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We apply the Lewis–Riesenfeld invariant method for the harmonic oscillator with time dependent mass 
and frequency to the modes of a charged scalar field that propagates in a curved, homogeneous and 
isotropic spacetime. We recover the Bunch–Davies vacuum in the case of a flat DeSitter spacetime, 
the equivalent one in the case of a closed DeSitter spacetime and the invariant vacuum in a curved 
spacetime that evolves adiabatically. In the three cases, it is computed the thermodynamical magnitudes 
of entanglement between the modes of the particles and antiparticles of the invariant vacuum, and the 
modification of the Friedmann equation caused by the existence of the energy density of entanglement. 
The amplitude of the vacuum fluctuations are also computed.
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1. Introduction

All the machinery of a quantum field theory is ultimately 
rooted on the definition of the vacuum state. Once this is defined 
a Fock space can be generated from the number eigenstates of the 
corresponding representation and the general quantum state of the 
field can be written as a vector of such space. The field can then 
be interpreted as composed of many particles propagating along 
the spacetime.

However, the definition of the vacuum state and the associated 
definition of particle cannot be always unambiguously stated in a 
curved spacetime. The most appropriate definition of the vacuum 
state in a local region of the spacetime may not correspond to 
the vacuum state in another local region, and that may lead to 
the creation of particles [1–6]. The question is then which vacuum 
state has to be selected from the set of possible vacuum states, 
with a twofold consideration: which quantum representation can 
determine the appropriate boundary condition for the field; and, 
which one can represent the observable particles.

A customary approach [7,8] is to define the vacuum state in an 
“IN” and “OUT” regions that asymptotically behave like Minkowski 
spacetime, where the vacuum state is therefore well defined. The 
corresponding “IN” vacuum is assumed to supply the initial bound-
ary condition for the field and the “OUT” vacuum is expected to 
define the kind of measurable particles. Generally, the result is 
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that the initial vacuum state turns out to be full of particles of 
the “OUT” representation. A problem with this approach is that it 
is not always possible to find in a curved spacetime two asymptot-
ically flat regions where to define these vacuum states. That might 
wrongly induce us to think that a well defined vacuum state can-
not be then given.

In this paper we shall adopt a different point of view. On the 
one hand, one would expect that the appropriate boundary con-
dition for a cosmological field should be global, i.e. not tied to 
a local initial state, and such that the field should remain in the 
same state along the entire evolution of the field if no external 
force is present. In that case the state of the field should be invari-
ant under time evolution. Furthermore, in cosmology there is no 
external element to the universe1 so in particular, one would ex-
pect the field to stay in the ground state or the state of minimal 
excitation of some invariant representation.

In most cases of interest the wave equation of the field modes 
in a curved spacetime turns out to be the wave equation of a har-
monic oscillator with time dependent mass and frequency. Then, 
we can apply the method of the invariants of the harmonic os-
cillator, developed by Lewis–Riesenfield [9,10] and others [11–16], 
to find the invariant representation of the field modes. The impor-
tant property of the invariant representation is that the associated 
number operator turns out to be a constant of motion. It means 
that once the field is in a given quantum superposition of the 
number eigenstates of the invariant representation it remains in 

1 We are not considering a multiverse scenario here. If that would be the case 
the same would apply to the multiverse as a whole instead of a single universe.
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the same state along the entire evolution of the field. In particular, 
if the field is in the vacuum state of the invariant representation at 
a given moment of time it will remain in the same vacuum state 
along the entire evolution of the field.

Then, we shall assume that the field is in the vacuum state of 
the invariant representation. Furthermore, instead of imposing an 
initial condition on the state of the field at some given time t0, 
we shall impose the boundary condition that the largest modes 
of the field must be the positive frequency modes of a field that 
propagates in a Minkowski spacetime. This is a boundary condition 
that is ultimately rooted in the equivalence principle of the theory 
of relativity. For a sufficiently closed neighborhood, the spacetime 
looks always like a flat spacetime and, therefore, the largest modes 
of the field must not feel the curvature of the spacetime. This 
boundary condition will fix the invariant representation to be used 
and, thus, it will fix the invariant vacuum state.

In terms of the invariant representation the invariant vacuum 
state will then represent the ground state along the entire evolu-
tion of the field. However, in terms of the number states of any 
other representation the vacuum state of the invariant represen-
tation may contain particles. Let us notice that the concept of 
particle is a local concept that is based on the definition of the 
particle detector and, thus, the number of detected particles is an 
observer-dependent quantity. In particular, for an observer that is 
making measurements in a local region of the spacetime, the most 
appropriate representation of the vacuum seems to be the vacuum 
of instantaneous Hamiltonian diagonalization [8], which represents 
the state of minimal excitation at a given moment of time. More 
concretely, an actual detector will only detect particles with wave-
length smaller than the characteristic length of the detector. We 
shall then show that such a detector will in practice detect no 
particles in a small local region of the spacetime because, as a con-
sequence of the boundary condition, the field modes remain there 
in the vacuum state along the entire evolution of the field. How-
ever, on cosmological grounds, the invariant vacuum turns out to 
be full of particle-antiparticle pairs of the diagonal representation, 
which are created in entangled states. We can then analyze the 
quantum state of each component of the entangled pair and their 
evolution separately.

