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En primeiro lugar agradecer ó azar a oportunidade de realizar esta tese, posto

que a estocasticidade parece estar presente na escolla de todos os camiños polos que

vai decorrendo esta vida.

En segundo lugar agradecer a dedicación e axuda dos meus directores Antonio
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calquera dúbida. Antonio o cal está máis presente no d́ıa a d́ıa, sendo de gran axuda
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Abstract

The research work developed in this thesis is mainly oriented to the mathematical

modelling of biological systems, the behaviour of which is inherently stochastic, as it

is the case of gene regulatory networks. Their relevance emerges from the fact that

all necessary information for life cycle is encoded in the DNA. Consequently, the

study of DNA expression, transcription into messenger RNA and translation into

proteins, together with their regulation becomes essential to predict cells response

to environmental signals.

The inherent stochastic nature of gene expression makes these systems to be far

away from the classical kinetic limit where the (macroscopic) deterministic methods

are valid. In modelling these systems, we need to employ microscopic methods which

incorporate the underlying stochastic behaviour. The Chemical Master Equation

(CME) remains at the basis for the modelling of these phenomena. However, a

closed form solution of the CME is unavailable in general, due to the large number

(eventually infinity) of coupled equations. A widespread technique to approximate

the CME solution is the Stochastic Simulation Algorithm (SSA), a computationally

involved Monte Carlo type method.

Although many numerical approximations emerge to reduce the complexity of

the CME, we will focus on the Partial Integro-Differential Equation (PIDE) or Fried-

man model, which represents a continuous approximation of the CME. For the one

dimensional version (self-regulation), the PIDE model has an analytic solution for

its steady state. This fact will allow us to characterize the regions in the space of

parameters in which the system changes its behaviour (unimodal, bimodal). Also

we have carried out an stability analysis by means of entropy methods.

Moreover, we obtain a multidimensional version of the Friedman model to handle
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more complex gene regulatory networks with more than one gene. The mathematical

properties of the corresponding equation will be exhaustively analyzed, also with

special emphasis on stability of the solution using entropy methods.

In addition, we propose two semi-Lagrangian methods for the numerical solution

of the multidimensional model. The first method results very efficient and scalable

to higher dimensions, as the numerical results illustrate, although in practice ex-

hibits first order convergence in time and space. Solutions provided by the proposed

method are compared with those obtained by SSA to assess efficiency, accuracy

and computational costs. For the second semi-Lagrangian method we develop the

theoretical numerical analysis, thus proving second order convergence in time and

space. This is clearly illustrated by a numerical example. However, the computa-

tional cost of this second approach results much higher, so that the scalability to

higher dimensions seems a difficult task.

All the numerical techniques have been implemented on a user friendly toolbox

(SELANSI) which is detailed in the Appendix.



Resumen

El trabajo de investigación se orienta al modelado matemático de sistemas biológi-

cos que debido a su naturaleza presentan un carácter estocástico, entre los que se

encuentran las redes de regulación genética. La importancia de estas radica en que

toda la información para las funciones vitales de los seres vivos está codificada en

el ADN. Por tanto, el estudio de la expresión del ADN, transcripción en ARN men-

sajero y traducción en protéınas, junto con su regulación, se convierte en esencial

para predecir las respuestas de las células a señales ambientales.

La estocasticidad de los sistemas de regulación genética les hace estar lejos del

clásico ĺımite cinético para el cual los métodos deterministas (macroscópicos) tienen

validez. En el modelado de estos sistemas surge la necesidad de emplear modelos

microscópicos que incorporen el carácter estocástico subyacente. La Chemical Master

Equation (CME) está en la base para el modelado de estos fenómenos. Sin embargo,

no es posible obtener una solución de las CME en la mayoŕıa de casos debido al

gran número, incluso infinito, de ecuaciones acopladas. Una de las técnicas más

extendidas para obtener esta solución es el empleo de métodos de Montecarlo, como

el Stochastic Simulation Algoritm (SSA), aunque es numéricamente costoso.

A pesar de la existencia de muchas aproximaciones para reducir la complejidad

de la CME, nos centramos en las ecuaciones integro-diferenciales parciales o mo-

delos de Friedman. Son una aproximación continua de las CME, que en su versión

unidimensional (autorregulación) tienen una solución anaĺıtica para el estado esta-

cionario. Este hecho nos permitirá caracterizar las regiones del espacio de parámetros

en las cuales el sistema cambia su comportamiento (unimodal, bimodal). Además,

hemos realizado un análisis de su estabilidad usando métodos de entroṕıa.

También se ha desarrollado una versión multidimensional del modelo de Fried-
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man para poder manejar redes de regulación genética más complejas con más de

un gen. Las propiedades matemáticas de este modelo serán analizadas en profundi-

dad, haciendo especial hincapié en la estabilidad de la solución usando métodos de

entroṕıa.

Además, se han propuesto dos métodos semi-Lagrangianos para la resolución

numérica del modelo multidimensional desarrollado. El primer método resulta ser

muy eficiente y escalable para dimensiones altas, como muestran los resultados

numéricos, a pesar de tener orden uno de convergencia en espacio y tiempo. Las

soluciones obtenidas con el método propuesto se comparan con aquellas obtenidas

usando el SSA para evaluar su eficiencia, precisión y costes computacionales. Para

el segundo método semi-Lagrangiano realizamos un análisis numérico teórico, pro-

bando orden de convergencia dos tanto en tiempo como en espacio. Esto se ilustrada

claramente en un ejemplo numérico. Sin embargo, el coste computacional de este se-

gundo método es mucho más alto, provocando que la escalabilidad para dimensiones

altas sea una tarea dif́ıcil.

Todas estas técnicas de resolución numérica han sido programadas e incluidas

en una herramienta informática de fácil uso (SELANSI), que se detallada en el

Apéndice.



Resumo

O traballo de investigación orientase ó modelado matemático de sistemas biolóxi-

cos que debido a súa natureza presentan un carácter estocástico, entre os que se

atopan as redes de regulación xenética. A importancia destas radica en que toda

a información para as funcións vitais dos seres vivos está codificada no ADN. Polo

tanto, o estudo da expresión do ADN, transcrición en ARN mensaxeiro e tradución

en protéınas, xunto coa súa regulación, convértese esencial para predicir as respostas

das células a sinais ambientais.

A estocasticidade dos sistemas de regulación xenética fainos estar lonxe do clási-

co ĺımite cinético para o cal os métodos deterministas (macroscópicos) teñen validez.

No modelado destes sistemas xurde a necesidade de empregar modelos microscópi-

cos que incorporen o carácter estocástico subxacente. A Chemical Master Equation

(CME) está na base para o modelado destes fenómenos. Sen embargo, non é posible

obter unha solución das CME na maioŕıa de casos debido ó gran número, incluso

infinito, de ecuacións acopladas. Unha das técnicas máis estendidas para obter esta

solución é o uso de métodos de Monte Carlo, como o Stochastic Simulation Algoritm

(SSA) áında que é numericamente custoso.

A pesar da existencia de moitas aproximacións para reducir a complexidade da

CME, centrámonos nas ecuacións integro-diferenciais parciais ou modelos de Fried-

man. Son unha aproximación continua das CME que na súa versión unidimensional

(autorregulación) teñen unha solución anaĺıtica para o estado estacionario. Este fei-

to permitiranos caracterizar as rexións no espazo de parámetros nas que o sistema

cambia o seu comportamento (unimodal, bimodal). Ademais levouse a cabo unha

análise da súa estabilidade usando métodos de entroṕıa.

Desenvolveuse unha versión multidimensional do modelo de Friedman para po-
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der manexar redes de regulación xenética máis complexas con máis dun xene. As

propiedades matemáticas deste modelo serán analizadas en profundidade, facendo

especial fincapé na estabilidade da solución usando métodos de entroṕıa.

Ademais, propuxéronse dous métodos semi-Lagranxianos para a resolución numéri-

ca do modelo multidimensional desenvolto. O primeiro método resulta ser moi efi-

ciente e escalable para dimensións altas, como mostran os resultados numéricos, a

pesares de ter orde un de converxencia en espazo e tempo. As solucións obtidas

co método proposto compáranse con aquelas obtidas usando o SSA para avaliar

a súa eficiencia, precisión e custes de computación. Para o segundo método semi-

Lagranxiano realizamos unha análise numérica teórica, probando orde dúas de con-

verxencia en tempo e espazo. Isto é claramente ilustrado nun exemplo numérico.

Sen embargo, o custe de computación deste segundo método é moito máis alto pro-

vocando que a escalabilidade para dimensións altas sexa unha tarefa dif́ıcil.

Todas estas técnicas de resolución numérica foron programadas e inclúıdas nunha

ferramenta informática de fácil uso (SELANSI), que é detallada no Apéndice.



Obxetivos

O obxectivo principal é o desenvolvemento de ferramentas que permitan predicir

eficientemente o comportamento de redes de regulación xenética que se pode detallar

en:

Desenvolvemento e validación contrastada con datos bibliográficos de modelos

detallados microscópicos e macroscópicos, que describan redes de expresión

xenética.

Desenvolvemento e validación de modelos microscópicos e métodos eficientes

de simulación como aproximacións das ecuacións mestras (Master Equations).

Utilización de ferramentas que permitan a resolución destas áında que sexan

de alto custe de computación como poden ser os algoritmos de simulación

estocástica para validación das novas metodolox́ıas.

Desenvolvemento de algoritmos que permitan determinar rexións de paráme-

tros nas que emerxan distribucións bimodais asociadas á cantidade de pro-

téınas expresadas por unha rede de regulación xenética.

Extensión de modelos existentes para redes dun único xene a casos de estudo

máis complexos que abranguen maior número de xenes.

Validación da metodolox́ıa numérica proposta sobre casos de estudo de redes

de regulación xenética representativas e relevantes.

Estudo matemático da estabilidade dos modelos e da converxencia das meto-

dolox́ıas numéricas propostas.
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Metodolox́ıa

Como punto de partida faise un estudo detallado das ecuacións mestras (Master

Equations) as que servirán de base para o desenvolvemento de metodolox́ıas para

o estudo do comportamento de redes de expresión xenética. Tamén se usan méto-

dos de simulación estocástica para obter solucións das ecuacións mestras e poder

validar as novas alternativas. Estudase a conexión das ecuacións mestras coas ecua-

cións integro-diferenciais parciais propostas para o modelado de redes de regulación

xenética dun só xene. En particular o que se pretende é estender estes modelos a

redes máis complexas nas que haxa máis dun xene. Grazas a existencia de solución

anaĺıtica para o estado estacionario das ecuacións integro-diferenciais parciais, no

caso dun xene, pódense caracterizar os distintos comportamentos posibles. Aśı mes-

mo, úsanse métodos semi-Lagranxianos para a resolución numérica destas ecuacións

obtendo a evolución temporal das solucións das mesmas. Tanto o modelo obtido

como o método numérico son comparados con solucións das ecuacións mestras de

referencia, para a súa validación. Axudándonos de técnicas de entroṕıa faise un-

ha análise matemática da converxencia cara o equilibrio da solución dos modelos

integro-diferenciais parciais.
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Resultados

O resultado último da tese foi a elaboración dunha ferramenta de software, SE-

LANSI, que está dispoñible para calquera usuario que permite a simulación numérica

de redes xerais de regulación xenética.

Sen embargo, foron diversos os resultados obtidos previamente, tomando como

referencia as ecuacións mestras e a súa resolución mediante o emprego de algorit-

mos de simulación numérica custosos, probamos a validez do modelo de ecuacións

integro-diferenciais parciais proposto por Friedman [36] para redes xenéticas de auto

regulación onde as protéınas son producidas en saltos, o cal serve de base para:

Obter un método para caracterizar as rexións no espazo de parámetros para os

cales emerxan comportamentos ben diferenciados de interese (distribucións de

protéınas con unha ou dúas modas). Probamos que os distribucións bimodais

se dan para calquera rango de parámetros sempre e cando a taxa de produción

basal se atope por baixo dun limiar, mentres que por encima deste desaparece

este comportamento para os tamaños de salto máis baixos.

Comparar os mundos microscópicos e macroscópicos, apreciando e detectan-

do as diferenzas que hai entre ambas formulacións, onde atopamos que para

frecuencias de saltos máis grandes ambas descricións están máis próximas.

Estender dito modelo con éxito para redes de regulación xenética complexas

de máis dun xene, nas que calquera protéına expresada (incluso todas) poden

unirse ó promotor de calquera xene para activalo ou reprimilo.

Para obter as solucións dinámicas dos modelos de tipo Friedman existentes ou

estendidos utilizamos dous método semi-Lagranxianos. O primeiro de orde un de
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converxencia que resulta ser moi eficiente na comparativa coa simulación estocástica,

e que é o programado en SELANSI. O segundo cuxa converxencia orde de orde se

proba mediante análise matemático e se ilustra numericamente nalgún exemplo. Sen

embargo, a seu custe de computación é elevado en comparación co primeiro método.

Finamente, tamén fixemos unha análise matemática da converxencia das solu-

cións dos modelos tipo Friedman cara a solución para os respectivos modelos esta-

cionarios. Probamos que a converxencia é de tipo exponencial para o caso de redes

dun xene auto regulado, mentres que para o caso multidimensional esta converxencia

exponencial foi observada numericamente.
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Esta tese de doutoramento está orientada ó modelado e análise de redes de

regulación xenética. Este tipo de sistemas ten un inherentemente comportamento

estocástico, o que fai necesario o emprego de modelos que recollan esta caracteŕıstica.

A relevancia da redes de expresión xenética radica no feito de que toda a información

necesaria para o ciclo da vida está codificado no ADN. Como consecuencia, o estudo

da expresión do ADN, que se resume na transcrición en ARN mensaxeiro e tradución

en protéınas, xunto co mecanismo de regulación asociado a este proceso, é esencial

para predicir a resposta de células e organismos a sinais ambientais. Para modelar

este tipo de sistemas biolóxicos imos asumir que a tradución do ADN en protéınas

se produce seguindo o Dogma Central da Biolox́ıa Molecular, proposto por Crick

[23].

Demostrouse que sistemas de regulación relativamente sinxelos poden levar a un

comportamento emerxente complexo, como é o caso de dous xenes que se reprimen

mutuamente (ou mesmo un único xene auto regulado) producindo distribucións

bimodais asociadas a un comportamento que se alterna entre dous estados máis

frecuentes [38]. Isto fai que os modelos matemáticos sexan imprescindibles para

comprender e predicir as propiedades emerxentes derivadas da interacción entre

diferentes eventos na regulación xenética [65] inclúındo os efectos das interaccións

internas, os sinais externos, as taxas de degradación variables ou a iteración cruzada

con outras redes. Ademais, o número de moléculas implicadas nas redes de regulación

xenética é pequeno, polo que as interaccións qúımicas subxacentes están lonxe do

ĺımite macroscópico clásico [43, 64]. Isto fai que a expresión xénica sexa un proceso

inherentemente estocástico [16, 32, 61, 80, 103].

Na base do modelado das dinámicas de redes de reaccións atópanse as ecua-

cións mestras (no inglés chemical master equation (CME)) [64, 79, 104, 119], sendo

os métodos que incorporan o carácter estocástico subxacente. É común derivar as

ecuacións mestras a partir das máis clásicas ecuación de Chapman-Kolmogorov para

procesos de Markov [37, 117, 139]. En esencia a diferencia entre as primeiras e as

segundas radica en que as ecuacións mestras son a forma diferencial das ecuacións

de Chapman-Kolmogorov e ademais carecen sempre de memoria, isto é verifican a

propiedade de Markov. O que significa que o presente é o único tempo importante

para predicir o futuro independente do pasado. Unha dedución alternativa baixo un

punto de vista micro-f́ısico pódese atopar no traballo de Gillespie [40].
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A pesares de que as ecuacións mestras son o modelo máis axeitado para a mode-

laxe de circúıtos xenéticos, unha expresión para a súa solución non sempre é posible,

non estando dispoñible para a maioŕıa de casos de interese debido a o gran número

(incluso infinito) de ecuacións acopladas. Co paso dos anos, propuxéronse numerosas

aproximacións numéricas destas ecuacións mestras con diversos rangos de aplicabi-

lidade e eficacia [12, 116].

O algoritmo de simulación estocástica (en inglés Stochastic Simulation Algorithm

(SSA)) proposto por Gillespie [39] quizais sexa a ferramenta máis empregada para

obter a solución das ecuacións mestras . Este método permı́tenos reconstrúır as

funcións de distribucións de probabilidade dos sistemas que se estudan, mediante a

realización dun gran número de simulacións estocásticas dos sistemas usando un tipo

particular de simulacións de Monte Carlo. A pesares de ser aplicable para calquera

tipo de sistema o custe de computación asociado é moi alto, convertendo este método

en prohibitivo nalgúns casos.

Outras alternativas para aproximar as ecuacións mestras son os métodos de pro-

xección finita [88] ou os métodos dos momentos [33, 50, 71] . Os primeiros seguen

tendo un alto coste de computación, xa que considerando só os estados máis proba-

bles reducen o dominio de resolución das ecuacións mestras, pero este segue sendo

grande para conservar a exactitude. Mentres que os segundos reducen o número de

variables de estado calculando só os momentos máis representativos das distribu-

cións eficientemente. Este tipo de métodos seŕıas os axeitados para situacións nas

que o interese está focalizado nalgúns dos momentos particularmente relevantes da

distribución e non tanto na forma precisa das mesmas [33]. Non obstante, a apli-

cabilidade destes modelos para sistemas con cinéticas non lineais ou distribucións

multi-modais non está garantida [46, 50].

Ecuacións de tipo Fokker-Planck obtidas mediante numerosas técnicas tamén

foron amplamente usadas para aproximar as ecuacións mestras. Entre elas destacan

as expansións de Kramers-Moyal [66, 87], as ecuacións de Langevin [41, 48] ou as

expansións no tamaño do sistema de Van Kampen [138, 139]. Estas formulacións

tamén reciben o nome de aproximacións lineais do rúıdo (en inglés Linear Noise

Approximations (LNA)) [131, 142]. A referencia [142] menciona que estas aproxi-

macións son válidas por un peŕıodo de tempo limitado para sistemas que non son

suficientemente grandes, mentres que a referencia [131] cuestiona a súa fiabilidade
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para sistemas de expresión xénica xa que implican un pequeno número de moléculas.

