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Abstract
It is common practice while studying complex liquids to analyze their relaxations in time as well as in frequency. Unfortunately, there are
not often at hand short and compact expressions corresponding simultaneously to the mathematical formulation of a same phenomenon in both
spaces. Therefore, this work is focused towards the approximation of Fourier Transform of certain Weibull distributions (the time derivative of
the Kohlrausch-Williams-Watts function) by Havriliak-Negami functions. In particular, it was found that a small interval of low frequencies are
needed to recover the main traits of the relaxation for the stretched (β ≤ 1) and squeezed (β > 1) instances. However, it’s easily recognizable
that the weight of the low frequency part competes with the weight of the high frequency part, and the former distorts the power law behavior,
diverging from −β. In consequence, the tail’s sturdiness influences the asymptotic trend of HN, suggesting a careful design of the approximant, the
method of optimization, the absent of data errors, and of course the frequency domain. In this sense, we were able to explain how the asymptotic
laws naturally emerge as a function ω, and validate the suitability-flexibility-instability of our local approximants.
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1. Introduction

Many relaxation phenomena in simple or com-
plex fluids are most often fitted as a function of time
by the function of Kohlrausch-Williams-Watts [1,
2, 3, 4, 5], or as a function of frequency such
as Debye [6], Cole-Cole [7], Cole-Davidson [8],
Havriliak-Negami [9, 10]. The Kohlrausch relax-
ation function, have become ubiquitous in many ar-
eas of Physics and Chemistry, from the discharge
of capacitors and dielectric properties of polymers,
to the study of complex systems and autocorrelation
functions in molecular dynamics [11, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26], as well
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as in soft-matter [27, 28, 29, 30, 31, 32, 33, 34, 35].
In such cases, any ensemble of interacting elements
organized in multiscale clusters, whose local relax-
ations, or restructuring bonds jump with random de-
lay times of type t(−1−β), should present an autocor-
relation, or decay, of Kohlrausch’s nature [28, 36,
37, 38]. Despite of its simple form, the relation be-
tween the β parameter and the thermodynamic con-
ditions (temperature, pressure, etc) at which a relax-
ation process occurs lack of a direct connection and
interpretation, making a very difficult task for the ex-
perimentalists and theoreticians to disentangle its hi-
erarchical structure.
Such facts, advises us to study relaxation behavior
not only through its dynamical response along time
but also in other spaces of representation, such as of
frequency [39, 40, 19, 34, 41, 42, 43, 44, 45]. How-
ever, there is no obvious mathematical approach for
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an analytical and compact transformation from time
to frequency domain. Besides the existence of its
Fourier and Laplace transforms for 0 < β ≤ 2, it
also presents several problems of convergence which
is possible to get round with numerical methods or
resummation of series [46, 47, 48, 49, 50, 16]. Nev-
ertheless, a concise mathematical formula to give ac-
count, even approximately, of such transforms would
make it easier to compare with the most common
mathematical functions in the complex domain. Ad-
ditionally, it would be of great utility and will pro-
vide a valuable set of techniques for employing in
different analytical and laboratory procedures. For
example, to accelerate the calculations or evaluate
repeatedly such functions; in analysis and filtering of
data by identifying the existence of superposed sig-
nals, or removing strong noise [48, 49]; as well as to
provide an exhaustive account of characteristic relax-
ation times –real or virtual–[19, 34, 41], and justify
the underlying dominion behavior in diverse mecha-
nisms [40, 19, 34, 41, 42, 44, 45, 51, 52].

In this sense, a considerable effort to provide a
theoretical background and interconnect both spaces
have been reported in the literature. However, such
representations relies on numerical assumptions or
non-closed analytical representations. So far, most of
the studies have focused on the stretched exponential
case (0 < β ≤ 1), and very little is known about the
squeezed or compressed case (1 < β ≤ 2). Hence,
we examined here, issues related with the asymptotic
behavior of the Kohlrausch’s (or Weibull’s [53, 54])
FT in the frequency domain, its possible description
through an analytical form, and the type of function
or combination of them to represent the original data
in the whole range of frequencies. These points will
be addressed in the following, by showing how a se-
ries of approximations provides a good description in
both low and high frequencies, and further, how each
term shares its contribution to the local structure of a
Kohlrausch relaxation function.

The article is organized as follows: In Sec. 2 we
give the analytical and computational considerations
employed in the study, while in Sec. 3 we present the
results by decomposing the shape parameter β in two,
β ≤ 1 and β > 1, intervals. In each case, we examine
the asymptotic behavior by numerical samplings in
ω−space and extending the limits in t−space. The

description of high frequencies decays is given by a
unique set of strict HN functions when β ≤ 1, and
with a set of the same kind, although parametrically
extended if β > 1. The discussion of our results, and
their comparison with previous studies are presented
in Sec. 4, while in Sec. 5 we give some conclusions
and further considerations.

