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We study scenarios of parallel cyclic multiverses which allow for a different evolution of the physical
constants, while having the same geometry. These universes are classically disconnected, but quantum-
mechanically entangled. Applying the thermodynamics of entanglement, we calculate the temperature and
the entropy of entanglement. It emerges that the entropy of entanglement is large at big bang and big crunch
singularities of the parallel universes as well as at the maxima of the expansion of these universes. The latter
seems to confirm earlier studies that quantum effects are strong at turning points of the evolution of the
universe performed in the context of the timeless nature of the Wheeler-DeWitt equation and decoherence.
On the other hand, the entropy of entanglement at big rip singularities is going to zero despite its
presumably quantum nature. This may be an effect of total dissociation of the universe structures into
infinitely separated patches violating the null energy condition. However, the temperature of entanglement
is large/infinite at every classically singular point and at maximum expansion and seems to be a better
measure of quantumness.
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I. INTRODUCTION

The idea of parallel universes due to Everett [1] and its
more exotic extensions [2,3] has been put into a more
mathematical shape within the framework of the super-
string landscape [4] (though not without doubts [5]) and
now is taken more and more seriously as a hypothesis
testable by observations.
One of the key points of a possible verifiability of such

an idea is the fact that some classically disconnected
regions of spacetime or universes can be quantum-
mechanically entangled and this entanglement can have
some influence on observational quantities in our universe
or in each universe of the whole set known as the multi-
verse. In Ref. [6], for example, it was suggested that
the dark flow of matter in our universe—as represented by
an extra cosmic microwave background (CMB) temper-
ature dipole—could be due to the quantum-mechanical
interference of our universe with the other universes of
the multiverse. More effects, such as the suppression of the
power spectrum at large angular scales, running of the
spectral index, and a suppression of the σ8 parameter have
been suggested to result from having an extra contribution
to an average Friedmann equation describing our universe
due to quantum entanglement [7]. Possible deviations from
the standard CMB perturbations spectrum in the context
of landscape multiverse inflationary potentials have been
studied recently as well [8,9].
The idea of quantum entanglement is a well-established

area of physics and enters into such disciplines like

quantum information, quantum cryptography, quantum-
dense coding, computational algorithms, quantum telepor-
tation and many others [10–12]. It has also been considered
in the context of cosmology and astrophysics in numerous
papers [13–16]. Very interesting features of the entangle-
ment of particle physics processes have been found [17],
including the entanglement of four photons [18].
The most natural framework for investigations of entan-

glement is quantum cosmology [19]. However, while one
of the main formulations of canonical quantum gravity is
based on the Wheeler-DeWitt equation, the best formu-
lation which can be used for calculations with regard to the
quantum entanglement problem is the third quantization
picture in which creation and annihilation operators for
universes are postulated [20–22]. This formulation was
used to discuss the problem of entanglement in a quantum-
cosmological picture [23–25].
Besides, in the third quantization picture, one is able to

describe the quantum-mechanical scheme for the birth of
baby universes [20]. An interesting problem is how one
gets new universes as separate entities (“the separate
universe problem”) within the framework of the classical
and quantum picture [26–32].
In this paper, we will be interested in extending the

discussion of Ref. [33] of classical cyclic universes or
multiverses originally based on the idea of Tolman [34,35]
and on the idea of varying constants [36] onto the quantum-
mechanical picture of entanglement, and relate it to the
problem of decoherence and the arrow of time in cosmol-
ogy [37–39]. As a starting point, the quantum-cosmological
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picture will be applied [40–42]. A previous point related
to that was that some strong quantum effects are possible
at the turning point of the evolution of the universe
[37,43,44]—later the scenario was dubbed as a simple
harmonic universe (SHU) in Refs. [45,46].
The paper is organized as follows: In Sec. II we present

the classical picture of cyclic universes evolving parallelly
in the multiverse. In Sec. III we describe the formalism of
quantum entanglement in the context of the multiverse and
in Sec. IV we calculate the temperature and entropy of
entanglement for the cosmological models under study. In
Sec. VI we give our conclusions.

II. CLASSICAL CYCLIC MULTIVERSES

In Ref. [36], the theories of varying physical constants
(gravitational constant G and speed of light c) have been
applied to remove, soften or change the nature of various
singularities in cosmology. The mechanism is based on
alternative gravity theories which allow for some extra
fields in the gravitational sector and can be responsible for a
different evolution of the universe. One of the well-known
examples of such an approach is the ekpyrotic/cyclic model
in which the evolution of the universe is nonsingular in a
four-dimensional spacetime (a brane) due to some special
coupling of a scalar field representing the gravitational
coupling to the Lagrangian [47,48]. Another example is the
influence of quantum effects represented by higher-order
corrections to the action [49].
Here, we construct a toy model in which we allow for the

variability of the gravitational constant G (and thus the
gravitational coupling constant) within the framework of
the simple Friedmann geometry, such that the Einstein-
Friedmann equations generalize to [50]

ρðtÞ ¼ 3

8πGðtÞ
�
_a2

a2
þ kc2

a2

�
; ð1Þ

pðtÞ ¼ −
c2ðtÞ
8πGðtÞ

�
2
ä
a
þ _a2

a2
þ kc2

a2

�
; ð2Þ

and the energy-momentum “conservation law” is
modified to

_ρðtÞ þ 3
_a
a

�
ρðtÞ þ pðtÞ

c2

�
¼ −ρðtÞ

_GðtÞ
GðtÞ : ð3Þ

The classical behavior of cyclic models of the universe
(with finite values of the mass density and pressure at the
turning points) due to the dynamics of the gravitational
constant with pulses starting from a big bang and termi-
nating at a big crunch which then again becomes a big bang
based on the Eqs. (1)–(3) has been analysed in Ref. [33].
These models assumed a special type of the scale factor,
which wewill refer to as “sinusoidal pulse” in the following
(see Fig. 1), given by

aðtÞ ¼ a0

���� sin
�
π
t
tc

�����; ð4Þ

where a0; tc ¼ const, and a varying gravitational constant
given by

GðtÞ ¼ G0

a2ðtÞ : ð5Þ

Assuming a closed universe with a constant velocity of
light c, the energy density is equal to

