rules and P is a set ofliterals. Agent specialisation is de�ned as a function:S : A! AS(a) = � S((R � frg+ fr0g; P + fp0g)) (*)a otherwise(*) if P 6= ; and 9p 2 P and 9r 2 R such that SR(r; p) = (r0; p0) andr0 6= r.In other words, the specialisation of an agent's rule base consists on theexhaustive specialisation of its rules. Rules that only have one conditionappearing in the set of literals will be eliminated and a new literal will beadded. This new literal will be used again to specialise the agent. Theprocess will �nish when the agent has no rule containing on its conditionsa known literal. This approach is di�erent for instance from the logicprogramming one used in [13]. There, partial deduction is goal driven,whereas here partial deduction is data driven.In this paper we propose the use of this technique to improve the com-munication behaviour between agents by allowing agents to answer a querywith a part of the result of the specialisation of its rule base. In an approxi-mate reasoning context we propose to extend the above boolean specialisa-tion inference rule to encompass partial truth, for instance in the following



5way: (A1; �); (A1 ^A2 ! B; �) ` (A2 ! B; �0)meaning that if A1 is known to be true at least to the degree � and therule A1 ^ A2 ! B is true at least to the degree �, then the specialisedrule A2 ! B is true at least to a degree �0 = f(�; �), being f a suitablecombination function.More concretely, in section 2 we formally describe both the semantics andsyntax of a many-valued logical calculus for partial deduction of rule bases.Section 3 is devoted to the functional description of an agent specialisationmechanism. In section 4 an example on multi-agent medical diagnosis ispresented, showing the usefulness of the communication mechanism basedon specialisation. Finally, a discussion on the results is presented in Sec-tion 5.2. FORMALISATION OF A MANY-VALUED SPECIALISA-TION CALCULUS FOR RULE BASESIn this section we present a parametric family of many-valued calculi forrule specialisation. Each calculus is determined by a particular algebra oftruth-values belonging to a parametric family of algebras that is describednext.Throughout this paper, an Algebra of truth-values An;T = hAn;�;Nn; T; IT i will be a �nite linearly ordered residuated lattice with a negationoperation, that is:1. (An, �) is a chain of n elements: 0 = a1 < a2 < ::: < an = 1 where 0and 1 are the booleans False and True respectively.2. The negation operation Nn is a unary operation de�ned as Nn(ai) =an�i+1, the only de�nable order-preserving involutive mapping inhAn; <i, i.e. it holds:� N1: if a < b then Nn(a) > Nn(b);8a; b 2 An� N2: (Nn)2 = Id.3. The conjunction operator T is a binary operation such that the fol-lowing properties hold 8a; b; c 2 An:� T1: T (a; b) = T (b; a)� T2: T (a; T (b; c)) = T (T (a; b); c)� T3: T (0; a) = 0� T4: T (1; a) = a



6 � T5: if a � b then T (a; c) � T (b; c) for all c4. The implication operator IT is de�ned by residuation with respect toT , i.e. IT (a; b) = Maxfc 2 An j T (a; c) � bgSuch an implication operator satis�es the following properties 8a; b; c 2An:� I1: IT (a; b) = 1 if, and only if, a � b� I2: IT (1; a) = a� I3: IT (a; IT (b; c)) = IT (b; IT (a; c))� I4: if a � b then IT (a; c) � IT (b; c) and IT (c; a) � IT (c; b)� I5: IT (T (a; b); c) = IT (a; IT (b; c))As it is easy to notice from the above de�nition, any of such truth-valuesalgebras is completely determined as soon as the set of truth-values An andthe conjunction operator T are chosen. So, varying these two characteristicswe generate a family of di�erent multiple-valued logics. For instance, tak-ing T (ai; aj) = amin(i;j) or T (ai; aj) = amin(n;n�i+j) we get the well-knownG�odel's and  Lukasiewicz's semantics (truth-tables) for �nitely-valued log-ics [6, 7, 8, 9].In the following we describe the language, the semantics and the deduc-tion system (specialisation calculus) of a particular logic corresponding toa given algebra An;T .The propositional language L = (An;�; C;Mv-S) is de�ned by:� a set of truth-values An,� a signature � consisting on a set of propositional variables plus true,� a set of Connectives: C = f:;^;!g, and� a set of Sentences: Mv-S = Mv-Literals(�; An) [ Mv-Rules(�; An),where:Mv-Atoms(�; An): f(p; V ) j p 2 �; V interval of truth-values in AngMv-Literals(�; An): f(p; V ); (:p; V ) j (p; V ) 2 Mv-AtomsgMv-Rules(�; An): f(p1^p2^� � �^pn ! q; V ) j pi and q are literals,V is an interval of truth values in An, and 8i; j(pi 6= pj ; pi 6=:pj ; q 6= pj ; q 6= :pj)gThat is, sentences of L, which will be generically called mv-formulas,are indeed signed formulas under the form of pairs of usual propo-sitional formulas (restricted to be literals or rules) and intervals oftruth-values.