Os métodos mencionados anteriormente combináronse para producir os chama-

dos modelos h́ıbridos co obxectivo de aproximar as diferentes partes das ecuacións

mestras en función de se as especies participan con números de copias elevados ou

baixos [50, 57, 83]. Modelos cun custe de computación máis baixo, como as apro-

ximacións deterministas, empréganse para describir as dinámicas das especies con

altos números de copias, mentres que os modelos precisos (e, polo tanto, custosos)

están reservados para especies con pequenas cantidades de part́ıculas. Desafortuna-

damente, o espectro de posibles aplicacións está restrinxido ó rango de validez dos

modelos considerados.

Para redes de regulación xenética con un único xene, nas cales a produción de

protéınas é en saltos, os obstáculos para a resolución das ecuacións mestras poden

ser eludidos usando unha aproximación de tipo ecuación integro-diferencial parcial

(en inglés partial integral differential equation (PIDE)) primeiramente proposta por

Friedman e colaboradores en [36]. Este modelo será a base da maior parte do traballo

desenvolto nesta tese. Cabe destacar que o modelo de Friedman pode ser deducido

como a forma continua das ecuacións mestras asociadas a un proceso con saltos,

reproducindo as dinámicas das funcións de distribución das protéınas. É importante

destacar que para o estado estacionario do modelo de Friedman existe unha solución

anaĺıtica, a partir da cal se pode facer unha rigorosa análise para obter información

sobre a forma das distribucións.

Tal e como se pode ver na literatura [36, 59, 92, 118], a validez destas aproxima-

cións esténdese a redes xenéticas nas que as protéınas se producen en saltos episódi-

cos pero non para producións constitutivas. Este escenario require que a degradación

do RNA mensaxeiro sexa moito máis rápida que a degradación das protéınas, ou

o que é o mesmo que a vida do RNA sexa moito menor que a das protéınas. Este

comportamento resulta ser frecuente no caso de moitos organismos tanto procariotas

como eucariotas [26, 118]. Evidencias experimentais desta produción en saltos foi

reportada en [16, 22, 108, 118, 143], entre outros. Un estudo recente mostra que os

saltos episódicos son frecuentes ó longo do xenoma humano [26]. En redes complexas

de regulación cruzada, como as que se atoparon nas células nai [27, 106] a produción

de protéınas en saltos foi identificada como a principal causa de heteroxeneidade

[120].
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Descricións deterministas baseadas en sistemas ecuacións diferenciais ordinarias,

empregáronse previamente para identificar as rexións no espazo de parámetros que

exhiben respostas biestables para esa clase de redes (por exemplo, [79]). Tal com-

portamento podeŕıa entenderse como a comportamento determinista que se corres-

pondeŕıa coas transicións entre dous estados (distribucións bimodais) nos sistemas

estocásticos (ver, por exemplo, [86]). Non obstante, pódense atopar diversidade de

casos nos que unha distribución bimodal ou binaria asociada ao sistema estocástico

se corresponda con unha resposta monoestable do modelo determinista.

Para facer uso do modelo de Friedman [36], primeiro describimos o sistema

xenético para o que se aplica. Consideramos un sistema de auto regulación xenética,

isto é, a protéına producida trala expresión do xene únese ó promotor deste para

ben activalo ou reprimilo, feito que se denomina co nome de mecanismo de retroali-

mentación. Este pode ser positivo ou negativo dependendo de se a protéına activa

ou reprime o xene que a expresa, respectivamente. Ademais, ó feito de que sexan

necesarias máis dunha protéına para activar ou reprimir un xene denomı́nase como

cooperatividade. Todo o sistema de retroalimentación é normalmente modelado me-

diante o uso de funcións de tipo Hill. Con este tipo de expresións pódese representar

de maneira precisa as probabilidades de que o xene se atope activo ou reprimido.

Deste xeito incorpórase ó modelo de Friedman tanto a produción de protéınas desde

o estado activo como desde o inactivo, denominada expresión basal ou leakage, que

se produce a unha taxa inferior [36, 92]. Ademais das funcións Hill, o modelo de

Friedman tamén inclúe unha función exponencial que incorpora a produción das

protéınas en saltos. Sendo dous parámetros do modelo os relacionados cos saltos, a

e b que representan a frecuencia e o tamaño destes, respectivamente.

Grazas a que o modelo de Friedman ten unha solución para o estado estacio-

nario, podemos estudar nun contexto estocástico todo o posible rango de réximes

dinámicos que poden emerxer. Para este propósito, desenvolvemos un método que

relaciona o comportamento estocástico cos parámetros da rede. O método computa

as rexións no espazo de parámetros cos que emerxen distribucións estacionais bimo-

dais ou binarias, entendendo que estas distribucións corresponden a dinámicas de

transición entre dous estados máis frecuentes. Nótese que as distribucións binarias

implican transicións da ausencia á presenza de protéına, mentres que a bimodali-

dade reflicte as transicións entre diferentes niveis positivos de protéına. Ambos os
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réximes son opostos ós asociados a distribucións monoestables que permiten que un

só estado sexa o máis visitado. Todo isto tamén nos serviu para identificar as rexións

onde tanto o sistema estocástico como o determinista presentan un mesmo compor-

tamento. Deste xeito atopamos que sempre que a frecuencia dos saltos é grande as

diferenzas entre ambas representacións diminúen.

Relativo a algunhas preguntas relativas a bimodalidade [55, 79, 92], descubri-

mos que é un fenómeno que sempre se presenta nas redes cooperativas de expresión

xenética baixo retroalimentación positiva. De feito, está presente para calquera inter-

valo de constantes de velocidade de transcrición e tradución, sempre que a expresión

basal permaneza por debaixo dun ĺımite cŕıtico. Por enriba deste limiar, a rexión no

espazo de parámetros na que se producen dinámicas de transición persiste, áında que

se reduce a baixa taxa de transcrición e altas taxas de tradución. Cabe destacar que

ese limiar é independente das taxas de transcrición e tradución ou a proporción na

que o xene se atopa activo ou inactivo, dependendo só do nivel de cooperatividade

(é dicir, o número de sitios de unión no promotor do xene).

Recentemente, os autores de [59] fan uso do modelo de Friedman para analizar

o efecto de variacións e mutacións no número de copias dun xene nas distribucións

estacionarias das protéınas expresadas. O modelo de Friedman foi estendido primei-

ramente por Bokes e Singh [11] para redes de auto regulación con sitios de secuestro

[72] de protéınas alleos ós do promotor do xene. Neste tipo de rede a protéına po-

de estar en dous estados diferenciados libre ou unida ós sitios de secuestro, o que

se traduce en taxas de degradación variables para a protéına (funcións da propia

protéına que serán incorporaras na estrutura do modelo de Friedman).

Debido a que os anteriores modelos de tipo Friedman só son aplicables a redes

de regulación xenética nas que non pode haber iteracións entre máis de unha pro-

téına, xurde a pregunta de se este modelo se podeŕıa utilizar para redes máis xerais.

Deste xeito, asumindo unha condición de salto para a produción das protéınas, pro-

poñemos e analizamos a aplicabilidade da formulación multidimensional do modelo

de Friedman como a forma continua dunha ecuación mestra para procesos con sal-

tos. Aśı, o modelo estendido non só describe a expresión xenética de autorregulación

para cada tipo de degradación de protéına, senón que tamén representa a dinámica

das redes de expresión xenética de regulación cruzada con máis dunha protéına im-

plicada. É importante subliñar que o modelo manexa redes con xenes que poden ser
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regulados por diferentes especies de factores de transcrición. Refeŕımonos a tal ex-

tensión do modelo desenvolvido por Friedman et al. [36] como modelo xeneralizado

de Friedman (ou ecuación integro-diferencial parcial multidimensional). En xeral,

non se poden obter solucións anaĺıticas para o estado estacionario desta extensión,

facendo necesario o emprego dun método numérico para a resolución do modelo

xeneralizado de Friedman.

O modelo ponse como un problema de valor inicial asociado a un sistema de ecua-

cións integro-diferenciais parciais, o cal é satisfeito pola distribución de probabilidade

de protéınas que é dependente do tempo. Ditas ecuacións constan dunha derivada

temporal da solución e outro que inclúe só derivadas de primeira orde da solución

igualados a un termo integral. Propoñemos un método numérico semi-Lagranxiano

para discretizar a parte diferencial do modelo, combinada cunha fórmula composta

de cuadratura trapezoidal para aproximar o termo integral. Ademais, dentro do ter-

mo integral consideramos a distribución de probabilidade no paso temporal anterior

(é dicir, expĺıcito na discretización do tempo) para obter unha solución directa do

problema discretizado en lugar dun sistema lineal cunha matriz completa.

Os esquemas semi-Lagranxianos tamén son coñecidos como métodos das carac-

teŕısticas foron principalmente introducidos por Pironneau [107], Douglas e Russell

[29] e Bercovier, Pironneau e Sastri [5] para a solución numérica dos chamados pro-

blemas de advección-difusión-reacción. Onde a advección domina sobre os termos

de difusión, sendo casos para os que os esquemas de discretización clásicos exhiben

falsas oscilacións. Os termos de advección correspóndense cos que inclúen as deri-

vadas de primeira orde da solución con respecto ás variables espaciais, mentres que

os termos de difusión son os que se corresponden con aqueles que conteñen as de-

rivadas espaciais de segunda orde. Máis recentemente Calvo e Vázquez [19, 20], no

marco de aplicacións financeiras, cando os factores estocásticos subxacentes seguen

modelos de salto-difusión, empregan un método semi-Lagranxiano combinado con

integración numérica para resolver modelos de ecuacións integro-diferenciais parciais

de segunda orde.

Debemos salientar que o modelo xeneralizado de Friedman que propoñemos

só contén derivadas de primeira orde con respecto ás variables asociadas á concen-

tración de protéınas (que se corresponden coas derivadas espaciais neste este tipo de

modelos de redes de regulación xenética). Polo tanto non hai termo de difusión o se
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pode entender como un caso extremo de advección que domina a difusión. Esta é a

principal razón para usar un método semi-Lagranxiano que, nos casos nos que non

hai difusión e o termo integral é tratado de forma expĺıcita en tempo, condúcenos

a unha discretización completa do problema que se pode resolver en cada paso do

tempo de forma directa.

Para validar a precisión dos resultados proporcionados polo método semi-Lagran-

xiano, estes son comparados cos obtidos mediante o algoritmo de simulación es-

tocástica de Gillespie. A comparación das dúas alternativas en termos de tempo

de cálculo mostra a eficacia do método semi-Lagranxiano para resolver o modelo

xeneralizado que propoñemos.

Ademais, introduciremos un segundo método semi-Lagranxiano, que se denomi-

nará como semi-Lagranxiano -Runge Kutta, para o cal desenvolvemos unha rigorosa

análise numérica para obter unha converxencia de orde dúas en tempo e espazo. Co-

mo se ilustra tamén nos exemplos abordados, esta alternativa vólvese máis cara desde

o punto de vista do custe de computación e especialmente en maior dimensión xa que

aumentaŕıan os puntos da malla. A pesar disto temos unha precisión moito mellor

para este segundo método á hora de comparar ambos métodos semi-Lagranxianos

coa mesma malla de tempo e espazo.

Cabe destacar que o primeiro método semi-Lagranxiano foi inclúıdo nunha ferra-

menta informática de software chamada SELANSI (do inglés SEmi-LAgrangian SI-

mulation of GRNs), para a simulación de redes de regulación xenéticas multidimen-

sionais estocásticas. SELANSI explota propiedades estruturais intŕınsecas das redes

de regulación xenética (como por exemplo a produción en saltos das protéınas), para

aproximar con precisión a ecuación mestra que se corresponde co modelo xeneraliza-

do de Friedman o cal se resolve utilizando o método numérico semi-Lagraniano con

alta eficiencia. Esta ferramenta ofrece total flexibilidade no tocante á topolox́ıa das

redes, as cinéticas e as parametrizacións, aśı como na escolla das opcións de simula-

ción (mallas no espazo das protéınas e temporais). A ferramenta informática SELAN-

SI atópase dispoñible na páxina web https://sites.google.com/view/selansi

baixo licenza GPLv3.

Por outro lado abordamos o estudo da estabilidade dos modelos de Friedman

usando métodos de entroṕıa [15, 21, 85]. Para redes xenéticas de auto regulación

https://sites.google.com/view/selansi
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probamos que o modelo de Friedman converxe con velocidade exponencial cara

ó equilibrio, feito que tamén é visible nos exemplos numéricos que se mostran. A

maiores, a conservación desta propiedade foi probada mediante simulación numérica

con éxito para o modelo xeneralizado proposto para circúıtos xenéticos de máis dun

xene. Este análise podeŕıa ser de interese para a aplicación de técnicas de control

sobre este tipo de sistemas.

Os resultados presentados nesta tese foron discutidos parcialmente nos nosos

traballos [3, 17, 96, 97, 98, 99, 100]. A tese está dividida en tres partes diferentes,

as cales se describen a continuación:

A parte I comprende os caṕıtulos 1 e 2, que resumen os coñecementos previos

na descrición e modelaxe das redes de regulación xenética. Mentres que no primeiro

caṕıtulo describimos a estrutura dos circúıtos xenéticos baixo estudo, no segundo

introducimos brevemente a ecuación mestra aśı como algúns dos modelos utilizados

para aproximar a súa solución.

A parte II da tese inclúe dende o caṕıtulo 3 ata o 5, e aborda o noso progreso

na análise matemática do modelo de Friedman para as redes xenéticas auto regu-

ladas. No caṕıtulo 3 obtemos a solución anaĺıtica do modelo de ecuacións integro-

diferenciais parciais que se usa para constrúır un método que calcula as rexións no

espazo de parámetros que conducen á obtención de distribucións estacionarias bi-

modais ou binarias. As formas destas rexións, que dependen dun parámetro cŕıtico

de expresión basal, son presentadas no caṕıtulo 4. Tamén realizamos unha compa-

ración entre o modelo determinista e o estocástico ao final deste caṕıtulo. Ademais,

probaremos que a solución do modelo de Friedman ten unha taxa de converxencia

exponencial cara ó estado estacionario no caṕıtulo 5.

A parte III, que contén os caṕıtulos 6, 7 e 8, céntrase principalmente no modelo

xeneralizado de Friedman. Esta versión multidimensional do modelo de ecuacións

integro-diferenciais parciais deŕıvase no caṕıtulo 6, que tamén inclúe o seu estudo

de estabilidade. O primeiro método semi-Lagranxiano utilizado para a resolución

numérica de dito modelo xeneralizado de Friedman, descŕıbese no caṕıtulo 7, in-

clúındo diferentes aplicacións entre as que están unha rede dun só xene auto regula-

da e redes xenéticas de dúas protéınas con regulación mutua con retroalimentación

positiva e negativa. No caṕıtulo 8 presentamos o método semi-Lagranxiano Runge-
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Kutta, xunto cunha rigorosa análise numérica para obter a converxencia de orde

dúas en tempo e espazo.

A continuación, as aplicacións da metodolox́ıa descrita anteriormente aparecen

na parte IV, a cal está composta polo caṕıtulo 9. Na primeira sección do caṕıtulo

presentamos a ferramenta de software SELANSI para resolver o modelo de Friedman

para un circúıto de expresión xenética xeral cunha taxa de degradación constante de

protéınas, usando o método numérico semi-Lagranxiano que se discute no caṕıtulo

7. Doutra banda, na segunda sección mostramos a aplicabilidade destes modelos e

método numérico para superar o estudo dun sistema ComK-ComS que incorpora

taxas de degradación variables para as protéınas.

Por último, o manual para a utilización da ferramenta informática constrúıda,

foi inclúıdo nun apéndice ó final da tese.
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This thesis is oriented at mathematical modelling of Gene Regulatory Networks

(GRNs), the behaviour of which is inherently stochastic. Their relevance emerges

from the fact that all necessary information for life cycle is encoded in the DNA.

Consequently, the study of DNA expression, transcription into messenger RNA and

translation into proteins, together with their regulation becomes essential to predict

cells response to environmental signals.

The chemical master equation (CME) is at the basis of dynamic reaction net-

work modelling [64, 79, 104, 119] as the method which incorporates the underlying

stochastic behaviour. However, the CME solution cannot be obtained in most cases,

due to the large (even infinite) number of coupled equations. Although computa-

tionally very involved, extensive stochastic simulations via SSA [39] are typically

the approach adopted to reproduce the CME dynamics. Alternatives are CME ap-

proximations, such as, moment methods [33], finite state projection [88] or hybrid

models [57]. Unfortunately, those methods are only able to approximate the CME

solution in quite particular situations.

Under protein production in bursts for gene self regulatory networks, the ob-

stacles to the solution of the CME can be overcome by the 1D partial integral

differential equation (PIDE) model proposed by [36]. Proteins being produced in

episodic bursts occurs whenever messenger RNA degrades faster than proteins what

is the case in many prokaryotic and eukaryotic organisms [26, 118]. For this cases,

the PIDE model can be deduced as the continuous counterpart of one CME with

jump processes reproducing the dynamics of one protein distribution. Importantly,

for the steady state of the Friedman model there are amenable analytical solutions

for analysis.

Deterministic descriptions based on ODE (ordinary differential equation) sys-

tems have been previously employed to identify the regions in the parameters space

exhibiting bistable responses for such class of networks (e.g. [79]). Such behaviour

could be understood as the deterministic counterpart of transitional dynamics in

stochastic systems (see for instance [86]). However, one can find many instances

in which a bimodal/binary stationary distribution associated with the stochastic

system will correspond to a monostable deterministic counterpart.

Using the Friedman model [36], we examine in a stochastic context all possi-
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ble dynamical regimes that can be sustained by this structure. For this purpose,

a method that relates stochastic behaviour to network parameters is here devel-

oped. The method computes the regions in the parameters space that lead to bi-

modal/binary stationary distributions, in the understanding that such distributions

correspond to transitional dynamics switching between the two most frequent states.