2. Analytical and computational considerations

We introduce the notation, φK,β(t) ≡ exp−tβ for the
Kohlrausch relaxation function, 0 ≤ t < ∞, β ≤ 1,
and notice that we use here dimensionless variables
solely (normalized), [19] for both times and frequen-
cies, i.e. t/τK 7→ t and ωτK 7→ ω. Then, for
the one-sided FT χβ(ω) =

∫ ∞
0

e−iωtφK,β(t)dt and for
minus the transformation of the Weibull distribution
we have ψβ(ω) = −

∫ ∞
0

e−iωt d
dtφK,β(t)dt, both related

in ω−space by ψβ(ω) + iωχβ(ω) = 1. The modulus
of function ψβ(ω) presents the following asymptotic
behavior in the domain of frequencies: |ψβ(ω)|∼1
when ω → 0 and |ψβ(ω)|∼Γ(β + 1)/ωβ as ω →
∞, being monotonically decreasing in the ω-values
and strongly depending on the value of the param-
eter β. Therefore, we will show when approximat-
ing the mentioned transform, how the parameters of
the HN function [9, 10], HNα,γ,τ,λ(ω) = 1

(1+(iωτHN )α)γ ,
0 < α, γ ≤ 1, are uniquely determined by the param-
eter β.

In short we have then the Ap1HN and Ap2HN
approximants:

Ap1HN = ψβ(ω) ≈
λ

(1 + (iτω)α)γ
(1)

Ap2HN = ψβ(ω) ≈
2∑

s=1

λs

(1 + (iτsω)αs)γs
(2)

with share coefficients λ and λ1 ≡ λ and λ2 =

1 − λ1 in Eqs. 1 and 2, respectively. It was shown
that, a double approximant of HN functions de-
scribe fairly well the FFT of the Weibull distribu-
tion, as well as the Cole-Davidson-Kohlrausch fam-
ily [19, 34]. The question is then how sensitive are
the parameters obtained during the optimization to
reproduce the asymptotic laws indexed to them (e.g.
αi · γi = αi · γi(β) when the rest are also functions of
β) [41, 42, 55].
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The range of simulated β parameters corresponds
to the stretched instance with 0 < β ≤ 1 and the
squeezed or compressed instance for 1 < β ≤ 2.
The chosen grid points have a variable size step of
0.1 with intermediate values of 0.03 in the whole
range of β and a starting point of 0.02. To this end
we have used two domains of frequencies. One of
them comprehends the range of ν = 0 − 500 (low to
medium) being ω = 2πν, as it was given in Ref. [19],
while the other one extends to higher frequencies
with ν = 0 − 1012 if β ≤1 and ν = 0 − 107 for β ≥1.
The reason for these distinct intervals is due to the
increasing numerical noise that overshadows the sig-
nal, while the large domain is to provide a concise
and compact mathematical description. That could
be helpful in exploring different kind of relaxations,
associated to several size scales and diverse phenom-
ena, as well as to reconstruct signals with high accu-
racy, based on rigorous criteria instead of arbitrary
ones.

Finally, there will be three general sampling steps
(r1, r2 and rsl) and three particular ones (r2b, r2* and
rsl*), which can be seen as implicit weights during
the optimization procedure. The r1 and r2 are associ-
ated with a narrow frequency domain (0-500), while
rsl is associated to a wider domain, 0-107 (β ≥1) and
0-1012 (β ≤1), respectively. The r1 (δν = 0.5) is a lin-
ear coarse mesh dominated by tail values in medium
frequencies, with a residual influence of low frequen-
cies. The r2 (δν = 0.001), is a linear fine mesh with
many points mainly contributing to the low frequen-
cies, while, rsl is a logarithmic homogeneous mesh
with a thousand points for each decade of frequency,
weighting less the medium and low frequencies than
r1 due to the logarithmic scale. In other words, r1

and rsl are both pruned of low frequencies, weight-
ing mostly medium to high frequencies, thus the cor-
responding result will properly describe the asymp-
totic tail behavior, while the r2 and rsl are our stan-
dard grids to differentiate between low and high fre-
quency features, while the r2b, r2* and rsl* cases will
be described later on.

