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Correlation between peak-height modulation and phase lapses in transport through quantum dots
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We show that two intriguing features of mesoscopic transport, namely, the modulation of Coulomb blockade
peak heights and the transmission phase lapses occurring between subsequent peaks, are closely related. Our
analytic arguments are corroborated by numerical simulations for chaotic ballistic quantum dots. The correlations
between the two properties are experimentally testable. The statistical distribution of the partial-width amplitude,
at the heart of the previous relationship, is determined, and its characteristic parameters are estimated from simple
models.
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I. INTRODUCTION

The low-temperature electronic transport through a submi-
cron quantum dot (QD) is dominated by two effects. First,
the Coulomb repulsion between electrons on the dot leads
to an energy cost for adding an extra electron to the QD.
Due to this charging energy, the tunneling of electrons to or
from the reservoirs can be Coulomb blockaded [1–3]. Second,
the confinement in all three directions leads to quantum
effects that sign the conductance [4–6]. The importance of
these two effects greatly depends on the size of the QD
(i.e., the number of electrons that can be varied from one
to several thousands), as well as the openness of the QD (i.e.,
the coupling to the reservoirs that can be weakened by the
effect of tunnel barriers). The small and weakly connected
QDs operating in the regime of Coulomb blockade (CB)
present fascinating physical properties that can be exploited
for diverse functionalities, like the manipulation of the spin in
few-electron systems [3] or low-temperature thermometry [7].

Despite being an effect due to electron-electron interac-
tions, CB allows in many cases a simple description where
the interaction between electrons in the dot and those in
the environment are parametrized by a constant capacitance
which does not depend on the electron filling [2]. Such an
approach, called the constant interaction model (CIM), results
in a one-particle problem with a constant charging energy that
electrons must “pay” for entering the QD.

Throughout the CIM, the properties of one-particle wave
functions within the QD become relevant for the description
of quantum transport in the CB regime. Such a connection,
together with the assumption that the underlying classical
dynamics of electrons in the dot is chaotic, or at least
sufficiently far away from regular, has been exploited by
proposing the view of QDs in the CB regime as laboratories
for studying quantum chaos issues [6].

The wave-function distributions and correlations in chaotic
systems is a subject of sustained interest in the context of
quantum chaos studies [8,9]. In particular, the one-particle
wave-function distribution has been shown to be a key
ingredient of two emblematic problems of mesoscopic physics:
the CB peak-height fluctuations and the transmission phase of
a QD. In the first case, the distribution of CB peak heights
has been related with the universal statistical properties of
chaotic wave functions [10]. Experiments performed using

QDs defined in two-dimensional electron gases have validated
such a relation [11,12], but the observation of a long-energy-
range modulation of the peak-height distribution indicated the
existence of departures from the universal behavior [13–15].
In the second case, the phase lapses of the QD transmission
amplitude have been related with the signs of the wave function
at the entrance and the exit of the QD [16–22]. Experimentally,
the conductance of Aharonov-Bohm rings was measured,
with a QD embedded in one of the arms. The phase lapses
in the energy-dependent transmission amplitude of a QD
were inferred from the observation of a phase locking of
the Aharonov-Bohm flux dependence of the ring conductance
when the QD was tuned to consecutive CB peaks [23–25].

The statistical properties of the wave-function distribution
have been shown to result in a phase locking of the conductance
that is not perfect, but more and more likely to be observed as
the semiclassical limit of large kL is attained [26–28]. Here
k is the electron wave vector in the QD and L is the distance
between its entry and exit (see Fig. 1).

While the early experiments [23,24] showed sequences of
perfectly universal phase evolution with phase lapses in every
conductance valley (except for extremely low electron fillings
in the dot [25]), recent measurements using a new way to
reliably extract the transmission phase from the conductance
of an Aharonov-Bohm interferometer [29] detected several
conductance minima without phase lapses [30,31]. Though
it has not been possible to achieve a complete statistics in
these last experiments, the findings are consistent with the
predicted departure from the universal behavior of a perfect
phase locking of conductance peaks [26,28].

In this work we consider the link between the two
above-described and seemingly unrelated problems, showing
a correlation between the modulation of the peak-height
distribution and the absence of phase lapses in the transmission
amplitude through a QD. The use of the CIM allows us
to derive such a connection from the statistical properties
of the one-particle wave functions and of the partial-width
amplitudes (PWAs) that quantify the coupling between the
QD wave functions and the propagating waves in the leads.

Our paper is organized as follows: The formalisms for the
peak-height and the transmission amplitude, together with
the conjecture that relates the two, are presented in Sec. II.
Section III provides the numerical verification of the
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FIG. 1. Sketch of an asymmetric two-dimensional quantum dot
(light gray) connected to leads through tunnel barriers (dark gray),
used in the numerical calculations. L is the separation between
entrance and exit of the dot, and 2w is the width of the leads.

correlation between the modulation of peak heights and the
absence of phase lapses. The statistical distribution of the
PWAs, at the heart of the verified correlation, is determined
from numerical simulations in Sec. IV, where we also discuss
the pertinence of its description by a Gaussian distribution.
In Sec. V we use a simple model system to calculate
the parameters that characterize the PWA distribution. We
conclude in Sec. VI. In the Appendix we go beyond the case of
a chaotic QD and provide results for an integrable geometry,
the rectangular billiard.