Note that binary distributions imply transitions from absence to presence of protein,

while bimodality reflects transitions between different protein levels. Both regimes

oppose to graded distributions which allow just one state to be the most frequently

visited.

Concerning some recently addressed questions on bimodality [55, 79, 92], we

found out that it is an ubiquitous phenomena in cooperative gene expression net-

works under positive feedback. In fact, it is present for any range of transcription and

translation rate constants, provided that leakage remains below a critical threshold.

Above such threshold, the region in the parameters space which sustains transitional

dynamics persists, although withdrawn to low transcription and high translation rate

constants. Remarkably, such threshold is independent of the transcription/transla-

tion rates or the proportion of active/inactive promoter and depends only on the

level of cooperativity (i.e. number of binding sites in the promoter).

The field of synthetic biology may benefit from the knowledge of the relationships

between network parameters and dynamics. Understanding the stochastic dynamics

may guide the development of methods for noise reduction or help to overcome

the inherent uncertainty about the values of the parameters (see for instance the

pioneering work in [31]). Together with the design of the appropriate RNAses or

proteases to modulate network function [120, 127], those questions remain among

the most critical obstacles found in practical applications, such as the construction

of genetic biosensors (e.g. [95]).

Recently, authors in [59] made use of the Friedman model to analyse the effect

of variations and mutations in gene copy number or strength on stationary protein

distributions. The PIDE approximation was firstly extended by Bokes and Singh

[11] to self regulatory gene networks with decoy sites [72], where the protein can be

either free or bound to the sites, and degradation is protein dependent.

Under a burst condition, we propose and test a multidimensional PIDE model as
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the continuous counterpart of a CME with jump process. The extended model not

only describes self regulatory gene expression for every protein degradation type,

but also represents the dynamics of cross regulation gene expression networks with

more than one protein involved. Importantly, the model handles networks with

genes that can be regulated by different transcription factor species. We refer to

such extension of the model developed by Friedman et al. [36] as the generalized

Friedman (or multidimensional PIDE) model. Analytical solutions for the stationary

state of this extension cannot be obtained in general, making necessary to employ

a numerical method.

The model is posed as an initial value problem associated to a system of PIDE,

which is satisfied by the time dependent probability distribution. We propose a

semi-Lagrangian numerical method to discretize the differential part of the PIDE,

combined with a composed trapezoidal quadrature formula to approximate the in-

tegral term. Moreover, inside the integral term we consider the probability distribu-

tion in the previous time step (i.e. explicit in time discretization) in order to obtain

a direct solution of the discretized problem instead of a linear system with a full

matrix.

Semi-Lagrangian schemes (also know as methods of characteristics) were mainly

introduced by Pironneau [107], Douglas and Russell [29] and Bercovier, Pironneau

and Sastri [5] for the numerical solution of the so called advection-diffusion-reaction

problems with advection dominating diffusion terms, in which case the classical

discretization schemes exhibit spurious oscillations. The advection term corresponds

to the one including first order derivatives of the solution with respect to spatial like

variables, while the diffusion term corresponds to the one containing second order

spatial derivatives. More recently in Calvo and Vázquez [19, 20], in the framework

of financial applications, when underlying stochastic factors follow jump-diffusion

models, a semi-Lagrangian method is combined with numerical integration to solve

second order PIDE models. Note that the generalized PIDE model we propose

here only contains first order derivatives with respect to the protein concentration

variables (there is no diffusion term) so that it can be understood as an extreme case

of advection dominating diffusion. This is the main reason to use a semi-Lagrangian

method that, in the case of no diffusion and when the integral term is treated as

explicit in time, leads to a fully discretized problem that can be solved at each time
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step in a straightforward manner.

In order to validate the accuracy of the results provided by the semi-Lagrangian

method, we compare them with the ones obtained by a SSA simulation technique.

The comparison of both alternatives in terms of computational times shows the ef-

ficiency of the semi-Lagrangian method to solve the generalized model we propose.

Moreover, we introduce a second semi-Lagrangian method, which is going to be de-

noted as semi-Lagrangian-Runge Kutta, for which we develop the rigorous numerical

analysis to obtain second order convergence in time and space. As also illustrated

in the addressed examples, this alternative becomes more expensive from the com-

putational point of view specially in higher dimension, although we get much better

accuracy when comparing both semi-Lagrangian methods with the same time and

space meshes.

The semi-Lagrangian numerical method has been implemented in a software

toolbox, called SELANSI (SEmi-LAgrangian SImulation of GRNs), for the simu-

lation of stochastic multidimensional gene regulatory networks. SELANSI exploits

intrinsic structural properties of GRNs to accurately approximate the corresponding

CME with the generalized PIDE model, which is solved using the semi-Lagrangian

numerical method with high efficiency. The tool offers total flexibility regarding

network topology, kinetics and parameterization, as well as simulation options. The

SELANSI toolbox is available in the webpage https://sites.google.com/view/

selansi under GPLv3 license.

The stability of the Friedman equation is addressed using entropy methods

[15, 21, 85]. For the PIDE model for self regulation networks we prove that con-

verges exponentially fast to equilibrium, providing also numerical examples of this

fact. Moreover, the conservation of this property has been successfully tested, via

numerical simulation, for the generalized Friedman model for gene circuits involving

more than one gene.

The results presented in this thesis have been partially discussed in our works

[3, 17, 96, 97, 98, 99, 100]. The thesis is structured in three different parts:

Part I comprises Chapters 1 and 2 summarising prior knowledge in the descrip-

tion and modelling of GRNs. While in the first chapter we describe the structure

of the genetic circuits under study, in the second one we briefly introduce the CME

https://sites.google.com/view/selansi
https://sites.google.com/view/selansi
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and some of the models used to approximate its solution.

Part II of the thesis includes Chapters 3 to 5 and addresses our advances in

the mathematical analysis of the PIDE model for self regulated gene networks. In

Chapter 3 we obtain the analytical solution of the PIDE model which is used to

construct a method to compute the regions in the parameters space that lead to

bimodal/binary stationary distributions. The shapes of these regions, depending on

a critical leakage parameter, are presented in Chapter 4. A comparison between

deterministic and stochastic models has been also made at the end of this chapter.

Additionally, we prove that the solution of the Friedman model converges exponen-

tially fast towards equilibrium in the Chapter 5.

Part III containing Chapters 6 to 8 is mainly focused in the generalized Fried-

man model. This multidimensional version of the PIDE model is derived in Chapter

6, where its stability study is also included. A first semi-Lagrangian method to

numerically solve the resulting multidimensional PIDE is described in Chapter 7,

including applications involving a single self regulated network and two-proteins

cross-regulated networks with positive and negative feedbacks. In Chapter 8 we

present the semi-Lagrangian-Runge Kutta method together with a rigorous numer-

ical analysis to obtain second order convergence in time and space.

Finally, applications of the previously described methodology are shown in Part

IV, which is composed of Chapter 9. In the first Section of the chapter we present

the SELANSI toolbox, to solve the Friedman model for a general gene expression

circuit with constant protein degradation rate, using the semi-Lagrangian numerical

method discussed in Chapter 7. On the other hand, in the second section we show

the applicability of these model and numerical method to overcome the study of a

ComK-ComS system which incorporates variable degradation rates for proteins.
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Chapter 1

Gene Regulatory Networks

In this chapter we introduce Gene Regulatory Networks (GRNs) discussing their

intrinsic stochastic behaviour. Their modelling, ranging from the more classical

deterministic (macroscopic) models to the stochastic (microscopic) ones is addressed

in the following chapter. We incorporate in Section 1.1 a wide description of the

genetic circuits, which are going to be studied in this thesis. We also incorporate a

discussion about modelling of the feedback mechanisms in GRN using Hill equations.

We make special emphasis on the importance of modelling biological systems,

and in special the genetic circuits. As mentioned by Ideker et al. [56] model or-

ganisms are the Rosetta stones for deciphering biological systems and the biology

is an informational science. In line with this second statement they mention that

biological systems are fundamentally composed of two types of information, genes

and networks of regulatory interactions. The firsts ones encoding the molecular ma-

chines that execute the functions of life, and the seconds ones specifying how genes

are expressed. See for instance [101, 123] for a more biological/chemical description

of the machinery involved in gene expression together with different gene structures

and its functions.

Gene regulatory networks control the temporal patterns of gene-product expres-

sion levels to regulate specific cell functions [62]. Understanding the dynamics of

gene regulation has important implications in development, cell response to envi-

ronmental signals, phenotypic diversity or evolutionary adaptation [140].

23
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It has been shown how relatively simple regulatory motifs can lead to a complex

emergent behaviour, as it is the case for two mutual repressing genes (or even a sin-

gle self-regulated gene) producing bimodal distributions associated to toggle switch

behaviour [38]. This makes mathematical models essential to comprehend and pre-

dict emergent properties resulting from the interplay between different events in

gene regulation [65] including the effects of internal interactions, external signals,

variable degradation rates or cross talk with other pathways.

The underlying biochemical reactions responsible for transcription, translation

and regulation in genetic networks usually involve reduced numbers of molecules.

Under these conditions, chemical interactions are far away from the classical kinetic

limit [43, 64]. This makes gene expression to be an inherently stochastic process [16,

32, 61, 80, 103, 129], usually described by the so-called Chemical Master Equation

(CME) [64, 79, 104, 119], which is going to be introduced in the following chapter.

Over the past decade, many studies reported evidences of the role of intrinsic

noise in intracellular processes as the major cause of heterogeneous response in

individual cells [9, 32, 80, 95, 109, 111]. In [61], stochasticity in gene expression as a

source of cell differentiation has been reviewed. This study emphasized the positive

consequences derived from the adaptability to fluctuating environments, rather than

the detrimental effects concerning cellular malfunction (and thus disease). Different

works [16, 70, 120, 124, 143] provided experimental evidence of such behavior in

bacteria and eukaryotic cells, both at the cell populations level and in single cells.

Linking experimental data with network structure and functionality requires a

quantitative characterization of intrinsic and extrinsic noise sources [103, 105, 128].

In this setting, mathematical modelling of gene expression emerged and provided

deterministic and stochastic descriptions. Deterministic models are mainly based on

classical biochemical kinetics, such as in [113] or [2]. Stochastic approaches range

from those based on the CME [64, 77, 88, 104, 119], to the ones developed in terms of

stochastic differential equations (e.g. [60, 144]). Over the last years, mathematical

modelling has been combined with experiments to elucidate mechanisms and to

produce models with predictive capabilities (e.g. [90, 119, 145]).

Conceptually, gene expression networks can be modelled as the assembly of sim-

ple transcription-translation structures linked by a diversity of regulatory mecha-
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nisms. Such fundamental structures, conceived as efficient abstractions of the central

dogma [119], will carry different functions in the cell [2, 101]. Regulatory functions

produced by negative or positive feedback are among the most common.

Negative feedback has been observed to reduce noise, but also to induce sus-

tained oscillations under time delays [61]. In living organisms, this fact confirms a

typically predicted result in classical control systems theory. On the other hand,

it has been shown that the positive feedback amplifies fluctuations and induces bi-

modal responses in the form of state switching transitions, as expected from the

theory.

In a biological context, this function offers the possibility of sampling different

physiological states, thus increasing the chances of survival without the need for

a genetic mutation. Evidence of such mechanism in bacteria has been reported in

e.g. [1] or [73]. The first work demonstrates that bacterial populations synchronize

phenotype switching to the frequency of environmental fluctuations. The second

study (experimentally) proves that switching transitions between a noncompetent

and a competent state can be tuned by redesigning the corresponding gene regulatory

network.

1.1. System description and representation

In this section we describe the gene regulatory structures that are going to be

addressed over this thesis. We firstly introduce a network involving only one gene

with self-regulation. Secondly, we generalize this structure to accommodate any

gene circuit with more than one gene and different interactions between them.

We follow the central dogma of molecular biology [23, 24], to describe the decod-

ing of DNA, that can be summarised in two steps, the transcription into messenger

RNA and the translation into proteins. This structure is the typically used in the lit-

erature incorporating degradations for messenger RNA and proteins, see for example

[64, 77, 92, 104, 119]. In addition, there is a feedback mechanism [36] representing

that the proteins produced are responsible for the activation or inhibition of the

genes in the network.
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1.1.1. One gene circuit

The one dimensional network under study consists of a typical transcription-

translation mechanism involving a single gene that expresses a given protein and

regulates its own production. The representative biochemical steps, including pro-

tein and mRNA degradation, are depicted in Figure 1.1.

DNAoff

kε

##kon



koff

DNAon
km // mRNA

γm

��

kx // X

γx

��
X

OO

∅ ∅

Figure 1.1: Schematic representation of the transcription-translation mechanism
under study. The promoters associated with the gene of interest are assumed to
switch between active (DNAon) and inactive (DNAoff) states, with rate constants
kon and koff per unit time, respectively. The transition is assumed to be controlled
by a feedback mechanism induced by the binding/unbinding of a given number
of X-protein molecules, what makes the network self-regulated. Transcription of
messenger RNA (mRNA) from the active DNA form, and translation into protein
X are assumed to occur at rates (per unit time) km and kx, respectively. kε is
the rate constant associated with transcriptional leakage. The mRNA and protein
degradations are assumed to occur by first order processes with rate constants γm
and γx, respectively.

As proposed in [36] and recently discussed in [92], we assume a basal transcription

level (also known as transcriptional leakage) from the inactive promoter, occurring

with a rate constant kε lower than km [99].

1.1.1.1. Self regulation mechanism (Hill function)

The activation/inactivation of genes is assumed to be determined by the binding

of their own expressed protein molecules in what constitutes a feedback regulation

loop. In this thesis, we are going to consider both negative and positive feedback
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scenarios. In the former, protein binding inhibits its own production whereas in the

latter production is activated. Let h be the number of proteins that bind to a given

promoter, and assume that binding takes place by reversible bimolecular reaction

steps so that:

DNAi−1 +X
k+
i



k−i

DNAi , (1.1)

where the subscript i indicates the number of protein molecules already attached

and ranges from i = 1, · · · , h. Constants k+
i and k−i are the rates per unit time

associated to the i − th forward and backwards reaction channels, respectively. If

we define Ki =
k−i
k+
i

for i = 1, · · · , h and assume that Ki for i = 1, · · · , h − 1 to be

large enough, then the presence of the intermediate species (i = 1, · · · , h − 1) is

negligible, what results into DNA0 and DNAh to be the most probable states [2].

That is, a quasi-steady-state hypothesis is considered [45]. Depending on whether

the feedback is either negative or positive, DNAon will correspond with DNA0 or

DNAh, respectively. Expressions for this term together with DNAoff are obtained

considering that the reactions steps in (1.1) are in equilibria. Then for an arbitrary

number, h > 1, of proteins binding to the promoter we have that:

[DNA1] =
[X]

K1

[DNA], (1.2)

[DNA2] =
[X]

K2

[DNA1] =
[X]2

K1K2

[DNA]. (1.3)

Next, assuming that:

[DNAh−1] =
[X]

Kh−1

[DNAh−2] =
[X]h−1

h−1∏
i=1

Ki

[DNA], (1.4)

proceeding by induction, we proof that:

[DNAh] =
[X]

Kh

[DNAh−1] =
[X]h

h∏
i=1

Ki

[DNA]. (1.5)

Next, using that Ki, for i = 1, · · · , h− 1 are large enough, we have [DNAi] ≈ 0
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for i = 1, · · · , h− 1 and defining Kh =
∏h

i=1Ki we have that:

[DT ] = [DNA] + [DNAh], (1.6)

so that:
[DNA]

[DT ]
=

Kh

Kh + [X]h
, (1.7)

and
[DNAh]

[DT ]
=

[X]h

Kh + [X]h
. (1.8)

Moreover, we know that:

DNAon =


DNAh if H < 0,

DNA if H > 0,

(1.9)

so that:

[DNAon]

[DT ]
=


[X]h

Kh + [X]h
if H < 0,

Kh

Kh + [X]h
if H > 0.

(1.10)

Therefore, we obtain that:

[DNAon]

[DT ]
=

KH

KH + [X]H
, ∀H ∈ Z\{0}, (1.11)

and
[DNAoff]

[DT ]
= 1− KH

KH + [X]H
, ∀H ∈ Z\{0}. (1.12)

Note that the above expressions (1.11) and (1.12) can be interpreted as the prob-

ability of being a promoter in the active or inactive state, respectively. Moreover,

these probabilities are related to the amount of protein that activates or inactivates

the promoter. Such probability is given by a function ρ : R+ → [0, 1] of the Hill
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type, that can be defined in terms of the fraction of DNAoff as:

ρ(x) =
xH

xH +KH
, (1.13)

where x represents the amount of expressed protein (defined either as numbers of

protein molecules or protein concentration). The integer number H is proportional

to the number of protein molecules bound to the promoter. The positive or negative

sign of H depends on whether protein inhibits or promotes transcription, what

corresponds to negative and positive feedback, respectively (H = 0 would indicate

the network is open loop). The constant K in expression (1.13) is related to the

forward and backward reaction step constants by:

K = |H|

√√√√ h∏
i=1

Ki.

Once we have defined the probability of being a promoter in the inactive state as

ρ(x), the probability of being a promoter in the active state can be expressed as

1− ρ(x).

Under feedback, the transcription rate RT (which represents the rate of produc-

tion of mRNA) is essentially proportional to the fraction of active promoter, so that

RT ≡ k1c(x), with c : R+ → [ε, 1] being an input function which takes the following

form:

c(x) = [1− ρ(x)] + ρ(x)ε . (1.14)

The above expression includes a small parameter ε = kε/km that accounts for the

contribution of basal transcription (leakage) to the total rate. In line with [92], we

employ this expression instead of the one suggested in [36], c̄ : R+ → [ε, 1+ε] which

reads c̄(x) = 1− ρ(x) + ε and does not represent the promoter states probabilities.