The paper is outlined as follows. In Sect. 2 we briefly review 
the customary procedure of canonical quantization of a charged 
scalar field. In Sect. 3 we obtain the invariant representation of the 
associated Hamiltonian and define the invariant vacuum state. In 
Sect. 4 we apply the results to the case of a DeSitter spacetime and 
in Sect. 5 the same is done for a homogeneous and isotropic space-
time that evolves adiabatically. Finally, we summarize and draw 
some conclusions in Sect. 6.

2. Field quantization

Let us briefly summarize the standard procedure of canonical 
quantization for a charged scalar field, φ(x) = φ(x, t), by starting 
from the action integral

S =
∫

dtd3x L =
∫

dt L, (1)

with the Lagrangian density L given by [5,7,17,18]

L(x) = √−g
(

gμν∂μφ∂νφ∗ −
(

m2 + ξ R(x)
)

φ(x)φ∗(x)
)

, (2)

where m is the mass of the field and gμν is the metric tensor, 
with g ≡ det(gμν). The coupling between the scalar field and the 
gravitational field is represented by the term ξ Rφ2, where R(x) is 
the Ricci scalar. The value ξ = 0 corresponds to the so-called min-
imal coupling and the value ξ = 1 corresponds to the conformal 
6
coupling. Unless otherwise indicated, we shall assume minimal 
coupling (ξ = 0) but a similar procedure can be followed with any 
other value of ξ . The variational principle of the action (1) yields 
the field equation(�x + m2 + ξ R(x)

)
φ(x) = 0, (3)

where the d’Alembertian operator �x is given by [7]

�xφ = gμν∇μ∇νφ = 1√−g
∂μ

(√−g gμν∂νφ
)
. (4)

In particular, let us consider a homogeneous and isotropic space-
time with metric element given by

ds2 = dt2 − a2 dl2, (5)

where, a = a(t) is the scale factor and dl2 = hijdxidx j , is the metric 
element of the three dimensional space with the constant curva-
ture κ = 0, ±1. It is customary to work in conformal time η, and 
to scale the scalar field according to, φ = a−1χ . In that case, the 
modes of the field χ satisfy the wave equation of a harmonic oscil-
lator with constant mass and time dependent frequency. However, 
we shall work in cosmic time t and retain the charged scalar field 
φ(x, t) for at least for three reasons: i) the scaling is unnecessary 
for obtaining the invariant representation of the scalar field φ(x); 
ii) unlike in the wave equation of χ , the frequency of the wave 
equation of φ is always real, so we shall avoid imaginary values 
of the frequency of the modes; and, iii) the invariant representa-
tion of any two field variables is the same provided that they are 
related by a canonical transformation, i.e. the invariant represen-
tation of the field χ(x) is also the invariant representation of the 
field φ(x), so the vacuum state of the invariant representation is 
the same for both fields.

The isotropy of the spacetime described by the metric (5) al-
lows us to expand the field in Fourier modes

φ(x, t) =
∫

dμ(k)ψk(x)φk(t), (6)

where ψk are the eigenfunctions of the three-dimensional Lapla-
cian,


(3)ψk(x) = −(k2 − κ)ψk(x), (7)

and, k = |k| with k = {kx, ky, kz} with −∞ < ki < ∞ in the flat 
case, or just k in k = {k, l, m} with 0 < k < ∞, l = 0, 1, 2, . . . in the 
open case, k = 1, 2, . . . and l = 0, 1, . . . , k − 1 in the closed case, 
with −l ≤ m ≤ l in both cases, and dμ(k) is the measure of the 
Fourier space (see Refs. [4,5,7] for the details). With (6) and (7), 
integrating by parts and using the orthogonality properties of the 
functions ψk(x) [7], the Lagrangian in (1) turns out to be

L =
∫

dμ(k)M(t)
{
φ̇kφ̇∗

k − ω2
k (t)φkφ∗

k

}
, (8)

where, M(t) = a3(t),

ω2
k (t) = k2 − κ

a2
+ m2 + ξ R. (9)

The Lagrangian (8) is the Lagrangian of a set of harmonic oscilla-
tors with time dependent mass and frequency. Let us now proceed 
to quantize the field modes by writing [5,7,8]

φk(t) = 1√
2

(
vk(t)ak + (−1)κm v∗

k(t)b†
−k

)
, (10)

where, −k = {−kx, −ky, −kz}, in the flat case and, −k = {k, l, −m}
in the open and closed cases and, ψ∗ = (−1)κmψ−k , for κ = 0, ±1. 
k