ρðtÞ ¼ 3

8πG0

�
π2

t2c
ða20 − a2Þ þ c2

�
> 0; ð6Þ

where a ∈ ð0; a0Þ. The Friedmann equation reads as

H2 ≡ 1

a2

�
da
dt

�
2

¼ π2

t2c

�
a20
a2

− 1

�
: ð7Þ

Even though we have taken a positive curvature, k ¼ þ1,
in (7), this equation can be considered as equivalent to the
evolution equation of an open anti-de Sitter universe, for
which the Friedmann equation reads as

H2 ¼ −Λþ 1

a2
; ð8Þ

provided that we choose

Λ≡ π2

t2c
and a0 ¼

1ffiffiffiffi
Λ

p : ð9Þ

Besides, the relation (5) gives a timeless trajectory in
configuration space

GðaÞ ¼ G0

a2
ð10Þ

for the two variables ða;GÞ [37].
Following Ref. [33] one is able to extend this cyclic

model into at least two universes of the same geometry, but
with a different evolution of the gravitational constants in
each of them.
Another example of a cyclic universe of Ref. [33] (with

finite values of the mass density and pressure at the turning
points) with pulses starting at a big bang and terminating at

a(t) 

t

amax

FIG. 1. Scale factor for the cyclic multiverse (sinusoidal pulse).
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a big rip (see Fig. 2), which then connects to a big bang, is
possible when one chooses the scale factor to be

aðtÞ ¼ a0

���� tan
�
π
t
ts

�����; ð11Þ

where a0; ts ¼ const, and the gravitational constant to
vary as

GðtÞ ¼ 4Gs

sin2ð2π t
ts
Þ : ð12Þ

The timeless trajectory in configuration space for (11)
and (12) is given by

GðaÞ ¼ Gs

a20

ða2 þ a20Þ2
a2

; ð13Þ

which shows that at both the big bang ða → 0Þ and the big
rip ða → ∞Þ, the gravitational coupling goes to infinity,
G → ∞. Choosing again

Λ≡ π2

t2s
and a0 ¼

1ffiffiffiffi
Λ

p ; ð14Þ

the Friedmann equation reads

H2 ¼ 1

a2
ð1þ Λa2Þ2 ¼ Λ2a2 þ 2Λþ 1

a2
; ð15Þ

where the first term on the right-hand side scales as
phantom matter [51], which drives a big-rip singularity.

III. QUANTUM MULTIVERSES
AND THE ENTANGLEMENT

Motivated by an idea of Ref. [33] to construct models of
parallel universes (the multiverse) which have the same
geometrical evolution, but a different evolution of the
physical constants, and anticipating quantum effects at
the points of the classical singularities and turning points
of the evolution, we now extend our considerations of
cyclic universes into a quantum domain allowing for the

interaction between those parallelly evolving universes. In
particular, the doubleverse model of two parallel universes
will become a prototype of a quantum entangled pair of
universes which can spontaneously be created at some
special points of the minisuperspace. Another approach to
the problem of constructing cyclic universes and then
multiverse models has been developed in Ref. [52].

A. Wheeler-DeWitt (second) quantization

Let us now canonically quantize the models being
classically depicted in Sec. II. Taking into account the
classical value of the momentum conjugated to the scale
factor,

pa ¼ −a
da
dt

; ð16Þ

the Hamiltonian constraint, which can be written as

p2
a − ω2ðaÞ ¼ 0; ð17Þ

can easily be derived from the Friedmann equations (8)
and (15), with

ω2
sinðaÞ≡ a2 − Λa4 ð18Þ

for the sinusoidal pulse and

ω2
tanðaÞ≡ Λ2a6 þ 2Λa4 þ a2 ð19Þ

for the tangential pulse.
By canonically quantizing the classical momentum,

pa→−i ∂
∂a, and with an appropriate choice of factor order-

ing,1 we arrive at the Wheeler-DeWitt equation

ϕ̈þ ω2ϕ ¼ 0; ð20Þ

where, ϕ≡ ϕðaÞ, is the wave function of the universe and
the dot indicates a derivative with respect to the scale factor,
i.e., _ϕ≡ dϕ

da. In (20) ω
2ðaÞ defined by (39) or (19) plays the

role of the Wheeler-DeWitt potential which is the base for
the studies of different scenarios due to the boundary
conditions for the wave function [19,40–42]. The solutions
of (20) corresponding to the Wentzel-Kramers-Brillouin
(WKB) approximation are given by

ϕ� ∝
1ffiffiffiffiffiffi
2ω

p e�iS; ð21Þ

where, _S ¼ ω. For the sinusoidal pulse, we then get

a(t) 

t 

FIG. 2. Scale factor for the cyclic multiverse (tangential pulse).

1A different choice of factor ordering would introduce a mass
term in the equation of the generalized harmonic oscillator (20). It
would not modify either the procedure or the qualitative meaning
of the results.
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S ¼
Z

da ωsinðaÞ ¼ −
ð1 − Λa2Þ32

3Λ
: ð22Þ

Let us notice that for a ∈ ð0; a0Þ, with a0 ≡ 1ffiffiffi
Λ

p , the WKB

wave function (21) would represent a Lorentzian (classical)
universe, whereas for the value a > a0, the wave function
represents the exponential decay of the Euclidean regime or
the quantum barrier, as it was expected.
The two signs in the exponent of (21) correspond to two

different branches of the universe being considered. Let us
notice that the eigenvalue of the momentum for the WKB
solutions (21) is given, at first order, by

p̂ϕ� ≡ −i
∂ϕ�
∂a ≈� _Sϕ� ¼ �ωϕ�; ð23Þ

and in the semiclassical limit it must be highly peaked
around the classical value pa, given by Eq. (16). Then,
a da

dt ≈ ∓ ωðaÞ, for the two signs given in Eq. (21), and thus

da
dt

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − h2a2

p
; ð24Þ

where h2 ≡ Λ, and Λ is given in Eq. (9). We thus obtain
two classical branches, one with a scale factor given by

aðtÞ ¼ 1

h
sin½hðt − t0Þ�; ð25Þ

and the other with scale factor given by

aðtÞ ¼ 1

h
sin½hðt0 − tÞ�: ð26Þ

They are related by the time symmetry, t → −t (t0 → −t0),
so they appear to be the same universe for any internal
observer, provided that the universes are created in
entangled pairs (see Fig. 3) and that the time variables
of the observers follow an antipodal-like symmetry [53,54].
Before reaching the big crunch singularities, which are
avoided by the effects of the varying gravitational constant
(5) (see Ref. [33]), one branch of the universe can undergo a
quantum transition to the other branch universe, appearing
there as a newborn universe, forming thus a continuous and
cyclic multiverse.
For the tangential pulse, we arrive at

