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In this work we develop an experimental procedure to interrogate the single- and multiphoton scattering
matrices of an unknown quantum system interacting with propagating photons. Our proposal requires
coherent state laser or microwave inputs and homodyne detection at the scatterer’s output, and provides
simultaneous information about multiple—elastic and inelastic—segments of the scattering matrix. The
method is resilient to detector noise and its errors can be made arbitrarily small by combining experiments
at various laser powers. Finally, we show that the tomography of scattering has to be performed using
pulsed lasers to efficiently gather information about the nonlinear processes in the scatterer.
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It is now possible to achieve strong and ultrastrong
coupling between quantum emitters and propagating pho-
tons using superconducting qubits [1–4], atoms [5–7], or
quantum dots [8] in photonic circuits, or even molecules in
free space [9]. This has motivated stunning progress in the
theory of single- and multiphoton scattering using wave
functions [10] and the Bethe ansatz [11], as well as input-
output theory [12,13], diagrammatic calculations [14–16],
and path integral formalism [17,18]. Very recently, the
theory has even covered the ultrastrong coupling regime
[19]. Experiments, however, cannot yet recover all the
scattering information predicted by those studies, and are
limited to comparing low-power coherent state transmis-
sion coefficients [1,4,20], cross-Kerr phases [3], and anti-
bunching [2]. We therefore need an ambitious framework
for reconstructing the complete one-, two-, or ideally any
multiphoton scattering matrix. Such framework would
allow studying the elastic [21], and inelastic [22] properties
of quantum impurities in waveguides, quasiparticle spec-
troscopy [23], interactions [24] in quantum simulators, and
even characterizing all-optical quantum processors.
In this Letter we present a theoretical and experimental

framework for estimating the scattering matrix

Sp1…pnk1…km ¼ h0jAp1
…Apn

UA†
k1
…A†

km
j0i; ð1Þ

which describes the transition amplitude from an input state
of m photons with generic quantum numbers k1;…; km, to
an asymptotic output state of n photons with labels
p1;…; pn [cf. Fig. 1(a)]. Operator U represents the
evolution in the limit of infinitely long time, and A†

k are
generic input and output bosonic operators acting on the
vacuum state j0i. Our proposal assumes an experimental
setup that injects coherent states and performs homodyne
detection at the output of a generalized multiport beam
splitter [cf. Fig. 1(b)]. Combining measurements with
different input phases and amplitudes, we can approximate
Eq. (1) with arbitrarily small error. The scheme is ideally
suited for superconducting circuit and nanophotonic

experiments, because all noise from amplifiers or detectors
is canceled without previous calibration, similar to the dual-
path method [25–27]. In this Letter we also prove that the
nonlinear contributions in the scattering are efficiently
activated only for finite length input wave packets A†

k.
However, standard deconvolution techniques applied to
such experiments accurately and robustly reconstruct the
scattering matrix in the monochromatic limit. We exem-
plify all these ideas for a two-level scatterer, whose
scattering matrix is known [12] and has only been probed
at the single-photon level [1,2]. This Letter is closed with a
discussion on the generality of the protocol, and possible
experimental implementations.
Scattering tomography protocol.—Our presentation

begins with the tomography architecture, continues with
a discrete set of input states and a corresponding set of
measurements, and closes with a general reconstruction
formula for the scattering matrix. As shown in Fig. 1(b), the
setup consists of the quantum scatterer to be analyzed—or

(a)

(b)

FIG. 1. (a) A quantum scatterer with scattering matrix U
transforms an input state jΨini of m photons with generic
quantum numbers k1; …; km into an outgoing state jΨouti ¼
UjΨini of n photons with labels, p1; …; pn. (b) Our experimental
protocol for determining U requires coherent state wave packets
inputs jαk⃗i, prepared with a signal generator (∼), and homodyne
measurements at the output. Prior to measurement, the output
signal is split evenly by an N-port beam splitter (BS), so as to
measure all possible filtered correlations hBp1