II. TRANSMISSION PHASE AND PEAK HEIGHTS IN THE
COULOMB BLOCKADE REGIME

Within an effective one-particle description, enabled by the
adoption of the CIM, the R-matrix theory can be used to
relate the transmission through the QD with the eigenstates
of the closed system [5,10]. In the weak-coupling regime,
where the average resonance width � is much smaller than the
mean level spacing � of the QD, the transmission amplitude
t for an incoming energy E is dominated by Breit-Wigner
contributions corresponding to the resonances that are nearest
in energy, and reads

t(E) =
∑

n

γ l
nγ

r
n

E − En + i �n/2
. (1)

For the nth level, we denote En the resonance energy, γ l(r)
n the

PWA (or effective coupling) for tunneling between the QD and
the left (right) lead, �l(r)

n = |γ l(r)
n |2 the corresponding partial

width, and �n = �l
n + �r

n the total width of the resonance.
The PWA for tunneling into the left (right) lead is related to
the QD wave function ψn of the corresponding resonance by
[5]

γ l(r)
n =

√
h̄2kLPc

M

∫ +w

−w

dy ψn(x l(r),y) �l(r)(y), (2)

where �l(r) is the first transverse subband wave function in the
left (right) lead (assumed both of width 2w). The integration
is along the transverse coordinate y at the entrance (exit) of
the QD located at x = x l(r) (see Fig. 1), Pc is the transparency
of the tunnel barriers, kL is the Fermi wave vector in the leads,
and M is the electron effective mass. We assume the absence
of magnetic field, so that ψn(x,y) and the PWAs can be taken
to be real.

At zero temperature, the Landauer-Büttiker formula [4]
and the Breit-Wigner transmission amplitude (1) lead to a
Lorentzian form for the energy-dependent conductance G(E)
close to the nth resonance. For each spin channel, we thus have

G(E) = G0

2

∑
n

�l
n �r

n

(E − En)2 + (�n/2)2 , (3)

where G0 = 2e2/h is the quantum of conductance.
For the nth resonance, the zero-temperature peak height can

be characterized by the dimensionless quantity

gn(T =0) = G
peak
n (En)

G0/2
� 4�l

n �r
n

�2
n

. (4)

For finite temperatures T , such that � � kBT � �, the
dependence of the conductance on the Fermi energy in the
leads is given by the derivative of the Fermi distribution, and
the dimensionless peak height is given by [32]

gn(T ) = π

2kBT
αn, (5)

where we have defined

αn = �l
n �r

n

�n

. (6)

The wide variation of peak heights experimentally observed
at low temperatures among sequences of CB peaks [33,34]
called for a proper statistical ensemble where the peak-height
distribution can be studied. Since the CB physics yields well-
separated peaks in energy, it has been proposed [10] to generate
the statistical ensemble by considering a given peak number
n within a collection of irregular billiards with the same area
A. The statistics of αn, and then that of gn(T ), are determined
by the fluctuations of the partial widths �l(r)

n with respect to
their average value 〈�n/2〉 over equal-area irregular billiards.
Similar considerations hold for gn(T =0) given in Eq. (4). The
situation of symmetric couplings between the dot and the two
leads, which yields the same average value of the two partial
widths 〈�l

n〉 = 〈�r
n〉, is adopted for simplicity.

The average level width 〈�n〉 has a tendency to increase
with n, since the tunnel barriers become more transparent
as the energy of the incoming electrons increases. Such
monotonic secular behavior as a function of En can coexist
with modulations on energy scales which are much larger
than �. Experiments [12], semiclassical approximations [15],
and numerical simulations [28] have put in evidence these
variations. We tackle this important issue in the next section.

Switching to the problem of the phase evolution between
the nth and (n + 1)st CB peaks, we distinguish the case
where the transmission amplitude at intermediate energies
is dominated by the contributions arising from these two
resonances, from that with large fluctuations of the level
width among different levels, where far-away resonances
might characterize the intermediate behavior. The first scenario
supposes the absence of strong fluctuations of the level widths
and has been termed [27] restricted off-resonance (ROR)
behavior. The second scenario of large PWA fluctuations,
termed unrestricted off-resonance (UOR) behavior, is expected
(and numerically verified [27,28]) to be rare.
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In the energy evolution of the transmission amplitude
between two resonances, each passage through the origin of
the complex plane (zero of the transmission) is associated with
a phase slip of π . Within the ROR behavior, the transmission
amplitude vanishes between the nth and (n + 1)st resonances
if, and only if, the sign rule [20]

Dn = γ l
nγ

r
nγ

l
n+1γ

r
n+1 > 0 (7)

is verified. In the case of the UOR behavior, the previous
rule implies an odd number of transmission zeros between
two resonances, which results in the phase locking of the
conductance between adjacent peaks. Therefore, the difference
between ROR and UOR behavior is not relevant concerning
the phase-locking phenomenon. The absence of a phase lapse
is related with a nonvanishing of the transmission between two
resonances. Recently such a behavior has been experimentally
verified for relatively large quantum dots [31] through the
observation of missing phase lapses correlated with non-
negligible values of the conductance between the adjacent
resonances.

The condition (7) depends on the correlation of the signs of
the PWAs associated with adjacent peaks [35]. The likelihood
for the absence of phase slips between resonances can be
characterized by the probabilityP(Dn < 0) of finding Dn < 0.

Since we consider billiards with irregular geometries and
Hilbert spaces with large dimensionalities, we neglect possible
eigenvector (resonance wave function) correlations. Therefore,
denotingP(γ l

nγ
r
n > 0) the probability of having the two PWAs

of the nth resonance with the same sign, we have

P(Dn < 0) = P
(
γ l

nγ
r
n > 0

)[
1 − P(

γ l
n+1γ

r
n+1 > 0

)]
+P(

γ l
n+1γ

r
n+1 > 0

)[
1 − P(

γ l
nγ

r
n > 0

)]
. (8)

The statistics of the peak heights is determined by the
partial-width distribution, while the condition P(Dn < 0)
results from the PWA distribution. The two above-cited
distributions are obviously linked, and therefore the peak-
height statistics and phase lapses must also be related to each
other.