S ¼
Z

da ωtanðaÞ ¼
1

4
a2ð2þ Λa2Þ: ð27Þ

Following a similar reasoning to that made for the sinus-
oidal pulse, the evolution of the two branches that corre-
spond to the plus and minus signs of ϕ� in Eq. (21) is given
now by

da
dt

¼ �ðh2a2 þ 1Þ; ð28Þ

with, h2 ≡ Λ, where Λ is given by Eq. (14). We thus obtain

aðtÞ ¼ 1

h
tan½hðt − t0Þ�; ð29Þ

and

aðtÞ ¼ 1

h
tan½hðt0 − tÞ�; ð30Þ

for the two branches of the tangential pulse. They are
depicted in Fig. 4.
We can now describe the creation of cyclic universes in

entangled pairs. The universes are not singular at the value
a ¼ 0 because the varying constants make finite the value
of the mass density and pressure at the turning points [33].
However, it is expected that quantum effects would become
dominant as we approach the value a ¼ 0. Furthermore, if
quantum fluctuations of the wave function of the universe
are considered [54], then, a minimum value amin appears,
below of which no real solution can be found. In this

FIG. 3. Creation of cyclic universes in entangled pairs
(sinusoidal pulse).

FIG. 4. Creation of cyclic universes in entangled pairs (tan-
gential pulse).
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classically forbidden region, double Euclidean instantons
can be created giving rise, in the Lorentzian regime, to an
entangled pair of universes whose quantum states are
quantum-mechanically correlated (see, Figs. 3–4). The
antipodal symmetry [53,54] makes an observer living in
the universe with time variable t1 to consider her branch as
the expanding branch and the preceding one as the con-
tracting branch. However, for the observer of the universe
with time variable t2 they are the other way around, actually.
Both observers are thus initially living in an expanding
universe and the two branches can be combined to form a
universe that is classically indistinguishable from the picture
depicted in Figs. 1 and 2, respectively.

B. Third quantization

The creation of universes in entangled pairs can properly
be described in the framework of the third quantization,
which parallels the formalism of a quantum field theory of
the wave function of the universe propagating along the
(mini-)superspace. In that framework, creation and anni-
hilation operators can formally be defined much in a similar
way to how is done in a usual quantum field theory. Let us
first notice that (20) can be considered as the wave equation
of a scalar field (the wave function of the universe, ϕ) that
can be obtained from the Hamilton equations of the
following (third-quantized) Hamiltonian [20,23,24]

H ¼ 1

2
P2
ϕ þ

ω2ðaÞ
2

ϕ2; ð31Þ

where, Pϕ ≡ _ϕ, and ω is given by (39) or (19), for the
sinusoidal and the tangential pulse, respectively. In the third
quantization formalism the wave function of the universe,
ϕ, and the conjugate momentum, Pϕ, are promoted to be
operators in a similar way as it is done in a quantum field
theory. The wave function operator can be written, in the
Heisenberg picture, as

ϕ̂ðaÞ ¼ 1ffiffiffiffiffiffi
2ω

p eiSðaÞb̂þ þ 1ffiffiffiffiffiffi
2ω

p e−iSðaÞb̂†−; ð32Þ

where, b̂þ ≡ b̂þðaminÞ and b̂†− ≡ b̂†−ðaminÞ, are constant
operators given at some initial value, a ¼ amin, at which
the universes are created. For the sinusoidal pulse, b̂−
and b̂†− would represent the annihilation and creation
operators, respectively, of the branches of the universe
given by (25), and b̂þ and b̂†þ are the annihilation and
creation operators, respectively, of the branches of the
universe given by (26), both evaluated at the constant value,
a ¼ amin. Analogously for the tangential pulse, b̂− and b̂†−
would represent the annihilation and creation operators,
respectively, of the branches of the universe given by (29),
and b̂þ and b̂†þ are the annihilation and creation operators,
respectively, of the branches of the universe given by
(30), both evaluated at the constant value, a ¼ amin. The

branches are created in entangled pairs because of the
quantum symmetry of the Wheeler-DeWitt equation (20)
with respect to the value �ω of the classical branches,
quantum-mechanically represented by ϕ�. This is formally
similar to the creation of particles in entangled pairs with
opposite directions in a quantum field theory because the
symmetry of the wave equation with respect to the values
�k of the momentum of the particles.
The vacuum state of the ðb�; b†�Þ representation is given

by the state, j0þ; 0−i. However, it is not a stable vacuum
because of the scale-factor dependence of the frequency
ωðaÞ. Similarly to what is done in a quantum field theory of
a scalar field that propagates in a curved spacetime, where it
is imposed that the vacuum state should be stable (i.e., with
no particle creation) along a geodesic, we can impose here
the boundary condition for the proper representation for the
vacuum state of the minisuperspace that it has to be stable
under the evolution of the universe along a geodesic of the
minisuperspace. The minisuperspace that we are considering
here is the most simplified one and it is just formed by the
scale factor as the configuration variable. However, in more
detailed cosmological models, the minisuperspace is formed
by the scale factor and the scalar field, φ, that represents
the energy-matter content of the universe. Then, a geodesic
of the minisuperspace is precisely the path given by the
classical relation, φ ¼ φðaÞ. The boundary condition that
the cosmological vacuum is stable along the geodesic of the
minisuperspace means that it is stable under the classical
evolution of the universes, i.e., once the multiverse is in the
state2 jNi of the invariant representation for some value
a0 > amin, then, it will remain in that state at any other value
of the scale factor aðtÞ along the evolution of any universe.
The proper representation for the vacuum state of the

multiverse is then given by an invariant representation.
For the generalized harmonic oscillator (20), it can be given
by3 [23,24,56]

cþ ¼
ffiffiffi
1

2

r �
1

R
ϕþ iðRPϕ − _RϕÞ

�
; ð33Þ

c†− ¼
ffiffiffi
1

2

r �
1

R
ϕ − iðRPϕ − _RϕÞ

�
; ð34Þ

where R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2
1 þ ϕ2

2

p
, with ϕ1 and ϕ2 being two real

solutions of (20) satisfying4

2Or more exactly in a superposition state
P

cN jNi.
3This invariant representation is not unique, see for

instance Ref. [55]. Moreover, the operators c and c† are given
in the Schrödinger representation, i.e., ϕ ¼ 1ffiffiffiffi