610 S. Robles-Pérez / Physics Letters B 774 (2017) 608–615
In (10), a†
k and ak are constant operators that describe the creation 

and annihilation operators of particles and b†
k and bk are those for 

antiparticles. They obey the standard commutation relations

[ak,a†
k′ ] = δ(k − k′), [ak,ak′ ] = [a†

k,a†
k′ ] = 0, (11)

[bk,b†
k′ ] = δ(k − k′), [bk,bk′ ] = [b†

k,b†
k′ ] = 0, (12)

and define the vacuum state, |0a0b〉 = |0〉a|0〉b , as usual by the re-
lation

ak|0〉a = 0 , bk|0〉b = 0, (13)

for all k. The field amplitudes, vk(t) in (10), satisfy then

v̈k + Ṁ

M
v̇k + ω2

k (η)vk = 0. (14)

Because the time dependence of the mass and frequency of the 
harmonic oscillator (14) the vacuum state defined at t0 contains 
particles and antiparticles at any other moment of time t1. There-
fore, it does not represent the no particle state along the evolution 
of the scalar field.

3. Invariant vacuum state

3.1. Classical description

There is a quantum representation that can describe a non-
particle state along the entire evolution of the scalar field. It is 
given by the invariant representation. We shall briefly sketch the 
general procedure developed in Refs. [9–16]. Particularly, we shall 
closely follow the formulation given in Refs. [11,14]. Let us there-
fore consider the following point transformation

ζk = 1

σ
φk, (15)

where σ ≡ σk(t) is an auxiliary real function that satisfies the non-
linear equation

σ̈ + Ṁ

M
σ̇ + ω2

k σ = k2

M2σ 3
, (16)

with the frequency ωk being given by (9). Let us here notice that 
a solution of (16) can be generally given by2

σ =
√

σ 2
1 + σ 2

2 , (17)

where σ1 and σ2 are two real independent solutions of

σ̈1,2 + Ṁ

M
σ̇1,2 + ω2

k σ1,2 = 0, (18)

with the normalization condition, σ1σ̇2 − σ2σ̇1 = k
M . Let us also 

perform the following change of time variable, t → τk , given by

dτk = 1

Mσ 2
k

dt. (19)

Then, the action (1) with the Lagrangian (8) transforms into

S =
∫

dμ(k)Sk, (20)

where

Sk =
∫

dτk

{
dζk

dτk

dζ ∗
k

dτk
− k2ζ ∗

k ζk

}
, (21)

2 For more general solutions of (16) see Ref. [11].
is the action of a harmonic oscillator with constant frequency k. 
The action (20) is the sum of the actions of a set of uncoupled 
harmonic oscillators, each one evolving however with a different 
time variable, τk . The momenta conjugated to ζk and ζ ∗

k are

π̃k = dζ ∗
k

dτk
, π̃∗

k = dζk

dτk
, (22)

and the corresponding Hamiltonian reads

H̃k = π̃kπ̃
∗
k + k2ζkζ ∗

k . (23)

The wave equation for the field ζk(τk) is

d2ζk

dτ 2
k

+ k2ζ 2
k = 0, (24)

with normalized solutions given by

ζk = 1√
k

e−ikτk , (25)

which is positive frequency with respect to τk . Then, the corre-
sponding solutions of the original field modes are

φk = σ√
k

e−ikτk = σ√
k

e
−ik

∫ 1
Mσ2 dt

. (26)

The invariant value of the field φ relies then in the computation 
of the auxiliary function σ . In order to fix the value of σ we must 
impose a boundary condition. For this, one has to realize that in 
terms of the rescaled field, χ = aφ, and in conformal time, η =∫ dt

a , the wave equation (14) becomes, in the limit of large modes 
of the field, the customary equation of a harmonic oscillator with 
unit mass and constant frequency k, i.e.

χ ′′
k + k2χk = 0, (27)

where the prime denotes derivative with respect to the conformal 
time. The positive frequency solutions of (27) are

χk(η) = 1√
k

e−ik|η|. (28)

Then, in order for the field modes (26) to be the modes associated 
to the positive frequency solutions (28) we have to impose the 
boundary condition

σ = a−1 , (⇒ τk = η), (29)

in the limit of large modes, k � 1. The normalization condition 
given after (18) and the boundary condition (29) fix the invariant 
representation to be used and, thus, they fix the invariant vacuum 
state.

Let us finally point out that the transformation

(φk, φ∗
k, pφk , p∗

φk
; t) → (ζk, ζ ∗

k ,πk,π∗
k ;τk), (30)

is a canonical transformation given by

ζk = 1

σ
φk , πk = σ pφk − Mσ̇ φ∗

k, (31)

ζ ∗
k = 1

σ
φ∗

k , π∗
k = σ p∗

φk
− Mσ̇ φk, (32)

which is generated by the following generating function [14]

F2(φk, φ∗
k,πk,π∗

k ) = 1

σ

(
φkπk + φ∗

kπ
∗
k

) + Mσ̇

σ
φkφ∗

k, (33)

through the relations [14]
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pφk = ∂

∂φk
F2 , p∗

φk
= ∂

∂φ∗
k

F2 (34)