To assess the influence of a finite-size frequency
window over β, for each of the sampling meshes
mentioned before, we generated the corresponding
reference data of the FT for ψβ(ω) employing the
MathematicaTM [56] package. We choose this pack-

age due to its accuracy and for avoiding numerical
oscillations as far as possible. In turn, we employed
the graphical interface for non-linear fitting of xm-
grace [57], with the intention of designing the best
possible approximation and test how the HN func-
tion, expressed as the approximants of Eq. 1 and Eq.
2 sticks to the data.

3. Results

In this section we present our results related with
an adjustment of a probe function, such as, its type,
its flexibility to describe the reference data in the
whole range (low and high) of frequencies, the sen-
sibility of its parameters to finite-size effects coming
from a coarse or fine mesh of sampling, and then a
short compact relationship between the parameters in
ω−space and t−space.

3.1. The stretched instance β ≤ 1

3.1.1. Asymptotes of the reference data
In Figure 1 (see upper and lower left-side panels)

we show the first and second logarithmic derivatives
of |ψβ| as a function of ν and β for the rsl sampling
mesh. One can see the evolution of (log10 |ψβ|)

′ iden-
tifying three regions corresponding to the plateau,
bend-fall and tail, respectively. The plateau appears
at low frequencies and then drops down (bend-fall)
in the neighborhood of ν ∼ 10−1, reaching a constant
tail after ν ≈ 20 and approaching to its horizontal
asymptote value of β. In the lower panel we observe
smooths peaks for the (log10 |ψβ|)

′′, almost symmet-
rical, and of contracting half-width, which maximum
moves from νmax ≈ 10−2 to νmax ≈ 2 × 10−1 as β goes
from 0.3 to 1.

In Figure 1 (top-left panel) one can see that the
curves for (log10 |ψβ|)

′ follows a power decaying law
after ν ≈> 20, so by discarding the data correspond-
ing to the plateau-bend-fall, we then proceeded to ad-
just them to the generic function Mν−d, with d ≈ β.
In the right-side panel of Figure 1, we quantified the
importance of low and high frequencies on describ-
ing the tails (r2* and rsl* sampling are obtained from
the general r2 and rsl samplings for ν > 20). It is
shown that both series of exponents, dr2∗ and drsl∗,
follow closely the line corresponding to an ideal ex-
ponent β. In the r2* case, it shows a slight bulge in
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Figure 1. Left side (upper and lower panels), 1st and 2nd logarithmic derivatives of log10 |ψβ(ω)| for the rsl sampling mesh, as a
function of ν and β in the interval of 0 < β ≤ 1. Right side, comparison between the tail exponent d (triangles down) vs β for the
r2* and rsl* sampling meshes.

the interval 0.10 ≤ β ≤ 0.30 where the absolute error
is greater, although the relative error (β − dr∗2

)/β de-
creases in the path from β = 0.02 to β = 1. This is
a consequence of the slower relaxation of the loga-
rithmic slope, (log10 |ψβ|)

′, towards its asymptote for
small β. The rsl* case corroborates this, with relative
errors even smaller than the previous case for each β.

3.1.2. Trends ofAp1HNα,γ,τ,λ(ω)
In Figure 2 we display the sensibility of the param-

eters α and γ using theAp1HNα,γ,τ,λ(ω) approximant
as a function of β for all the three r1, r2 and r2b sam-
plings. Notice that in the case of r2b, the initial condi-
tion HNα,γ(ω = 0) = 1 is relaxed to a free value, i.e.
ψβ(ω) ≈ λ ∗ HNα,γ(ω) with λ to be determined in the
optimization. The idea behind this is to allow the HN
approximant compensates its lack of suitability in the
very low frequencies, and to soften the influence of
the tail in relationship to the body (plateau-bend-fall)
part of data. In turn, the αr1(β) and γr1(β) shows a
monotonous increasing behavior and the curves cross
at β = 1. In the case of αr2(β) and γr2(β) the curves
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Figure 2. Parameters α and γ obtained from adjustment to the
Ap1HN approximant in the interval of 0 < β ≤ 1. The coarser
sampling step is for r1 mesh (triangles up). Finer steps are those
of r2 (squares) and r2b (diamonds). For r1 and r2 λ ≡ 1, while
r2b λ , 1. Dotted lines are just guides to the eyes.
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shows the same behavior with an additional crossing
(approx. at 0.32 < β < 0.35). In both cases the value
of λ is 1. Finally, the αr2b(β) and γr2b(β) curves are
lying between r1 and r2 with the crossing shifted to
the right of the former (0.42 < β < 0.45), while λ
presents small variations around 1, with maximum
of a 6% around β = 0.32. A crossing between α
and γ curves might indicate how the implicit weights
shapes the transition between the dominant parts of
the curves, and how the approximant function should
adjust itself to the body, tail, or both. We have then
an enhancement of the weight of tail in detriment
of body weight from r2 to r1, while for the r2b the
constraint of approximating the low frequency zone
by the correspondent region of HN function allows a
greater influence on the remaining part by the data of
high frequency.