2ω
p ðbþ þ b†−Þ and

Pϕ ¼ i
ffiffiffi
ω
2

p ðb†− − bþÞ.
4More generally, R can be given by R ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aϕ2

1 þ Bϕ2
2 þ 2Cϕ1ϕ2

p
, where AB − C2 ¼ W−2, being W the

Wronskian of the two particular solutions ϕ1 and ϕ2, i.e.,
W ¼ ϕ1

_ϕ2 − _ϕ1ϕ2 (see Ref. [57]).
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ϕ1
_ϕ2 − _ϕ1ϕ2 ¼ 1: ð35Þ

However, in terms of the invariant representation (33)–(34),
the Hamiltonian (31) reads

H ¼ H−
0 þHþ

0 þHI; ð36Þ

where

H�
0 ¼ ΩðaÞ

�
c†�c� þ 1

2

�
; ð37Þ

and,

HI ¼ γðaÞc†þc†− þ γ�cþc−; ð38Þ

with

ΩðaÞ ¼ 1

4

�
1

R2
þ R2ω2 þ _R2

�
; ð39Þ

γðaÞ ¼ −
1

4

��
_Rþ i

R

�
2

þ ω2R2

	
: ð40Þ

The Hamiltonian (36) can be interpreted as the Hamiltonian
of two interacting universes with a Hamiltonian of inter-
action given by HI. The picture is then the following.
A hypothetical external observer moving along a geodesic
of the minisuperspace would perceive it in the vacuum
state. The only universes that would be created, from this
point of view, would be virtual universes created in
entangled pairs due to the symmetry of the quantum
components of classical solutions given by, pa ¼ �ω.
The entanglement between the universes of each entangled
pair can be seen as a nonlocal interaction given by HI that
goes to zero as the entanglement disappears. In that limit,
the invariant representation becomes the diagonal repre-
sentation of the Hamiltonian (31),

bþðaÞ ¼
ffiffiffiffi
ω

2

r �
ϕþ i

ω
Pϕ

�
; ð41Þ

b†−ðaÞ ¼
ffiffiffiffi
ω

2

r �
ϕ −

i
ω
Pϕ

�
; ð42Þ

with ω≡ ωðaÞ given by (39) or (19) for the sinusoidal and
the tangential pulse, respectively. For thevalue a ¼ amin, it is
the Schrödinger picture of the representation (32). However,
the representation (41)–(42) can represent the state of the
universe for any other value of the scale factor. For instance, it
may represent the quantum state of an evolved universe like
ours, witha ≫ amin, with inhabitants living on a planet there.
For such an observer, i.e., for an internal observer, bðaÞ and
b†ðaÞ would not describe annihilation and creation of
universes because these observers can only perceive their

own universe. Instead, they would represent the annihilation
and creation of quantummodes of the general quantum state
of their single universes.

IV. THERMODYNAMICS OF ENTANGLEMENT

A. General framework

The scenario is then the following: the multiverse is in
the vacuum state, which is quantum-mechanically
described by the ground state of the invariant representation
of the minisuperspace, j0þ0−ic. Given that the ground state
j0þ0−ic is a pure state, its entropy is zero, and because it
follows a unitary evolution in the minisuperspace, the
entropy is constantly zero. From this point of view, there-
fore, there would be no arrow of time in the multiverse as it
corresponds to a steady system. However, it is reasonable to
think that the real evolution and the appearance of a
physical arrow of time would only make sense in the
context of a single universe for an internal observer. Such
an arrow of time could be given by the entropy of
entanglement of each single universe, which not only is
not zero but it evolves with respect to the value of the scale
factor, and provides a relationship between the physical and
the mathematical arrows of time in each individual uni-
verse, as it corresponds to the point of view of an internal
observer who does not see the rest of the multiverse.
Let us therefore consider the ground state of the invariant

representation, j0þ0−ic. In terms of the diagonal represen-
tation, ðb̂þ; b̂−Þ, which would represent the state of the
universe for an internal observer, it is given by5

j0þ0−ic ¼
1

jαj
X∞
n¼0

�jβj
jαj

�
n
jn−; nþib; ð43Þ

where jn−; nþib are the entangled mode states of the
diagonal representation given by (41)–(42), and α and β
are the Bogoliubov coefficients that relate both represen-
tations, i.e.

ĉ− ¼ αb̂− − βb̂†þ; ð44Þ

ĉ†− ¼ α�b̂†− − β�b̂þ; ð45Þ

with, jαj2 − jβj2 ¼ 1. The plus and minus signs correspond
to the two branches of the universe. We can now obtain the
quantum state of a single universe of the entangled pair in
the ðb̂þ; b̂−Þ representation by tracing out the degrees of
freedom of the partner universe. In the formalism of the
density matrix

ρ− ¼ Trþρ≡
X∞
n¼0

bhnþjρjnþib; ð46Þ

5The formalism parallels that given in Ref. [24].
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where

ρ ¼ j0þ0−ich0þ0−j

¼ 1

jαj2
X
n;m

�jβj
jαj

�
nþm

jn−; nþibhm−; mþj; ð47Þ

where (43) has been used. The result of the trace operation
in (46) is typically a thermal state, given by [24]

ρ− ¼ 1

jαj2
X
n;m;l

�jβj
jαj

�
nþm

hlþjmþijn−ibhn−jhmþjlþi

¼ 1

jαj2
X
n

�jβj
jαj

�
2n
jn−ibhn−j

¼ 1

jαjjβj
X
n

�jβj
jαj

�
2nþ1

jn−ibhn−j

¼ 1

Z

X
n

e−
ω
Tðnþ1

2
Þjn−ibhn−j; ð48Þ

where, Z−1 ¼ 2 sinh ω
2T, with

T ≡ TðaÞ ¼ ωðaÞ
2 ln coth r

; ð49Þ

where

tanh r≡ jβj
jαj ; ð50Þ

with r playing the role of the entanglement parameter
[11,14]. Moreover, in order to obtain (48), we have used