7Notation conventions. We shall commonly use:p, q, ... to denote literals from �,',  , ... to denote arbitrary propositional sentences,A, B, ... to denote arbitrary mv-formulas, and�,�,... to denote sets of mv-formulas.Further, a, b, ... will denote truth-values from An while V , W , ... willdenote intervals of truth-values. For simplicity we shall also write ('; a) todenote the mv-formula ('; [a; a]).The semantics is obviously determined by the connective operators ofthe truth-value algebra An;T . Interpretations are de�ned by valuations �mapping the (propositional) sentences to truth-values of An ful�lling thefollowing conditions1:�(true) = 1,�(:p) = Nn(�(p)),�(p1 ^ : : : ^ pn ! q) = IT (T (�(p1); : : : ; �(pn)); �(q)).Having truth-values explicit in the sentences enables us to de�ne a classicalsatisfaction relation in spite of the models being multiple-valued assign-ments. The satisfaction relation between interpretations and mv-formulasis de�ned as � j= ('; V ) i� �(') 2 Vand it is extended to a semantical entailment between sets of mv-formulasand mv-formulas as usual:� j= ('; V ) i� � j= ('; V ) for all � such that � j= A, for all A 2 � .Taking into account the motivations introduced in the previous section,the deduction system we consider for rule specialization in our many-valuedlogical framework is the following one.Definition 2.1. The Many-valued Specialisation Calculus (Mv-SCfor short) is de�ned by the following axiomsA1: ('; [0; 1])A2: (true; 1)and by the following inference rulesWeakening: from ('; V1) infer ('; V2), where V1 � V2Not-introduction: from (p; V ) infer (:p;N�(V )), where p is an atomNot-elimination: from (:p; V ) infer (p;N�(V )), where p is an atomComposition: from ('; V1) and ('; V2) infer ('; V1 \ V2)Specialization: from (pi; V ) and (p1 ^ � � � ^ pn ! q;W ) infer(p1 ^ � � � ^ pi�1 ^ pi+1 ^ � � � ^ pn ! q;MP �T (V;W ))1The expression T (r1; r2; r3; : : :) is the recurrent application of T asT (r1; T (r2; T (r3 : : :))).



8where N�n([a; b]) = [Nn(b); Nn(a)] and MP �T (V;W ) is the minimal inter-val containing all solutions for z in the family of functional equationsIT (a; z) = bvarying a 2 V and b 2W .Remark: In the above description of the Specialization inference rulewe are assuming n � 2. It is understood that if n = 1 then the specializa-tion rule of inference turns out into the following modus ponens inferencerule: from (p; V ) and (p! q;W ) infer (q;MP �T (V;W )).The notion of proof inside Mv-SC is de�ned as usual.Definition 2.2. There exists a proof of A from �, written � `SC A, ifthere is a �nite sequence B1; : : : ; Bm = Asuch that each Bi is either axiom A1 or A2, an mv-formula from �, orhas been deduced from previous Bj by application of some of the above �veinference rules.It is easy to check that the above specialisation calculus is sound.Theorem 1 (Soundness) If � `SC A then � j= A.Proof Axioms A1 and A2 are trivially satis�ed by any interpretation.Weakening, not-introduction, not-elimination and composition inferencerules also trivially preserve truth. Let us check the truth preservation ofSpecialization rule for the simplest Modus Ponens case, i.e. when n = 1.We shall prove thatf(p; U); (p! q; V )g j= (q;W ) if MP �T (U; V ) �W:By de�nition, MP �T (U; V ) is the minimal interval containing all the solu-tions of the following family of functional equations:IT (a; z) = bfor any a 2 U , and b 2 V . Suppose then that MP �T (U; V ) � W and let� a model of (p; U) and of (p ! q; V ). Let a = �(p) and b = �(p ! q) =IT (�(p); �(q)). Then a 2 U and b 2 V . By hypothesis, any solution for�(p) satisfying the equation IT (a; �(q)) = b must be in W , so � is also amodel of (q;W ).



9On the other hand, it is obvious that the logic Mv-SC is not complete.For instance, if we consider the two-valued case, i.e. A2 = f0; 1g, we havef(p! q; 1); (q ! r; 1)g j= (p! r; 1) but f(p! q; 1); (q ! r; 1)g 6`SC (p!r; 1). It is also the case that the language is not complete for literal deduc-tion in general. For instance, we have f(p ! q; 1); (:p ! q; 1)g j= (q; 1)but f(p ! q; 1); (:p ! q; 1)g 6`SC (q; 1). However, it can be shown thatthe system is complete for mv-atom deduction provided we further restrictthe language basically by not allowing negated literals in the language.This restricted mv-atom completeness can be seen as a many-valued coun-terpart of the completeness of classical modus ponens for atom deductionwith propositional Horn clauses. This will be shown in the next subsection.2.1. Mv-Atom CompletenessThe sub-language we consider is the negation free fragment of L. Namelywe de�ne an Mv-Horn-Rule as an mv-rule (p1 ^ p2 ^ � � � ^ pn ! q; V ) suchthat pi and q are atomic symbols and V = [a; 1] is an upper interval oftruth-values of An with a > 0, and 8i; j(pi 6= pj ; q 6= pj). Then, we de�nethe restricted many-valued propositional sub-language RL as the following4-tuple: RL = (An;�; C;Mv-RS)being Mv-RS = Mv-Atoms(�; An) [ Mv-Horn-Rules(�; An), where Mv-Horn-Rules(�; An) denotes the set of Mv-Horn-Rules that can be builtfrom � and An. Within this sub-language, the not-introduction and not-elimination inference rules ofMv-SC have no sense. Accordingly, we de�nethe sub-calculus Mv-RSC by axioms A1, A2 and the Weakening, Com-position and Specialisation inference rules. Deduction in Mv-RSC will bedenoted by `RSC . It is interesting to remark that, in the restricted lan-guage RL, the Specialisation inference rule takes this form:Specialisation: from (pi; [a1; a2]) and (p1 ^ � � � ^ pn ! q; [b; 1]) infer(p1 ^ � � � ^ pi�1 ^ pi+1 ^ � � � ^ pn ! q; [T (a1; b); 1])since it is easy to show from the de�nition ofMP �T thatMP �T ([a1; a2]; [b; 1]) =[T (a1; b); 1].The soundness of `RSC is naturally inherited from `SC . Moreover, weshall show the following completeness result for mv-atom deduction.Theorem 2. (mv-Atom Completeness) Let � be a set of mv-formulasfrom Mv-RS. Then, if � j= (p; [a; 1]), we also have � `RCS (p; [a; 1]),for any propositional variable p 2 �.As usual, we will prove that if � 6`RCS (p; [a; 1]) then � 6j= (p; [a; 1]). Todo that we shall make use of standard logical machinery adapted to ourparticular case.