Independently of the precise statistical distribution of the
wave functions, in view of Eq. (2) it seems reasonable to
assume that the first moments of the PWA distribution vanish,
i.e., 〈γ l(r)

n 〉 = 0. Within the previous assumption of neglecting
correlations of wave functions corresponding to different
resonances, we have 〈γ l(r)

n γ
l(r)
n′ 〉 = 0 for n �= n′. For each n,

the first nonvanishing moments of the PWA distribution are
the second-order ones 〈γ l

nγ
l
n〉, 〈γ r

nγ
r
n〉, and 〈γ l

nγ
r
n〉. Under the

hypothesis of symmetric couplings between the leads and
the QD, these second moments are characterized by the two
parameters

σ 2
n = 〈

γ l
nγ

l
n

〉 = 〈
γ r

nγ
r
n

〉 = 〈�n/2〉 (9)

and

ρn = 1

σ 2
n

〈
γ l

nγ
r
n

〉
. (10)

Assuming that the average values have a smooth depen-
dence on n, the products γ l

nγ
r
n and γ l

n+1γ
r
n+1 are likely to have

the same sign provided that 〈γ l
nγ

r
n〉 = ρnσ

2
n is not close to

zero. The absence of phase lapses, related to the occurrence of

Dn < 0, is more likely to be obtained when 〈�n〉 and/or ρnσ
2
n

are small. A small 〈�n〉 results, through Eqs. (4) and (6), in low
conductance peak heights gn(T =0) and gn(T ). We therefore
conjecture that the absence of phase lapses in the transmission
phase between two conductance peaks is correlated with a low
value of the average height of these peaks.

III. CORRELATION BETWEEN THE PEAK-HEIGHT
MODULATION AND THE ABSENCE OF PHASE LAPSES:

NUMERICAL RESULTS

In this section we perform numerical simulations to demon-
strate the connection between the peak-height modulation and
the absence of phase lapses conjectured above. The model
system and the numerical calculations follow those of Ref. [28]
for spinless noninteracting electrons.

In order to gather a good statistical sampling with well-
defined average values, the ensemble of equivalent irregular
billiards previously defined can be complemented by a spectral
average over a collection of consecutive resonances. In this
case, care has to be applied concerning the energy dependence
of the mean values. The overall increase of 〈�n〉 with En,
together with the modulations on energy scales much larger
than � discussed in Sec. II, limit the spectral average to a
narrow window �ε where the mean values are weakly energy-
dependent.

In the ensemble of equivalent irregular billiards completed
with local spectral averages, the weakly energy-dependent
mean total width is defined by

�ε = 1

�sc(ε)

∑
n

〈�n δ�ε(ε − En)〉 . (11)

As before, the brackets represent the average within the
collection of equivalent irregular billiards. The function δ�ε

is a normalized window for selecting the resonance energies.
One possible choice is

δ�ε(ξ ) = 1

2�ε
�(�ε − |ξ |), (12)

where � is the Heaviside step function (normalized Lorentzian
or Gaussian functions are also appropriate [38]), while

�sc(ε) = − 1

π

∫
A

dr Im Gsc(r,r; ε) (13)

is the smooth (Thomas-Fermi) part of the density of states
in the QD, with Gsc the small-h̄ limit of the Green function.
Analogously to the expression (11) for the mean total width �ε,
we can define the local moments of the PWA distribution, and
from them, the energy-dependent parameters Dε, gε(T =0),
gε(T ), etc.

Experimentally, the extended ensemble is obtained by
following the CB peaks within a narrow interval of gate
voltage under a continuously changing magnetic field (that
must remain small enough not to change the symmetry class
of the dot wave functions) and varying plunger gate voltages
that modify the geometry of the QD while keeping its area
approximately constant [12].

For the numerical simulations we consider the asymmet-
rical stadium billiard of Fig. 1, where one of the quarter
circles is replaced by a cosine curve. Changing the potential
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FIG. 2. ProbabilityP(Dk < 0) of having a negative Dk (blue line)
and average conductance peak height (orange line) as a function of
kL. The most likely values of kL to observe the lack of phase locking
in the conductance, defined by the condition Dk < 0, are those where
the peak heights are minimal.

inside the billiard at fixed Fermi energy, as it could be
done by the effect of a back-gate voltage in an experiment,
allows to sweep over the resonances of the dot. Fitting the
energy dependence of the numerically obtained transmission
amplitude t(E) with the form of Eq. (1) allows to extract
the energies En, the corresponding products γ l

nγ
r
n, and the

total widths �n for a sequence of resonances in some energy
interval. The assumption of an unchanged billiard shape under
variations of a side (plunger) gate voltage has been challenged
for experimentally realizable QDs [13,14].

The collection of equivalent irregular billiards is obtained
by considering 14 asymmetric shapes resulting from the
deformation of different quarter-circles of the stadium. In the
extended ensemble, the resonance energies are labeled by the
variable ε and the corresponding wave vector k, related by
ε = h̄2k2/2M . Instead of an ε window as in Eq. (12), we
adopted a k window and defined the local spectral averages
working with k-dependent parameters �k , Dk , gk(T =0),
gk(T ), etc. For a given k, the collection of nearby peaks within
an interval of length π/4L was included in the ensemble. Such
�k was chosen as to include many resonances, but being much
smaller than π/L, which is the expected scale of variation for
the k-depending averages. Based on this expectation, and in
order to improve the statistics, the data of six successive k

intervals differing by π/L were mixed [28]. An overall energy
shift is performed in each sweep in order to maximize the
overlap of the long-range k modulations of the mean values.

The blue line in Fig. 2 reproduces the probability P(Dk <

0) as a function of the wave vector k obtained in Ref. [28] (up to
the correction of a noncrucial numerical mistake). The orange
line represents the mean peak height at zero temperature
gk(T =0) obtained by using the same averaging procedure
defined above. Superimposed to the secular increase with the
electron energy, gk(T =0) exhibits a modulation in the scale
of kL = π . Such a modulation is clearly anticorrelated with
the behavior of P(Dk < 0). Maxima of P(Dk < 0) (absence
of phase lapse) occur when the peak height is minimal.

We therefore numerically confirm the conjecture of Sec. II
relating the evolution of the transmission phase with the
modulation of the resonances’ peak height for the case of
chaotic cavities. A similar anticorrelation is found if we
consider the average finite-temperature peak height gk(T )
instead of the zero-temperature one (not shown).

IV. STATISTICAL DISTRIBUTION OF THE
PARTIAL-WIDTH AMPLITUDES

The connection between the peak-height modulation and
the absence of phase lapses discussed in the previous sections is
of statistical nature. The joint probability density of the PWAs
appears as the key ingredient in both problems. Therefore, in
this section we concentrate ourselves in the characterization of
such a distribution. A crucial question at this time is whether
or not the joint distribution of the PWAs is a Gaussian one.
And if this is the case, a second relevant question is that of
obtaining the parameters defining such a distribution.