ζk = ∂

∂πk
F2 , ζ ∗

k = ∂

∂π∗
k

F2 (35)

H(ζk,πk, ζ ∗
k ,π∗

k )τ̇k = H(φk, pφk , φ
∗
k, p∗

φk
; t) + ∂t F2 (36)

3.2. Invariant creation and annihilation operators

The Hamiltonian (23) is the Hamiltonian of a harmonic oscilla-
tor with unit mass and constant frequency given by k. Thus, the 
creation and annihilation operators defined in terms of the field 
ζk are invariant under the time evolution. Therefore, the annihi-
lation operator of the invariant representation defines a vacuum 
state that is stable along the entire evolution of the scalar field. 
The invariant representation of particles and antiparticles, ãk , ã†

k

and b̃−k , b̃†
−k , respectively, is defined in terms of the invariant field 

and its conjugated momenta as usual, by

ζk = 1√
2k

(ãk + b̃†
−k) , π∗

k = −i

√
k

2
(ãk − b̃†

−k), (37)

ζ ∗
k = 1√

2k
(b̃−k + ã†

k) , πk = −i

√
k

2
(b̃−k − ã†

k), (38)

in terms of which the Hamiltonian (23) reads

Hk = k
(

ã†
kãk + b̃†

−kb̃−k + 1
)

. (39)

Using (31)–(32) and the inverse relation of (37)–(38) we can ex-
press the invariant representation in terms of the original field 
modes φk and the conjugated momentum pk . It yields (see the 
analogy with the invariant representation given in Refs. [10,19])

ãk =
√

k

2

(
1

σ
φk + i

k
(σ p∗

φk
− Mσ̇ φk)

)
, (40)

b̃−k =
√

k

2

(
1

σ
φ∗

k + i

k
(σ pφk − Mσ̇ φ∗

k)

)
. (41)

The important property of the invariant representation is that the 
eigenstates of the number operators of particles and antiparticles, 
Ña

k ≡ ã†
kãk and Ñb

k ≡ b̃†
kb̃k , respectively, are stable along the entire 

evolution of the scalar field, because

dÑk

dt
= τ̇

dÑk

dτ
= −iτ̇ [Ñk, Hk] = 0. (42)

It means that once the field is in a given eigenstate of the invariant 
number operator, or more generally in a quantum superposition of 
number eigenstates, it remains in the same state along the entire 
evolution of the spacetime. In particular, the vacuum state of the 
invariant representation, defined as |0̃a0̃b〉 = |0̃〉a|0̃〉b , with

ãk|0̃〉a = 0 , b̃k|0̃〉b = 0, ∀ k, (43)

describes the no particle state along the entire evolution of the 
field irrespective of whether there is or not an asymptotically 
flat region of the spacetime. It is therefore a stable definition for 
the vacuum state and an appropriate representation to provide a 
global, observer-independent boundary condition for the state of 
the field.

3.3. Relation with the diagonal representation

At a given moment of time t0, however, and for small changes 
around t0 the representation that describes instantaneously the 
ground state of the Hamiltonian is the diagonal representation, ck , 
c†

k and d−k , d†
−k , defined as

φk = 1√
2Mωk

(
ck + d†

−k

)
, (44)

p∗
φk

= −i

√
Mωk

2

(
ck − d†

−k

)
. (45)

The instantaneous diagonal representation of the Hamiltonian at a 
given moment of time cannot define a stable vacuum state of the 
field because it entails the continuous generation of particles de-
tected by a local particle detector at any other moment of time 
[6]. This can easily be seen by noting that, because the time de-
pendence of M and ωk in (44)–(45), two different representations, 
c0 ≡ ck(t0) and d0 ≡ d−k(t0), and, c1 ≡ ck(t1) and d1 ≡ d−k(t1), 
at two given moments of time t0 and t1 are related by the Bo-
golyubov transformation

c1 = μ0 c0 − ν∗
0 d†

0, (46)

d1 = μ0 d0 − ν∗
0 c†

0, (47)

where

μ0 = 1

2

(√
M1ω1

M0ω0
+

√
M0ω0

M1ω1

)
, (48)

ν0 = = 1

2

(√
M1ω1

M0ω0
−

√
M0ω0

M1ω1

)
, (49)

with, |μ0|2 − |ν0|2 = 1, and, M0,1 ≡ M(t0,1) and ω0,1 ≡ ωk(t0,1). 
In the limit of large modes the particles measured in a local re-
gion of the space at time t1 would then be given, in an expanding 
universe, by

N(t1) = |ν0|2 ≈ M1ω1

4M0ω0
∼

(
a(t1)

a(t0)

)2

,∀k � 1. (50)

It means that a local particle detector would detect a large amount 
of particles in a large expanding universe like ours. It does not 
seem to be therefore a consistent boundary condition to impose 
that the field has to be in the vacuum state of the diagonal repre-
sentation at a given initial time t0.