10Definition 2.3. A set � of mv-formulas is RSC-inconsistent if thereexists a propositional variable such that � `RSC (p; ;).Therefore, a set of mv-formulas � will be RSC-consistent if � is notRSC-inconsistent.Definition 2.4. A maximally atomic-consistent set � is a set of mv-formulas such that:1. for all q 2 �, there exists a 2 An such that (q; a) 2 �.2. � is RSC-consistent.In the following we assume that � denotes a set of mv-formulas fromMv�RS. Next step is to prove that if � is RSC-consistent then � issatis�able.Lemma 1. For any RSC-consistent �, if �[f(p; [a; 1])g `RSC (p; ;), then� `RSC (p; [0; a)), where [0; a) = fb 2 A j b < ag.Proof If � is RSC-consistent and � [ f(p; [a; 1])g `RSC (p; ;), the onlypossibility is to have � `RSC (p;W ) such that [a; 1] \ W = ;, that isW � [0; a), and thus we also have � `RSC (p; [0; a)).Lemma 2. Let ai; ai+1 2 A. If � [ f(p; ai)g and � [ f(p; ai+1)g are in-consistent then � [ f(p; [ai; ai+1])g is also inconsistent.Proof Suppose � is consistent, otherwise the result is trivial, and sup-pose that � [ f(p; ai)g and � [ f(p; ai+1)g are inconsistent. Then, itmust be the case that � `RSC (p; V ) with ai 62 V and V 6= ;. Analo-gously, � `RSC (p;W ) with ai+1 62 W and W 6= ;. Therefore, � `RSC(p; V \W ), V \W 6= ; and [ai; ai+1] \ (V \W ) = ;. Thus, we have that� [ f(p; [ai; ai+1])g `RSC (p; ;), and so, � [ f(p; [ai; ai+1])g is inconsistent.Lemma 3. If � is RSC-consistent then, for any propositional variable p,there exists a 2 An such that � [ f(p; a)g is RSC-consistent.Proof Suppose � [ f(p; a)g is inconsistent for any a 2 An. Then, byrepeated application of previous lemma, �[f(p; [0; 1])g is also inconsistent,but (p; [0; 1]) is an axiom, thus � itself should be inconsistent: contradic-tion.



11Lemma 4. If � is RSC-consistent, it can be extended to a maximallyatomic-consistent set ��.Proof Let p1; p2; : : : ; pn; : : : be the set of propositional variables �. De-�ne �0 = �, and for i > 0 de�ne �i = �i�1[f(pi; a)g, a being a truth-valuesuch that �i�1 [ f(pi; a)g is consistent. By the previous lemma such an aalways exists. Finally, let �� = [i�0�i. Then it is easy to check that �� ismaximally atomic-consistent:� �� is RSC-consistent. Suppose not. Then there exists a �nite subset�0 � � such that �0 `RSC (p; ;), for some p. By construction, thereis j such that �0 � �j . Then �j would be inconsistent, contradiction.� �� is maximally atomic-consistent. By construction.Lemma 5. If � is RSC-consistent then � is satis�able.Proof Let � be consistent and let �� be a maximally atomic extensionof �. De�ne a valuation �� : � ! An as follows: ��(p) = a if (p; a) 2 ��.Then it is easy to show that �� is a model of �. Namely, we have toshow that, for any ('; V ) 2 �, we have that ��(') � V . We consideronly the case (p ! q; V ) 2 �. Let (p; a); (q;b) 2 ��. We shall showthen that IT (��(p); ��(q)) = IT (a; b) 2 V . If a � b, then IT (a; b) =1, and obviously, by de�nition, 1 2 V . Suppose otherwise that a >b. Since �� is consistent, so f(p ! q; V ); (p; a); (q;b)g is. But, usingmodus ponens, f(p! q; V ); (p; a)g `RSC (q;MP �T (fag; V )) and thus f(p!q; V ); (p; a); (q;b)g `RSC (q; fbg\MP �(fag; V )). Since f(p! q; V ); (p; a);(q;b)g is consistent, fbg\MP �(fag; V ) 6= ;, that is, b 2MP �(fag; V ). Inother words, since V is an upper interval there must exist c 2 V such thatb � T (a; c). Let d = maxfc j T (a; c) � bg. Since V is an upper interval,d 2 V , and therefore we have IT (a; b) = maxfc j T (a; c) � bg = d, and thelemma is proved.Finally, from this lemma, Theorem 2 is a direct corollary.Corollary 1. If � j= (p; [a; 1]) then � `RSC (p; [a; 1]), for any proposi-tional variable p.Proof If � 6`RSC (p; [a; 1]) then, by Lemma 1, � [ f(p; [0; a))g 6`RSC(p; ;), i.e. � [ f(p; [0; a))g is RSC-consistent, thus, by Lemma 5, � [f(p; [0; a))g is satis�able, thus there exists � model of � such that �(p) < a,i.e. � 6j= (p; [a; 1]).