Finally, by making use of the input function c(x), which models the feedback

mechanism, the transcription-translation system described in Figure 1.1 can be sum-

marized in the chemical reaction steps of Table 1.1.
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1. ∅ kmc(x)−−−−→ mRNA 3. mRNA
γm−→ ∅

2. mRNA
kx−→ mRNA+X 4. X

γx−→ ∅

Table 1.1: Chemical reaction steps encoding the transcription-translation mecha-
nism for one gene. Reaction steps 1 and 2 represent transcription and translation
with reaction rates RT = k1c(x) and RX = kxm with m being the amount of mRNA,
respectively. Steps 3 and 4 describe degradation of mRNA and protein X following
a first order process with rates γmm and γxx, respectively.

1.1.2. Multidimensional gene circuits

In this section we propose a generalized and flexible description of multi-gene

regulatory networks in which each protein can interact with its corresponding gene

to regulate its own expression (self-regulation) and/or with any other gene(s) in the

network (cross-regulation). An schematic representation is depicted in Figure 1.2.

X1

X2

X3

Xj

Xi

X1 Xn... ...

X1 X2

A) B) C)

Figure 1.2: Schemes of GRNs, in which an arrow between a gene Xi and a gene
Xj indicates that gene Xj is regulated by the protein product of gene Xi. Scheme
A) shows a 2-dimensional gene regulatory network, in which X1 (which is self ac-
tivated) activates X2 (which repress itself and X1). This network is studied in
Section 7.2.3. Schemes B and C are generic networks to illustrate the capacity of
the model we propose in the Part III of the thesis: B) shows all possible interactions
for a 3-dimensional gene regulatory network; C) shows all possible interactions for
a n-dimensional gene regulatory network. Note that all possible interactions for a
particular gene Xi are represented, and all genes Xj with j = 1, · · · , n have the
same interactions. Dashed arrows indicate any type of regulation (repression or
activation) between two genes.

A general gene regulatory network comprises a set of n genes, G = {DNA1, · · · ,
DNAi, · · · , DNAn} that express an equal number n of protein types X = {X1, · · · ,
Xi, · · · , Xn}, via M = {mRNA1, · · · ,mRNAi, · · · ,mRNAn} messenger RNAs.

We assume that the protein expression occurs by a sequence that involves the
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transcription of each gene instructions into the corresponding messenger RNA, and

its subsequent translation into a given protein. Figure 1.3 extends the scheme pre-

sented in Figure 1.1 to many proteins. The number of molecules of the n mRNAs

and proteins is represented by vectors m,x ∈ Rn, where m = (m1, · · · ,mn)T and

x = (x1, · · · , xn)T , respectively.

DNA ioff DNA ion mRNA i X i

k i
on

k i
off

k i
m

k i
x

γ i
m γ   (x)i

x

XJ={J , J , ..., J }
1 2 J

Figure 1.3: Schematic representation of the transcription-translation mechanism un-
der study. The promoters associated with the genes of interest are assumed to switch
between active (DNAion) and inactive (DNAioff) states, with rate coefficients kion

and kioff per unit time, respectively. In this study, the transition is assumed to be con-
trolled by feedback mechanisms induced by the binding/unbinding of transcription
factors XJ . A gene can be regulated by one or more types of transcription factors.
We refer to self-regulation, if the transcription factor is the protein produced by
the gene. We refer to cross-regulation, if the transcription factor is different from
the protein produced by the gene. Transcription of messenger RNA (mRNAi) from
the active DNAi form, and translation into protein Xi are assumed to occur at
rates (per unit time) kim and kix, respectively. kiε is the rate coefficient associated
with transcriptional leakage. The mRNAi degradation is assumed to occur by first
order processes with rate coefficient γim. Degradation of the Xi-protein may follow
different pathways, thus shaping function γix(x), with γix : Rn+ → R+.

1.1.2.1. Transcription and feedback mechanism (multidimensional Hill)

The promoters associated with the genes of interest are assumed to switch be-

tween active (DNAion) and inactive (DNAioff) states, with rate constants kion and
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kioff per unit time, respectively. The transition is assumed to be controlled by a feed-

back mechanism induced by the binding of a given number of Xj-protein molecules

on the promoter associated to gene i, that we denote by hij ∈ N. The feedback is

positive (respectively negative) if Xj-protein inhibit (respectively promote) DNAi

transcription. Any hii 6= 0, indicates a self-regulation feedback in which protein Xi

regulates their own production. In addition, we will refer to cross-regulation when-

ever hij 6= 0, with j 6= i, as in this case gene i -and therefore Xi protein production-

is regulated by a different protein Xj.

In general, feedback regulation of a given gene may require the participation of

proteins others than the one expressed by that gene. Such scenarios are sketched in

Figure 1.3, where it is assumed that each promoter can be repressed or activated by

any of the different proteins present in the network. The fraction of the promoter

being in its active or inactive state, (as a function of protein amounts) x is typically

modelled by multivariate Hill functions ρi : Rn+ → [0, 1] [2, 14]. For a general n-

dimensional regulation network, we define a matrix H ∈ Zn×n where each entry,

Hij, represents the Hill coefficient, which is defined as hij (equivalently −hij) for

negative (equivalently positive) feedback. Note that, Hij = 0 whenever protein j

does not regulate i protein production.

Transcription of messenger RNA (mRNAi) from the active DNAi form, and

translation into protein Xi are assumed to be first order processes that occur at

rates (per unit time) kim and kix, respectively. In addition, as suggested in Section

1.1.1, we also consider a basal transcription level (also known as transcriptional

leakage) from the inactive promoter, occurring with a rate constant kiε lower than

kim, and define a leakage constant εi ∈ (0, 1) as εi = kiε
kim

. In this way, for a given

promoter DNAi, the rate of mRNAi production (transcription) Ri
T : Rn+ → R can

be written as:

Ri
T = kimci(x), (1.15)

where the input functions ci : Rn+ → [εi, 1] depend on the feedback regulation mech-

anism considered, and do not require any additional assumption. For instance, when

we consider gene networks that are regulated only by one of the expressed proteins,

the input functions ci : R+ → [εi, 1], which are similar to the ones introduced for
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self regulation in (1.14), take the following form:

ci(xj) = [1− ρi(xj)] + ρi(xj)εi , (1.16)

with εi = kiε
kim
∈ (0, 1) being the leakage constant, kiε being the basal transcription

level from the inactive promoter and:

ρi(xi) =
x
Hij
j

x
Hij
j +K

Hij
i

, (1.17)

where Hij = hij or Hij = −hij, depending on whether there is negative or positive

feedback, respectively.

Next we derive a generalized Hill expression for genes with multiple binding sites.

Let ρij(xj) =
x
Hij
j

x
Hij
j +K

Hij
ij

, i, j ∈ {1, · · · , n} be the probability of gene i being in the off

state by the action of protein Xj such that 1−ρij(xj) =
K
Hij
ij

x
Hij
j +K

Hij
ij

is the probability

of gene i being activated by the action of protein Xj. Assuming one specific binding

site for species type (i.e. no competitive binding), we obtain the following input

function:

ci(x) =
n−1∑
k=1

n!
(n−k)!k!∑
sk=1

εirsk
∏

j∈Jsk
(1− ρij(xj))

∏
j∈J̄sk

ρij(xj)+

εi1
∏n

j=1 ρij(xj) +
∏n

j=1(1− ρij(xj)),

(1.18)

where n is the gene number and Jsk is a set of indices such that:

• k is the number of different protein types that are activating the gene i.

• sk is the number of combinations of k elements over the number of genes n.

J̄sk is the complement of Jsk , i. e. J̄sk = {j ∈ {1, · · · , n} such that j /∈ Jsk}. The

index rsk is:

rsk =


1 + sk if k = 1

1 + sk +
k−1∑
h=1

n!

(n− h)!h!
if k > 1

(1.19)
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An alternative way to define the general input function (1.18) is provided in Section

A.3.2.1 of Appendix A.

Note that εir :=
kεir
kim

for r = 1, · · · ,max{rsk}, where kεir are the basal tran-

scription levels from all possible inactive promoter states and the constant kim is

the mRNAi production rate from the activate state (highest production rate). By

construction, in the general expression (1.18) for ci(x),
∏n

j=1 ρij(xj) and
∏n

j=1(1 −
ρij(xj)), represent the total repressed and activated promoter states, respectively

(the remaining terms in the summation represent intermediate levels of activa-

tion/repression), thus kεi1 < kεir < kim with r = 2, · · · ,max{rsk} for all i = 1, · · · , n,

so that εi := min{εir, r = 1, · · · , sk + 1} = εi1 for all i = 1, · · · , n. Note that,

n−1∑
k=1

n!
(n−k)!k!∑
sk=1

∏
j∈Jsk

(1− ρij(xj))
∏
j∈J̄sk

ρij(xj) +
n∏
j=1

ρij(xj) +
n∏
j=1

(1− ρij(xj)) = 1,

since each term in the summation represents the probability that the promoter

i is in one of its possible states. Moreover, εir ≤ 1 for all i = 1, · · · , n and

r = 1, · · · ,max{rsk}, so that, the input function satisfies 0 ≤ ci(x) ≤ 1. As an

illustrative example, we expand the ci(x) expression for the 2D case, which clearly

shows that ci(x) is between εi and 1:

Example 1.1. When two genes are considered, as is the case of the example combin-

ing self and mutual regulation described in Figure 1.2 A), the input function (1.18)

takes the form:

c1(x) = ε11ρ11(x1)ρ12(x2) + ε12(1− ρ11(xi))ρ12(x2)+

ε13ρ11(x1)(1− ρ12(x2)) + (1− ρ11(x1))(1− ρ12(x2))

c2(x) = ε21ρ22(x2)ρ21(x1) + ε22(1− ρ22(x2))ρ21(x1)+

ε23ρ22(x2)(1− ρ21(x1)) + (1− ρ22(x2))(1− ρ21(x1)).

We can expand the above expressions in order to have an explicit form of the ci(x)

input functions. Therefore, we can substitute the terms ρij(xj)) and (1− ρij(xj)) by
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their values:

c1(x) = ε11
xH11

1

xH11
1 +KH11

11

xH12
2

xH12
2 +KH12

12

+ ε12
KH11

11

xH11
1 +KH11

11

xH12
2

xH12
2 +KH12

12

+

ε13
xH11

1

xH11
1 +KH11

11

KH12
12

xH12
2 +KH12

12

+
KH11

11

xH11
1 +KH11

11

KH12
12

xH12
2 +KH12

12

c2(x) = ε21
xH22

2

xH22
2 +KH22

22

xH21
1

xH21
1 +KH21

21

+ ε22
KH22

22

xH22
2 +KH22

22

xH21
1

xH21
1 +KH21

21

+

ε23
xH22

2

xH22
2 +KH22

22

KH21
21

xH21
1 +KH21

21

+
KH22

22

xH22
2 +KH22

22

KH21
21

xH21
1 +KH21

21

.

Finally, collecting all terms in one fraction and expanding the denominator, we have

c1(x) =
ε11x

H11
1 xH12

2 + ε12K
H11
11 xH12

2 + ε13x
H11
1 KH12

12 +KH11
11 KH12

12

xH11
1 xH12

2 +KH11
11 xH12

2 + xH11
1 KH12

12 +KH11
11 KH12

12

c2(x) =
ε21x

H22
2 xH21

1 + ε22K
H22
22 xH21

1 + ε23x
H22
2 KH21

21 +KH22
22 KH21

21

xH22
2 xH21

1 +KH22
22 xH21

1 + xH22
2 KH21

21 +KH22
22 KH21

21

,

(1.20)

where clearly ci(x) ∈ [εi, 1], with εi = εi1 for i = 1, 2.

Note that we do not make any assumption on the input function, since it depends

on the feedback mechanism considered. The generalized model we propose in this

thesis remains valid for all types of regulatory functions because its structure is the

same for any input function ci(x) to be used. Next, we provide the input function

expression for the case where transcription factors compete for be bounded to the

promoters binding sites:

Example 1.2. Let us consider what happens when two transcription factors com-

pete. In particular, suppose two different genes DNA1 and DNA2 expressing the

proteins X1 and X2, respectively, and each gene has one binding site where only one

of the proteins type can be bound at the same time. In this scenario, the promoter

can be in three different states:

(1) neither X1 nor X2 are bound to the i promoter with i = 1, 2, the probability of
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which is:

Pi(X1 unbound ∪X2 unbound) =Pi(X1 unbound) + Pi(X1 unbound)

− Pi(X1 unbound ∩X2 unbound)

(2) the protein X1 is bound to the i promoter with i = 1, 2, the probability of which

is:

Pi(X1 bound) =Pi(X1 bound|X2 unbound)Pi(X2 unbound)

(3) the protein X2 is bound to the i promoter with i = 1, 2, the probability of which

is:

Pi(X2 bound) =Pi(X2 bound|X1 unbound)Pi(X1 unbound)

For this case, the rate of mRNAi production reads:

Ri
T = Pi(X1 unbound ∪X2 unbound)kir1 + Pi(X1 bound)kir2 + Pi(X2 bound)kir3,

where the constants kir1, k
i
r2, k

i
r3 are the production rates of mRNAi from the three

different promoter states. If we take kim = max{kir1, kir2, kir3}, then

Ri
T

kim
=Pi(X1 unbound ∪X2 unbound)εi1 + Pi(X1 bound)εi2

+ Pi(X2 bound)εi3 := ci(x),

where εi1 ≤ 1, εi2 ≤ 1 and εi3 ≤ 1. Note that

Pi(X1 unbound ∪X2 unbound) + Pi(X1 bound) + Pi(X2 bound) = 1,

thus leading to 0 ≤ ci(x) ≤ 1.

Alternative input functions can be found in the literature, see for example [89]

where exponential functions are used. These formulations came from the use of

neural networks to model the feedback mechanism.
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1.1.2.2. Translation

The rate of translation into the corresponding protein Xi, is given by the function

Ri
X : R+ → R:

Ri
X = kixmi. (1.21)

1.1.2.3. Degradation

The rates of mRNAi and protein degradation are assumed to be of the form

[2, 119]:

Gi
m = −γimmi and Gi

X = −γix(x)xi, (1.22)

with γim being a rate coefficient and γix : Rn+ → R+. Note that this expression takes

into account the possibility of variable rate degradation coefficients, as introduced,

for example in [11]. A paradigmatic example of variable rate degradation coeffi-

cients in prokaryotes is given in [25] in which the rate Gi
X in (1.22) complies with

a Michaelis-Menten kinetics, making function γix(x) monotonously increasing with

respect to its arguments.

1.1.2.4. Reaction steps

Table 1.2 is the generalization of Table 1.1, which summarizes the chemical

reaction steps encoding transcription and translation for each gene i = 1, · · · , n.

1. ∅ kimci(x)−−−−→ mRNAi 3. mRNAi
γim−→ ∅

2. mRNAi
kix−→ mRNAi +Xi 4. Xi

γix(x)−−−→ ∅

Table 1.2: Chemical reaction steps encoding the transcription-translation mecha-
nism for each gene i = 1, · · · , n. Reaction steps 1 and 2 represent transcription and
translation with reaction rates Ri

T (1.15) and Ri
X (1.21), respectively. Steps 3 and

4 describe degradation of mRNAi and Xi at rates Gi
m and Gi

X given in (1.22).





Chapter 2

Gene expression modelling.

Master Equation

Understanding the dynamics of GRNs requires appropriate modeling and simu-

lation tools to efficiently represent their underlying stochastic nature. At this level,

the states of the system are random variables whose evolution can only be predicted

probability-wise via the Chemical Master Equation (CME).

It has been shown how relatively simple regulatory motifs can lead to a complex

emergent behaviour, as is the case for two mutual repressing genes (or even a single

self-regulated gene) producing bimodal distributions associated to toggle switch be-

haviour [38]. This makes mathematical models essential to comprehend and predict

emergent properties resulting from the interplay between different events in gene

regulation [65] including the effects of internal interactions, external signals, vari-

able degradation rates or cross talk with other pathways. Moreover, the number of

molecules involved in GRNs is small so the underlying chemical interactions are far

from the classical macroscopic limit [43, 64]. This makes gene expression to be an

inherently stochastic process [16, 32, 61, 80, 103], usually described by the so-called

CME [64, 79, 104, 119].

39
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2.1. Master Equation definition

A common starting point to obtain the master equation is to derive it form the

Chapman-Kolmogorov equations for Markov processes, see for example [37, 117, 139]

or [35], where the nomenclature of master equation does not appear yet. In essence

the difference between both formulations is that master equations are the differential

form of the Chapman-Kolmogorov ones and are always memoryless (that is, verify

the Markov property), which means that present is the only important time for the

future being independent of the past.

Nowadays, in the field of stochastic biological systems (as the case of GRNs), a

more extended nomenclature is Chemical Master Equation. An alternative deduc-

tion from a micro-physical basis can be found in the work of Gillespie [40] where he

attributes the birth of this nomenclature to [82]. However, Van Kampen employs

the master equation in his first works in the fifties [135, 136, 137] and he mentions

in [139] that the term master equation has appeared firstly in the pioneer work of

Nordsieck et al. [91].

We introduce the CME for a general system of reactions, following [37, 139].

Let {S1, · · · , Sm} be m chemical species and n= (n1, n2, · · · , nm), the state vector,

where ni represents the number of molecules of specie i. Now, we consider a system

involving r different reactions, which can be reversible (k−j 6= 0) or irreversible

(k−j = 0):
m∑
i=1

αijSi
k+
j



k−j

m∑
i=1

βijSi j = 1, 2, · · · , r, (2.1)

where αij is the molecules number of specie Si in the reactants, βij is the molecules

number of specie Si in the products of reaction j, and k±j are the reaction rate

constants. Let αj = (α1j, α2j, · · · , αmj)T and βj = (β1j, β2j, · · · , βmj)T . Then, we

define the state change vector

νj = βj −αj. (2.2)

Let t+j (n) be the transition probability for n → n + νj according to reaction

j and t−j (n) be the transition probability for n → n − νj according to reaction j,
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their explicit form, according to Gardiner [37], is

t+j (n) = k+
j

m∏
i=1

ni!

(ni − αij)!
,

t−j (n) = k−j
m∏
i=1

ni!