A more appropriate boundary condition seems to be imposing 
that the field is in the vacuum state3 of the invariant representa-
tion. First, because of (42), the invariant vacuum state represents 
the no-particle state along the entire evolution of the field. Then, 
in terms of the invariant representation there is no particle pro-
duction at all for all time [7]. However, we shall assume that the 
measurable particles are given, in a local region, by the number 
states of the instantaneous diagonal representation. Even though, 
we shall now show that a local detector will in practice detect no 
particles within a small region of the spacetime. Let us first notice 
that the invariant representation (40)–(41) can be related to the 
diagonal representation (44)–(45) through the Bogolyubov trans-
formation

ãk = μ(t) ck − ν∗(t)d†
−k, (51)

b̃−k = μ(t)d−k − ν∗(t) c†
k, (52)

where

3 Or generally speaking, in a linear combination of number states.
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μ(t) = 1

2

(
σ

√
Mωk

k
+ 1

σ

√
k

Mωk
− iσ̇

√
M

ωkk

)
, (53)

ν(t) = 1

2

(
σ

√
Mωk

k
− 1

σ

√
k

Mωk
− iσ̇

√
M

ωkk

)
, (54)

with, |μ|2 − |ν|2 = 1 for all time. In the limit of a large value of 
the mode k, i.e. within a small volume of the space, ωk ∼ k

a and 
σ ∼ a−1 (see (29)), and thus

Nk = |ν|2 → ȧ2

4k2
∼

(
λph

H−1

)2

, (55)

where, λph = 2πa
k , is the physical wavelength of the mode and, 

H−1 = a
ȧ , is the curvature radius at a given time. It can be easily 

seen from (55) that for sub-horizon modes, λph � H−1, the field 
does not feel the curvature of the spacetime and these modes re-
main in the vacuum state. A local particle detector of a practical 
length scale would measure then no particle at all within a small 
region of the space, irrespective of the moment of time. On cos-
mological grounds, however, there is a significant production of 
modes4 but this is not surprising in an expanding universe whose 
evolution is determined, according to the Friedmann equation, by 
the matter content of the universe. The energy of the spacetime 
is negative and it balances the energy of the matter fields so the 
total energy is zero (see, for instance, Ref. [20]). Therefore, in an 
expanding universe the energy of the field is not conserved and it 
grows as the universe expands.

3.4. Thermodynamical magnitudes of entanglement

Let us now assume that the field is in the vacuum state of the 
invariant representation. It seems to be an appropriate boundary 
condition because it means that the field will remain in the same 
vacuum state along the entire evolution of the field, with a quan-
tum state described by the density matrix

ρ = |0̃a0̃b〉〈0̃a0̃b|. (56)

Using the Bogolyubov transformation (51)–(52) the vacuum state 
of the invariant representation can be written as [8]

|0̃a0̃b〉 =
∏

k

1

|μ|

( ∞∑
n=0

(
ν

μ

)n

| nc,knd,−k〉
)

, (57)

where, μ ≡ μk and ν ≡ νk , and

|nc,k〉 = (c†
k)n

√
n! |0c,k〉 , |nd,−k〉 = (d†

−k)n

√
n! |0d,−k〉, (58)

are the number states of the diagonal representation (44)–(45). It 
means that the vacuum state of the invariant representation is 
full of particle-antiparticle pairs created with opposite momenta 
in entangled states. Let us consider just the quantum state of the 
particles. The reduced density matrix that represents the quantum 
state of the particles alone can be obtained by tracing out from the 
density matrix (56) the degrees of freedom of the antiparticles. It 
typically yields [19–21]

ρc = Trdρ =
∏

k

1

Zk

∑
n

e
− 1

Tk
(n+ 1

2 )| nc,k〉〈nc,k|, (59)

4 These modes would be like global particles in the sense that their associated 
wavelength are of order of the curvature radius.
where, Z−1
k = 2 sinh 1

2Tk
, with a specific temperature of entangle-

ment [21] given by

Tk ≡ Tk(t) = 1

ln |μ(t)|2
|ν(t)|2

= 1

ln
(
1 + |ν(t)|−2

) . (60)

The temperature of entanglement is a measure of the entangle-
ment between the particles and antiparticles of the charged scalar 
field. Therefore, it is also a measure of the effects of the curva-
ture of the spacetime. For a large value of the mode k, Tk → 0, 
and there is thus no entanglement, as it is expected because the 
largest modes (or at the shortest distances) do not feel the curva-
ture of the spacetime.