The data points in Fig. 3 (black dots) represent the
values of �n and γ l

nγ
r
n, corresponding to different resonance

wave vectors k, obtained from the fitting of the numerically
calculated t(E), which were used to build the results of Fig. 2.
In Fig. 3(a), the distribution of �n = |γ l

n|2 + |γ r
n|2 is shown in

units of the overall average total width �. The distribution
of the product zn = γ l

nγ
r
n is presented with two different

normalizations: using �/2 [Fig. 3(b)] and using the local
variance σ 2

k [Fig. 3(c)] arising from the procedure described
below.

The above-discussed modulation in kL is clearly visible
in the �n and zn distributions, on the scale of π and 2π ,
respectively. These distributions have then to be studied for
a given n, or at most for a k interval much smaller than
π/L. We use the complemented ensemble to build histograms
describing the probability density of zn [39].

The four k values selected in Fig. 4 illustrate the strong k

modulation of the zn distribution. In order to characterize the
�n and zn distributions, a Gaussian law for the joint probability
density of the left and right PWAs appears as the simplest
hypothesis to test. Such a distribution is solely characterized
by the parameters σ 2

n and ρn defined in Eqs. (9) and (10),
respectively, and reads

p
(
γ l

n,γ
r
n

) = 1

2πσ 2
n

√
1 − ρ2

n

× exp

[
−

(
γ l

n

)2 + (
γ r

n

)2 − 2ρnγ
l
nγ

r
n

2σ 2
n

(
1 − ρ2

n

)
]
. (14)

According to (14), the zn probability density is given by [40]

p(zn)= 1

πσ 2
n

√
1 − ρ2

n

exp

[
ρn zn

σ 2
n

(
1 − ρ2

n

)
]
K0

[
|zn|

σ 2
n

(
1 − ρ2

n

)
]
,

(15)

where K0 is the zeroth modified Bessel function of the second
kind.

The histograms describing the distribution of the variable
zn of Fig. 4 are rather well described by the distribution (15)
arising from a Gaussian law for the joint distribution of the
PWAs (red solid lines). The limited sampling that we are able
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FIG. 3. (a) Individual values of the total width �n = |γ l
n|2 + |γ r

n|2
(black dots) of the resonances, characterized by the values knL

indicated on the horizontal scale, in units of the global average
� of the total width. (b) Individual values of zn = γ l

nγ
r
n (black

dots), normalized by �/2. (c) Same data points as in panel (b), but
normalized by the local variance σ 2

k (black dots). The green solid
lines in panels (a), (b), and (c) represent, respectively, the values of
2σ 2

k , 2σ 2
k ρk/�, and ρk obtained by fitting the local zn distribution

by Eq. (15). In panel (c), the correlator ρk obtained in Sec. V for
the rectangular billiard sketched in Fig. 5 is shown according to the
mean-field approximation (29) (brown solid line) and to the numerical
evaluation of Eq. (30) (red solid line).

to numerically gather does not allow to settle the statistical
significance of the departures from Eq. (15) observed, in some
cases, for large values of |zn|.

Fitting the k-dependent histograms to Eq. (15) allows to
extract local values of σ 2

k and ρk . Figure 3(a) presents 2σ 2
k

(green solid line), which provides a good description of the
typical values of the �n-distribution and exhibits a large
(order of magnitude) modulation in the k variable with a
characteristic scale of π/L. The average values of the �n

distribution (not shown) are dominated by extreme realizations
and thus provide a much poorer description of the data than the
value 2σ 2

k obtained by fitting the histograms. In a similar way,

the values of 2σ 2
k ρk/� and ρk presented, respectively, by the

green solid lines in Figs. 3(b) and 3(c) exhibit a k modulation
in the scale of 2π/L and provide a good description of the
typical values of the zn distribution when using the global and
local normalizations. The increase of the typical values of zn

observed in Fig. 3(b) upon increasing k is a consequence of
the increased transparency of the barriers discussed in Sec. II,
together with the use of the global normalization factor �/2.

Given the relatively good accuracy of the Gaussian law
describing the joint probability density of the PWAs, it is
important to study the underlying hypothesis sustaining such
a law and the consequences for the observable distributions.
Moreover, it is important to determine the parameters char-
acterizing Eq. (14), which could be compared with those
stemming from the fitting procedure previously used. In the
rest of this section we discuss the founding principles needed
to obtain a Gaussian joint probability density of the PWAs and
recall the implications of such a distribution for the problem
of the transmission phase. The estimation of the correlator
parameter is performed in the next section.

According to Eq. (2), the statistical properties of the PWAs
follow from the wave-function distribution for the eigenstates
of the QD. The latter can be addressed by employing different
approaches. Among them, the maximum entropy principle
[41] establishes that, given the limited knowledge that an
eigenstate exists at energy ε, the least biased guess for
the wave function ψε with a two-point correlation function
〈ψ∗

ε (r) ψε(r′)〉 = C(r,r′; ε) that respects the normalization
condition

∫
A dr |ψε(r)|2 = 1 is the Gaussian distribution

p(ψε) = N exp

[
−β

2

∫
A

dr
∫
A

dr′ψ∗
ε (r) K(r,r′; ε) ψε(r′)

]
,

(16)

where N is a normalization constant [independent of ψε(r)].
For the case of a system with time-reversal invariance that we
treat, we have β = 1 and ψ∗

ε (r) = ψε(r). The kernel function
K(r,r′; ε) is the functional inverse of the two-point correlation
function: ∫

A
dr′′ K(r,r′′; ε) C(r′′,r′; ε) = δ(r − r′). (17)

Equations (2) and (16) lead to the Gaussian law (14) for
the joint probability density of the PWAs. The parameters
σ 2

n and ρn are specified by the two-point correlation function
C(r,r′; En).