3.1.3. Trends ofAp2HNα,γ,τ,λ(ω)
In this section we discuss the contribution of each

HNs=1,2(ω) to the local structure of the Kohlrausch
function. In Figure 3 are presented the fitting param-
eters for the r1 (upper panels), rsl (medium panels)
and r2 (lower panels) sampling meshes as a func-
tion of β. In the right panels we plot the α1,2 and
γ1,2 parameters, responsible for the power law be-
havior of tails, while the left panels show the char-
acteristic times of both functions, τ1,2, and share co-
efficient λ which measures the weight balance be-
tween both functions. On one hand, in the case of
r1, we should notice the slowing varying λ in the in-
terval 0.02 ≤ β . 0.6 with a value close to 0.5 with
both HNs=1,2 equally contributing. Then it suddenly
drops to 0 from β ≈ 0.60 to 1. Also, it is remark-
able the difference in magnitude between τ1 and τ2.
While τ2 never exceeds the value of 1.1, τ1 requires
of a decimal logarithmic scale to be shown in the
same graph. This indicates that at low frequencies
the dominant function HN2 is only corrected by the
association with HN1, an oversimplified picture be-
cause it is more accurate when β → 1, than β → 0.
On the other hand, α2 and γ2 do not cross. Addi-
tionally, there is an apparent discontinuity at β = 1
for α1 and γ1 due to the fact that λ drops down to
zero. This however, might be seen as HN1(ω) serves
as a backup to HN2(ω) while fitting the functions in
the low frequency zone, and that one of the HN(ω)
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Figure 3. Parameters obtained from adjustment to the Ap2HN
approximant in the interval of 0 < β ≤ 1. On the left side are
τ1,2 and λ, while at the right side are α1,2 and γ1,2. Subscripts
1 and 2 are for the 1st and 2nd HN terms (see Eq. 2). Triangles
up corresponds to the r1 sampling mesh (upper panels), while
circles and squares corresponds to rsl (medium panels) and r2
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eyes for r1 grid, while solid lines corresponds to mathematical
expressions (See Tables 1-4 in appendix) for the grids r2 and rsl,
respectively.
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cannot contribute anymore during the optimization.
In the case of rsl, we observe important differ-

ences with respect to the previous case. The share
coefficient λ do not seem steady as before, indicat-
ing the loss of weight between both HNs=1,2, with
τs curves having a smoother behavior. One should
notice that the opposite result found of τ1 and α1,
implies a very quick decay of HN1(ω), while a slow
down of such decay when the value of α1 is small.
This suggests a strong source of error, possibly an in-
terference between HN1(ω) and HN2(ω) in the initial
interval 0.02 ≤ β < 0.18, not only for this sampling
step but also for r1. This balance allows a slight ri-
valry with the values of HN2(ω) also dominated by
a small α2. We should add that interferences in the
vicinity of β ∼ 1 between HN1(ω) and HN2(ω) also
occur affecting τ1, as this curve shows a discontinu-
ity at β = 1, since τ1(β = 1) = 1 and τ1(β . 1) < 1.
One can see that α1 and γ1 also take values quite far
from 1 when β . 1; which at the end is partially con-
sequence of a negligible λ in that zone, pointing to a
minor and complementary role of HN1(ω) describ-
ing ψβ.1(ω) tail. This trend is then opposite when
the β values are smaller than β ∼ 0.4, which entails
the fact that tails are not fully developed at very high
frequencies for values of β < 0.4. We also should
point out that the quasi constant behavior of γ1,2 in
the interval 0.40 . β < 1, and the quasilinear one of
α1,2 in the whole interval of β, suggest that the relax-
ation of tails for HN2(ω) are nearer to a Cole-Cole
type, (γ ≡ 1), than to a Cole-Davidson one, (α ≡ 1).
By contrast, relaxation for HN1(ω) still remains HN
type in both r1 and rsl cases though.

In turn, in the case of r2, we found that the roles
of characteristics times τ1 and τ2 are interchanged.
Now τ1 scale does not surpass the value of 1, sug-
gesting two scenarios in the whole range of β. One
in which the first term of the approximant, HN1(ω),
losses progressively weight as β increases (starts at
β ≈ 0.62), explaining the discontinuity of τ1 at β = 1.
On the contrary, in the second scenario (0.02 ≤ β <
0.62) λ ≈ 0.4 and the difference in contribution be-
tween both terms is due to the very distinct scale of
time for τ1 and τ2. This situation allows to the ap-
proximant Ap2HNα,γ,τ,λ(ω) a description for a wide
range of frequencies without excessive gap with data,
ψβ(ω). Pairs α1, γ1 and α2, γ2 show a similar behavior

between them, crossing themselves and with shapes
as in the case ofAp1HNα,γ,τ,λ (see Figure 3).