(ni − βij)!
,

(2.3)

For each reaction j, we can represent the arrival and exit ways at state n in the

next lattice.

nn− νj n+ νj

t+j (n− νj) t−j (n+ νj)

t−j (n) t+j (n)

Figure 2.1: Lattice for each reaction j, with j = 1, . . . , r. The state n can be
reached form states n − νj and n + νj following the reaction j and its reverse
reaction, respectively (green arrows). Moreover, the state n can be also abandoned
following the reaction j and its reversible form (red arrows).

Then the CME that describes the reactions of expression (2.1) is

dP(n, t)

dt
=

r∑
j=1

{[t−j (n+ rj)P(n+ rj, t)− t+j (n)P(n, t)]

+[t+j (n− rj)P(n− rj, t)− t−j (n)P(n, t)]}

(2.4)

where P : Nm × R+ → [0 1] is the probability that there are ni molecules of each

specie i at time t (probability distribution). Let N be the number of all possible

states of species at time t (N can be ∞), then we also can express the CME in

matrix equation form, as in references [77, 88]:

dP(t)

dt
= AP(t) (2.5)
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where P(t) = (P(n1, t),P(n2, t), · · · ,P(nN , t))T : (Nm)N ×R+ → [0 1]N collect, in

some order, the probability of each of all possible states and the matrix A ∈ RN×N

is

Aji =



−
∑r

k=1(t−k (ni) + t+k (ni)) if i = j

t−k (ni)) ∀ j : nj = ni + rk

t+k (ni)) ∀ j : nj = ni − rk

0 otherwise

(2.6)

The solution of (2.5) can be directly obtained, taking the following form:

P(n, t) = P(n, 0)eAt. (2.7)

Once we have introduced these general notation, we are going to obtain the

expression of the CME and the matrix A for the reactions in Table 1.1.
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Figure 2.2: Representation of the different reaction channels described in Table 1.1,
where n1 and n2 are the number of messenger RNAs and proteins, respectively.

Let n ∈ N2, where n1 is the mRNA number and n2 the protein number, then the
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CME (2.4) for reactions steps of Table 1.1 and Figure 2.2 takes the following form:

dP(n, t)

dt
= kmc(n2)P(n1 − 1, n2, t)− kmc(n2)P(n, t)

+ γm(n1 + 1)P(n1 + 1, n2, t)− γmn1P(n, t)

+ kxn1P(n1, n2 − 1, t)− kxn1P(n, t)

+ γx(n2 + 1)P(n1, n2 + 1, t)− γxn2P(n, t).

(2.8)

In order to obtain the expression of the matrix in (2.6) we consider that n1min ≤
n1 ≤ n1max, n2min ≤ n2 ≤ n2max and n1min = 0 n2min = 0, n1max = N1, n2max = N2,

let pn1n2 = P(n1, n2, t) then, we have the following system of (N1 + 1)(N2 + 1)

ordinary differential equations:

dp00

dt
= kmc(0)p−10 − kmc(0)p00 + γm1p10 − γm0p00

+ kx0p0−1 − kx0p00 + γx1p01 − γx0p00,

dp01

dt
= kmc(1)p−11 − kmc(1)p01 + γm1p11 − γm0p01

+ kx0p00 − kx0p01 + γx2p02 − γx1p01,

...

dp0N2

dt
= kmc(N2)p−1N2 − kmc(N2)p0N2 + γm1p1N2 − γm0p0N2

+ kx0p0N2−1 − kx0p0N2 + γx(N2 + 1)p0N2+1 − γxN2p0N2 ,

dp10

dt
= kmc(0)p00 − kmc(0)p10 + γm2p20 − γm1p10

+ kx1p1−1 − kx1p10 + γx1p11 − γx0p10,
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...

dp1N2

dt
= kmc(N2)p0N2 − kmc(N2)p1N2 + γm2p2N2 − γm1p1N2

+ kx1p1N2−1 − kx1p1N2 + γx(N2 + 1)p1N2+1 − γxN2p1N2 ,

...

dpN10

dt
= kmc(0)pN1−10 − kmc(0)pN10 + γm(N1 + 1)pN1+10 − γmN1pN10

+ kxN1pN1−1 − kxN1pN10 + γx1pN11 − γx0pN10,

...

dpN1N2

dt
= kmc(N2)pN1−1N2 − kmc(N2)pN1N2 + γm(N1 + 1)pN1+1N2 − γmN1pN1N2

+ kxN1pN1N2−1 − kxN1pN1N2 + γx(N2 + 1)pN1N2+1 − γxN2pN1N2 ,

where p−1n2 = pn1−1 = pN1+1n2 = pn1N2+1 = 0. These equations can be expressed

in the equivalent matrix equation form (2.5), with:

P = (p00, · · · , p0N2 , p10, · · · , p1N2 , · · · , pN10 · · · , pN1N2)T ,

being a N dimensional vector and A being a N ×N block tridiagonal matrix, with

N = (N1 + 1)(N2 + 1), which takes the following form:

A =


D1 C1 · · · 0 0

B2 D2 C2 · · · 0
...

. . . . . . . . .
...

0 · · · BN1 DN1 CN1

0 0 · · · BN1+1 DN1+1

 , (2.9)

where Bn1+1, Cn1+1 and Dn1+1 are (N2 + 1)× (N2 + 1) matrices. Let IN2+1 be the

(N2 + 1)× (N2 + 1) identity matrix and LN2+1 be the following (N2 + 1)× (N2 + 1)
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matrix:

LN2+1 =



0 0 0 · · · · · · 0

1 0 0 · · · · · · 0

0 1 0 · · · · · · 0
...

. . . . . .
...

0 1 0 0

0 · · · · · · 0 1 0


. (2.10)

Defining the (N2 + 1)× (N2 + 1) diagonal matrix C(n2) whose diagonal elements are

the values of function c(n2), n2 = 0, · · · , N2, then:

Bn1+1 = kmC(n2)IN2+1 n1 = 1, · · · , N1, (2.11)

Cn1+1 = γm(n1 + 1)IN2+1 n1 = 0, · · · , N1 − 1, (2.12)

Dn1+1 = dIN2+1 + bLN2+1 + cLT
N2+1 n1 = 0, · · · , N1, (2.13)

where the N2 + 1 vectors b and c are defined for each n1 as:

bn2+1 = kxn1 n2 = 0, · · · , N2, (2.14)

cn2+1 = γx(n2 + 1) n2 = 0, · · · , N2, (2.15)

and d reads:

dn2+1 = −km − γmn1 − kxn1 − γxn2, n2 = 0, · · · , N2 − 1, n1 = 0, · · · , N1 − 1,

dn2+1 = −km − γmn1 − γxn2, n2 = N2, n1 = 0, · · · , N1 − 1,

dn2+1 = −γmn1 − kxn1 − γxn2, n2 = 0, · · · , N2 − 1, n1 = N1,

dn2+1 = −γmn1 − γxn2, n2 = N2, n1 = N1

(2.16)

Finally, the marginal probability of the protein is given by the following expres-

sion:

P(n2) =

N1∑
n1=0

pn1n2 . (2.17)
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2.2. Master Equation Solution

A closed form solution is unavailable in most cases of practical interest, whereas

its numerical approximations are computationally involved due to the large (even

infinite) number of coupled differential equations. Over the years, many numerical

approximations of the CME have been proposed. Recently, wide reviews of the dif-

ferent models to approximate the CME and their applicability have been done in

[12, 116]. Perhaps the Gillespie stochastic simulation algorithm (SSA) [39] is the

most extended tool to obtain the CME solution. In this section we discuss this

method together with other approximations, which include the Finite State Projec-

tion [88], Fokker-Planck approximations [139], Moment Methods [33, 50] or Hybrid

models. Finally, we introduce the Partial Integro-Differential Equation (PIDE) pro-

posed by Friedman et al. [36], which is at the basis of this thesis.

2.2.1. Stochastic Simulations

The SSA method, first introduced by Gillespie [39], reconstructs the probabil-

ity distribution function of the system from a large number of realizations of the

stochastic chemical system obtained by a particular type of Monte Carlo simula-

tions. Although the SSA is generally applicable, the method is computationally

expensive, becoming prohibitive in some instances, see for example [67]. Assuming

a reduction in the range of applicability and accuracy, some methods to accelerate

the classical SSA have been proposed as the Tau leap approximation [42]. Software

implementations of these methods can be found in [e. g. 54, 63, 78, 110, 114].

In this section, we use the formulation of Gillespie in [43] to introduce the SSA

method which has been implemented in Matlab and is used over this thesis. Using

the nomenclature employed in expressions (2.1)-(2.2) for a set of r chemical reactions

and the state change vector, νj, we define: the propensity function, aj(n)dt, as the

probability, given n(t) = n, that one j ∈ {1, · · · , r} reaction will occur in the next

infinitesimal time interval [t, t + dt], and the probability function Pr(τ, j|n, t)dτ ,

which represents the probability, given n(t)=n, that the next reaction j ∈ {1, · · · , r}
in the system will occur in the next infinitesimal time interval [t+ τ, t+ τ + dt].
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The exact formula for Pr(τ, j|n, t) takes the following form:

Pr(τ, j|n, t) = aj(n) exp(−a0(n)τ), (2.18)

with

a0(n) =
M∑
j′=1

aj′(n). (2.19)

These equations are at the basis for the SSA method. In order to obtain the

values of τ and j, we must select two random numbers α1 and α2 from the uniform

distribution in the unit interval, and take:

τ =
1

a0(n)
ln

(
1

α1

)
, (2.20)

and j being the smallest integer satisfying the following inequality:

j∑
j′=1

aj′(n) > α2a0(n). (2.21)

Using this generation method, we can implement the SSA defined in Algorithm

1.

Algorithm 1: Stochastic simulation algorithm (SSA) [39, 43].

1 To fix the final time, Tend
2 To initialize time t = t0 and system’s state n = n0

3 while t ≤ Tend do
4 To evaluate aj(n) and a0(n)
5 To generate τ and j using equations 2.20 and 2.21
6 Next reaction: t← t+ τ and n← n+ rj

7 To save system state (n, t)

8 end

Based on the propensities defined in equations (1.15) and (1.21)-(1.22), the

algorithm computes time realizations for the corresponding species (proteins and

mRNA). The probability distribution of messenger RNA and proteins P(t,m,x) is

reconstructed afterwards by collecting a sufficiently rich number of realizations and
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producing a multidimensional histogram. In our examples, the marginal distribu-

tion for proteins PX(t,x) is approximated by an histogram built on a n-dimensional

uniform grid tesselated with
∏n

i (νi−1) bins of size L1×· · ·×Li×· · ·×Ln. For every

dimension i = 1, · · · , n, let αjii = jiLi, with ji = 1, · · · , νi and Bji
i = [αji−1

i , αjii ).

For each time and bin J = {j1, · · · , ji, · · · , jn} that occupies the the n-dimensional

interval:

BJ = Bj1
1 × · · · ×B

ji
i × · · · ×Bjn

n ,

we approximate the corresponding probability of the protein state x = (x1, · · · , xn)T

being inBJ , by the fraction of the number of times such state lies within the intervals

αji−1
i ≤ xi < αji−1

i for i = 1, · · · , n.

2.2.2. Finite State Projection

The Finite State Projection (FSP) methods [88] share the same disadvantage as

SSA in being computationally involved. Despite considering only the most probable

states to reduce the resolution domain of the CME, the number of remaining states

after truncation should still be large enough in order to preserve accuracy. Some

toolboxes which incorporate the FSP methods are CmePy by [52] and CERENA by

[63].

2.2.3. Moment Based Methods

Moment Based (MB) methods [33, 50, 71], reduce the number of state variables

by computing the most relevant moments of the underlying distribution. Related

software tools include StochDynTools by [53], MOCA by [115], SHAVE by [69] or

CERENA by [63]. MB methods would be preferable in those situations where one

is interested in computing some particularly relevant moments of the distribution

rather than its precise form, see for instance [33]. However, reconstructing the prob-

ability density function (pdf) from the moments is in general, not straightforward,

since this requires assumptions on the form of the pdf (and relates to the accuracy of

the moment closure). This might be simple in some cases (e.g. if near Gaussian, two

parameters/moments are enough) but not in others, as for instance under nonlinear

kinetics or in characterizing multi-modal distributions [46, 50].
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2.2.4. Fokker-Planck Equations

There is a wide range of methods to approximate the CME as Fokker-Planck

Equations (FPE), that includes the classical Kramers-Moyal (a power series) expan-

sion [66, 87], Chemical Langevin equations [41, 48] or the system size expansion of

Van Kampen [138, 139], which are going to be discussed in the following section.

These formulations are also called Linear Noise Appoximations (LNA) [131, 142].

Reference [142] mentions that this approximations are valid for a limited span of

time for systems which are not sufficiently large, while reference [131] questions its

reliability for gene expression systems since involve small numbers of molecules.

Note that Fokker-Planck based methods are a class of continuous approximations

developed on systems size expansions [53, 130], which inherit similar limitations

as the MB methods when the resulting distribution diverges from a Gaussian. A

collection of software tools that includes LNA methods can be found in the recently

developed toolbox CERENA by [63], and in previous tools like Copasi by [54] or

iNA by [130].

2.2.4.1. Van Kampen expansion

We are going to summarise the system size expansion of Van Kampen [139]. This

technique has been extensively discussed and exploited by Grima and collaborators,

see for instance [46, 47, 132]. The first ask we must address to employ this method is

to select a suitable expansion parameter, Ω, in such a way that for large Ω the jumps

are relatively small. In many cases, Ω is simply the size of the system. Following [139]

the transition probabilities (2.3) used to construct the master equation incorporate

the expansion parameter in the following form:

t+j (n,Ω) = k+
j Ω
−
∑
i
Nj
i +1∏

i

ni!

(ni − yij1)!
,

t−j (n,Ω) = k−j Ω
−
∑
i
Mj
i +1∏

i

ni!

(ni − yij2)!
.

(2.22)

Note that for Ω = 1 the above expressions are equivalent to the previously defined

in (2.3). Moreover, making use of the step operator E, defined by its effect in an
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arbitrary function f(x) as:

Ef(x) = f(x+ 1), E−1f(x) = f(x− 1), (2.23)

we can rewrite the master equation (2.4) in the following equivalent form:

∂tP(n, t) =
∑
j

{(
∏
i

Er
j
i
i −1)t−j (n,Ω)P(n, t)+(

∏
i

E−r
j
i

i −1)t+j (n,Ω)P(n, t)}, (2.24)

with t±j (n) proportional to Ω defined in expression (2.22).

Secondly, we relate our number of proteins n with the macroscopic system (con-

centrations) plus a noise proportional to Ω
1
2 using of the following ansatz:

n = Ωφ(t) + Ω
1
2ξ, (2.25)

where φ(t) is the concentration of each specie given by the macroscopic equations

and ξ is a random variable. Finally, we make a change of variable in (2.24), expand

the step operator E using Taylor series and collecting the terms of different orders

in Ω. Thus, the macroscopic equations emerge from the terms proportional to Ω
1
2

and collecting the terms of order Ω0 we obtain the following FPE:

∂tPξ(ξ,t) = −
∑
i

∂

∂ξi
Ai(ξ, t)Pξ(ξ, t) +

1

2

∑
i,j

∂2

∂ξi∂ξj
Bij(ξ, t)Pξ(ξ, t), (2.26)

where Ai and Bij are a drift and diffusion coefficients, respectively.

2.2.4.2. Solution of the Fokker-Planck Equation

We use the dimensionless variables µ with µi = ξi/Li (since ξi ∈ [−Li Li] for

i = 1, . . . ,m) and τ = t/T , with t ∈ [0 T ], to rewrite (2.26) in the following form:

∂τPµ(µ, τ) = −
∑
i

T

Li

∂

∂µi
Ai(µ, τ)Pµ(µ, τ) +

1

2

∑
i,j

T

LiLj

∂2

∂µi∂µj
Bij(µ, τ)Pµ(µ, τ),

(2.27)

with µi ∈ [−1 1], i ∈ {1, · · · ,m} and τ ∈ [0 1].

Finite differences are used to solve the FPE (2.27) with a reflecting barrier [37]
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as boundary condition. In particular we employ the numerical method of lines

implemented in the MatMOL package of Matlab [76, 112, 134]. Finally, the function

P(n, t) can be recovered from the expression of Pµ(µ, t) using standard change of

variable techniques for probability density functions, see for instance [10, 102].

2.2.5. Hybrid models

The methods mentioned in previous sections have been combined to produce the

so-called hybrid models to approximate different parts of the CME depending on

whether the species participate with high or low copy numbers [50, 57, 83]. Com-

putationally cheaper models, such as deterministic approximations, are employed to

describe species with high copy number dynamics, whereas accurate (and therefore

costly) models are reserved for species with a small number of particles. Unfortu-

nately, the spectrum of possible applications restricts to the range of validity of the

models considered.

2.2.6. Friedman model

The last approximation of the CME to be introduced is the Friedman model

[16, 36], a Partial Integro-Differential Equation to describe the temporal evolution

of the protein probability density function. This model is the cornerstone of this

thesis, whose applicability, properties, numerical resolution or extension are going

to be addressed in the following Parts of the thesis. In this section, we describe the

simplest form of the Friedman model for gene expression networks without feedback,

where it is supposed that the promoter associated to a gene is always in its active

state.

As reported in the literature [36, 59, 92, 118], the validity of such an approxi-

mation extends to networks where proteins are produced in episodic bursts rather

than by constitutive expression. This scenario requires that the messenger RNA

degrades faster than proteins, that is γm/γx � 1. Such condition will result into

protein evolving in episodic bursts, what seems to be more often the case both in

prokaryotic and eukaryotic cell types [26]. Note that the burst condition, remains

valid even for small rate ratios (mRNA degradation/protein degradation) as we show
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later on. This bursts condition is not exclusively used by Friedman, for instance in

[74] a model to gene expression is constructed taking advantage of the time scale

separation between messenger RNA and proteins.

Experimental evidence of such bursts has been reported in [16, 22, 108, 118, 143],

among others. A recent study shows that episodic bursts are particularly frequent

along the human genome [26]. In complex cross-regulation networks, as those found

in stem cells [27, 106] the protein production in bursts has been recently reported

as the main cause of heterogeneity [120].