One can even define the thermodynamical magnitudes of en-
tanglement associated to the quasi thermal state (59). They are 
given, for each mode, by [22]

Ek(t) = ωk

2
cotanh

1

2Tk
= ωk

(
Nk + 1

2

)
, (61)

Q k(t) = ωk

2
cotanh

1

2Tk
− ωk Tk ln sinh

1

2Tk
, (62)

Wk(t) = ωk Tk ln sinh
1

2Tk
, (63)

where, Nk ≡ |ν|2. The first principle of thermodynamics, Ek(t) =
Q k(t) + Wk(t), is satisfied for all modes k individually, and the 
energy densities that correspond to En , Q n , and Wn , are given by

εn = En

V
, qn = Q n

V
, wn = Wn

V
, (64)

with, V = a3(t). The entropy of entanglement [22,23] can also be 
easily obtained from the von Neumann formula

S(ρ) = −Tr (ρ lnρ) , (65)

with ρ given by (59). It yields [22]

Sent(a) = |μ|2 ln |μ|2 − |ν|2 ln |ν|2. (66)

4. DeSitter spacetime

4.1. Flat DeSitter spacetime

Let us now consider a flat DeSitter spacetime described by the 
metric element (5) and a scale factor given by

a(t) = 1

H
eHt, (67)

where, −∞ < t < ∞, and � ≡ H2 is the cosmological constant. 
The invariant representation is given by (40)–(41) with the func-
tion σ being given by (17) with σ1 and σ2 satisfying

σ̈1,2 + 3Hσ̇1,2 +
(

H2k2e−2Ht + m2
)
σ1,2 = 0. (68)

The two solutions that make σ in (17) satisfying the boundary 
condition (29) are,

σ1(t) = H

√
πk

2
e− 3H

2 tJμ(ke−Ht), (69)

σ2(t) = H

√
πk

2
e− 3H

2 tYμ(ke−Ht), (70)

where

μ =
√

9

4
− m2

H2
. (71)
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Let us notice that with the value of σ given by (17) with σ1 and 
σ2 given by (69)–(70), the invariant field modes (26) are nothing 
more than the modes associated to the Bunch–Davies vacuum, as 
it was expected. By using the properties of the Bessel functions 
[24], one can easily check that

σ =
√

σ 2
1 + σ 2

2 = 1

a

√
πk

2Ha
|H(2)

μ (x)|, (72)

where H(2)
μ (x) is the Hankel function of second kind and order μ, 

with

x = ke−Ht = k

Ha
= k|η|, (73)

where η is the conformal time and, θ ≡ −kτk , is the phase of the 
Hankel function satisfying (see (9.2.21) of Ref. [24])

|H(2)
μ (x)|2 dθ

dx
= 2

πx
. (74)

Therefore,

φk = σ√
k

e−ik|τk| = 1

a

√
π |η|

2
H(2)

μ (k|η|). (75)

It means that the Bunch–Davies vacuum corresponds to the invari-
ant vacuum in the sense of the Lewis–Riesenfeld formulation too, 
as it was expected [25]. But it also means that we can find the 
values of σ and τk in (16) and (19), respectively, by computing 
the modulus and phase of the invariant wave function of the field 
propagating in a more general, curved spacetime.

In terms of the diagonal representation, the number of particles 
of the field in the flat DeSitter spacetime,

Na = |ν|2 ≈ 9H2

16k2
ph

∼
(

Lph

H−1

)2

, (76)

on a given physical scale, kph = k/a, does not depend on time (in 
the limit k � 1), and it is negligible for a practical detector of hu-
man length scale. For large values of the scale factor the energy 
density of the particles is given by

ε ≈
km∫

0

dk k2εk ∝ 9H2k2
m

16a2
. (77)

It is therefore a function that decreases exponentially in time for 
an evolved universe like ours.

Finally, the amplitude of fluctuations of the field can be easily 
obtained from

δφk = k
3
2

2π

φk, (78)

with

(
φk)2 = 〈|φk|2〉 − |〈φk〉|2 = σ 2

2k
, (79)

where the expected values are computed in the vacuum state of 
the invariant representation and φk can be obtained from the in-
verse relation of (40)–(41). It gives the standard expressions for 
the spectrum of fluctuations [8]

δφ(kph) = H

4
√

π

(
kph

H

) 3
2
(
J 2

μ(
kph

H
) +Y2

μ(
kph

H
)

) 1
2

. (80)
4.2. Closed DeSitter spacetime

The relation between the Lewis–Riesenfeld formalism of the 
invariant modes and the customary formulation of the invariant 
wave function is not restricted to the flat DeSitter spacetime and 
it is indeed quite general. Let us notice that σ and τk are nothing 
more the modulus and the phase of the wave function (26), and 
that the equations (16) and (19) are, respectively, the real and the 
complex parts of the wave equation (14) for the modes (26), i.e. 
inserting (26) in (14) one obtains (16) and (19). Then, the custom-
ary solutions of the modes of a scalar field in a curved spacetime 
are recovered here by taking the appropriate solutions of σ1 and 
σ2. On the other hand, the values of σ and τk can be obtained by 
computing the modulus and phase of the normalized solutions of 
the wave equation of the scalar field.