123. INFERENCE ALGORITHMIn this Section we present an inference algorithm based on the Speciali-sation Calculus. We are interested in obtaining the intervals of truth valuesfor the facts deduced minimising the number of deductive steps.In order to preserve the correctness of the inference algorithm with re-spect to the semantics of the Specialisation Calculus, the algorithm doesnot introduce any extra-logical component. Deduction is implemented byusing just the axioms and inference rules presented in the previous Section.We consider that a proposition has a de�nitive value when there areno rules that can contribute to its provisional value (initially [0; 1]), pro-ducing a more precise one by means of applications of the Compositioninference rule. We will use a proposition to specialise rules only when thatproposition has a de�nitive value. This restriction permits that a rule besubstituted by its specialised versions when no more specialisation is pos-sible for the condition being eliminated from its premise. When there areno conditions left in the premise of a rule the conclusion of the rule is gen-erated. The Weakening inference rule will not be used in the deductiveprocess, it will only be used when necessary at query answering time.3.1. Internal RepresentationWe propose a slight change of representation for mv-rules that allows usto simplify the functional descriptions of the algorithm.Definition 3.1. (Mv-Rule) A mv-rule is a tuple r = (mr; cr; �r) wheremr is the premise (a set of literals), cr is the conclusion (a literal) and �r isthe truth-value of the rule (an interval of truth-values such that �r = [�; 1]and � 2 An).For instance the rule (c ^ d ! e,[�3,1])|written using the notation ofSection 2|will be represented from now on as the tuple: (fc; dg; e; [�3; 1]).Next we de�ne a representation for sets of rules and sets of propositionsthat we will refer to as the mental state [17] of the agent. The representationconsists of mapping each atom in � to its current interval of truth-valuesand the (possibly empty) set of mv-rules that conclude it, or its negation.Definition 3.2. (Agent) Let R be a set of mv-rules in language L. Wede�ne an agent mental state AG as a mapping:AG : � ! Int(An)� 2Rwhere, for each f 2 �, AG(f) = (�f ; Rf ), being Rf = fr 2 Rjr =(mr; cr; �r) and cr = f or cr = :fg



13The representation of an agent's mental state will evolve as deductionproceeds. We represent the initial mental state of an agent as a mappingfrom any atom into [0; 1] and the set of rules deducing it. It means thatthe atoms initially have their most imprecise value|that is [0:1], AxiomA1, De�nition 1 in Section 2. Notice that an agent with all the atoms withtruth-values [0; 1] is always consistent in our calculus.Example 3.1. Now we can see an example of an initial mental state.Suppose that we have the following set of mv-rules:R = f(fa,bg,c,[�1,1]), (fa,fg, : c,[�2,1]), (fc,dg, e,[�3,1])gIt is easy to see that the set � is:� = f(a, b, c, d, e, f)gAnd that the state is:AG(a) = ([0 ; 1 ]; ;)AG(b) = ([0 ; 1 ]; ;)AG(c) = ([0 ; 1 ]; f(fa; bg; c; [�1; 1]); (fa; fg;:c; [�2; 1])g)AG(d) = ([0 ; 1 ]; ;)AG(e) = ([0 ; 1 ]; f(fc; dg; e; [�3; 1])g)AG(f) = ([0 ; 1 ]; ;)3.2. SpecialisationTo describe the algorithm we de�ne �rst of all the specialisation of amv-rule. Giving a mv-rule and a mv-atom, the mapping SR specialises themv-rule with respect to that mv-atom generating a specialised mv-rule, ora new mv-atom if the rule had a single condition.Definition 3.3. We de�ne the specialisation of a mv-rule with respectto a fact, SR, as a mapping:SR : Mv-rules�Mv-Atoms!Mv-Rules�Mv-AtomsSR(r; (p; �p)) =8>><>>: (r; (true; [0; 1])) if p 62 mr and :p 62 mr(r0; (true; [0; 1])) if p 2 mr or :p 2 mr(;; (q; �)) if mr = fpg or mr = f:pgand cr = q or cr = :qwherer0 = � (mr � fpg; cr;MP �T (�p; �r)) if p 2 mr(mr � f:pg; cr;MP �T (N�n(�p); �r)) if :p 2 mr