In order to provide a relationship between the HN
parameters of the Ap2HN approximant and β, and
aiming to interconnect time and frequency domain in
a compact and analytical form, further preliminary
mathematical relationships were obtained from ad-
justment to the data show in Figure 3. Such expres-
sions (see Appendix A) could be helpful for further
model refinements, as well as for the adjustment of
any set of real data, e.g. experimental ones.

3.2. The squeezed or compressed instance β > 1

3.2.1. Asymptotes of the reference data
As in the stretched case, in Figure 4, the

(log10 |ψβ|)
′ and (log10 |ψβ|)

′′ as a function of ν and
β for the rsl sampling mesh (left side upper and
lower panels) are represented. When compared to
the stretched case there is a qualitatively different re-
sponse, with an abrupt change of direction between
the body (plateau-bend-fall-well-raise) at medium
frequencies and the high frequency tail. The first log-
arithmic derivative it is no longer a simple step, and
after the fall a narrow well is formed (at ν . 0.8),
which then raises and stabilizes at the selected value
of −β. As a direct consequence, the (log10 |ψβ|)

′′

presents two peaks. The first corresponds to the fall
of the body of the log10 |ψβ| function, while the sec-
ond peak has a positive intensity and is smaller in
magnitude than the preceding. It indicates a fold up-
wards in the curve log10 |ψβ| in a very narrow region
of frequencies as the short half-width of the peaks is
developed for ν ∼ 2 as β → 2. Beyond this range of
frequencies (i.e. ν ≥ 10) the “activity” of the second
derivative, (log10 |ψβ|)

′′, is negligible and the function
is mostly of a potential nature.

Again, as in the stretched instance, in the right side
of Figure 4 we show the tail’s exponent d vs. β.
As before, dr∗2

corresponds to the adjustment of Mν−d

to log10 |ψβ|, in the interval ν = 20 − 500 and dr∗sl

for the fit in the range of ν = 20 − 107. It is quite
difficult to distinguish the trend of these two sets of
parameters from the result d = β, pointing to an early
high frequency tail very different in behavior from
the main body of the spectrum.
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Figure 4. Same as Figure 1, in the interval of 1 < β ≤ 2. For the sake of clarity not all the β values are depicted.

3.2.2. Trends of bothAp1,2HNα,γ,τ,λ(ω)

In order to show how the local structure of the
Kohlrausch function varies when approximated to
Ap1HN and Ap2HN for the interval 1 < β ≤ 2, we
should emphasize that the ripples of |ψ(ω)| around
ν ≈ 1 impose large difficulties to follow the data from
low to high frequencies. Therefore, the adjustment
to Ap1HN or Ap2HN approximants won’t work,
as the HN function does not show such an extreme
changes in curvature. Nevertheless, we conserve the
functional form of HN as support for the cases of
α, γ > 1. In Figure 5, we plot the evolution of the
fitting parameters αs, γs (right side) and λs, τs (left
side) for the r2 (upper panel) and rsl (lower panel)
sampling meshes, with the approximantAp2HN.

In the case of r2 (upper panels), the γs parameters
obtained after optimization follow a potential law,
with no crossing between α and γ parameters. We
should also point out an almost constant behavior of
α1,2 ≈ 1 in the whole interval of β. Now the mag-
nitudes of the characteristic times τs are very similar
in the scale, and the balance in weight between both
HNs=1,2 is preserved for intermediate vales of β as it

goes from 1 to 2. In the case of rsl (lower panels),
the characteristic times τs have a very similar mag-
nitude in the scale, although the share coefficient λ
is not steady any more. The triplet {α2, γ2, τ2} is
describable by means of smooth functions with α2

and γ2 having a quasilinear behavior. Nonetheless
this is not the case for the triplet {α1, γ1, τ1}, where
the last two curves are now broken, with no defined
trend. Thus only a piecewise description is admissi-
ble for them. Despite the poorly defined trends of α
and γ type parameters, a finer classification of high
frequency spectral data (rsl) can be obtained, such as:
α1,2 ∼ β, γ1 ∼ 2 and γ2 ∼ 1, while for the low fre-
quency data (r2) will come later on when we discuss
the asymptotic laws in the next section.