In the case of a closed DeSitter spacetime with metric element 
(5) and a scale factor given by

a(t) = 1

H
cosh Ht, (81)

where, −∞ < t < ∞, the functions σ1(t) and σ2(t) satisfy (18)
with the frequency ωk given by

ω2
k = H2(k2 − 1)

cosh2 Ht
+ m2. (82)

The solutions of (18) with the frequency (82) can be written in 
terms of the hypergeometric functions [18,26,27], or equivalently 
in terms of Legendre functions [7,26,28]. As it is pointed out in 
Ref. [7], if one follows the procedures used in Ref. [26] (see also 
Refs. [27,29]) and defines the IN and OUT vacuum states by taking 
the positive frequency solutions of (18) in the asymptotic limits, 
t → ±∞, one obtains an infinite particle production, irrespective 
of the value of k. It means that one should measure an infinite 
number of particles even in a small region of the space as the 
universe expands.

On the contrary, we are here imposing the boundary condition 
that the field is in the vacuum state of the invariant representa-
tion, in terms of which there is no particle production at all at any 
time because it represents the no particle state along the entire 
evolution of the field. Following Ref. [18] (see also, Ref. [27]) we 
can express the solutions of (18) in terms of the hypergeometric 
function as

χk = 1

k!
√

�(k + 1

2
− μ)�(k + 1

2
+ μ)e−ikη

×F (
1

2
− μ,

1

2
+ μ;1 + k; 1 − i tanη

2
), (83)

where, −π
2 < η < π

2 , is the conformal time and, F (a, b; c; z) =2
F1(a, b; c; z), is the hypergeometric function. By taking into ac-
count the expansion of (83) in powers of k, given by [18]

χk = 1√
k

e−ikη (
1 +O(k−1)

)
, (84)

one can easily check that the modes (83) reduce to (28) in the 
limit of large modes (k → ∞), so the modes (83) already satisfy 
our boundary condition. However, in order to give an explicit ex-
pression of σ it is more convenient to rewrite the modes (83) as 
[7,28]

χk(η) = Nk cos
1
2 η

(
Pμ

k− 1
2
(sinη) − 2i

π
Q μ

k− 1
2
(sinη)

)
, (85)

where Pμ
ν (x) and Q μ

ν (x) are the associated Legendre functions of 
first and second kind, respectively, of degree ν and order μ, being 
μ given by (71), and
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Nk =
(

π �(k + 1
2 − μ)

2�(k + 1
2 + μ)

) 1
2

ei μπ
2 . (86)

Then, the appropriately normalized solutions of σ1 and σ2 in (18)
are given by

σ1 = |Nk|
√

k

a
sin

1
2 ηPμ

k− 1
2
(− cosη), (87)

σ2 = −2|Nk|
√

k

π a
sin

1
2 ηQ μ

k− 1
2
(− cosη), (88)

so that (see (26)),

σ =
√

σ 2
1 + σ 2

2 =
√

k

a
|χk|. (89)

It can also be checked that

τk = 1

k
arctan

2 Q μ

k− 1
2
(− cosη)

π Pμ

k− 1
2
(− cosη)

− μπ

2
, (90)

satisfies (19).
The value of ν in (54) turns out to be then

ν(t) ≈ −i(μ − 3

2
)

ȧ

k
= −i(μ − 3

2
)

√
H2a2 − 1

k
→ 0, (91)

in the limit, k → ∞, for all time t , so again the vacuum state of 
the invariant representation (40)–(41), with σ given by (17) with 
σ1 and σ2 given by (87)–(88), defines a stable adiabatic vacuum 
state. The energy density behaves similar to (77) for large values 
of the scale factor, as it was expected.

The amplitude of fluctuations (78) gives now,

δφ(kph) ≈ H

4
√

π

(
kph

H

) 3
2

√√√√�(k + 1
2 − μ)

�(k + 1
2 + μ)

×
√(

Pμ

k− 1
2
(z)

)2

+ 4

π2

(
Q μ

k− 1
2
(z)

)2

, (92)

where,

z ≡ tanh Ht =
(

1 − H−2a−2
) 1

2
. (93)

5. Adiabatic solutions

The general solution of the function σ in (16) is given by (17)
with σ1 and σ2 satisfying (18). Let us not consider the following 
two WKB solutions of (18) satisfying the given boundary condition

σ1(t) =
√

k

Mωk
cos S , σ2(t) =

√
k

Mωk
sin S, (94)

where, M(t) = a3(t), ωk(t) is given by (9), and

S(t) =
t∫
ω(t′)dt′. (95)

Thus,

σ ≡ σk =
√

k

Mωk
, τk(t) = 1

k

t∫
ω(t′)dt′, (96)

which satisfy the asymptotic conditions
σ → 1

a
, τk → η, (97)

in the limit, k
a → ∞, for which, ωk → k

a and ζk(τk) → χk(η). The 
function σ given by (96) satisfies (16) provided that

σ

(
Ṁ2

4M2
− M̈

2M
+ 3ω̇2

4ω2
− ω̈

2ω

)
→ 0, (98)

in some appropriate limit. In the case of minimal coupling this is 
accomplished whenever

−σ

2

(
(3α + 2)2 − 6α2

(1 + α)2

ȧ2

2a2
+ 3α + 2

1 + α

ä

a

)
→ 0, (99)

where

α ≡ m2a2

k2
. (100)