The form (14) readily allows to calculate the probability of
having the two PWAs of the nth resonance with the same sign
[28]:

P
(
γ l

nγ
r
n > 0

) = 1

2
+ 1

π
arcsin (ρn) . (18)

Completely correlated [anticorrelated] PWAs corresponding to
ρn = 1 [ρn = −1] lead to P(γ l

nγ
r
n > 0) = 1 [P(γ l

nγ
r
n > 0) =

0] and then the conditionP(Dn < 0) = 0 for perfect sequences
of phase slips is verified. In the uncorrelated case where ρn =
0, we have P(γ l

nγ
r
n > 0) = 1/2, so that P(Dn < 0) = 1/2.

Assuming that ρk is a smooth function of k on the scale
of the mean wave-number difference between two resonances
�k ≈ �EM/h̄2k � π/kL2 (where we have taken A = L2),
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FIG. 4. Numerically obtained histograms describing the probability distribution of the product of partial-width amplitudes zn, for four
arbitrarily chosen values of kL. The red lines represent fits of the numerical data using the expression (15) based on a Gaussian distribution of
the PWAs. The overall average total width � has been chosen in order to present zn and σ 2

k in dimensionless form.

from Eq. (8) we have [28]

P(Dk < 0) � 2f (k) + �kf ′(k) (19)

with

f (k) = 1

4
− 1

π2
arcsin2 (ρk) . (20)

Since the extreme values of ρk are ±1, the derivative dρk/dk =
0 there, such that Eq. (19) is well defined for all values of ρk .

V. PARTIAL-WIDTH AMPLITUDE CORRELATOR

Adopting the Gaussian hypothesis discussed in the previous
section, the parameters σ 2

k and ρk can be obtained from the
kernel function K(r,r′; ε) governing the probability density
(16), or directly from the two-point correlation function
C(r,r′; ε). Assuming that in the classically chaotic case the
Wigner function is ergodically distributed on the allowed
energy shell, the Voros-Berry conjecture [8,38,42] provides
an alternative to the maximum entropy approach to obtain
Eq. (16), which in addition results in the prescription

C(r,r′; ε) = 1

A
J0(k|r − r′|) (21)

for the case of two-dimensional billiards. Here J0 is the zeroth
Bessel function of the first kind.

The assumption of a sharp localization of the Wigner
function on the energy manifold has been shown to be a ques-
tionable approximation [43,44]. While extensive numerical
work has verified the applicability of the resulting universal
correlator for points r and r′ far away from the boundary

[9,45–49], Eq. (21) fails to ensure the correct wave-function
normalization [50] or describing the situation where r or r′
approach the border of the billiard [51–53].

Using Eq. (21) as a first approach to the problem allows to
obtain simple expressions for σ 2

k and ρk in different regimes
of the parameter kL [28]. The resulting σ 2

k is a monotonic
function of k, in sharp contrast with the numerical results
of Fig. 3(a). The correlation ρk obtained by this procedure
exhibits an oscillatory behavior as a function of k on the
scale of 2π/L, with a growing amplitude. In the semiclassical
regime of kL 
 1, these oscillations are between −1 and
+1, since ρk � cos (kL). The resulting kL dependence of the
probabilityP(Dk < 0) has the same tendency as the numerical
results, but it exhibits a slower secular decrease with kL [28].
These limitations stem from the fact that Eq. (21) ignores
the boundary effects, while the PWA correlator is determined
by the wave-function correlator evaluated precisely at the
entrance and exit of the QD. It is therefore important to go
beyond the approximation used in Ref. [28] and to provide
an accurate estimation of ρk . This is the goal pursued in this
section.

For classically chaotic systems, in the small-h̄ limit, the
boundary corrections to Eq. (21) can be addressed by writing
the correlation function as [51]

C(r,r′; ε) = 1

π �sc(ε)
Im Gsc(r,r′; ε) (22)

in terms of the smooth density of states �sc and the small-h̄
limit Gsc of the Green function related by Eq. (13). In
a semiclassical approach, Gsc can be split into its smooth
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y

FIG. 5. Sketch of a rectangular quantum dot (light gray) of length
L and width 2W , connected to leads of width 2w through tunnel
barriers (dark gray).

component corresponding to the Green function of free space
(direct path) and the contribution arising from the classical
trajectories that experience the boundary [51–53]. The first
component results in the universal form (21) of the wave-
function correlator, to which we have to add a correction
depending on classical trajectories different from the direct one
[54]. Such an approach has been used to address the problem of
the peak-height modulation [15], yielding oscillations related
with the shortest classical trajectories joining the entrance and
exit of the QD.

In order to avoid the complicated implementation of semi-
classical sums, we focus ourselves on an efficient description
of the wave function at the entrance and exit of the QD,
and simply trade the geometry of the cavity in Fig. 1 by the
rectangular billiard of width 2W depicted in Fig. 5. Taking the
limit W → ∞ eliminates the contributions from paths other
than those going between the entrance and exit of the QD.
We adopt the Dirichlet boundary condition for the horizontal
walls and the Neumann one for the vertical walls, so that we
are able to work with a separable system. The latter condition
is the appropriate one for |y| < w, but not for |y| > w. When
W → ∞ the trajectories that “see” the horizontal walls and/or
the part of the vertical walls not connected to the leads become
irrelevant, and despite our drastic simplification we expect that
the most salient features of the wave-function correlation are
well described, since the trajectories between entrance and
exit are the same for both geometries. In the Appendix we
treat the case of finite W , where the integrability of the system
drastically influences the probability of not observing phase
lapses between resonances.