4. Discussion and conclusions

Above, we have examined the deformation of the
parameter space as a function of the weights, so here
we discuss how the asymptotic laws naturally emerge
and explain the deviations when the Ap1HN and
Ap2HN approximants are used to adjust the Weibull
distribution.

7



/ Journal of Molecular Liquids 00 (2017) 1–?? 8

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

 λ
, 

τ 1
, 

τ 2

λ
τ

1
τ

2

0

1

2

3

4

5

6

α
1
,2

, 
γ 1

,2

α
1

γ
1

α
2

γ
2

r2

1 1.2 1.4 1.6 1.8 2

β

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

λ
,τ

1
, 

τ 2

λ
τ

1
τ

2

1 1.2 1.4 1.6 1.8 2

β

0

1

2

3

4

5

6

α
1
,2

, 
γ 1

,2
α

1

γ
1

α
2

γ
2

rsl

Figure 5. Same as Figure 3, in the interval of 1 < β ≤
2. The corresponding mathematical expressions (see solid
lines) appears in Tables A.5-A.8 in the appendix A. Note
that for obtaining a smooth behavior and clear asymptotic
trends, the following data points were omitted in the fit-
ting procedure for the parameters given in Table A.5, A.7,
and A.8: β = 1 for γ1 (see upper-right panel), β =

1.50, 1.52, 1.55, 1.80, 1.82, 1.85 for α1 and γ1 (see lower-right
panel), and β = 1.12, 1.15, 1.78, 1.80, 1.82, 1.85 for τ1, τ2 and
λ (see lower-left panel) .

In Figure 6 the products α · γ(β) for the sampling
steps r1, r2 and rsl are shown for the approximant
Ap1HN in the interval of 0 < β ≤ 1. One can see
that α · γ(r1), follows a straight line y = β, with a re-
gression to y = βd gives d = 1.035. The second and
third cases (r2 and r2b), give d = 1.143 and d = 1.113
respectively. In all three cases the dependency devi-
ates from the empirical proposed law y = β1.23 given
in Ref. ([41, 42]).

As we mentioned previously, when we look at the
interval of 1 < β ≤ 2, the linear approach to α ·
γ(β) nevertheless fails, for same kind of r1, r2 and r2b

0 0.2 0.4 0.6 0.8 1

β

0

0.2

0.4

0.6

0.8

1

α
 .
 γ

β
1.23

β

r1
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Figure 6. Asymptotic laws expressed as α · γ for the approxi-
mant Ap1HN Eq. 1, in the interval of 0 < β ≤ 1, and using
the sampling meshes r1 (triangles up), r2 (squares) and r2b (di-
amonds). Solid lines corresponds to the situations α · γ = β and
α · γ = β1.23 [41], respectively.

samplings. We should point out that, while adjusting
ψβ to Ap1HN, a progression from tail dominated,
(y ∼ m∗β, m < 1), to body dominated fit, (y ∼ βa, a >
1), will take place in product α ·γ(β), only if a proper
balance of weights, as well as finite windows effects,
are taken into account. Then a unique HN function
shall follow the asymptotic condition α ·γ = βd, with
d = 1. Otherwise, approximantAp1HN won’t work
properly for the whole 0 < β ≤ 2.

In Figure 7 all α · γ are shown for the sampling
steps r2 and rsl when considering the approximant
Ap2HN Eq. 2, in the whole interval 0 < β ≤ 2.
Subscripts numbers 1 and 2, stand for the first (up-
per panels) and second (lower panels) HNn(ω) terms
in each approximant. For the case of 0 < β ≤ 1, the
asymptotic constraints for rsl give (α ·γ)1,2 = β, while
for r2 the asymptotic law is (α ·γ)1,2 ∼ β. One can see
how functional proximity can be improved by adding
a new HN term [39, 19], compared with approximant
Ap1HN (see Figure 6). Again, we observe how the
expression of Alvarez et al [41] is a biased approx-
imation for converting from time to frequency do-
main, or vice-versa. In the case of 1 < β ≤ 2, the
products α1 · γ1 and α2 · γ2 well behave, despite of
their individual oscillations. One can see, that for
high frequency or tail dominated values (the rsl case)
it’s possible to use the Ap2HN approximant with
asymptotic laws as (α · γ)1 ≈ 2β and (α · γ)2 = β.
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Figure 7. Asymptotic laws expressed as α1 ·γ1 (upper panels) and α2 ·γ2 (lower panels) for the approximantAp2HN in the intervals
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side, solid lines represent the situations α · γ = β and α · γ = β1.23 [41], respectively. On the right side, the product α · γ = β stands
for the 1st HN term and α · γ = 2β for the 2nd HN term.