…Bpn
i.
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any active or passive optical medium—, a photonic channel
that couples the light in and out of the scatterer, a signal
generator to prepare the input states, and a multiport beam
splitter that divides the output signal into N independent
measurement ports.
Our protocol requires a specific set of input states to probe

the scatterer: coherent state wave packet inputs jαk⃗i, created
on top of the vacuum [28] through a superposition of M
bosonic modes A†

kj
,

jΨini ¼ jαk⃗i ¼ e−
1
2
jαj2 exp

�XM
j¼1

αkjA
†
kj

�
j0i; ð2Þ

where αkj are complex weights and jαj2 the mean photon
number [29]. These multimode coherent states can be
prepared using a signal generator [cf. Fig. 1(b)], or combin-
ing laser pulses through beam splitters [cf. Fig. 2]. While
later examples assume wave packets A†

kj
centered around

momenta kj, the formalism allows kj to label any set of
quantum numbers: frequency, polarization, path, etc.
The output of the scatterer jΨouti ¼ UjΨini is led through

a balanced multiport beam splitter into N homodyne
detectors. At each output port, we filter outgoing photons
with quantum numbers fprgNr¼1, and measure the quad-
ratures fXpr

; Ppr
g to reconstruct the Fock operators

Bpr
¼ Xpr

þ iPpr
. The nature of the beam-splitter trans-

formation is irrelevant, but all detectors should get a similar
fraction of the scattered output, typically Bpr

¼ N−1=2Apr
þ

ðN-1 vacuum inputsÞ. Combining the homodyne measure-
ments we estimate any correlation function of the form

hBp1
…Bpn

i ¼ N−n=2hαk⃗jU†Ap1
…Apn

Ujαk⃗i; ð3Þ

where the filtered labels p1; …; pn are to the outgoing
indices in the scattering matrix sector to be estimated (1).
Note that any set size n ≤ N is possible.
The expectation value (3) is an analytic function Fn½α⃗� of

the complex amplitudes αk⃗. Each order of the Taylor
expansion of Fn is determined by a different sector of
the scattering matrix. As explained in the Supplemental
Material [30], the values Fn½α⃗� for different complex
amplitudes—i.e., the correlation functions for different
input states (2)—, can be added together so as to cancel

all terms except a desired sector of the scattering matrix and
a small error. This is the basis for our protocols.
Protocol 1: (General.) Let us assume a setup such as

the one in Fig. 1(b). In order to reconstruct the scattering
matrix (1) with n ≤ N and m ≤ M, we will prepare
2MM input states jΨinðl; s⃗Þi, labeled by l ¼ 1…2M, and
s⃗ ¼ ðs1;…; sMÞ. The input states (2) built from j ¼ 1…M
wave packets only differ in the choice of phases

αl;s⃗kj ¼ sjeiϕl jαkj j;
�
s1 ¼ 1

sm≥2 ¼ �1
;ϕl ¼

π

M
l: ð4Þ

For each input state, we measure the 2N amplitudes Bpr

repeatedly, gathering statistics to reconstruct all correla-
tions Fnðl; s⃗Þ ¼ hΨinðl; s⃗ÞjU†Bp1

…Bpn
UjΨinðl; s⃗Þ, for

n ¼ 1…N. The scattering matrix is approximated as

Sp1…pnk1…km ¼ Nn=2ejαj2

2MM

X2M
l¼1

X
s⃗

Fnðl; s⃗ÞQ
m
j¼1 α

l;s⃗
kj

þ εð1Þm ; ð5Þ

with a controlled error scaling as εð1Þm ¼ Oðjαj2Þ.
Note how the same set of measurement outcomes

provides a simultaneous reconstruction of all scattering
matrices from sizes 1 × 1 up to N ×M.
Elastic scatterers.—The reconstruction protocol simpli-

fies when scattering conserves the total number of photons.
This happens for emitters with one ground state and Jaynes-
Cummings type interactions with Uð1Þ symmetry (no
cyclic transitions). The scattering matrix (1) is exactly
zero for n ≠ m, quadrature measurements do not depend on
global input phases and the total number of measurement
setups reduces to 2M−1.
Protocol 2: (Elastic scatterers.) When it is a priori

known that the scatterer conserves the photon number,
we follow the steps in Protocol 1, but reduce the choice of
input states to jΨinðs⃗Þi, where s⃗ ¼ ðs1;…; sMÞ and