Assuming hard walls on the leads, the first transverse
channel wave functions read

�l(y) = �r(y) = �1(y) = 1√
w

sin (Q1[y − w]), (23)

where the ath transverse momentum in the leads is defined by
Qa = πa/2w. The eigenfunctions in the rectangle with mixed

boundary conditions can be written as

ψm,b(x,y) =
√

2

L
cos

(mπx

L

)
φb(y) (24)

with

φb(y) = (−1)p√
W

sin (qb[y − W ]), (25)

where b = 2p − 1 for odd b and b = 2p for even b. The
transverse wave vectors in the rectangular cavity are de-
fined by qb = πb/2W and the resonant energies are εm,b =
(h̄2/2M)[(πm/L)2 + q2

b ].
In this simple geometry we can write the exact Green

function. Using the spectral decomposition of the latter in
the expression (22) of the two-point correlation function, we
have

ρk =
〈
γ l

εγ
r
ε

〉
〈
γ l

εγ
l
ε

〉 =
∑

m,b(−1)mδ(ε − εmb) A2
1b∑

m,b δ(ε − εmb) A2
1b

, (26)

where we have defined the overlap of the transverse wave
functions

A1b =
∫ +w

−w

dy �1(y) φb(y) = − 2Q1 cos (qbw)√
wW

(
q2

b − Q2
1

) . (27)

By symmetry, A1b = 0 when b is even.
The overlap (27) is characteristic of quantum problems with

interfaces between two regions like the case of the conductance
quantization through an abrupt quantum point contact [56,57].
The overlap A1b presents, as a function of qb, a maximum for
qb � Q1, and it is appreciably different from zero only in the
interval [0,Q2]. In the context of the conductance quantization,
the previous observation has been used to justify the so-called
mean field approximation (MFA) [56], where

AMFA
1b =

√
w

W
�(Q2 − qb). (28)

In the limit W → ∞, the sums over b in Eq. (26) can be
readily performed by going to the continuum limit in qb while
respecting the condition that b must be odd. We then have

ρMFA
k =

∑mmax
m=mmin

(−1)m√
k2−(πm/L)2∑mmax

m=mmin

1√
k2−(πm/L)2

, (29)

with mmin = �(kL/π )
√

1 − (π/kw)2� + 1 and mmax =
�kL/π�, where �. . .� denotes the floor function. The resulting
ρk is represented by the brown line in Fig. 3(c). It provides
a relatively good approximation to the value of ρk obtained
by fitting the local histograms of zn to Eq. (15) calculated for
the geometry of Fig. 1 (green line). In the semiclassical limit
of large kL, less and less values of m fall into the allowed
interval and the MFA becomes unreliable. This limitation can
be overcome by tackling the evaluation of (26) without the
simplification of the MFA. Treating again the sums over qb as
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FIG. 6. Probability P(Dk < 0) of having a negative Dk as a
function of kL. The blue line reproduces the numerical data of Fig. 2.
The green line uses ρk from Fig. 3(c) and Eq. (19). The red line uses
ρk from Eq. (30), together with Eqs. (19) and (20).

continuous integrals we have

ρk =
∑mmax

m=0
(−1)m√

k2−(πm/L)2

cos2 [w
√

k2−(πm/L)2]
[k2−(πm/L)2−(π/2w)2]2

∑mmax
m=0

1√
k2−(πm/L)2

cos2 [w
√

k2−(πm/L)2]
[k2−(πm/L)2−(π/2w)2]2

. (30)

The resulting ρk is represented by the red line in Fig. 3(c)
and provides an improved, and quite accurate, description of
the numerically extracted ρk (green line) for the geometry of
interest.

In Fig. 6 we compare the probability P(Dk < 0) obtained
in Sec. II (see Fig. 2) from the numerical data (blue line)
with that resulting from the use of Eq. (19) together with an
estimation of ρk . The green line is the result of using the
estimation of Fig. 3(c) for ρk , that is the correlator yielded
by the fitting to the k-dependent histograms. The red line is
the result of using Eq. (30) for estimating ρk . There is an
overall agreement in the behavior of these curves, although
not a detailed one. This result could be related to the poorer
statistics used in the k-dependent histograms, when compared
to that of the numerical determination of P(Dk < 0), as
discussed in Sec. IV. Nevertheless, the use of any of the two
estimations of ρk results in a much closer approach to the
numerical data, when compared with the case of Ref. [28] in
which ρk is obtained by ignoring the boundary corrections to
the wave-function correlator. The considerable improvement
obtained with respect to the results of Ref. [28] demonstrates
the importance of such corrections.

VI. CONCLUSIONS

In this work we have established a link between two
emblematic problems of quantum transport: the gate-voltage
modulation of the peak height and the phase locking of the
conductance between successive Coulomb blockade peaks.
The failure to observe the universal behavior for the latter is
correlated with small values of the average peak-height. Such a
result is restricted to the single-channel regime, characteristic
of the Coulomb blockade physics. The established connection
stems from the dependence of both phenomena on the partial-
width amplitude representing the coupling of the quantum dot

to the leads, and it has been verified by a thorough numerical
analysis.

Having identified the PWAs as the key elements of the pre-
vious link, we numerically studied their statistical distribution,
and determined that a joint probability density of the left and
right PWA corresponding to a given resonance is relatively
well described by a Gaussian law. Such a distribution is
characterized by two parameters that depend on the resonance
energy: the local average total width and the correlation
between the two PWAs. The evaluation of the latter within
a simple model provides a result in a good agreement with the
numerically extracted values.

On the one hand, our work thus contributes to the important
problem of wave-function correlations close to the boundary of
a billiard [53]. On the other hand, it is experimentally relevant
given the departures from a universal phase locking of the
conductance recently measured [30,31] and in view of current
experiments measuring the transmission phase in microwave
cavities [58].
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APPENDIX: BEYOND THE CHAOTIC CASE

The analysis presented in the main text has been based
on the assumption that the underlying classical dynamics is
chaotic, or at least sufficiently far away from regular. While
such an hypothesis, based on the irregular shape of the working
geometries and the influence of weak smooth disorder, has
been validated by many experiments in ballistic transport [6], it
is interesting to discuss what is the behavior of the transmission
phase in two extreme cases: that of a disordered QD and that
of a regular billiard with integrable dynamics.

In the case of a disordered QD with short-range scatterers,
characterized by an elastic mean-free path � � L, no phase
locking of the conductance is expected [20]. Such a behavior
can be understood from the fact that for a disordered system,
the right-hand side of the wave-function correlator (21) should
be multiplied by the exponentially small factor e−�/L [59], so
thatP(Dn < 0) = 1/2, implying that the presence and absence
of phase slips are equally likely [26].