The limit (99) is satisfied for large values of the physical modes, 
k
a � 1, for which σ → 1

a and α → 0, provided that

1

a

(
ȧ2

a2
+ ä

a

)
→ 0. (101)

It is also satisfied for large values of the scale factor, k
a � 1, for 

which σ →
√

k
a3m

and α � 1, whenever

√
k

ma

1

a

(
9ȧ2

4a2
+ 3ä

2a

)
→ 0. (102)

Therefore, the adiabatic solution (96) is valid for many cases of 
interest, including those for which

ȧ2

a3
→ 0 and,

ä

a2
→ 0. (103)

In those cases, the value of ν in (54) can be approximated by

ν(t) = i

4ω

(
Ṁ

M
+ ω̇

ω

)
= i

4ω

(
2 + 3α

1 + α

)
ȧ

a
→ i

2

ȧ

k
, (104)

in the limit of large modes, which is similar to that given in (76)
and in (91). The energy density5 associated to the mode k is given, 
in the limit m � k

a , by

εk = ȧ2

4a4

1

k
, (105)

so the energy density of entanglement is given by

ε ∝
km∫

0

dk k2εk ≈ k2
m

4a2

ȧ2

a2
, (106)

where an ultraviolet cut-off, km, has been introduced. The dynam-
ics of the background spacetime turns out to be then modified by 
the existence of the energy of entanglement between the particles 
and antiparticles of the invariant vacuum. The modified Friedmann 
equation would read, in the region a � km,(

ȧ

a

)2

≈ ρ0

(
1 + k2

m

4a2

)
. (107)

For instance, let us consider a flat deSitter universe for which 
ρ0 = � ≡ H2. The Friedmann equation would be modified by the 

5 Above the zero point energy density.
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existence of the entanglement between the modes of the particles-
antiparticle pairs, and the scale factor would end up evolving like

a(t) ≈ km

2
sinh H
t, (108)

instead of the customary exponential expansion (67). Thus, the en-
tanglement between the modes of the scalar field would produce 
a departure from the evolution of the initial flat deSitter spacetime 
that might be observable.

Finally, let us notice that the amplitude of fluctuations (78)
turns out to be given, in the case of the adiabatic solution (96), 
by

δφ(kph) ∝ k
3
2

2π M
1
2 ω

1
2

≈

⎧⎪⎪⎨
⎪⎪⎩

kph
2π , kph � m,

m
2π

(
kph
m

) 3
2
, kph � m,

(109)

which are scale independent in both sub-curvature and super-
curvature scales. Besides, for short-wavelength modes the spec-
trum is in agreement with the spectrum of fluctuations in
Minkowski spacetime [8] and thus the field modes are not sig-
nificantly affected on sub-curvature scales, as it was expected.

6. Conclusions

We have applied the method originally developed by Lewis and 
Riesenfeld and further developed by others for obtaining the in-
variant representation of the field modes of a charged scalar field. 
Then, we have assumed that the field is in the vacuum state of the 
invariant representation, in terms of which there is no particle pro-
duction at all at any time, because it represents the ground state 
along the entire evolution of the field. In order to fix the vacuum 
state we have further imposed that the largest modes of the field 
must not feel the curvature of the spacetime, which is a bound-
ary condition ultimately rooted in the equivalence principle of the 
theory of relativity.

We have assumed however that the observable modes of the 
field are those described by the instantaneously diagonal repre-
sentation of the Hamiltonian at a given moment of time, when the 
observer is performing the measurement. In a small local region of 
the space, any practical particle detector would measure in prac-
tice no particles at all. However, on cosmological grounds it turns 
out that the vacuum state of the invariant representation is full of 
particle-antiparticle pairs of the diagonal representation, which are 
created with opposite momentum in entangled states. The quan-
tum state of each single component is given by a quasi-thermal 
state with a specific temperature of entanglement that measures 
the rate of entanglement between the component of the created 
pair.

We have computed the thermodynamical magnitudes of entan-
glement and represented the energy density of entanglement in 
the case of a DeSitter spacetime. It is large for the early phases of
the universes and becomes very small for an evolved universe like 
ours.

We have also computed the vacuum state of the invariant rep-
resentation for a charged scalar field that propagates in a homo-
geneous and isotropic spacetime that evolves adiabatically. The en-
ergy density of the particles of the field modifies the Friedmann 
equation producing a departure from the unperturbed evolution 
that could be detected, at least in principle.

We have computed the amplitude of the vacuum fluctuations. 
In the case of a DeSitter spacetime the amplitude of fluctuations 
are the expected one. For a general spacetime that evolves adia-
batically, they become scale independent for both sub-curvatures 
and super-curvatures scales.

This work supplies us with a new point of view for the evo-
lution of matter and radiation fields in curved spacetime that can 
help us to make new further developments, particularly in the con-
text of the thermodynamics of entanglement in curved spacetime 
backgrounds.
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