14and � = 8>><>>: MP �T (�p; �r) if mr = fpg and cr = qMP �T (N�n(�p); �r) if mr = f:pg and cr = qN�n(MP �T (�p; �r)) if mr = fpg and cr = :qN�n(MP �T (N�n(�p); �r)) if mr = f:pg and cr = :qExample 3.2. We can specialise the second mv-rule of the last examplewith respect to (f ; [�4 ; �04 ]), obtaining:SR((fa,fg, : c,[�2,1]), (f,[�4, �04]) =((fag, : c,[MPT (�4,�2),1]), (true,[0,1]))If we specialise again the rule so obtained with respect to (a; [�5; �05]) weget a mv-atom:SR((fag, : c,[MPT (�4,�2),1]), (a,[�5,�05]) =(;, (c, N�n(MP �T ([MPT (�4,�2),1],[�5, �05]))))We extend now the de�nition of specialisation of a mv-rule to that of thespecialisation of a set of rules concluding the same atom p. In doing so,we select in turn a rule r to specialise. If its specialisation, with respectto a fact f , returns a new rule, that is, SR(r; f) = (r0; (true; [0; 1])), thenwe substitute the rule by the specialised one in the agent's mental staterepresentation, and the truth-value of p is not changed. If the specialisa-tion returns a new interval for p, that is, SR(r; f) = (;; (p; v0)), the ruleis eliminated and a new truth-value for p is calculated by means of theComposition inference rule.Definition 3.4. Let R be a set of mv-rules concluding the same atomp and F a set of mv-atoms, the specialisation of R with respect to F isde�ned to be SC([0; 1]; R; F ), whereSC : Int(An)� 2Mv-Rules � 2Mv-Atoms ! Int(An)� 2Mv-RulesSC(I; R; F ) = 8<: SC(I; R� frg+ fr0g; F ) (*)SC(I \ v;R � frg; F ) (**)(I; R) otherwise(*) if 9r 2 R; f 2 F such that SR(r; f) = (r0; (true; [0; 1])) with r0 6= r.(**) if 9r 2 R; f 2 F such that SR(r; f) = (;; (p; v)).



15Example 3.3. Consider the rules in our running example deducing c:AG(c) = ([0; 1]; f(fa; bg; c; [�1; 1]); (fa; fg;:c; [�2; 1])g)Their specialisation with respect to F = f(a; [�5; �05])g is:SC([0; 1]; f(fa; bg; c; [�1; 1]); (fa; fg;:c; [�2; 1])g; f(a; [�5; �05])g) =([0; 1]; f(fbg; c; [�6; 1]); (ffg;:c; [�7; 1])g)because the rules' specialisation is:SR((fa; bg; c; [�1; 1]); (a; [�5; �05])) = ((fbg; c; [�6; 1]); (true; [0; 1]))SR((fa; fg;:c; [�2; 1]); (a; [�5; �05])) = ((ffg;:c; [�7; 1]); (true; [0; 1]))Consider another step of specialisation, now with respect to (f; [�4; �04]):SC([0; 1]; f(fbg; c; [�6; 1]); (ffg;:c; [�7; 1])g; f(f; [�4; �04])g) =([0; 1] \ [0; �8]; f(fbg; c; [�6; 1])g)because the specialisation of the second rule is:SR((ffg;:c; [�3; 1]); (f; [�4; �04])) = (;; (c; [0; �8]))Hence, after these two specialisation steps we get a new mental state forthe agent with respect to c:AG(c) = ([0; �8]; f(fbg; c; [�6; 1])g)[0; �8] is a provisional value for c because there is still a mv-rule that mightconclude that atom, making its truth interval more precise.The next de�nition accounts for the specialisation of an agent's mentalstate with respect to a set of atoms.Definition 3.5. Let AG be an agent mental state and F a set of mv-atoms. The specialisation of AG with respect to F is de�ned as:S : AG� 2Mv-Atoms ! AGS(AG;F ) = � S(AG[f ! (I; R)]; F ) (*)AG otherwise(*) if 9f 2 � such that SC(�rst(AG(f )); second (AG(f ));F ) = (I ;R) with(I; R) 6= AG(f)Note: The notation AG[f ! (I; R)] represents a modi�cation of thefunction AG in such a way that from now on AG(f) = (I; R).