αs⃗kj ¼ sjjαkj j;
�
s1 ¼ 1

sj≥2 ¼ �1
;

Fnðs⃗Þ ¼ hΨinðs⃗ÞjU†Bp1
…Bpn

UjΨinðs⃗Þi;

Sp1…pmk1…km ¼ Nm=2ejαj2

2M−1

X
s⃗

Fmðs⃗ÞQ
m
j¼1 α

s⃗
kj

þ εð1Þm ; ð6Þ

with an error bounded by jεð1Þm j ≤ Oðejαj2 − 1Þ.
Examples.—Experiments with superconducting or opti-

cal qubits at low power are well described by a RWA
Hamiltonian [12], and we can apply Protocol 2. For a single
photon we require only one input with arbitrary, but small,
complex amplitude αk1 , and the measurement of one
quadrature Bp1

, obtaining

Sp1k1 ¼ h0jAp1
UA†

k1
j0i ¼ ejαj2

hBp1
i

αk1
þ εð1Þ1 : ð7ÞFIG. 2. A possible implementation of the protocol that works

for one- and two-photon scattering matrices.
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This formula includes the limit of state-of-the-art experi-
ments [1,2,4], where the transmission and reflection coef-
ficients of single photons with momentum k and fixed
polarization, Sk;k and S−k;k, are recovered from the ratio
between the input amplitude αk of a monochromatic
coherent beam, and the scattered amplitude hB�ki.
The reconstruction of the two-photon scattering matrix

demands at least two measurement ports,Bp1
andBp2

, and a
set of two input modes, A†

k1
and A†

k2
. As shown in Fig. 2, an

experiment could combine two independent pulses through
a beam splitter, and then direct the scattering output to two
homodyne measurement devices for estimating the corre-
lations hBp1

Bp2
i. For a RWA model, we reconstruct

Sp1p2k1k2 ¼ ejαj2
½F2ð1; 1Þ − F2ð1;−1Þ�

jαk1 jjαk2 j
þ εð1Þ2 ; ð8Þ

using only two different input phases. If we cannot ensure
Uð1Þ symmetry because of inelastic channels [22], ultra-
strong coupling [19], external driving on the scatterer [31],
etc., we need 8 input states with varying global phase
ϕl ¼ ðπ=2Þl, and the general reconstruction formula (5).
However, the samemeasurements provide us with estimates
for Sp1k1, Sp1k1k2 , Sp1p2k1 , and Sp1p2k1k2 .
Arbitrary reconstruction error.—There are four sources

of error in our reconstruction protocol: (i) quantum fluctua-
tions in quadrature measurements, (ii) detector noise,
(iii) imperfect input preparation, and (iv) approximation
error. The first source of error scales asOðN −1=2Þ and can be
decreased arbitrarily by increasing the number of repetitions
N of the experiment. By design, our protocol is intrinsically
resilient to the second source of errors, because detector
noise averages out when combining odd powers of quad-
ratures from different detectors—similar to Refs. [25–27].
Imperfections in the preparation of relative phases

sj ¼ �1þ δsð�Þ
j , laser power jαj2 þ δn, and global phases

ϕl ¼ πl=M þ δϕl, add linear contributions to the error,

εsign ∼ jδsð�Þ
j j, εα ∼ jδnj=jαj2 and εϕ ∼ jδϕlj=jαjm−1 [30].