Z−1 ¼ 2 sinh
ω

2T
¼ 2 sinh ln coth r

¼ coth r − tanh r ¼ 1

sinh r cosh r
: ð51Þ

In fact, we have derived the corresponding thermal state
that represents the state of a single universe of the entangled
pair for an internal observer from the zero entropy vacuum
state of the superspace of an external observer. The
quantum entropy or entropy of entanglement of the uni-
verse can now be easily obtained from (48) [10–12,14–16].
It is given by the von Neumann entropy

SðρÞ ¼ −Trðρ ln ρÞ; ð52Þ

applied to the thermal state ρ−, and yields [24]

SentðaÞ ¼ cosh2 r ln cosh2 r − sinh2 r ln sinh2 r: ð53Þ

The dependence of the entropy of entanglement on the
scale factor means that the evolution of each single universe
is no longer unitary due to the nonlocal interaction that
produces the entanglement. The evolution of an entangled

pair, however, is unitary and so there is no information
paradox for an external observer.
It is also worth noticing that the same value of

entropy would be obtained for the partner universe, i.e.
SentðρþÞ ¼ Sentðρ−Þ, satisfying the subadditivity of entropy
theorem [58]

SðρÞ ≤ Sðρ−Þ þ SðρþÞ ¼ 2Sðρ�Þ; ð54Þ
where the inequality is saturated whenever ρþ and ρ−
correspond to two uncorrelated (classical) universes with

dSþ
da

¼ dS−
da

; ð55Þ

and S� ≡ Sðρ�Þ. A change of the entropies with respect to
the internal time variables is

dSþ
dt1

¼ dS−
dt2

⇒
dSþ
dt1;2

¼ −
dS−
dt1;2

; ð56Þ

provided that the time variables t1 and t2 of the branches are
related by the antipodal symmetry commented earlier
after Eq. (26).
Other parameters of quantum thermodynamics can be

defined as well [24] (see also, Refs. [59,60]). The mean
value of the Hamiltonian

Ĥ− ¼ ω

�
b̂†−b̂− þ 1

2

�
; ð57Þ

turns out to be

E−ðaÞ≡ hĤ−i ¼ Tr ρ̂−Ĥ− ¼ ω

�
hN̂ðaÞi þ 1

2

�
; ð58Þ

with

hN̂ðaÞi ¼ sinh2 r: ð59Þ
Changes in the quantum informational analogues of heat
and work are [24]

δW− ¼ Tr

�
ρ̂−

dĤ−

da

�
¼ ∂ω

∂a
�
hN̂ðaÞi þ 1

2

�
; ð60Þ

δQ− ¼ Tr

�
dρ̂−
da

Ĥ−

�
¼ ω

∂hN̂ðaÞi
∂a : ð61Þ

It can easily be checked that the first law of thermody-
namics is satisfied, i.e., dE− ¼ δW− þ δQ−. It can also be
checked that the production of entropy is zero,

σ ¼ dSent
da

−
1

T
δQ
da

¼ 0; ð62Þ

with T being defined in Eq. (49). It thus corresponds to a
reversible process. Thiswas expected because no dissipative
process has been taken into account. It means that the
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entanglement alone does not provide us with an arrow of
time because the evolution leading to an increasing value of
the scale factor or that leading to a decreasing value are both
allowed. However, if local dissipative processes are taken
into account, then, the production of entropy must neces-
sarily be positive, i.e., σ ≥ 0, making the evolution of the
universe irreversible. Let us notice that by local processes in
the context of the multiverse we mean any process that may
happen inside a single universe like, for instance, the
creation of cosmic structures or even customary nonlocal
processes in the context of the spacetime nonlocality of
quantum mechanics, i.e. any process that is not correlated
with any other process of the partner universe.

B. The sinusoidal pulse: entanglement quantities

We can now compute the entropy of entanglement for the
cyclic multiverse considered in Secs. II and III. First, one
derives ϕ and Pϕ from (41) and (42), then inserts them into
(33) and (34), in order to get that the values of α and β in
(44) and (45) are given by

α ¼ 1

2

�
1

R
ffiffiffiffi
ω

p þ R
ffiffiffiffi
ω

p
−

i _Rffiffiffiffi
ω

p
�
; ð63Þ

β ¼ −
1

2

�
1

R
ffiffiffiffi
ω

p − R
ffiffiffiffi
ω

p
−

i _Rffiffiffiffi
ω

p
�
; ð64Þ

with R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2
1 þ ϕ2

2

p
, being ϕ1 and ϕ2 two real solutions of

the Wheeler-DeWitt equation (20). Considering linear
combinations of the WKB solutions (21), a natural choice
for ϕ1 and ϕ2 is

ϕ1 ¼
1ffiffiffiffi
ω

p cos S; ð65Þ

ϕ2 ¼
1ffiffiffiffi
ω

p sin S; ð66Þ

which yields R
ffiffiffiffi
ω

p ¼ 1, and

α ¼ 1þ i _ω
4ω2

; ð67Þ

β ¼ −
i _ω
4ω2

; ð68Þ

with jαj2 − jβj2 ¼ 1, and where _R ¼ − 1
2
_ωω−3

2 has been
used. Then,

tanh r ¼ jβj
jαj ¼

_ωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16ω4 þ _ω2

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð4ω2

_ω Þ2
q ; ð69Þ

with, _ω≡ dω
da, and ωðaÞ given by (39), so that

tanh r ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16a4 ð1−Λa2Þ3

ð1−2Λa2Þ2
q ≡ q: ð70Þ

Note that q ¼ 1 at zeros of the Wheeler-DeWitt potential
(39) present at a ¼ 0 and amax ¼ 1=

ffiffiffiffi
Λ

p
, while q ¼ 0 at its

maximum for ac ¼
ffiffiffiffiffiffi
2Λ

p
[42]. The temperature of entan-

glement (49) and the entropy of entanglement (53) are both
measures of the rate of entanglement between the universes
and can be rewritten using (70) as

T ¼ −
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Λa2

p

2 ln q
; ð71Þ

S ¼ 1

1 − q2
ln

�
1

1 − q2

�
−

q2

1 − q2
ln

�
q2

1 − q2

�
: ð72Þ

The entropy is plotted in Fig. 5 in terms of the value of the
scale factor a, and using Eqs. (25) and (26), it is depicted in
Fig. 6 in terms of the cosmic time t. It can be checked that

FIG. 5. The entropy of entanglement for the sinusoidal pulse
plotted in terms of the scale factor, where a ¼ 1 corresponds
to amax.