As suggested in [30, 36], the burst size (denoted by b = kx
γm

) is typically modelled

by an exponential distribution. The conditional probability for protein level to jump

from a state y to a state x after a burst is proportional to:

ω(x− y) =
1

b
exp

[
−(x− y)

b

]
. (2.28)

Then under burst condition, the CME can be approximate by the continuous master

equation proposed by Friedman [36]:

∂p(t, x)

∂t
=
∂[γxxp(t, x)]

∂x
+ km

∫ x

0

β(x− y)p(t, y) dy, (2.29)

with p : R+ × R+ → R+ being the temporal evolution of the protein probability

density function and:

β(x− y) = ω(x− y)− δ(x− y),

with δ being the Dirac delta function. Moreover the expression (2.29) admits an

analytical solution for its steady state, which reads:

P (x) :=
xa−1e−x/b

baΓ(a)
, (2.30)

where a = km
γx

is the dimensionless rate constant related to transcription, which

represents the mean number of bursts (burst frequency). Note that the analytic

solution (2.30) is a gamma distribution with mean ab and variance ab2.

The previous PIDE model (2.29) can be extended for model gene networks with
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self regulation mechanisms [36], whose discussion is addressed in Chapter 3. This

PIDE model also admits an analytical solution for the steady state, which in turns

allows a full characterization of its stationary behaviour. Recently, authors in [59]

made use of such an approach to analyse the effect of variations and mutations

in gene copy number or strength on stationary protein distributions. The PIDE

approximation was firstly extended by Bokes and Singh [11] to self regulatory gene

networks with decoy sites [72], where the protein can be either free or bound to the

sites, and degradation is protein dependent.

Under a burst condition, we propose and test a multidimensional PIDE model

as the continuous counterpart of a CME with jump process in Chapter 6. The ex-

tended model not only describes self regulatory gene expression for every protein

degradation type, but also represents the dynamics of cross regulation gene expres-

sion networks with more than one protein involved. Importantly, the model handles

networks with genes that can be regulated by different transcription factor species.

We refer to such extension of the model developed by Friedman et al. [36] as the

generalized Friedman (or multidimensional PIDE) model.

2.3. Preliminary example

We considerer as preliminary example a gene network where the promoter associ-

ated to the DNA is always in the active state, (see Figure 2.3 which is a simplification

of Figure 1.1 ). This example is also explored by Friedman et al [36] using the PIDE

model whose steady state is a gamma distribution, expression (2.30). We are going

to use the methods described in the previous sections to obtain an idea of their

performance.

The example without feedback we consider in this section can be modelled by

the master equation in (2.8) by considering the function c constant equal to 1, such

that c(n2) = 1, for all n2 = 0, · · · , N2. For this simple example we can obtain

the stationary solution for the CME using Matlab exponentiation to obtain the

solution (2.7) of equation (2.5) or computing the null space associated to matrix A.

The expression of A is given in (2.9) for N1 = 20 and N2 = 350 considering the

parameters in [36], γm = 0.01 s−1, γx = 0.0004 s−1, km = 5γx and kx = 30 ln(2)γm.
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DNAon
km // mRNA

γm
��

kx // X

γx
��

∅ ∅

Figure 2.3: Schematic representation of the simplest transcription-translation mech-
anism. The promoter associated with the gene of interest are assumed be always
active. Transcription of messenger RNA (mRNA) from the active DNA form, and
translation into protein X are assumed to occur at rates (per unit time) km and kx,
respectively. The mRNA and protein degradations are assumed to occur by first
order processes with rate constants γm and γx, respectively.
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Figure 2.4: Stationary solution for the gene network described in Figure 2.3 for
parameters γm = 0.01 s−1, γx = 0.0004 s−1, km = 5γx and kx = 30 ln(2)γm. The
solution of the CME is represented by the green line, while the solutions of the
PIDE model and the Fokker-Planck Equation are the black and red dashed lines,
respectively. The histogram corresponds to the solution obtained with the SSA.



2.3 Preliminary example 55

In Figure 2.4 we illustrate the steady state solution for the gene network depicted

in Figure 2.3 with parameters, γm = 0.01 s−1, γx = 0.0004 s−1, km = 5γx and

kx = 30 ln(2)γm using different methods. . The system expansion of Van Kampen

(discussed in Section 2.2.4.1) provides a solution (dashed red line in Figure 2.4)

which is far away of the computed CME solution (green line in Figure 2.4). In

contrast, the histogram in Figure 2.4 obtained using the SSA (Algorithm 1) and

the steady state solution of the PIDE model, equation (2.30), (dashed black line in

Figure 2.4) totally coincide with the CME solution.
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Chapter 3

A continuous model for

self-regulation

The one dimensional version of the PIDE model proposed by Friedman et al.

[36] is at the basis of this chapter. First, we introduce the model together with its

deduction from the CME and an analytic steady state solution. Then, making use of

the PIDE’s analytical solution for the stationary state, we characterize the regions

in the parameter space that sustain bimodal behaviour.

3.1. Friedman PIDE model

As discussed in e.g. [104], gene expression is inherently stochastic, so it calls

for stochastic modelling approaches. In this section, we make use of the framework

offered by the CME to describe the dynamics of the species that constitute the

network depicted in Figure 1.1.

In order to make possible the analysis of the stochastic dynamics, we employ the

continuous approximation proposed in [36] for the corresponding CME that describes

the temporal evolution of protein probability density, p : R+ × R+ → R+\{0}, in

gene expression networks. The following PIDE was proved to be an appropriate

approximation under the assumption that proteins in the network are produced by

59
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bursts:
∂p(τ, x)

∂τ
=

∂

∂x
(x p(τ, x)) + a

∫ x

0

β(x− y)c(y)p(τ, y) dy , (3.1)

where τ = γxt represents a dimensionless time associated to the time scale of pro-

tein degradation. The first term in the right-hand side of the equation accounts

for protein degradation whereas the integral term describes protein production by

bursts. The size of the bursts is assumed to follow an exponential distribution [30].

More precisely, the conditional probability for protein level to jump from a state y

to state x after a burst is given by the following expression [36]:

β(x− y) =
1

b
exp(−x− y

b
)− δ(x− y) . (3.2)

Parameters a = km/γx, in equation (3.1), and b = kx/γm, in equation (3.2), are di-

mensionless rate constants associated to transcription and translation, respectively.

In order to model the feedback mechanism, function c, as defined in equation (1.14),

is included within the integral.

3.1.1. Connection between the CME and the PIDE model

In this section we explore how to establish a connection between the continuous

model proposed by Friedman [36] (equation (3.1)) and the CME. To that aim we

consider gene self regulatory networks where the degradation rate of mRNA is much

faster than the corresponding to protein degradation, so that γm/γx � 1. Such

condition is verified in many GNRs, both in prokaryotic and eukaryotic organisms

[26, 118], and results in protein being produced in bursts. This behaviour in protein

production can be modelled by the superposition of jumps from lower states as it

is depicted in Fig. 3.1. We define gni : N → [0 1] as the transition probability for a

jump going from a lower state i into a state n, assuming that the size of the jump

follows the expression (2.28). Furthermore, the transition probability is proportional

to the production rate of messenger RNA, so that, gni is defined as:

gni := kmc(i)ω(n− i). (3.3)

Let P : R+ × N → [0 1], be the probability of having n proteins at time t. The
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· · · n− 1 n n+ 1 · · ·
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Figure 3.1: Jump process representation of one protein produced in bursts, where
one state n can be reached from lower states 0 ≤ i < n with different transition
probability functions gni . Equivalently, from the state n the protein number can
jump to higher states i with transition probability function gin. The degradation
follows a one step process (i. e. from state n to state n− 1).

time evolution of P(t, n) is given by the CME (2.4) with jumps that reads:

∂P(t, n)

∂t
=

n−1∑
i=0

gni P(t, i)−
∞∑

i=n+1

ginP(t, n)

+rn+1P(t, n+ 1)− rnP(t, n),

(3.4)

where rn = γxn represents the degradation transition probability. In order to obtain

a continuous version of (3.4) we define p : R+×R+ → R+, as the continuous protein

probability distribution, and add and subtract gnnP(t, n) at the right hand side of

(3.4) to get:

n−1∑
i=0

gni P(t, i)−
∞∑

i=n+1

ginP(t, n) =
n∑
i=0

gni P(t, i)−
∞∑
i=n

ginP(t, n). (3.5)

Approximating the summations at the right hand side of the last equation by

integrals and substituting in (3.4) we obtain:

∂p(t, x)

∂t
=

∫ x

0

gxyp(t, y) dy −
∫ ∞
x

gyxp(t, x) dy

+ rx+1p(t, x+ 1)− rxp(t, x), (3.6)

where the integer indexes n and i are substituted by real x and y respectively. Note
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that the second term at right hand side in (3.6) reduces to:∫ ∞
x

gyxp(t, x) dy = kmc(x)p(t, x)

∫ ∞
x

ω(y − x) dy, (3.7)

with
∫∞
x
ω(y − x) dy = 1. Employing the Taylor theorem to approximate the third

term at right hand side in (3.6) to the first order, we also get that:

rx+1p(t, x+ 1) ≈ rxp(t, x) +
∂ [rxp(t, x)]

∂x
. (3.8)

Finally, replacing the last expressions (3.7)-(3.8) in (3.6) and using the dimen-

sionless time, τ = γxt, associated with the time scale of protein degradation, we

obtain the PIDE temporal evolution of the probability distribution p(τ, x), which

reads as:

∂p(τ, x)

∂τ
=
∂ [xp(τ, x)]

∂x
− ac(x)p(τ, x) + a

∫ x

0

ω(x− y)c(y)p(τ, y) dy, (3.9)

where a = km/γx is the dimensionless rate constant for transcription, which relates

to the mean number of bursts produced per cell cycle (burst frequency). Note that

(3.9) is equivalent to the equation proposed in [36], expression (3.1).

3.1.2. Analytical stationary solution of the PIDE model

In this section we obtain the analytical steady state solution of the one dimen-

sional PIDE model, equation (3.1), which is stated in the following proposition.

Proposition 3.1. The stationary solution of equation (3.1) is given by:

P (x) = Z
(
KH + xH

)a(ε−1)
H xa−1e

−x
b , x ∈ (0 ∞),

where Z is the integration constant that makes
∫∞

0
P (x) dx = 1, and the parameters

H, K, ε, a = km
γx

and b = kx
γm

are as in equation (3.1).

Proof: Let P denote the stationary solution (which only depends on x) to

distinguish from the evolutionary solution p (depending on τ and x). First, in
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order to obtain the equation for the steady state solution we consider (3.1) with
∂p(τ, x)

∂τ
= 0, so that P satisfies:

0 =
d

dx
(xP (x))+

a

b

∫ x

0

exp

(
y − x
b

)
c(y)P (y) dy−ac(x)P (x) := W (P )(x). (3.10)

Next, after multiplying (3.10) by exp(x/b) and taking derivative with respect to x,

we get:

d

dx

[
e
x
b

(
− d

dx
(xP (x)) + ac(x)P (x)

)]
=

d

dx

[
a

b

∫ x

0

e
y
b c(y)P (y) dy

]
. (3.11)

Applying the classical formula:

d

dx

∫ β(x)

α(x)

f(y) dy = f(β(x))
dβ

dx
(x)− f(α(x))

dα

dx
(x), (3.12)

we can eliminate the integral term in (3.11) to obtain:

d

dx

[
e
x
b

(
− d

dx
(xP (x)) + ac(x)P (x)

)]
=
a

b
e
x
b c(x)P (x). (3.13)

After some computations in (3.13) we get the following homogeneous linear second

order ODE:

A2(x)
dP

dx2
+ A1(x)

dP

dx
+ A0(x)P = 0, (3.14)

with variable coefficients:

A2(x) = −x, A1(x) = ac(x)− 2− x

b
and A0(x) = a

dc

dx
(x)− 1

b
.

Note that the coefficients in (3.14) satisfy condition A′′2 −A′1 +A0 = 0, which is

equivalent to (3.14) being an exact ODE (see [51], for instance). In fact, Equation

(3.14) can be written in equivalent form as:

d

dx

[
A(x)

dP

dx
+B(x)P

]
= 0, (3.15)

where A(x) = A2(x) = −x and B(x) = A1(x) − A′2 = ac(x) − 1 − x

b
. Integrating
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(3.15) we get:

A(x)
∂P (x)

∂x
+B(x)P (x) = Kc , (3.16)

where Kc is a constant. Moreover, we can choose Kc = 0. This can be justified since

W (P )(x) = 0 implies that −W (P )(x) = W (P )(x). Then, Kc = 0 if and only if:

A(x)
dP

dx
(x) +B(x)P (x) = −W (P )(x) = 0 = Kc. (3.17)

This follows from the following set of implications:

A(x)
dP

dx
(x) + B(x)P (x) = −Z(P )(x) ⇔ e

x
b xP (x) = a

∫ x
0
e
y
b c(y)P (y) dy ⇔

d

dx

[
e
x
b xP (x)

]
=

d

dx

[
a
∫ x

0
e
y
b c(y)P (y) dy

]
⇔ x

dP

dx
(x) =

[
ac(x)− x

b
− 1
]
P (x) ⇔

dP

dx
(x) =

[
ac(x)
x
− 1

b
− 1

x

]
P (x).

Finally
ac(x)

x
− 1

b
− 1

x
=
−B(x)

A(x)
and thus we prove that Kc = 0. Consequently,

we get the first order linear ODE:

dP

dx
(x) =

−B(x)

A(x)
P (x), (3.18)

where −B(x)
A(x)

is defined for x ∈ (0 ∞). So, we have the solution

P (x) = Z exp

(∫
−B(x)

A(x)
dx

)
, x ∈ (0 ∞), (3.19)

where ∫
−B(x)

A(x)
dx =

∫ (
ac(x)

x
− 1

x
− 1

b

)
dx

=

∫ (
aKH

(KH + xH)x
+

aεxH−1

KH + xH
− 1

x
− 1

b

)
dx

=

∫ (
a(ε− 1)

xH−1

KH + xH
+
a− 1

x
− 1

b

)
dx

=
a(ε− 1)

H
ln(KH + xH) + (a− 1) ln(x)− x

b
.
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The stationary solution is therefore given by:

P (x) = Z
(
KH + xH

)a(ε−1)
H xa−1e

−x
b , x ∈ (0 ∞) (3.20)

where Z is a integration constant imposing that
∫∞

0
P (x) dx = 1. �

3.1.3. Exploring the burst condition

There is a considerable amount of experimental evidence confirming that protein

synthesis occurs in bursts (e.g. [118, 120, 143]), provided that the mRNA degrada-

tion rate is much higher than the one corresponding to proteins, thus supporting

the validity of expression (3.1).

In order to quantify the limit of the protein burst condition we have performed a

number of simulations, comparing the stationary solution of the CME and the sta-

tionary solution of the model 3.1 for different rate ratios (mRNA degradation/pro-

tein degradation). We use single gene self-regulated networks with positive and

negative feedback (Figs. 3.2 and 3.3, respectively). We observe in both examples a

very good approximation already at γm/γx = 5, while the PIDE model captures the

main qualitative features of the response at ratios in the order of 2-3.

Figure 3.2: Steady state solution of the CME for a single gene self-regulated network
with positive feedback. Parameters values are γx = 4 · 10−4 s−1, km = 3.2 · 10−3 s−1,
b = 16, H = −4, K = 45, ε = 0.15.
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Figure 3.3: Steady state solution of the CME for a single gene self-regulated network
with negative feedback. Parameters values are γx = 4 · 10−4 s−1, km = 3.2 · 10−3 s−1,
b = 16, H = 4, K = 45, ε = 0.15.

3.2. Bimodal/binary distributions in stochastic gene

expression

In this section, we study conditions under which the stochastic behaviour of a

transcription-translation network corresponds with a bimodal/binary distribution,

describing a transitional dynamics switchings between two most frequent protein

levels. In that purpose, we first characterize the stationary distributions as a function

of the network parameters. Secondly, we find the region in the parameters space of

the network that leads to bimodal/binary distributions.

3.2.1. Feasible stationary distributions

The stationary solution P , for (3.1) stated in Proposition 3.1 can be rewritten

in the equivalent form:

P (x) = Z(ρ(x))
a(1−ε)
H x−(1−aε)e

−x
b , (3.21)

where ρ(x) is defined in (1.13) already asserted in the Proposition. Essentially,

there are two types of stationary distributions that correspond with two transitional
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stochastic regimes:

Bimodal distributions, with two maxima, which characterize transitions be-

tween two positive protein levels.

Binary distributions, with a positive minimum and maximum, characterizing

transitions between a positive and a zero level, denoting the absence of protein.

In order to identify bimodal/binary distributions, we first study conditions for

extremal points in equation (3.21), by using the first derivative of P , which can be

written as:
dP

dx
(x) = π(x)P (x) , (3.22)

where the function π, related to the fraction of inactive DNAoff and ρ (as given in

equation (1.13)), takes the form:

π(x) =
a(1− ε)

x
[r(x)− ρ(x)] , (3.23)

with r being the linear function:

r(x) =
−x

ab(1− ε)
+

(a− 1)

a(1− ε)
. (3.24)

Since P (x) > 0 for x > 0, by using (3.23) the extremal points (i.e. points satisfying
dP

dx
(x) = 0) are solutions of π(x) = 0. Geometrically, extremal points are associated

with the intersection of the graph of function ρ with the straight line graph of r (see

also Figures 3.4 and 3.5). Formally, the set of extremal points is defined as:

S = {x > 0| ρ(x) = r(x)} .