These errors can be controlled using standard calibration
and phase stability techniques, and ensuring to work at
moderate powers, jαj2 ∼ 1.
Indeed, a feature of our method is that we are not

restricted to working at infinitesimal jαj2. Instead, we can
combine different estimates of the scattering matrix,

Eðjαj2Þ ¼ S − εð1Þm , reconstructed from Eqs. (5)–(6) at
different laser powers jαj2, to create a refined estimate

with a higher order truncation error εðZÞm ¼ Oðjαj2ZÞ. The
simplest instance of this idea requires one extra estimate

S ¼ bEðjαj2Þ − Eðbjαj2Þ
b − 1

þ εð2Þm ; ð9Þ

at a larger power b > 1, to give εð2Þm ¼ Oðjαj4Þ. Higher
order formulas can be derived analytically [30], with error

estimates εðZÞm ¼ Oðjαj2ZÞ that are strongly suppressed and
allow working at jαj2 ≳ 1. This is illustrated by Fig. 3(a),

where we plot an upper bound for εðZÞm ðjαj2Þ for elastic two-
photon scattering, as a function of the smallest laser power
jαj2, for different approximation orders Z. For jαj2 ∼ 1, we
just need Z ∼ 10 and b ¼ 1.05, to get error bounds

εðZÞb ∼ 10−4, showing the potential of this method to
estimate multiphoton scattering matrices.
The need of wave packets.—Wewill now discuss the case

in which kj describes the momentum degree of freedom.
We will argue that our reconstruction protocol requires
input states that are finite length wave packets,

A†
kj
¼

Z
dk0ψkjðk0Þa†k0 ; ð10Þ

built from normalized superpositions of plane waves a†k0 ,

with ½ak; a†k0 � ¼ δðk − k0Þ and
R jψkjðk0Þj2dk0 ¼ 1. The

discussion below does not include other discrete degrees
of freedom, which can be straightforwardly added [30].

(a)

(b)

(c)

(d)

FIG. 3. Reconstruction of the nonlinear two-photon scattering
matrix for a two-level system weakly coupled to a 1D photonic

channel. (a) Upper bound of the reconstruction error εðZÞb ≥ jεðZÞ2 j,
as derived in the Supplemental Material [30] when combining
q ¼ 1;…; Z scattering matrix estimates Eðbq−1jαj2Þ with

b ¼ 1.05. The various curves show εðZÞb as a function of the
smallest laser power jαj2 for Z ¼ 1; 2;…; 12 (from top to
bottom). (b) Predicted transmission measurement of
jTp1p2k1k2 j2 for a qubit with decay rate γ and Gaussian wave
packets of width σ ¼ 0.8γ=c. We vary the momentum differences
Δk ¼ ðk2 − k1Þ=2 and Δp ¼ ðp2 − p1Þ=2, between incoming
and outgoing photons, and fix the conserved average momentum
to k̂ ¼ ðω0 þ 1.5γÞ=c, with ω0 the qubit’s transition frequency.
(c) Cross sections of jTj2 measured at different widths,
σ ¼ 0.8γ=c (dashed blue) and σ ¼ 0.4γ=c (solid brown), give
the same exact result for jγT̄ =cj2 after deconvolution (blue and
brown dotted line). As marked in (a) and (d), the cross sections
correspond to jΔpj ¼ 1.5γ=c. (d) Deconvolution of the measure-
ments according to Eq. (19), to recover the two-photon inter-
action strength jT̄ p1p2k1k2 j2 of the two-level scatterer derived in
Refs. [11,12,30].
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The use of pulsed light contrasts with existing theory,
which computes the scattering matrix elements for well-
defined momentum modes [12,13,18], as in

S̄p1…pnk1…km ¼ h0jap1
…apn

Ua†k1…a†km j0i: ð11Þ
The reasons for studying the monochromatic S̄ are (i) the
possibility of analytical calculations and that (ii) it reveals
the underlying nonlinearity of the scatterer. Take, for
instance, the two-photon scattering matrix for a two-level
system, which can be decomposed as [12,32]