FIG. 6. The entropy of entanglement for the sinusoidal pulse
plotted in terms of the cosmic time, where t ¼ π=2 corresponds to
the point of maximum expansion and t ¼ π to the point of the big
crunch.
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the entanglement is maximum—in fact, it goes to infinity—
for both the smallest value of the scale factor and also for
the maximum value of the scale factor—the turning point
of expansion at amax ¼ 1ffiffiffi

Λ
p .

Entanglement is usually associated to nonlocality.
However, there is no need for a common spacetime between
the universes of themultiverse. Therefore, the question about
locality or nonlocality has to be extended in the quantum
multiverse to the independence or the interdependence,
respectively, of the quantum states of the universes. On
the other hand, entanglement is also interpreted as a sharp
quantum effect having no classical counterpart. This is so in
the sense that the probability distribution of the number of
particles in an entangled state may violate certain classical
inequalities [61]. However, we have presented here an
example of quantum entanglement between otherwise
classical universes [let us recall that the momentum (23) is
highly peaked around the classical value (16), giving rise to
the (semi)-classical branches (25)–(26) and (29)–(30) for the
sinusoidal and the tangential pulses, respectively]. Therefore,
the condition between classicality and entanglement must be
revised as well in the context of the quantum multiverse.
In the case of the sinusoidal pulse, the universes originate

as an entangled pair. Their quantum states become more
and more separable as they evolve toward the value ac of
the scale factor, where the separability of their quantum
states is maximum (their entropy of entanglement is
minimum). Afterwards, the entanglement between their
states starts growing again to reach a maximum value at the
turning point, amax, where the universes become maximally
entangled again. One could then state that at the points of
maximum entanglement the quantum effects in the multi-
verses are expected to be dominant. This is the case, but not
because of the maximum amount of entanglement between
the universes (we shall see a counterexample in the
tangential pulse). The quantum effects become dominant
because the proximity of the points a ¼ 0 and a ¼ amax of
the configuration space to the classically forbidden region

of a < 0 and a > amax, respectively. This is something
which fully confirms earlier studies of Refs. [37,38,44–46].

C. The tangential pulse: entanglement quantities

The same development of the sinusoidal pulse can be
made now for the tangential pulse by using the frequency
(19) instead of (39). In that case, the parameter q turns out
to be

q≡ tanh r ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16ðΛa3þaÞ4

ð3Λa2þ1Þ2
q : ð73Þ

Then, the temperature (71) now reads

T ¼ −
aðΛa2 þ 1Þ

2 ln q
; ð74Þ

and the entropy of entanglement is given by Eq. (72) with
the value of q given by (73). The respective plots for S are
depicted in Figs. 8 and 9.

FIG. 7. Creation of entangled branches of cyclic universes. At
the big bang as well as at the maximum expansion the branches
they become maximally entangled.

FIG. 8. The entropy of entanglement for the tangential pulse
plotted in terms of the scale factor.

FIG. 9. The entropy of entanglement for the tangential pulse
plotted in terms of the cosmic time, where t ¼ π=2 corresponds to
the point of the big rip.
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It can easily be seen that the entropy of entanglement
is maximum—in fact, again infinite—at the big bang,
but then monotonically decreases and reaches zero at the
big rip singularity. This is an example that shows that
the amount of entanglement is not correlated, at least in
the case of the quantum multiverse, with the classicality
of the universes because quantum effects become dom-
inant as the universes approach the big rip singularity
[39]. However, we have shown that the amount of
entanglement decreases towards zero as the universes
approach the big rip. Their quantum representations
become more and more separable and the nonlocal
interaction given by HI in (36) goes to zero. They
can be considered then as individual, noninteracting
universes. However, this has nothing to do with the

quantum effects of the matter fields that propagate
therein. In fact, as it happens in the sinusoidal pulse,
these may become dominant because the proximity of
the scale factor to a classical forbidden region, which in
the case of the tangential pulse is given by a → ∞ at the

value, t ¼ t0 þ ð2nþ1Þπ
2h (see Fig. 4).

V. REMARKS ON ENTANGLEMENT
THERMODYNAMICS AND ITS

OBSERVATIONAL CONSEQUENCES

The third quantization procedure parallels that
of a quantum field theory in a curved spacetime.
However, there are relevant differences that have to
be noticed in order to understand the analysis of the
interuniversal entanglement considered in this and
future works.
In a quantum field theory as well as in quantum

optics it is customarily assumed that the field at hand
(the scalar field or the electromagnetic field, respec-
tively) can be described in terms of a set of quantum
oscillators, which under quite general circumstances can
represent what we call particles. However, the repre-
sentation of the fields in terms of particles as individual
and independent quantities is not always appropriate
or possible. The violation of classical inequalities
in quantum optics [61] precisely shows that this repre-
sentation fails in some extremal but testable situations.
On the other hand, it may seem obvious but is worthy
to recall that the concept of a particle is closely
attached to the idea of a particle detector. This is a
device, external to the field to be measured, that
measures pulses of energy because it is weakly coupled
to the field. These quantized pulses are what we call
particles.
Regarding the quantum description of the spacetime, an

example where the interpretation of the wave function of
the spacetime in terms of particles is appropriate is the
quantum description of the fluctuations of the spacetime
in terms of what is called baby universes.6 As a first
approximation, the quantum fluctuations of the spacetime
can be described in terms of particle-like pieces of the
spacetime of Planck size that branch off from the parent
spacetime and propagate therein. The coupling of these
baby universes with the matter fields that propagate in the
parent spacetime can be described by using a mixed
formalism that combines a third quantization formalism
for the baby universes and a customary Lagrangian
description for the matter fields [20]. Thus, one could
use the matter fields as a detector for these fluctuations of

FIG. 10. Scale factor (blue, dotted), parameter q (green,
dashed), entropy of entanglement (yellow, solid line), and
temperature of entanglement (red, dot-dashed) for the sinusoidal
pulse. Unlike the entropy of entanglement, the parameter q turns
out to be a nondivergent measure of the entanglement.