However, when low frequencies or body dominates
values are present (the r2 case) the constraints for α·γ
won’t be fulfilled and the asymptotic laws should fol-
low (α · γ)1,2 ∼ β

d.
So far, we have analyzed the local asymptotic be-

havior of our approximants as a function of α and
γ. This is more convenient regarding the use of τ1,2,
since such parameters will depend heavily on pow-
ers of α1,2 and γ1,2, thus the asymptotic constraints
will not be enough to draw clear information if a
good understanding of strengths and weaknesses of
global model is absent. In this sense, our expres-
sions can be employed for checking the consistency
of models dealing with real data. This is a useful and
quite unique tool, and in this sense, we put a step
forward for building a general, coherent and com-
pact model by providing a very exhaustive study of
the parameter space of both approximants. Despite
of choosing to present results on a general case with-
out relying on the underlying physics, the ability or
inability does not discount its use and further impli-
cations in other fields. However, these expressions
will help to provide physical insights into the relax-

ation phenomena and dynamical processes occurring
on simple and complex fluids. Work in progress is
oriented towards the global exploration of functional
forms’ sensibilities along the whole frequency range,
as well as the β parameter’s relation with respect to
thermodynamical conditions.
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[25] O. Russina, W. Schröer, A. Triolo, Mesoscopic structural
and dynamic organization in ionic liquids, J. Mol. Liq.
210 (2015) 161 – 163.

[26] A. Arbe, P. Malo de Molina, F. Alvarez, B. Frick,
J. Colmenero, Dielectric Susceptibility of Liquid Water:
Microscopic Insights from Coherent and Incoherent Neu-
tron Scattering, Phys. Rev. Lett. 117 (2016) 185501-1-5.

[27] J. C. Phillips, Stretched exponential relaxation in molec-
ular and electronic glasses, Rep. Prog. Phys. 59 (1996)
1133.

[28] A. A. Gurtovenko, Y. Y. Gotlib, Dynamics of inhomo-
geneous cross-linked polymers consisting of domains of
different sizes, J. Chem. Phys. 115 (2001) 6785–6793.

[29] P. G. Debenedetti, F. H. Stillinger, Supercooled liquids
and the glass transition, Nature 410 (2001) 259–267.

[30] B. Fierz, H. Satzger, C. Root, P. Gilch, W. Zinth,
T. Kiefhaber, Loop formation in unfolded polypeptide
chains on the picoseconds to microseconds time scale,
PNAS 104 (2007) 2163–2168.

[31] A. R. Dobrovolskis, J. L. Alvarellos, J. J. Lissauer, Life-
times of small bodies in planetocentric (or heliocentric)
orbits, Icarus 188 (2007) 481 – 505.

[32] S. Kuznetsova, G. Zauner, T. J. Aartsma, H. Engelkamp,
N. Hatzakis, A. E. Rowan, R. J. M. Nolte, P. C. M. Chris-
tianen, G. W. Canters, The enzyme mechanism of ni-
trite reductase studied at single-molecule level, PNAS 105
(2008) 3250–3255.

[33] M. T. Viciosa, G. Pires, J. J. M. Moura Ramos, Is the
Kohlrausch function a good tool to account for nonexpo-
nentiality in thermally stimulated depolarisation currents

10



/ Journal of Molecular Liquids 00 (2017) 1–?? 11

(TSDC) data treatment?, Chem. Phys. 359 (2009) 156 –
160.

[34] R. Kahlau, D. Kruk, T. Blochowicz, V. N. Novikov,
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Appendix A. {α, γ, τ, λ}(β) Relationships

Below, we provide the mathematical expressions
that describe the curves from Figures 3 and 5 as a
function of β, for both the stretched (β ≤ 1) and
squezeed (β > 1) instances. Each of the expressions
were designed to match the parameters curves with
a non-linear fitting procedure [57]. Corr. stands for
the corresponding correlation coefficient for each fit.
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Table A.1 βA exp [(∑3
s=1

as(1 − β)s) exp(−Mβd)] 1
A exp [(

∑3
s=1 as(1−β)s) exp(−Mβd)]

0 < β ≤ 1 (rsl)

α1 α2

A 1.68125 1
M 6.00482 2.14961
d 0.712224 0.580585
a1 -30.8645 0.56705
a2 75.8761 -2.83736
a3 -44.5841 2.97408

Corr. 0.999858 0.999997

γ1 γ2

A 1.6738 1.000
M 4.95993 2.49211
d 1.17881 0.651276
a1 -5.87091 0.585986
a2 13.4251 -2.92872
a3 -6.94891 3.0715