16Example 3.4. We can now see the specialisation of the running examplewith respect to the atom b.S(AG; f(b; [�10; 1])g) = AG0whereAG0(a) = ([�5; �05]; ;)AG0(b) = ([�10 ; 1 ]; ;)AG0(c) = SC([0; �8]; f(fbg; c; [�6; 1])g; (b; [�10; 1])) = ([�11; �011]; ;)AG0(d) = ([0 ; 1 ]; ;)AG0(e) = ([0; 1]; f(fc; dg; e; [�3; 1])g)AG0(f) = ([�4; �04]; ;)Now we have obtained a de�nitive value for fact c and we can now spe-cialise with respect to c:S(AG0; f(c; [�11; �011])g) = AG00AG00(a) = ([�5; �05]; ;)AG00(b) = ([�10 ; 1 ]; ;)AG00(c) = ([�11; �011]; ;)AG00(d) = ([0 ; 1 ]; ;)AG00(e) = SC([0; 1]; f(fc; dg; e; [�3; 1])g; (c; [�11; �011]))= ([0; 1]; f(fdg; e; [�12; 1])g)AG00(f) = ([�4; �04]; ;)To specialise a complete agent's mental state we will use each atom withde�nitive value in the mental state in turn to make specialisation stepsthat possibly will generate de�nitive values for other atoms to be later onused to specialise more the state. Clearly this process �nishes because thenumber of atoms in any set of rules of the type considered is always �nite.Hence the following algorithmAlgorithm 1. Specialisation algorithmSC(AG) = De�nite := f(f ; If ) j AG(f ) = (If ; ;)g;while De�nite 6= ; do(g ; Ig ) := ChooseOne(De�nite);NewAG := S (AG ; f(g ; Ig)g);De�nite := De�nite � (g ; Ig )+f(f ; If ) j NewAG(f ) = (If ; ;) 6= AG(f )g;AG := NewAG;endwhile;return AG



17The complexity of this algorithm is O(n2) where n = j�j.4. EXAMPLEMilord II is a modular language for knowledge engineering based onreection mechanisms and that implements the specialisation calculus de-scribed in this paper. More general descriptions of Milord II may befound elsewhere [14, 15]. The purpose of this section is only to show howthe specialisation mechanism is actually used in a medical cooperative set-ting. In real medical environments, problems are usually solved by meansof the cooperation of several human agents. The example presented in thissection intends to assist physicians to diagnose pneumonia diseases, andconsists of two cooperating agents.In Milord II agents are implemented as autonomous processes in a net-work. Agents communicate each other by means of message passing in amail-like system. This example is composed of two agents: the Clinicianagent and the Micro-biologist agent (see Figure 1) that assist their cor-respondent human physicians. The Clinician agent assists the physician(user of that agent), that has a close contact with the patient, to make adiagnosis of pneumonia. The Clinician agent uses its own knowledge toget an initial diagnosis of the patient from clinical signs. It also uses theservices of the Micro-biologist agent to re�ne this initial diagnosis into ade�nitive one. The Micro-biologist agent provides its own opinion of thediagnosis based on the analysis of a sample (of sputum) of the patient andon the initial diagnosis made by the Clinician agent.
Sample Patient

Micro-biologist Clinician

physician physician

Figure 1. General schema of the agents.Let us explain the Milord II code of this example that can be found inFigures 2 (Clinician agent) and 3 (Micro-biologist agent) respectively.The Clinician agent declaration contains: the set of agents this agentcan communicate with (acquaintances), in this case just Micro-biologist;the import interface, that is, the set of propositions that can be asked to



18 Agent Clinician =BeginAcquaintances MicrobiologistImport Expectoration, Fever, Cough, Rx Lung In�ltrateExport PneumoniaDeductive knowledgeDictionary: not included hereRules:R001 If Cough and Expectoration and Feverthen conclude Respiratory Infection is de�niteR002 If Respiratory Infection and Rx Lung In�ltratethen conclude Initial Diagnosis Pneumonia is de�niteR003 If Initial Diagnosis Pneumoniathen conclude Pneumonia is possibleR004 If Microbiologist?Pneumoniathen conclude Pneumonia is de�niteend deductiveend Figure 2. Clinician Agent code.the user of that agent, for instance Expectoration; the export interface, thatis, the set of propositions that can participate in output communicationutterances, in this case pneumonia; and the deductive knowledge containingthe dictionary with the declaration of the facts of the agent (that is, �)and a set of weighted propositional rules (that is, Mv-Rules).The set of truth-values2 used in this example is A5 =(impossible, slightly-possible, possible, very-possible, de�nite) where impossible = 0 and de�-nite = 1 (see Section 2). We follow in this section a convention used inMilord II: intervals of type [a; 1] are written just as a.The Clinician agent exports the proposition pneumonia. This agenttries to deduce this proposition interacting with the known agents (Micro-biologist) and its user, and using its own rules. The rules may containqueries to other agents about values for particular propositions belongingto the other agent's language in the form Agent?Proposition. For instance,the proposition Pneumonia can be deduced by rule R004 from a propo-sition valued by agent Micro-biologist, that is Micro-biologist?Pneumonia.Propositions belonging to the import interface (for instance Expectoration)are asked to the user of this agent. Given an initial diagnosis of pneumonia(Initial Diagnosis Pneumonia, de�nite), the rule R003 can be specialised to2Actually the set of truth-values An and the connective T can be de�ned locally toeach agent. In this case we would need to de�ne a mapping between the di�erent logicsof the agents that can communicate (see [1] for further details on this topic).