As a representative case of the integrable dynamics, we
now consider the rectangular cavity of Fig. 5, but in contrast
to the analysis of Sec. V, we do not take the limit of W → ∞.
Fundamental differences appear with respect to the case treated
beforehand.

Integrable systems that are also separable have a simple
nodal pattern and the condition (7) is straightforward to
implement. Such is the case of the rectangular billiard with
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point contacts (w → 0) where the PWA is simply proportional
to the corresponding value of the resonance wave function.
Taking into account a finite width 2w of the leads, the system
is no longer separable and the nodal structure can be very
complex [60]. In this appendix we first consider the case of
point contacts and then extend the results to the case of a finite
lead width.

The closed rectangular billiard with Dirichlet conditions
along the whole boundary has the same eigenenergies than
those of Sec. V. Notwithstanding, instead of Eq. (24), the
eigenfunctions take the form

ψm,b(x,y) =
√

2

L
sin

(mπx

L

)
φb(y), (A1)

with the transverse wave function φb given by Eq. (25).
The corresponding nodal structure in this case is a checker-

board pattern with m − 1 straight nodal lines in the x direction
and b − 1 in the y direction. Using the index n to order
the eigenstates by their eigenenergy, it is easy to calculate
whether Dn is larger or smaller than 0. With left and right
leads connected to opposite walls in the x direction of the
rectangle, we have

sgn{Dn} = (−1)mn+mn+1 , (A2)

where mn denotes the number of nodes of the wave function
ψm,b in the x direction.

Taking into account the discussion above, the geometry
of the connection to the leads and the ratio between the
side lengths 2W and L fully determine the probability P
of not having a zero between two neighboring resonances.
We assume incommensurate values for 4W 2 and L2 to avoid
degeneracies that complicate the situation.

In the case of leads connected to opposite sides of the
rectangle separated by a distance L one could naively think
that, on average, for changing the number of nodes in the x

direction by one we need to increase the value of b by �b =
2W/L. Hence, the probability of not having a zero between two
resonances could be written as P = L/(2W + L). However,
this is only true at low energy. For higher energy values, very
different combinations of b and m leading to quasidegeneracies
exist, so that the probability of having neighboring resonances
with zeros in between is close to P = 1/2.

The combinatorial problem arises from the pecularities
exhibited by the spectrum of the rectangle and is reminiscent of
the spectral statistics of the many-body noninteracting systems
analyzed in Ref. [61]. In Fig. 7 we show numerical results for
P for rectangular dots with different aspect ratios coupled to
the leads at opposite sites of the transverse edges separated
by a distance L. The geometry under study is the same as
in Fig. 5 of the main text. In the figure, we plot results as a
function of the energy ε instead of kL, since the values of
L are quite different for each of the dots considered. Each
point is an average of the results for an energy window in a
given rectangular billiard. It can be seen from Fig. 7 that, as
the energy increases, the crossover between the low-energy
case, depending on the aspect ratio of the billiard, and the
asymptotic limit where P = 1/2, is quite fast. The situation in
regular, separable dots is then very different from the situation
in chaotic QDs.

0
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0.5

0.75
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D
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0 5 · 103 1 · 104 1.5 · 104 2 · 104 2.5 · 104
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L/2W = 0.1578

L/2W = 0.03945

FIG. 7. Probability P of not having a zero in between two
resonances for different values of W and L, keeping a constant billiard
areaA = 2WL so that the eigenvalue densities are comparable. The
leads are connected face-to-face on the two lateral sides. The data
points are calculated as one minus the number of zeros divided by
the number of resonances in equal energy intervals. The asymptotic
behavior for high energies is P = 1/2. For low energy, the first data
point is close to P = L/(2W + L) as argued in the text.

Since the previous combinatorial and nodal structure argu-
ments do not hold for the case with a finite-width connection
to the leads, we have numerically computed the zn and Dn

distributions in such a case. In order to improve the statistics
we considered an ensemble of eight rectangular billiards with
finite-width contacts and incommensurate sides, all of them
having similar lengths and areas. In order to avoid symmetry
considerations that would complicate the results, we chose
different geometries of the connection to the leads, trying
to avoid symmetries. The results show that P � 1/2 for all
values of kL. In Fig. 8 we show the individual values of
zn, normalized like in Fig. 3(b) by �/2, where the global
average � of the total width is taken over the whole k interval.
Like in Fig. 3(b), we observe an increase of the typical

40 50 60 70 80 90

−1

0

1

kL

2z
n
/Γ

FIG. 8. Individual values of the product zn = γ l
nγ

r
n (black dots)

normalized, as in Fig. 3(b), by using one-half of the global average �

of the total width for an ensemble of rectangular billiards. The local
average values of zn are indicated by the brown solid line and do not
exhibit the kL modulation found for chaotic geometries.
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values of zn when increasing k, due to the increase of the
barrier transparency and the use of the global normalization
factor �/2. Unlike the case of Fig. 3(b), the results of Fig. 8
do not show a periodic modulation in kL, illustrating the
important differences between the chaotic and integrable cases.
Moreover, the local average of zn (brown line in Fig. 8)
is structureless and very small, in contrast to the values of
2σ 2

k ρk/� of the chaotic case [green line in Fig. 3(b)].
It is well known that the peculiarities of different integrable

systems make it difficult to extract general conclusions.

However, to the presented case of the rectangular billiard,
we can add the results obtained for a triangular billiard with
leads connected in different positions (not shown), which also
lead to P � 1/2, and thus, an equally likely probability of
observing or not phase lapses. From the connection between
the absence of phase lapses and the low average height of
the conductance peaks established in Sec. II, we conclude
that the modulation in the height of the Coulomb blockade
peaks is not expected for integrable QDs, nor for disordered
systems.
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matrix, resonances, and wave functions for transport through
billiards with leads, J. Math. Phys. 37, 4888 (1996).