Corr. 0.997978 0.999256

Table A.2
∑2

s=1
{As(1 − β) + Bs(1 − β)2}
exp(−Msβ

0.2) + Cc
β3 + βd ∑7

s=1
bs(1 − β)s exp(−Mβd)

∑5
s=1

cs(1 − β)s

0 < β ≤ 1 (rsl)

log10 τ1

A1 -22.4446
B1 -6.64276
M1 -0.233028
A2 8231.54
B2 -7799.77
M2 5.59666
Cc -0.65664

Corr. 0.999984

τ2

d 2.96596
b1 4.54749
b2 -32.4329
b3 552.577
b4 -3159.47
b5 9513.52
b6 -13492.1
b7 7139.92

Corr. 0.998613

λ

M 4.14933
d 3.1579
c1 3.43714
c2 -12.6851
c3 35.8224
c4 -46.5211
c5 20.5172

Corr. 0.998905

Table A.3 β exp [(∑3
s=1

as(1 − β)s) exp(Mβd)] A
exp [(

∑3
s=1 as(1−β)s) exp(Mβd)]

0 < β ≤ 1 (r2)

α1 α2

M 3.6903 2.42224
d 1.4618 1.03791
a1 0.0190435 0.0962135
a2 0.0794805 0.193794
a3 0.572997 0.761107

Corr. 0.999950 0.999942

γ1 γ2

M 4.54457 3.4752
d 1.62482 1.47877
A 0.999202 1.00287
a1 0.0227205 0.0401981
a2 -0.055399 0.054449
a3 0.79403 1.29633

Corr. 0.998473 0.999654

Table A.4 βd ∑4
s=0

bs(1 − β)s
∑2

s=1
{As(1 − β) + Bs(1 − β)2}

exp(−Msβ
0.2)

exp[−M(1 − β)]
∑5

s=1
cs(1 − β)s

0 < β ≤ 1 (r2)

τ1

d 0.785731
b0 0.726519
b1 0.160075
b2 7.16583
b3 -14.5815
b4 8.47342

Corr. 0.997479

log10 τ2

A1 42.4745
B1 -49.3268
M1 3.65441
A2 66182.6
B2 -61430.8
M2 12.7917

Corr. 0.999987

λ

M 4.60773
c1 4.80377
c2 -12.6617
c3 78.3249
c4 -120.494
c5 89.8475

Corr. 0.996847
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Table A.5 1 + exp( −M
β−1+ε )

∑3
s=0

as(β − 1)s A + exp(M(β − 1)3)
∑4

s=1
bs(β − 1)s

1 < β ≤ 2 (r2)

α1 α2

M 0.116811 0.165105
a0 0.136577 -0.0645705
a1 -0.0269458 0.0697225
a2 -0.00692586 -0.0485374
a3 -0.00572689 0.0171122
ε 10−180

Corr. 0.999249 0.999926

γ1 γ2

A 1.90381 ≡1.000
M 2.25005 0.239754
b1 -4.09964 0.948757
b2 22.844 0.634155
b3 -29.9149 0.692054
b4 11.5881 -0.484575

Corr. 0.999956 0.999993

Table A.6 c0
√

(β − 1) +
∑4

s=1
cs(β − 1)s exp[−M(β − 1)]

∑3
s=1

ds(β − 1)s

1 < β ≤ 2 (r2)

− log10 τ1 − log10 τ2

c0 0.339472 0.27042
c1 0.27034 -0.1091
c2 0.0194173 0.977286
c3 0.26079 -0.884491
c4 -0.198826 0.303991

Corr. 0.999853 0.999961

λ

M 2.9177
d1 2.80567
d2 -3.18276
d3 4.6885

Corr. 0.998497

Table A.7 β
(1 + a1(β − 1)) A

(1+a1(β−1))

1 < β ≤ 2 (rsl)

α1 α2

a1 -0.127772 -0.00819886

Corr. 0.981962 0.994925

γ1 γ2

A 2 1
a1 -0.110735 -0.0102285

Corr. 0.833974 0.096606!

Table A.8 B + b0
√
β − 1 +

∑4
s=1

bs(β − 1)s exp[−M
√
β − 1]

∑3
s=1

cs(β − 1)s

1 < β ≤ 2 (rsl)

− log10 τ1 − log10 τ2

A -0.278737 0
b0 1.69465 0.165075
b1 -4.114 0.219429
b2 9.33908 1.33322
b3 -10.9942 -2.39982
b4 4.63626 1.20034

Corr. 0.996880 0.999016

λ

M -0.504694
c1 1.41581
c2 -1.49885
c3 0.572827

Corr. 0.998585
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