19deduce the proposition (Pneumonia, possible). In the case of a de�nite di-agnosis of pneumonia given by the Micro-biologist agent, the rule R004 canbe specialised deducing (Pneumonia, de�nite). In other words, the agentgives more importance to the micro-biological evidence of pneumonia.
Agent Microbiologist =BeginAcquaintances ClinicianImport Sputum Gram Positive Cocci,Sputum Culture Streptococcus PneumoniaExport PneumoniaDeductive knowledgeDictionary: not included hereRules:R001 If Sputum Gram Positive Cocci andSputum Culture Streptococcus Pneumoniathen conclude Pneumococcus is de�niteR002 If Pneumococcus andClinician?Initial Diagnosis Pneumoniathen conclude Pneumonia is de�niteend deductiveend Figure 3. Micro-biologist agent code.Figure 3 contains the declaration of the agent Micro-biologist. It knowsthe Clinician agent and needs data about the sample of sputum of the pa-tient. To deduce the proposition Pneumonia, it previously needs to deducethe presence of pneumococcus in the sputum sample of the patient and thepresence of streptococcus pneumonia in a culture of the sputum (rule R001),and it needs to know the initial diagnosis of pneumonia obtained by theClinician agent (rule R002). Notice that the Micro-biologist agent cannotdeduce pneumonia without an initial diagnosis (by the Clinician agent).Making abstraction of the real operational semantics, let us explain thespecialisation inference mechanism on this example. Consider that thephysician asks for the value of the diagnosis of Pneumonia to the Clinicianagent. To solve this query this agent will then specialise its own rulesand will make questions to the other agents and to its user. Consider thefollowing Clinician agent initial mental state :



20 AGClinicianAGClinician(Cough) = ([0,1],;)AGClinician(Expectoration) = ([0,1],;)AGClinician(Fever) = ([0,1],;)AGClinician(Rx Lung In�ltrate) = ([0,1],;)AGClinician(Microbiologist?Pneumonia) = ([0,1],;)AGClinician(Respiratory Infection) =([0,1],f(fCough,Expectoration,Feverg,Respiratory Infection,[de�nite,1])g)AGClinician(Initial Diagnosis Pneumonia) =([0,1],f(fRespiratory Infection,Rx Lung In�ltrateg,Initial Diagnosis Pneumonia,[de�nite,1])g)AGClinician(Pneumonia) =([0,1],f(fInitial Diagnosis Pneumoniag, Pneumonia,[possible,1]),(fMicrobiologist?Pneumoniag, Pneumonia,[de�nite,1])g)To conclude the fact Pneumonia the agent needs to conclude an initial di-agnosis for pneumonia (the proposition Initial Diagnosis Pneumonia) andto ask the agent Micro-biologist for the value of its particular diagnosis ofPneumonia. Recursively, to deduce an initial diagnosis for pneumonia, theagent needs to gather all the data relative to the patient (Cough, Expecto-ration, Fever and Rx Lung In�ltrate). This gathering has to be made baythe user of the Clinician agent.Consider the case of a patient who has cough, expectoration, fever andin�ltration in the lung; the sample of sputum contains gram positive cocci,and the culture of sputum contains streptococcus pneumonia. It can beexpressed with the following sentences.f1 (Cough, [de�nite,1])f2 (Expectoration, [de�nite,1])f3 (Fever, [de�nite,1])f4 (Rx Lung In�ltrate, [de�nite,1])f5 (Sputum Gram Positive Cocci, [de�nite,1])f6 (Sputum Culture Streptococcus Pneumonia, [de�nite,1])Consider now that the user of the agent Clinician gives the propositionsf1, f2, and f3 (cough, expectoration and fever). Then, a �rst specialisationstep will produce the following new AG0.



21AG0Clinician = SC(AGClinician)AG0Clinician(Cough) = ([de�nite,1],;)AG0Clinician(Expectoration) = ([de�nite,1],;)AG0Clinician(Fever) = ([de�nite,1],;)AG0Clinician(Rx Lung In�ltrate) = ([0,1],;)AG0Clinician(Microbiologist?Pneumonia) = ([0,1],;)AG0Clinician(Respiratory Infection) = ([de�nite,1],;)AG0Clinician(Initial Diagnosis Pneumonia) =([0,1],f(fRx Lung In�ltrateg,Initial Diagnosis Pneumonia,[de�nite,1])g)AG0Clinician(Pneumonia) =([0,1],f(fInitial Diagnosis Pneumoniag, Pneumonia,[possible,1]),(fMicrobiologist?Pneumoniag, Pneumonia,[de�nite,1])g)Notice that the �rst rule has been totally specialised to get (Respira-tory Infection, [de�nite, 1]). The truth-value of that proposition corre-sponds to the successive application of the SIR rule. For instance, we canshow a specialisation step of that rule with respect to the proposition Fever.(Fever, [de�nite,1]), (Cough ^ Fever ! Respiratory Infection, [de�nite,1])` (Cough ! Respiratory Infection, MP �T ([de�nite,1],[de�nite,1]))The question about pneumonia made by the Clinician agent to theMicro-biologist agent will activate a deductive process in that agent. Asshowed in AGMicro�biologist , to deduce the fact pneumococcus the agentneeds to know the initial diagnosis of pneumonia made by the Clinicianagent and the propositions related with the analysis of sputum.AGMicro-biologistAGMicro-biologist(Sputum Gram Positive Cocci) = ([0,1],;)AGMicro-biologist(Sputum Culture Streptococcus Pneumonia) = ([0,1],;)AGMicro-biologist(Clinician?Initial Diagnosis Pneumonia) = ([0,1],;)AGMicro-biologist(Pneumococcus) =([0,1],f(fSputum Gram Positive Cocci,Sputum Culture Streptococcus Pneumoniag,Pneumococcus,[de�nite,1])g)AGMicro-biologist(Pneumonia) =([0,1],f(fPneumococcus,Clinician?Initial Diagnosis Pneumoniag,Pneumonia,[de�nite,1])g)Notice that (see Figure 2) the fact Initial Diagnosis Pneumonia is notexported by the Clinician agent. Then it can not be asked to that agent. Aswe will see this will force the Clinician agent to answer with a conditionedanswer, that is, a rule.Suppose the answers to the questions Sputum Gram Positive Cocci andSputum Culture Streptococcus Pneumonia are given to the Micro-biologist