[61] L. Muñoz, E. Faleiro, R. A. Molina, A. Relaño, and J. Retamosa,
Spectral statistics in noninteracting many-particle systems,
Phys. Rev. E 73, 036202 (2006).

062208-11

https://doi.org/10.1103/PhysRevB.95.241301
https://doi.org/10.1103/PhysRevB.95.241301
https://doi.org/10.1103/PhysRevB.95.241301
https://doi.org/10.1103/PhysRevB.95.241301
https://doi.org/10.1038/s41467-017-01685-z
https://doi.org/10.1038/s41467-017-01685-z
https://doi.org/10.1038/s41467-017-01685-z
https://doi.org/10.1038/s41467-017-01685-z
https://doi.org/10.1103/PhysRevB.44.1646
https://doi.org/10.1103/PhysRevB.44.1646
https://doi.org/10.1103/PhysRevB.44.1646
https://doi.org/10.1103/PhysRevB.44.1646
https://doi.org/10.1103/PhysRevLett.65.771
https://doi.org/10.1103/PhysRevLett.65.771
https://doi.org/10.1103/PhysRevLett.65.771
https://doi.org/10.1103/PhysRevLett.65.771
https://doi.org/10.1007/BF01307632
https://doi.org/10.1007/BF01307632
https://doi.org/10.1007/BF01307632
https://doi.org/10.1007/BF01307632
https://doi.org/10.1088/1751-8113/40/32/003
https://doi.org/10.1088/1751-8113/40/32/003
https://doi.org/10.1088/1751-8113/40/32/003
https://doi.org/10.1088/1751-8113/40/32/003
http://arxiv.org/abs/arXiv:1709.03650
https://journals.aps.org/rmp/accepted/e107aE6eD7f13006607e65e135f42f996ebcb05f8
https://doi.org/10.1103/PhysRevE.65.036201
https://doi.org/10.1103/PhysRevE.65.036201
https://doi.org/10.1103/PhysRevE.65.036201
https://doi.org/10.1103/PhysRevE.65.036201
https://doi.org/10.1103/PhysRevE.56.2254
https://doi.org/10.1103/PhysRevE.56.2254
https://doi.org/10.1103/PhysRevE.56.2254
https://doi.org/10.1103/PhysRevE.56.2254
http://www.numdam.org/article/AIHPA_1976__24_1_31_0.pdf
https://doi.org/10.1016/0378-4371(80)90134-X
https://doi.org/10.1016/0378-4371(80)90134-X
https://doi.org/10.1016/0378-4371(80)90134-X
https://doi.org/10.1016/0378-4371(80)90134-X
https://doi.org/10.1088/1751-8113/47/33/335205
https://doi.org/10.1088/1751-8113/47/33/335205
https://doi.org/10.1088/1751-8113/47/33/335205
https://doi.org/10.1088/1751-8113/47/33/335205
https://doi.org/10.1103/PhysRevE.57.5425
https://doi.org/10.1103/PhysRevE.57.5425
https://doi.org/10.1103/PhysRevE.57.5425
https://doi.org/10.1103/PhysRevE.57.5425
https://doi.org/10.1088/0305-4470/35/3/307
https://doi.org/10.1088/0305-4470/35/3/307
https://doi.org/10.1088/0305-4470/35/3/307
https://doi.org/10.1088/0305-4470/35/3/307
https://doi.org/10.1088/0305-4470/29/18/013
https://doi.org/10.1088/0305-4470/29/18/013
https://doi.org/10.1088/0305-4470/29/18/013
https://doi.org/10.1088/0305-4470/29/18/013
https://doi.org/10.1016/0167-2789(93)90255-Y
https://doi.org/10.1016/0167-2789(93)90255-Y
https://doi.org/10.1016/0167-2789(93)90255-Y
https://doi.org/10.1016/0167-2789(93)90255-Y
https://doi.org/10.1088/0305-4470/27/16/017
https://doi.org/10.1088/0305-4470/27/16/017
https://doi.org/10.1088/0305-4470/27/16/017
https://doi.org/10.1088/0305-4470/27/16/017
https://doi.org/10.1103/PhysRevE.65.025202
https://doi.org/10.1103/PhysRevE.65.025202
https://doi.org/10.1103/PhysRevE.65.025202
https://doi.org/10.1103/PhysRevE.65.025202
https://doi.org/10.1103/PhysRevLett.80.1646
https://doi.org/10.1103/PhysRevLett.80.1646
https://doi.org/10.1103/PhysRevLett.80.1646
https://doi.org/10.1103/PhysRevLett.80.1646
https://doi.org/10.1103/PhysRevE.70.015201
https://doi.org/10.1103/PhysRevE.70.015201
https://doi.org/10.1103/PhysRevE.70.015201
https://doi.org/10.1103/PhysRevE.70.015201
https://doi.org/10.1080/00018732.2013.860277
https://doi.org/10.1080/00018732.2013.860277
https://doi.org/10.1080/00018732.2013.860277
https://doi.org/10.1080/00018732.2013.860277
https://doi.org/10.1088/0305-4470/35/29/302
https://doi.org/10.1088/0305-4470/35/29/302
https://doi.org/10.1088/0305-4470/35/29/302
https://doi.org/10.1088/0305-4470/35/29/302
https://doi.org/10.1103/PhysRevLett.62.300
https://doi.org/10.1103/PhysRevLett.62.300
https://doi.org/10.1103/PhysRevLett.62.300
https://doi.org/10.1103/PhysRevLett.62.300
https://doi.org/10.1103/PhysRevB.88.035406
https://doi.org/10.1103/PhysRevB.88.035406
https://doi.org/10.1103/PhysRevB.88.035406
https://doi.org/10.1103/PhysRevB.88.035406
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1063/1.531668
https://doi.org/10.1063/1.531668
https://doi.org/10.1063/1.531668
https://doi.org/10.1063/1.531668
https://doi.org/10.1103/PhysRevE.73.036202
https://doi.org/10.1103/PhysRevE.73.036202
https://doi.org/10.1103/PhysRevE.73.036202
https://doi.org/10.1103/PhysRevE.73.036202