Since the slope of r(x) is always negative, the number of extremal points depends

on the shape of ρ(x) (equation (1.13)). This function turns out to depend on the

class of self-regulating mechanism H. For negative feedback, the set S will contain

at most one element. This follows directly from the fact that for H > 0, the function

ρ is monotone increasing while the slope of the straight line graph of r is negative

for any set of parameters.
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Figure 3.4: The qualitative shape of all possible distributions for H = −1 depending
on the intersections between ρ(x) and r(x) in equation (3.23), (black and green lines,
respectively, on the first column plots). The different r(x) are marked with a letter
to identify which shape corresponds to each line. For r(0) ≥ 1 there is at most one
positive intersection that corresponds with graded responses (rows A and B). For
0 < r(0) < 1 there can be two positive intersections leading to binary distributions
(row C). For r(0) ≤ 0 no intersection occurs (row D).
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Figure 3.5: The qualitative shape of all possible distributions for H < −1 depending
on the intersections between ρ(x) and r(x) in equation (3.23) (black and green lines,
respectively, on the first file plots). The different r(x) are marked with a letter to
identify which shape corresponds to each line. For r(0) > 1 (row A), the number of
intersection points ranges from one to three as the slope decreases, what corresponds
with graded and bimodal distributions. For 0 < r(0) ≤ 1 there can be at most two
positive intersections that correspond with binary distributions (row B and C). For
r(0) ≤ 0 no intersection occurs (row D).
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For positive feedback with H = −1, the set S contains at most two elements,

whereas for H < −1, the number of elements in S is three at most. These facts are

proved in the following proposition:

Proposition 3.2. For positive feedback the set of extremal points, S, verifies the

following statements:

For H = −1, the set S contains at most two elements.

For H < −1, the set S contains at most three elements.

Proof: It is a standard result that any straight line can intersect the graph of a

convex function f : R→ R at most in two points. For any convex function f : R→ R
and any point x ∈ [x1, x2] the inequality f(x) < (1− λ)f(x1) + λf(x2) is satisfied for

any λ ∈ (0, 1). So, by choosing λ = (x− x1)/(x2 − x1) the straight line graph of:

y(x) = f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1)

intersects the graph of f in at most two points (x1 and x2). We make use of this

fact to prove the statements for the function ρ over its domain [0,∞). In order to

study convexity of ρ we make use of its second derivative, given as

ρ′′(x) =
H

x2
ρ(x)(1− ρ(x)) [H(1− 2ρ(x))− 1] , (3.25)

which for H = −1 is strictly positive for x > 0, thus proving the first statement.

For H < −1, we proved that ρ′′(x∗) = 0 for some x∗ > 0, so that ρ is con-

cave (i.e ρ′′(x) < 0) for x ≤ x∗. Note that ρ′′(x∗) = 0 ⇐⇒ H
(x∗)2ρ(x∗)(1 −

ρ(x∗)) [H(1− 2ρ(x∗))− 1] = 0 which is equivalent to say that:

ρ(x∗) = (H − 1)/2H . (3.26)

Substituting the expression of ρ (equation (1.13)) in the above equality (3.26) we

obtain the value of x∗, which reads:

x∗ = K H

√
H − 1

H + 1
. (3.27)
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Since ρ is concave (i.e ρ′′(x) < 0) for x ∈ (0, x∗) and convex in (x∗,∞), the graph

of r intersects the graph of ρ in three points at most, what concludes the proof of

the second statement. �

The intersection of equation (3.24) with the ordinate (i.e. the value r(0)), de-

termines the exact number of extremal points as Figures 3.4 and 3.5 illustrate for

positive feedback.

In this way, no point is expected if r(0) ≤ 0 (i.e. a ≤ 1), whereas for 0 < r(0) < 1

there will be two at most. For r(0) > 1, the maximum number will depend on H.

In particular, for H = −1 it cannot be larger than two while under cooperativity

(H < −1) there will be three at most. The maximum number of extremal points

for the stationary solution are summarized in the following proposition:

Proposition 3.3. The maximum number of extremal points for the stationary so-

lution of (3.1) is:

1. None if r(0) ≤ 0 (i.e. a ≤ 1).

2. Two at most if 0 < r(0) < 1 (i.e. 1 < a < ε−1 ).

3. Two at most (one at x = 0) if r(0) = 1 (i.e. a = ε−1), and H = −1.

4. Three at most (one at x = 0) if r(0) = 1 (i.e. a = ε−1), and H < −1.

5. Exactly one if r(0) > 1 (i.e. a > ε−1), and H = −1.

6. At least one and at most three if r(0) > 1 (i.e. a > ε−1), and H < −1.

Proof: The different statements can be proved in a straightforward manner by

checking the intersections and noting that r′(x) = −(ab(1 − ε))−1 < 0 (a negative

constant) for any admissible set of parameters, and by the properties of ρ and its

derivatives (for illustrative purposes, see also Figures 3.4 and 3.5). �

In order to identify the regions in the parameters space that support bimodal/bi-

nary behaviour, it is not enough to know the number of intersections, but a func-

tional dependence between parameters and distribution shape is needed. We derive

such relationship from the condition for a minimum for P (x). Such relation is at

the basis of the algorithm to compute the regions.
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Maxima and minima in the set S are identified by checking the sign of the second

derivative of P , which turns out to be of the form:

d2P

dx2
(x) =

[
π′(x) + π2(x)

]
P (x) , (3.28)

being π the function defined in expression (3.23). For any x ∈ S we have π(x) = 0,

so that the sign of the above expression is given by the sign of π′(x). This first

derivative reads:

π′(x) = −π(x)

x
+
a(1− ε)

x
[r′(x)− ρ′(x)] . (3.29)

By using the previous expression, the condition for an element x ∈ S to be a

minimum (i.e. π′(x) > 0), and therefore having a bimodal/binary distribution,

becomes:

ρ′(x) +
1

ab(1− ε)
< 0 . (3.30)

Note that the corresponding condition for a maximum requires the above inequality

to be reversed so that ρ′(x)− r′(x) > 0.

For H > 0 we have that ρ′(x) > 0 for x > 0, so that condition ρ′(x) + 1/(ab(1−
ε)) > 0 holds everywhere. Therefore, according to (3.30), only graded distributions

are expected since there can be at most one intersection point. For H < 0 there is

room for binary distributions, except when r(0) ≤ 0, or for H = −1 when r(0) > 1.

In general, bimodal/binary distributions require both inequality (3.30) for a min-

imum, and its converse for a maximum, to hold on complementary intervals within

the positive real line.

ForH < −1, at the point x∗, expression (3.27), the function ρ′ attains a minimum

and we have that:

ρ′(x∗) =
H2 − 1

4Hx∗
. (3.31)

the above expression holds for any parameter set (a, b and ε) such that −1/ab(1−ε)
lies between zero and ρ′(x∗) so that:

inf
x
ρ′(x) +

1

ab(1− ε)
< 0, (3.32)



3.2 Bimodal/binary distributions in stochastic gene expression 73

condition (3.30) is satisfied for x values in a interval (x̄1, x̄2). Figure 3.6, which

represent in solid lines a typical function ρ(x) for H < −1 (upper plot) and its first

derivative (lower plot), illustrates this situation.

Values x̄1, x̄2, and thus the intervals which contain the extremal points, can be

computed for any set of parameters satisfying (3.32), as the roots of the equation:

ρ′(x) +
1

ab(1− ε)
= 0 . (3.33)

For H = −1, infx ρ
′(x) = −1/K is attained at x = 0, and therefore equation (3.33)

has only one root x̄2 (see Figure 3.7). Since from previous arguments, S contains

at most two critical points for all parameter sets satisfying inequality (3.32), the

distribution consists of a minimum in the interval (0, x̄2), and a maximum in the

interval (x̄2,∞).

For H < −1 (Figure 3.6), S contains a minimum in the interval (x̄1, x̄2) and two

maxima, one in each complementary intervals (0, x̄1) and (x̄2,∞).

Note that while transitional dynamics are feasible for any possible positive feed-

back (H ≤ −1), bimodal distributions characterizing transitions between two pro-

tein levels demand cooperativity (i.e. H < −1), with parameters being such that

the graph of r intersects the graph of ρ in three points (see Figure 3.5A, 4th plot

from the left).

Based on the above results that analytically characterize the minima and max-

ima, next we present necessary and sufficient conditions for binary/bimodal distri-

butions and propose an algorithm to determine the region in the parameter space

where such conditions are met.

3.2.2. Necessary and sufficient conditions for bimodal/bi-

nary response

In order to compute the parameter region that sustains transitional dynamics

for cooperative networks (i.e. H < −1), first we need to obtain the values x̄1 and x̄2

which define the interval that should contain the minimum (thus satisfying (3.32)
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Figure 3.6: The upper plot depicts function ρ(x) as given in (1.13) for H < −1
and two possible functions r1(x) and r2(x) tangent to ρ(x) at points (x̄1 and x̄2),
respectively. The lower plot represents the first derivative ρ′(x) and a possible value
of r′(x) represented by the horizontal dashed line. Values x ∈ S which happen
to be within the interval (x̄1, x̄2) will satisfy condition (3.30) for a minimum since
ρ′(x) < r′(x). On the other hand, maxima will lie in intervals (0, x̄1) and (x̄2,∞).
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Figure 3.7: The upper plot depicts function ρ(x) as given in (1.13) for H = −1
and function r2(x) tangent to ρ(x) at point x̄2). The lower plot represents the
first derivative ρ′(x) and a possible value of r′(x) represented by the horizontal
dashed line. Values x ∈ S which happen to be within the interval (0, x̄2) will satisfy
condition (3.30) for a minimum since ρ′(x) < r′(x). On the other hand, maxima
will lie in interval (x̄2,∞).
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as previously discussed). For this purpose, we solve the following equation:

ρ′(x)− σρ′(x∗) = 0, (3.34)

for every value σ in the open interval (0, 1). Expression (3.34) combines equation

(3.33) with the necessary condition (3.32). σ in (3.34) can be interpreted as a sort of

continuation parameter which goes through all possible values taken by −1/ab(1−ε)
(ranging from zero to the minimum value of ρ′(x), provided by equation (3.31)) so

to satisfy (3.32).

Taking into account that ρ′′(x) 6= 0 for x 6= x∗, the implicit function theorem

ensures that the solutions x̄1 and x̄2 (the points where equation (3.34) holds) can

be expressed as functions of σ (for 0 < x < x∗, ρ′′(x) < 0, whereas for x∗ < x <∞,

ρ′′(x) > 0). Let these functions be denoted by x̄1 = ϕ1(σ) and x̄2 = ϕ2(σ), and

define two linear functions r1(x) and r2(x), the graph of which is tangent to the

graph of ρ at x̄1 and x̄2, respectively, so that:

r1(x) = ρ′(x̄1)(x− x̄1) + ρ(x̄1) , (3.35)

r2(x) = ρ′(x̄2)(x− x̄2) + ρ(x̄2) . (3.36)

By construction, r2(x) < r(x) < r1(x) for any x, so that the graph of r intersects the

one of ρ at least in two points, one of them satisfying the condition for minimum. If in

addition r(0) > 1, the graph of r intersects in exactly three points (see Proposition

3.3): those in the intervals (0, x̄1) and (x̄2,∞) being maxima, whereas the one

in (x̄1, x̄2) being a minimum. In this way, necessary and sufficient conditions for

binary/bimodal distributions become:

binary: r2(x) < r(x) < r1(x), r(0) ≤ 1

bimodal: r2(x) < r(x) < r1(x), r(0) > 1
(3.37)

From the inequalities (3.37), and using the fact that because of (3.33):

ρ′(x̄1) = ρ′(x̄2) ≡ − 1

ab(1− ε)
,
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we get, after reordering terms, the following constraints in the parameters space:

a >
1

ε
(3.38)

h(x̄2; b) < a < h(x̄1; b) (3.39)

where h(x; b) =
b+ x

bc(x)
and c(x) is given by expression (1.14). Inequality conditions

(3.38-3.39) define the region of transitional dynamics in the parameters space, also

including bimodal distributions associated to transitions between two most frequent

positive states. The algorithm employed to compute the region is summarized in

Algorithm 2.

Algorithm 2: Algorithm to find the region that corresponds with binary/bi-
modal distributions in the parameters space.

1 To fix H, K, ε
2 x∗ ← ρ′(x∗) = min ρ′(x)

3 for σ ∈ (0 1) do
4 δ∗ = σρ′(x∗)
5 x̄1, x̄2 ← ρ′(x̄1) = ρ′(x̄2) = δ∗

6 ϕ1(σ) = x̄1

7 ϕ2(σ) = x̄2

8 for b > 0 do
9 To calculate h(x̄1; b), h(x̄2; b)

10 Aσ = (a, b) such that h(x̄2; b) < a < h(x̄1; b)

11 end

12 end

13 A = ∪
σ
Aσ





Chapter 4

Dynamic properties of self

regulatory gene expression

The methods discussed in Section 3.2 for the self-regulated gene expression net-

work previously described in Section 1.1, are employed to explore the parameters

space in order to search for regions sustaining a binary/bimodal distribution. Our

analysis allows to characterize the shapes that the regions will exhibit in the space

defined by the transcription and translation rate constants, a and b, respectively.

4.1. Regions that sustain bimodal or binary be-

haviour

Regions linked to binary/bimodal distributions may appear as a stripped band

that asymptotically approaches the a and b axes, thus splitting the parameters space.

Alternatively, horn-like regions may result from the intersection of the upper and

lower constraints in (3.39). Figures 4.1A and 4.1B show examples of such regions,

computed with the Algorithm 2.

In constructing the regions (in the a − b parameter space) that support bi-

modal/binary distributions, a quantitative indicator of the reliability of the approx-

imation is required. In this study, the relative error between the analytic solution

79
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Figure 4.1: Possible shapes of the binary/bimodal regions for K = 70 and H = −4
(according to expression (4.1), ε∗ = 0.36 for these parameter values). A) Strip-
like region corresponding to ε < ε∗. B) Horn-like region corresponding to ε > ε∗.
Contours in plot A provide an indication of the relative error between the analytical
distribution and the distribution computed from the CME. For most of the region the
error remains quite low, rising to about 4% only near the lower bound of the region.
Plots C and D represent the stationary distributions associated to the points marked
in the corresponding regions (A and B, respectively). For comparison purposes,
distributions are computed from the analytical solution, equation (3.21), as well as
from the CME.
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Figure 4.2: Plots A and B represent the same stationary distributions associated to
the points marked in the corresponding regions (A and B, respectively) in Figure 4.1.
For comparison purposes, distributions are computed from the analytical solution,
equation (3.21), as well as from the CME. Plots C and D depict the corresponding
stochastic dynamics (SSA). Plot C reflects a scenario with rare transitions between
high and low protein levels, while plot D represents a noisy behaviour with frequent
transitions between high and low protein levels.



82 Chapter 4. Dynamic properties of self regulatory gene expression

and the corresponding to the stationary CME has been employed.

Figure 4.1A presents a contour plot of the relative error for a strip-like region. As

the figure shows, divergences essentially occur for small bursts (i.e. low b), usually

located near the lower bound of the region, where a relative error around a 4% is

observed. Nonetheless, the agreement between CME and the approximation (3.21)

is in general quite acceptable for most part of the parameters space, what includes

the lower bound of the region.

As an example: for the point marked in the region in Figure 4.1A, which coincides

with a high (around a 4%) relative error, the analytical distribution is in a quite

reasonable agreement with the distribution computed from the solution of the CME

(Figure 4.1C). The approximation becomes even better for the horn-like region since

this one corresponds with larger burst sizes. Figure 4.1D illustrates the excellent

agreement found between the analytical solution and the distribution obtained from

the CME, for a parameter set marked as a dot in Figure 4.1B. Figures 4.2C and

4.2D depict the corresponding stochastic dynamics.

The evolution in Figure 4.2C shows a typical switching with regular but infre-

quent transitions between low and high protein states. Such behaviour is in cor-

respondence with the distribution depicted in Figure 4.2A (or Figure 4.1C), which

presents a very low probability valley separating both (maximum frequency) protein

levels. Its dynamics contrasts with the one observed in Figure 4.2D, where the two

most frequent states indicated in the corresponding distribution (plot B) are much

more frequently visited, thus leading to a quite noisy response.

4.1.1. Computing a critical leakage factor ε∗

Remarkably, leakage level is the factor that determines shape. In this way, as

leakage increases, the band becomes narrower up to reach a point where the upper

and lower bounds in (3.39) touch each other, and the horn-like region emerges. In

fact, a critical leakage ε∗ has been identified which determines the transition from
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strip-like to horn-like regions. More precisely, we have:

ε > ε∗ ⇔ horn-like region.

ε ≤ ε∗ ⇔ strip-like region.

The parameter ε∗ can be calculated from the distance between the upper and lower

bounds in expression (3.39). Moreover, this parameter only depends on the level of

cooperativity, namely the number of binding sites needed to activate the promoter,

and takes the form:

ε∗ =

(
H + 1

H − 1

)2

. (4.1)

We start by computing the distance between bounds h(x2; b) and h(x1; b) in

(3.39) constraints, which can be expressed as:

M h(σ, b) =
c(x̄2)− c(x̄1)

c(x̄1)c(x̄2)

(
1− b∗(σ)

b

)
, (4.2)

where b∗(σ) is given by:

b∗(σ) =
x̄2c(x̄1)− x̄1c(x̄2)

c(x̄2)− c(x̄1)
≡ x̄2 − x̄1 − (1− ε)(ρ(x̄1)x̄2 − ρ(x̄2)x̄1)

(1− ε)(ρ(x̄1)− ρ(x̄2))
. (4.3)

A horn-like region appears whenever both bounds coincide, i.e. when M h(σ, b) = 0,

for all σ ∈ (0 1) and b > 0. This is equivalent to b∗ = inf b∗(σ) > 0. Moreover, by

construction we have that M h(σ, b) > 0 for any b > b∗. Associated to such condition

one can find the critical leakage ε∗ such that:

if ε > ε∗ horn-like region, (4.4)

if ε ≤ ε∗ strip-like region, (4.5)

where ε∗ = sup
σ

(ε(σ)), where ε(σ) is of the form:

ε(σ) = 1− x̄2 − x̄1

ρ(x̄1)x̄2 − ρ(x̄2)x̄1

. (4.6)
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Note that b∗ = 0 for ε(σ). Next we show that the expression (4.6) is an increasing

function of σ, and make use of this result to compute ε∗.

Proposition 4.1. ε(σ) is a strictly increasing function.