S̄p1p2k1k2 ¼ S̄p1k1 S̄p2k2 þ S̄p1k2 S̄p2k1

þ icT̄ p1p2k1k2δðωp1
þ ωp2

− ωk1 − ωk2Þ; ð12Þ
with ωk the photon dispersion relation and c the velocity of
light. The first two terms in Eq. (12) connect independent
single-photon events S̄pk, while the last one is the nonlinear
contribution T̄ p1p2k1k2 that describes photon-photon inter-
action mediated by simultaneous interaction with the
scatterer, such as the two-photon Kerr effect [3].
Interestingly, S and S̄ are related through an integral,

Sp1…pn;k1…km ¼
Z

…

Z
dmk0dnp0S̄p0

1
…p0

n;k01…k0m

×
Ym
j¼1

ψkjðk0jÞ
Yn
r¼1

ψ�
pr
ðp0

rÞ: ð13Þ

We will evaluate this for the two-photon scattering matrix
in a tomography experiment using Gaussian pulses
ψkðk0Þ ¼ Gσðk0 − kÞ1=2, with

Gσðk0Þ ¼ ðπσ2Þ−1=2e−ðk0=σÞ2 : ð14Þ
We are especially interested in analyzing how the non-
linearity T̄ manifests in the monochromatic limit of
negligible bandwidth σ → 0. To do so, we focus on forward
scattering (kj, pr > 0) in a waveguide with linear
dispersion relation ωk ¼ cjkj, but this is easily extended
[30]. The main result is that the measured two-photon
scattering matrix Sp1p2;k1k2 ¼ Sp1k1Sp2k2 þ Sp1k2Sp2k1 þ
iTp1p2k1k2 also splits into single- and two-photon contribu-
tions, which are given by the convolutions

Sp1k1 ¼ e−
ðp1−k1Þ2

4σ2

Z
dk01Gσ

�
k01 −

½k1 þ p1�
2

�
tk0

1
; ð15Þ

Tp1p2k1k2 ¼ 2σ
ffiffiffi
π

p
e−ðp1þp2−k1−k2Þ2=ð8σ2Þ

×
ZZZ

dp1
0dk10dk20Wðp1

0; k10; k20ÞT̄ p1
0p2

0k1 0k2 0 :

ð16Þ
The transmission coefficient tk0

1
appears in Eq. (15) as a

consequence of energy conservation, S̄pk ¼ tpδðp − kÞ, as
well as the relation p0

2 ¼ k01 þ k02 − p0
1 for the integration

momenta in Eq. (16). Because the kernelW in Eq. (16) is a

product of three Gaussians [30], and T̄ is typically a
smooth and bounded function, any nonlinear contribution
to the scattering experiment vanishes as we make the wave
packet width σ tend to zero,

Sp1k1 ¼ Oð1Þ; Tp1p2k1k2 ¼ Oðσ1Þ: ð17Þ
This argument can be extended to higher order processes,
Tp1…pnk1…km ∼ σðmþn−2Þ=2 [33], illustrating the fact that
nonlinear terms can only be activated when photons coexist
in the scatterer, and the probability of this overlap tends to
zero as the wave packet length 1=σ tends to infinity. We,
therefore, conclude that an efficient reconstruction of the
full scattering matrix for two or more photons requires
working with finite duration wave packets.
Deconvolution formulas.—Even if we need wave pack-

ets to get an experimentally measurable signal, we can still
reconstruct the monochromatic properties from such
experiments using standard deconvolution techniques
[34]. We illustrate this by deriving the single- and two-
photon forward scattering coefficients tk1 and T̄ p1p2k1k2
from the measured Sk1k1 and Tp1p2k1k2 . This requires
inverting Eqs. (15)–(16), which can be done analytically
for Gaussian wave packets [34–36]. For the single-photon
transmission we obtain

tk1 ¼
Z

dk01Kσðk01 − k1ÞSk0
1
k0
1
; where

KσðkÞ ¼ GσðkÞ
X∞
q¼0

ð−1Þq
2qq!