22agent by its user. Then, specialising AGMicro-biologist with respect to thesentences corresponding to those propositions we get:AG0Micro-biologist = SC(AGMicrobiologist)AG0Micro-biologist(Sputum Gram Positive Cocci) = ([de�nite,1],;)AG0Micro-biologist(Sputum Culture Streptococcus Pneumonia) =([de�nite,1],;)AG0Micro-biologist(Clinician?Initial Diagnosis Pneumonia) = ([0,1],;)AG0Micro-biologist(Pneumococcus) = ([de�nite,1],;)AG0Micro-biologist(Pneumonia) =([0,1],f(fClinician?Initial Diagnosis Pneumoniag,Pneumonia,[de�nite,1])g)No more specialisation is possible. Then, in this case, the answer to thequestion Pneumonia given by the Micro-biologist agent is a specialised rule,for that agent cannot ask the Clinician agent a non exportable fact:f7 (Clinician?Initial Diagnosis Pneumonia! Pneumonia, de�nite)This rule is then sent back to the Clinician agent from the Micro-biologistagent, and translated3. In this particular case the translation is:(Initial Diagnosis Pneumonia ! Microbiologist?Pneumonia, de�nite)Now we can see another specialisation step over AG0Clinician. The spe-cialisation is done on the translation of f7 and on f4. The result is thefollowing:AG00Clinician = SC(AG0Clinician)AG00Clinician(Cough) = ([de�nite,1],;)AG00Clinician(Expectoration) = ([de�nite,1],;)AG00Clinician(Fever) = ([de�nite,1],;)AG00Clinician(Rx Lung In�ltrate) = ([de�nite,1],;)AG00Clinician(Microbiologist?Pneumonia) = ([de�nite,1],;)AG00Clinician(Respiratory Infection) = ([de�nite,1],;)AG00Clinician(Initial Diagnosis Pneumonia) = ([possible,1],;)AG00Clinician(Pneumonia) = ([possible,1] \ [de�nite,1],;) = ([de�nite,1])AG00 already contains a de�nite truth-value for the proposition pneu-monia to give back to the user of the Clinician agent who started all thedeductive process with the initial query. The answer is then: (Pneumo-nia, de�nite). Notice that there would be no �nal diagnosis for pneumonia3Tragent2agent1 is a function that given a set of sentences in the language of agent1 trans-lates each sentence to the language of agent2. It usually obliges to change the agentnames preceeding propositions (for instance TrBA(f(B?b; �)g) = f(b; �)g). It also changesthe truth-values of the sentences to adapt to the logic of agent2. The detailed explana-tion of this function is out of the scope of this paper.



23without an initial one, and that without a micro-biological diagnosis the�nal diagnosis would have had as maximum truth-value possible.5. DISCUSSIONIn this paper an inference calculus containing a Specialisation InferenceRule in the paradigm of multiple-valued logics is presented. The calculusis implemented using techniques of partial deduction, and is shown to besound and complete for atom deduction.The communication between autonomous agents based on this calculusis much more cooperative than the classical one: The answer to a query isnow a set of specialised rules and propositions. Our system is thought forthe cooperation among agents via the communication of knowledge, notjust data, in a similar way to other systems [2], where the communicationis about lamdba-formulas; or the communication of inductive inferences asin [3], a work on multi-agent learning systems.The specialisation calculus is also related to other work on conditionedanswers [4, 16, 19] and on the treatment of unknown information [21]. Itallows us to obtain conditioned answers after the specialisation of a rulebase with the known information. Our system is able to give back usefulanswers even in the case of partially known information.The main di�erence of specialisation calculus with respect to other usesof partial deduction, is that it is based on a multi-valued propositional lan-guage and it is oriented to the improvement of the communication amongagents, not just e�ciency.This specialisation calculus can also be used to make validation of rulebases. Consider that a physician has a general rule base for pneumoniatreatment, and that he wants to check it in a restricted context such as:`women with gramnegative rods'. The specialisation mechanism allows himto obtain a new rule base specialised for pneumonia treatment in the par-ticular case of women with gramnegative rods. The expert should agreewith the behaviour of the new rule base so obtained, in that restrictedcontext, because it is a specialisation of its original one, otherwise he mustrevise it. To check the behaviour of this reduced rule base he can apply anyclassical method (v.g. by case analysis), but to a much more reduced one,and this is the advantage of the use of the specialisation calculus. This spe-cialisation mechanism can also be understood as a way of modularisation,by contexts, of at and non-structured rule bases. This methodology givesthen a more comprehensive and systematic way of validating rule basesthan the standard methods.
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