FIG. 11. Scale factor (blue, dotted), parameter q (green,
dashed), entropy of entanglement (yellow, solid line), and
temperature of entanglement (red, dot-dashed) for the tangential
pulse. The temperature of entanglement might be an indicator of
the quantumness of the universes.

6In fact, the procedure of third quantization was initially
developed to describe this kind of fluctuations (see, Ref. [20]
and references therein).
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the spacetime, and the detected pulses would correspond to
baby universes.7

Analogously, in the multiverse, for a hypothetical
superobserver that would live in the superspace the
description of the wave function of the universe in terms
of oscillators would not be very different from the one
given above. If such an observer would have a universe-
counter, then, he or she could detect pulses of the wave
function of the spacetime that could be interpreted as
universes, being the momentum of these pulses related to
the Friedmann equation of the universes, i.e., related to
the type of universes that propagate in the superspace.
For that superobserver, the boundary condition that the
vacuum of the minisuperspace is quantum-mechanically
represented by the ground state of an invariant represen-
tation is appropriate because it corresponds to the no-
universe state for the entire evolution along a geodesic of
the superspace. However, if the concept of a particle is
observer-dependent so is the concept of a universe and,
thus, it happens that the no-universe state for a super-
observer may correspond to a different universal state for
another possible observer.
For us, as internal observers of our universe, the situation

is quite different. We are actually the detector of our own
universe and our existence is the result that attests that our
universe exists8 However, we cannot directly see more
universes than ours. Therefore, if any representation has to
describe the quantum state of the universe from the point of
view of an internal observer, then, the number state of such
representation cannot be interpreted as the state represent-
ing any number of universes. It does not mean that the wave
function of the spacetime cannot be described in terms of
the quantum oscillators that would arise from the Fourier
transformation in momentum space. It only means
that these quantum oscillators cannot be interpreted as
particles. They should be interpreted instead as quantum
modes that sum up to give a particular state of the universe.
Once the mode distribution is known, the variables asso-
ciated to the field like the energy or the momentum can be
computed.
In the present paper we have assumed9 that the

representation given by Eqs. (41)–(42) would represent
the state of the universe from the point of view of an
internal observer. Then, jβj2, with β given in (44)–(45),
does not represent the number of universes but the
number of the corresponding modes. The same discus-
sion is related to the meaning of the thermal state (48),
which has been obtained by tracing out from the
composite state of two entangled universes the degrees

of freedom of the partner universe. In principle, a thermal
state obtained from an entangled vacuum state is indis-
tinguishable from the thermal distribution of a classical
mixture [66,67]. However, the thermal state (48) is not
the thermal state of any matter field but it is the thermal
state of the wave function of the universe from the point
of view of an internal observer. As we have said before,
it should not be interpreted in terms of universes but in
terms of a thermal distribution of the modes of the
spacetime of our universe.
With that thermal distribution of modes one could

compute, for instance, the energy or the temperature of
the associated thermal state. However, the relation that
may exist between the thermodynamics of entanglement
and the classical description of thermodynamics is not yet
clear. It is expected that they are related [68,69,71]. Even
more, the thermodynamics of entanglement is expected to
be a quantum generalization of the classical thermody-
namics [70,71], so they should coincide in some semi-
classical limit. However, what is the appropriate limit to
describe this coincidence and what is the exact relation
between both formulations is something that is not
clear yet.
However, it is a valuable program that if completed,

would open the door to a new wide variety of testable
experiments, especially in the case of the multiverse
because it would provide us with observable imprints of
the multiverse in the properties of our own universe. Let us
notice that if the thermal state (48) and the temperature of
entanglement (49) are eventually related to the thermody-
namical properties of the universe, then, the energy of
entanglement between two or more universes should be
accounted for in the Friedmann equation and thus it would
have observable consequences in the evolution of the
universe [6–9]. Let us recall that in terms of the frequency
ω the Friedmann equation can be written as [see Eqs. (16)
and (17)]

da
dt

¼ ω

a
; ð75Þ

which gave rise to the solutions (25)–(26) and (29)–(30) for
the sinusoidal and the tangential pulse, respectively.
However, if the state of the states of the universe is given
by the thermal state (48), then, the energy of the thermal
state would be given by (58) with (59), and the effective
value of the frequency of the ground state would then be
given by

E− ¼ ωeff

2
¼ ω

�
sinh2 rþ 1

2

�
: ð76Þ

Then, it is expected that the Friedmann equation (75) will
be changed by the effective value of the frequency, i.e

7Indeed, it should be possible to detect these fluctuations by
measuring the coherence properties of matter fields (see
Refs. [62–64]).

8In the words of J. Hartle, “we live in the middle of this
particular experiment”, in Ref. [65], p. 4.

9This is, however, not the only possible interpretation.
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da
dt

¼ ωeff

a
¼ ω

a
ð1þ 2 sinh2 rÞ: ð77Þ

The second term in (77) is usually associated to particle
creation, with jβj2 ¼ sinh2 r. However, as we have already
said jβj2 has to be interpreted here as the number of modes
of a given distribution. When there is no entanglement,
r → 0, the effective Friedmann equation (77) coincides
with (75). The solutions of (77) are then essentially the same
as those of (75). However, when the entanglement between
the universes is relevant, sinh r ≫ 1, the Friedmann equa-
tion and therefore the evolution of the universe is signifi-
cantly modified by the entanglement of the universe with a
partner universe.
In the case of the tangential pulse, the entanglement rate

is a highly decreasing function of the scale factor so the
effect rapidly disappears. However, in the very early stage
of the universe the departure from the evolution of a
nonentangled universe may be significant. This opens
the possibility to detect observational imprints of the
multiverse in the properties of the universes for more
realistic models. Let us notice that a departure from the
exponential expansion of a de Sitter spacetime in the very
early stage of the evolution would induce observable
effects in the properties of the power spectrum of the
CMB [72–74]. Furthermore, an interacting scheme like the
one depicted in (36) could modify the processes of vacuum
decay in the multiverse [25], which in turn might induce
observable consequences [75,76]. Other imprints that have
been proposed [6–9] should be analyzed in the context of
the cyclic multiverse, too.
It is also important to notice that the effects of the

interuniversal entanglement are not necessarily restricted
to the very early stage of the universes. We have shown in
this paper that in the case of the sinusoidal pulse the
entanglement rate is also important when the universes
approach the maximum expansion point. There, the
second term in (77) becomes dominant and the evolution
of the universe turns out to effectively be controlled by
the entanglement between the branches of the multiverse.
That is an example of observable effects of interuniversal
entanglement in an otherwise highly macroscopic and
very evolved universe.