H2q

�
k
σ

�
: ð18Þ

The inverse kernel KσðkÞ contains Hermite polynomials
HqðxÞ¼ð−1Þqex2∂q

xðe−x2Þ and produces a convergent series
provided the function to deconvolve isL1 integrable [34,35].
As discussed above, the single-photon reconstruction still
works with monochromatic beams, recovering the state-of-
the-art experimental formula tk1 ¼ limσ→0Sk1k1 .
The reconstruction of the two-photon scattering strength

T̄ from the measured values of T involves a three-
dimensional deconvolution using a product of the same
inverse kernels Kσ [35]. Energy conservation imposes that
the only nonzero elements of T̄ p1p2k1k2 have to be functions
of the conserved average momentum k̂¼ðk1þk2Þ=2¼
ðp1þp2Þ=2, and the relative differences, Δp¼ðp2−p1Þ=2
and Δk ¼ ðk2 − k1Þ=2. For these elements we get

T̄ p1p2k1k2 ¼
1ffiffiffi
π

p
σ

ZZZ
dk̂0dΔ0

pdΔ0
kTk̂0−Δ0

p;k̂
0þΔ0

p;k̂
0−Δ0

k;k̂
0þΔ0

k

×Kσð
ffiffiffi
2

p
½k̂0 − k̂�ÞKσðΔ0

p − ΔpÞKσðΔ0
k − ΔkÞ:

ð19Þ
As an illustration, we evaluate the measured scattering

matrix T and the reconstructed monochromatic version T̄ ,
for a gedanken experiment with Gaussian pulses and a
two-level scatterer. This problem admits an analytical
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solution [11,12,30] with which we can test the reconstruction
formulas (16) and (19). As shown in Figs. 3(b) and 3(d), the
measured matrix jTj2 is broader than the monochromatic
jT̄ j2, due to the convolutionwith theGaussians. However,we
have found that provided the wave packet size remains on
order of the scatterer linewidth σ ∼ γ=c, we can efficiently
reconstruct T̄ from T. We exemplify this in Fig. 3(c), where
we show how cross sections of jTj2 obtained for two different
widths σ ¼ 0.4γ=c (brown) and σ ¼ 0.8γ=c (blue) both
reconstruct the exact result for jT̄ j2 after the deconvolution
(brown and blue dots). The fact that σ ∼ γ=c is a good
compromise should not be a surprise, as this is the regime
whichmaximizes the nonlinear effects and the coexistence of
photons. In general, the Gaussian deconvolution with kernel
(18) allows us to efficiently reconstruct any smooth sector of
the scattering matrix, provided the measured function to
deconvolve isL1 integrable [34,35] and the order of thewidth
σ is chosen according to the “bandwidth” of the specific
scatterer.
Summary and outlook.—This Letter introduced a tomog-

raphy protocol for reconstructing the scattering matrix of a
photonic field interacting with a quantum scatterer, using
coherent states and correlated homodyne measurements.
We have demonstrated that pulsed spectroscopy is needed
to gather information about the nonlinear processes
in scattering. This could remind the reader of two-
dimensional pulsed spectroscopy methods in the optical
and NMR realms [37,38], but those constitute a time-
resolved interrogation of the scatterer, whereas our protocol
studies the asymptotic transformation (1) imparted by an
optical medium in a propagating field.
While our protocol is inspired by recent progress in the

fields of waveguide QED and nanophotonics, the idea,
setup, and formulas can be used to probe any system that is in
contact with a linear bosonic field. This includes not only
superconducting qubits in strong-coupling [1,3] or ultra-
strong-coupling 1D setups [4], but also studying single
molecule emitters in three dimensions [9], or other extended
optical media. The reconstruction protocol is so general that
it does not require any a priori knowledge of the quantum
emitter, and can be applied in the presence of decoherence
and dissipation. We believe that under such circumstances
our protocol is optimal, but particular symmetries or a better
understanding of the models can lead to substantial sim-
plifications to be considered in future work.
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