VI. CONCLUSIONS

We have studied the possible creation and evolution of
parallel cyclic universes evolving within the multiverse
which may allow different physical constants and the same
geometry. These universes are classically disconnected, but
quantum-mechanically entangled and so one is able to
apply the thermodynamics of entanglement theory which is
known from many physical contexts. We have shown that
the entropy of entanglement is large at the big bang and big
crunch singularities of the parallel universes as well as at
the maxima of the expansion of individual universes. The

latter confirms some earlier studies that quantum effects are
strong at the turning points of the evolution of the universes
(i.e., for macroscopic universes)—the result was obtained
on the base of the formalism of the timeless Wheeler-
DeWitt equation and decoherence. Such effects (though
related to the same universe) were studied already in
quantum cosmology [44–46]. In our scenario it requires
at least two parallel universes (the “doubleverse” of
Ref. [33]), for which one can have one universe being
replaced quantum-mechanically due to a tunneling effect
into the second universe at their maximum expansion
points.
Our studies have also shown that the entropy of

entanglement at the big rip singularities goes to zero
despite the fact that we deal with apparently Planck density
macroscopic universes (which violate the null energy
condition) and they should, according to the above state-
ment, be of a quantum nature. However, the vanishing of
the entanglement seems to be the property of a big rip
singularity which leads to a total dissociation of the
universe/multiverse structures into infinitely separated
patches which loose any sign of entanglement.
The multiverse that we have studied is quantum-

mechanically entangled and there are periods of its evo-
lution where the entanglement matters (here the classical
singularities such as the big bang and the big rip as well as
maximum expansion points) and can lead to an effect of an
exchange of the universes by quantum-mechanical tunnel-
ing. However, the relation between classicality and entan-
glement still should be sorted out in the context of the
quantum multiverse.
In quantum optics, the sharp quantum character of the

entangled states comes from the fact that the photon
distribution that corresponds to a two-mode entangled state
of the electromagnetic field does not satisfy certain
classical inequalities [61]. This violation clearly reveals
that the description of the electromagnetic field in terms of
photons as individual and independent entities is not
appropriate in the regimes where this violation occurs
unless we consider as well nonlocal interactions among
them, irrespective of the distance they are separated, which
is a highly nonclassical assumption.
On cosmological grounds, it means that the quantum

character of the interuniversal entanglement is directly
related to the independence of the state of the universes
and the presence or the absence of nonlocal interactions in
the minisuperspace. It implies that if we consider the
multiverse as the most general scenario in cosmology,
which is favored by fundamental theories like the string
theories, then, we are forced to consider as well interactions
among the universes of the multiverse. In that case, the
properties and the evolution of the universe, mainly during
the very early phase of its evolution but, as we have shown,
as well during other stages like the turning point in the case
of cyclic universes, would depend not only on the internal
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properties of the universe but also on the global properties
of the whole multiversal state.
A different question is the quantum nature of the

universe in terms of the fluctuations of the matter fields.
Let us first notice that the entangled universes considered in
the paper are quantum-mechanically represented by WKB
wave functions that are valid for values of the scale factor
for which, SðaÞ ≫ ℏ. In that case, the fluctuations of the
spacetime are largely suppressed, the eigenvalue of the
quantum momentum is highly peaked around the classical
value and, thus, a time variable can be chosen so that the
scale factor satisfies the momentum constraint, which is
the Friedmann equation. In that sense, the evolution of the
spacetime is classical.
However, we know that quantum fluctuations become

dominant not only at the big bang and big crunch
singularities but also at the turning point of a cyclic
universe [37] as well as at the big rip singularity [39].
Then, if the degree of entanglement between the states of
the universes is related to the quantumness of their matter
fields, then, the entropy of entanglement, which is the
standard measure of entanglement, might not be the most
reliable measure of quantumness because, at least in the
case of the big rip singularity, it goes to zero despite the
quantum behavior of the matter field that propagate
therein [39]. It seems that a more reliable indicator of
the quantum character of the universes could be the
temperature of entanglement, which grows to infinity
whenever the state of the universe approaches a classically
forbidden region, at least in the cases considered in this
paper: big bang, big crunch, turning point, and big rip,
(a → 0 in the first two cases, a → 1ffiffiffi

Λ
p in the turning point

of the sinusoidal pulse, and t → π
2
ffiffiffi
Λ

p in the tangential

pulse, see Figs. 10–11).
On the other hand, the results obtained in this paper

clearly show that entanglement is directly related to the
separability of the quantum states of a given representation.
In our case, this is represented by the quantum independ-
ence of the opposite modes of the diagonal representation,
i.e. the modes that represent opposite branches from the
point of view of internal observers, provided that the
multiverse stays in the ground state of an invariant
representation, regardless of the semiclassical character

of the branches. The representations considered here are the
physically relevant in the cosmological problem we are
dealing with. However, it is worth noticing that the
consideration of different representations, which would
ultimately be induced by the consideration of different
boundary conditions, could have thrown different rates of
entanglement. Thus, entanglement is directly connected
with a representation problem, i.e., what representation has
to be chosen to represent the physical system under
consideration, and once this is fixed, it is also related to
the correlated properties of two classically disconnected
(separated) subsystems.
Finally, a separate problem is what one means by the

notion of the universe within the framework of the
multiverse using, for example, the hierarchy given in
Ref. [2]. If we use the antipodal symmetry for the time
variables of the consecutive branches like it is depicted in
Fig. 7, then, all branches are quantum-mechanically exact
copies of each other except for the internal processes
given in the particular branches, which should be ran-
domly distributed along the finite number of possibilities.
Thus, the multiverse depicted in this paper could be
interpreted as a Level III multiverse because in an infinite
number of universes all probable distributions of the
internal degrees of freedom would be accounted for (in
fact, an infinite number of times). However, as it is
pointed out in Ref. [77], this Level III multiverse would
represent nothing more than a Level I multiverse, i.e. an
infinite number of Hubble volumes, if the fundamental
constants are taken to be the same in all universes, or a
Level II multiverse if instead, different values and
functions are taken for the fundamental (varying and
not varying) constants.
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