Proof: Let y be the linear function given by:

y(x) := ρ(x̄1) +
ρ(x̄2)− ρ(x̄1)

x̄2 − x̄1

(x− x̄1), (4.7)

where x̄i = ϕi(σ). Note that the graph of y is a straight line that passes through

the points (x̄i, ρ(x̄i)), for i = 1, 2, such that:

y(0) =
ρ(x̄1)x̄2 − ρ(x̄2)x̄1

x̄2 − x̄1

> 1. (4.8)

Moreover, we have that:

ε(σ) = 1− 1

y(0)
, (4.9)

where y(0) depends of sigma (through x̄i). Proving that y(0) is a strictly increasing

function of σ, we have that ε(σ) is also strictly increasing.

Next, by applying the mean value theorem (MVT) to ρ(x), there exists ξ ∈
(x̄1, x̄2) such that:

ρ(x̄2)− ρ(x̄1)

x̄2 − x̄1

= ρ′(ξ). (4.10)

Moreover, since ρ is concave in (x̄1, x
∗) and convex in (x∗, x̄2) there exist xy ∈

(x̄1, x̄2) such that ρ(xy) = y(xy). So we can apply the MVT twice and get two

points ξ1 ∈ (x̄1, xy) and ξ2 ∈ (xy x̄2) satisfying (4.10). Moreover, ρ′(ξ1) = ρ′(ξ2)

and ξ1 ∈ (x̄1, min(xy, x
∗)) and ξ2 ∈ (max(xy, x

∗), x̄2). Indeed, as ϕ1 is an strictly

increasing function of σ, there exists some σ̄ > σ such that ξ1 = ϕ1(σ̄).

Next, note that the constant slope of the graph of y can be parameterized in

terms of σ and is given by:

m(σ) =
ρ(ϕ2(σ))− ρ(ϕ1(σ)

ϕ2(σ)− ϕ1(σ)
,
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so that:

dm

dσ
(σ) =

[ρ′(ϕ2)ϕ′2 − ρ′(ϕ1)ϕ′1] (ϕ2 − ϕ1)− (ρ(ϕ2)− ρ(ϕ1))(ϕ′2 − ϕ′1)

(ϕ2 − ϕ1)2
(σ). (4.11)

Since ρ′(ϕ2) = ρ′(ϕ1), by reordering terms we get:

dm

dσ
(σ) =

ϕ′2 − ϕ′1
ϕ2 − ϕ1

[
ρ′(ϕ1)− ρ(ϕ2)− ρ(ϕ1)

ϕ2 − ϕ1

]
(σ). (4.12)

As ϕ2 is decreasing, and ϕ1 is increasing, the first factor in equation (4.12) is

negative. Next, we prove that the second factor is positive in order to guarantee that

m is a decreasing function of σ. For this purpose, we consider that, ϕ1(σ̄) > ϕ1(σ)

and, since ρ′(x) is decreasing in (0, x∗), we have:

ρ′(ϕ1(σ)) > ρ′(ϕ1(σ̄)) =
ρ(ϕ2(σ))− ρ(ϕ1(σ))

ϕ2(σ)− ϕ1(σ)
. (4.13)

Therefore, m is a strictly decreasing function, thus y(0) is a strictly increasing

function of σ, what completes the proof, namely that ε(σ) is a strictly increasing

function of σ. �

Before proceeding with the next result, note that ε∗ = sup(ε(σ)), but ε(σ) is a

strictly increasing function, consequently ε∗ = lim
σ→1

(ε(σ)).

Proposition 4.2.

ε∗ := lim
σ→1

(ε(σ)) =

(
H + 1

H − 1

)2

(4.14)

Proof: We have defined x̄1 := ϕ1 and x̄2 := ϕ2, where ϕ1(σ) ∈ (0 x∗) is a strictly

increasing function of σ and ϕ2(σ) ∈ (x∗ ∞) is a strictly decreasing function of σ.

Moreover we know that:

x∗ = K H

√
H − 1

H + 1
, (4.15)

and therefore:

ρ(x̄i) =
x̄Hi

x̄Hi +KH
=

ϕHi
ϕHi +KH

. (4.16)
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Replacing in ε(σ) the values of x̄i, we obtain:

x̄1 − x̄2

ρ(x̄1)x̄2 − ρ(x̄2)x̄1

=
ϕ1 − ϕ2

ρ(x̄1)ϕ2 − ρ(x̄2)ϕ1

. (4.17)

Replacing in the last expression the value of ρ(x̄i) and arranging terms we get:

x̄1 − x̄2

ρ(x̄1)x̄2 − ρ(x̄2)x̄1

=
(ϕ1 − ϕ2)(ϕH1 +KH)(ϕH2 +KH)

ϕH1 ϕ
H
2 (ϕ2 − ϕ1) +KH(ϕ2ϕH1 − ϕ1ϕH2 )

. (4.18)

We also have that:

ϕ2ϕ
H
1 −ϕ1ϕ

H
2 = ϕH1 ϕ

H
2 (ϕ−H+1

2 −ϕ−H+1
1 ) = −ϕH1 ϕH2 (ϕ1−ϕ2)q(ϕ1, ϕ2,−H), (4.19)

where:

q(ϕ1, ϕ2,−H) = ϕ−H1 + ϕ−H−1
1 ϕ2 + · · ·+ ϕ1ϕ

−H−1
2 + ϕ−H2 . (4.20)

Using (4.19), we can eliminate the term (ϕ1 − ϕ2) to obtain:

x̄1 − x̄2

ρ(x̄1)x̄2 − ρ(x̄2)x̄1

=
(ϕH1 +KH)(ϕH2 +KH)

−ϕH1 ϕH2 − ϕH1 ϕH2 q(ϕ1, ϕ2,−H)KH
. (4.21)

When σ → 1, ϕ1 → x∗, ϕ2 → x∗ and q(ϕ1, ϕ2,−H) = (−H + 1)(x∗)−H , thus:

lim
σ→1

(ε(σ)) = 1 +
((x∗)H +KH)2

−(x∗)2H − (x∗)HKH(−H + 1)

= 1 +

K2H

(
H − 1

H + 1
+ 1

)2

K2H

[
H − 1

H + 1
(H − 1)−

(
H − 1

H + 1

)2
]

= 1 +
4H2

H(H − 1)2
=

(H − 1)2 + 4H

(H − 1)2

=
H2 − 2H + 1 + 4H

(H − 1)2
=

(H + 1)2

(H − 1)2
(4.22)
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and it follows that ε∗ =
(H + 1)2

(H − 1)2
, as stated. �

4.2. Deterministic approximation

One might argue that a standard analysis based on a deterministic description of

the self-regulatory network may offer a more amenable route to study bimodal/bi-

nary responses in stochastic systems. Unfortunately, despite some situations in

which a bistable deterministic counterpart may approximate a stochastic system

showing bimodality, this approach can be misleading. In order to understand this

point, let us consider the deterministic counterpart of the system depicted in Figure

1.1, which results into the following ODE set:

dm

dτ
= ac(x)− γm

γx
m, (4.23)

dx

dτ
= b

γm
γx
m− x, (4.24)

where m and x represent the concentrations of mRNA and protein, respectively,

and τ = γxt is the dimensionless time associated, as in equation (3.1), to the scale

of protein degradation. From the steady state solution (i.e. that which satisfies

dm/dτ = dx/dτ = 0), we have that:

m(x) = a
γx
γm

c(x). (4.25)

Replacing the above expression in (??), using equation (1.14) and re-ordering terms,

we finally obtain the equilibrium states for the system, which correspond with the

roots of the equation:

rd(x)− ρ(x) = 0, (4.26)

where:

rd(x) :=
−x

ab(1− ε)
+

1

1− ε
. (4.27)

Interestingly, the above expression derived from the deterministic analysis is similar

to equation (3.24), but by no means equivalent. Both expressions (3.24) and (4.27)

share the same slope ( −1
ab(1−ε)), but their values at zero are different (rd(0) = 1

1−ε 6=
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Figure 4.3: Intersections of ρ(x) (continuous line) with r(x) (equation (3.24)) as-
sociated to stochastic analysis (dashed line), and rd(x) (equation (4.27)) associated
to deterministic ODEs (dotted line), for a self-regulatory network with parameters
H = −4, K = 70, ε = 0.2, a = 9, b = 18. rd(x) is shifted with respect to r(x),
what leads to one intersection point instead of three. Consequently, the determin-
istic system shows one single (monostable) equilibrium state whereas the stochastic
counterpart has a bimodal distribution compatible with a transitional dynamics,
switching between two positive states.

r(0) = (a−1)
a(1−ε) = (a−1)

a
rd(0)). Since for every x, (a−1)

a
< 1, this results into r(x) <

rd(x). Consequently, as illustrated in Figure 4.3, a shift between r(x) and rd(x)

is produced what explains the existence of bimodality on a stochastic system and

monostability on its deterministic counterpart.

Figure 4.4 presents the corresponding bimodal distribution together with a real-

ization of the stochastic dynamics. The trajectories exhibited by the deterministic

system are presented in Figure 4.5 for two sets of parameters, one corresponding to

a monostable equilibrium (Figure 4.5A) and the other one associated with a bistable

system (Figure 4.5B).

The algorithm we have just introduced in the previous section can be employed

to construct the regions in the parameter space associated to the deterministic ap-

proximation, which sustain bistable behaviour. Bistability will occur whenever the

above expression (4.26) has exactly three roots, i. e., two stable points and one

unstable. This happens if r2(x) < rd(x) < r1(x) for the functions r1 and r2 defined
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Figure 4.4: A self-regulatory network with parameters H = −4, K = 70, ε =
0.2, a = 9, b = 18. A) Stationary distribution computed from the CME (dashed
line) and the analytical distribution (continuous line). The two most frequent states
in the distribution correspond with the intersections between ρ(x) and r(x) shown
in Figure (4.3). B) The corresponding stochastic dynamics (SSA) with regular
transitions taking place between a low and a high protein level.
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Figure 4.5: Trajectories exhibited by the corresponding deterministic system. A)
Trajectories associated to a network with parametersH = −4, K = 70, ε = 0.2, a =
9, b = 18 (see also Figure 4.4) evolving to a stable equilibrium point. B) Trajectories
associated to a network with parameters H = −4, K = 70, ε = 0.1, a = 40, b = 3.7.
Red circle and black dots correspond with the unstable and stable equilibrium points,
respectively.
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in (3.35)-(3.36). In this case, region boundaries become:

hd(x̄2; b) < a < hd(x̄1; b) with hd(x; b) =
x

bc(x)
. (4.28)

4.2.1. Bistable region for deterministic approximation

For the deterministic approximation we also can obtain the regions in the param-

eter space with sustain bistable behaviour following the same procedure done in the

previous sections for the stochastic system. Using the expression for the boundaries

of the bistable region, equation (4.28), we can compute the distance between bounds

which reads:

4hd(σ, b) =
1

c(x̄1)c(x̄2)

(
−b
∗
d(σ)

b

)
, (4.29)

with function b∗d(σ) being of the following form:

b∗d(σ) = x̄2c(x̄1)− x̄1c(x̄2)

≡ x̄2 − x̄1 − (1− ε) (ρ(x̄1)x̄2 − ρ(x̄2)x̄1) .
(4.30)

For b∗d(σ) < 0 we have that 4hd(σ, b) > 0 what leads to a strip-like region of

bistability. As in the stochastic situation there also exists the same critical leakage

ε∗ which makes b∗d(σ) = 0. However, because of (4.29) no crossing of the boundaries

is possible. Thus for any leakage above a critical value (i.e. ε ≥ ε∗) no bistability

is possible since the distance between boundaries is always negative and condition

(4.28) does not hold. In other words, bistability never coexists with bimodality

above such values.

4.2.2. Applicability of the deterministic approximation

The methods described in the previous section are employed to depict the regions

in the a, b parameter space sustaining bimodal and bistable behavior. Such regions

are presented in Figure 4.6 for two leakage rates around a critical value (4.1). Below

ε∗ (Figure 4.6 A)), the regions that present bimodality (shaded area) and bistability

(area delimited by dashed lines) show strip-like shapes that partially overlap. Above

ε∗, only a horn-like region that corresponds with bimodal distributions, remains.
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Figure 4.6: Regions sustaining bistable, bimodal and binary behaviour in the pa-
rameter space (b, a). Plot A) shows a strip-like region for H = −4, K = 40, and
ε = 0.1 < ε∗ = 0.36. The marked point (b = 1.75 and a = 50) represents a case
where bistable behaviour coincides with a bimodal distribution. Plot B) shows a
horn-like region for H = −4, K = 140, and ε = 0.5 > ε∗ = 0.36. The marked point
(b = 400 and a = 2.1) leads to a bimodal distribution which has not a bistable
counterpart.
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Figure 4.7: Bimodal and bistable response for H = −4, K = 40, ε = 0.1, b = 1.75
and a = 50 (Plots A) and C)). Critical leakage ε∗ = 0.36 for this example is computed
from (4.1). Bimodal and monostable response for H = −4, K = 140, ε = 0.5,
b = 400 and a = 2.1 (Plots B) and D)). A) and B) show the stationary distributions
computed from the CME (dashed line) and the analytical distribution (continuous
line). C) and D) depict the corresponding stochastic dynamics (SSA). Vertical
lines represent the deterministic stable points. In Plots A) and C) we can clearly
distinguish a periodic switching between two different protein levels. The scenario
depicted in Plots B) and C) illustrates a very noisy signal, reflected by the long tail
of the corresponding distribution. Here, the stable point of the deterministic system
is far away of the stochastic behaviour (two peaks).
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Outside each of those regions, parameter combinations lead to graded distributions

or to monostable systems, if modelled via the ODE system (4.23)-(??).

A simulation approach based for instance on SSA, could be used to identify the

different qualitative behavior regions depicted in Figure 4.6. However, because it

would require a representative number of simulations for each parameter set, the

computational cost would be overwhelming even for simple systems involving small

number of parameters.

As it can be seen in the figure, bistability occupies a smaller area than bimodal

or binary response and appears at lower burst frequency and size (a and b, respec-

tively). In that range, it almost perfectly overlaps with the region of binary-bimodal

response. At the microscopic level, the system with parameters in that region, fre-

quently transits between two protein levels what induces a periodic switching. Such

response parallels the bistable behavior exhibited by the deterministic counterpart

described by (4.23)-(??). As an example, Figure 4.7 A) presents the resulting sta-

tionary distribution as well as the equilibrium states for the deterministic coun-

terpart. Figure 4.7 C) compares the stochastic response with the corresponding

deterministic states. Note, that despite the low number of molecules involved, the

equilibrium points associated to the deterministic approximation are close to the

maxima of the distributions, what proves that the deterministic ODE model is able

to capture reasonably well (in the form of bistability) the intensity of the stochastic

fluctuations.

Essentially, the applicability of the deterministic approximation is indicated by

the distance between the mode and the mean of the probability distribution, the

latter being related to the deterministic state. On a bimodal distribution the closer

each hill will approach to a Gaussian, the closer the two most frequent states (modes)

will approach the mean (average) of each hill. This turns out to be the trend as the

number of proteins increases (i.e. as the system approaches the deterministic limit).

Note however, that contrary to what it might be expected, increases in the num-

ber of proteins produced by the network does not necessary parallel improvements

in the validity of the deterministic approximation. This scenario is depicted in Fig-

ure 4.7 (plots B) and D)). Plot B), represents the stationary bimodal probability

distribution associated the point marked in Figure 4.6 B). Such point belongs to a



94 Chapter 4. Dynamic properties of self regulatory gene expression

horn-like region, characteristic of high transcription leakages. In fact, such regions

appear in the range of large burst sizes (and small burst frequencies), whenever

leakage is over a critical value, that only depends on the level of cooperativity (see

expression (4.1)).

Plot D) in Figure 4.7 compares a realization of the stochastic dynamics with

the corresponding deterministic stationary state. In this situation, the (monos-

table) state, turns out to be far from the two most frequently visited microscopic

states associated to the bimodal distribution. Thus, the deterministic approximation

does not properly capture the essential features of the self-regulatory gene network,

(namely bimodality or even average state values) despite to have a system with a

sufficiently large number of molecules (in the order of 103 molecules).

4.3. Influence of network parameters in the ob-

tained regions

The algorithm 2 has been employed to compute bimodal/binary regions for dif-

ferent feedback strengths and leakage levels. The influence of the (positive) feedback

on the extensions of the regions is given by the so-called feedback strength c = K−|H|

([92]), and the level of basal expression represented by the leakage factor ε, which

appears in the input function (1.14). Note that binary/bimodal responses persist

for positive feedback with H < −1 under quite different conditions. However, the

region withdraws to areas of low transcription and high translation rates as leak-

age crosses the critical value ε∗ given by expression (4.1). Figure 4.8 illustrates the

influence of network parameters on the shape of the binary/bimodal regions.

Either because the number of protein molecules needed to activate DNA in-

creases (so that H becomes more negative) or because the ratio of inactive versus

active forms (K) becomes higher, the region expands as the feedback strength de-

creases for a given leakage level. On the other hand, for a given feedback strength,

increasing the leakage level reduces region’s width as illustrated in Figure 4.8 C).

Figure 4.8 also includes the parameter regions that lead the deterministic sys-

tem to bistability. Such regions (bounded by dashed lines) partially overlap the
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Figure 4.8: Regions sustaining bimodal/binary distributions in the parameters
space. Regions in the a− b parameter space reduce to the strip shaded area. Areas
in grey (shaded region 2) denote regions with bimodal distributions. Dashed lines
represent the bistable region boundaries of the deterministic model. A) Effect of H
on the region area for K = 70, and ε = 0.2, below the critical value ε∗ = 0.25 (for
H = −3), ε∗ = 0.36 (for H = −4) and ε∗ = 0.6694 (for H = −10). B) Effect of K
on the region area, with K = 40, K = 70 and K = 100, for ε = 0.2 and H = −4.
C) Effect of ε on the region area, with ε = 0.1, ε = 0.2 and ε = 0.3, for K = 70 and
H = −4.
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corresponding stochastic ones sustaining bimodal/binary distributions. However,

note that the bistable behaviour disappears above the critical leakage ε∗, thus never

co-existing with bimodal/binary horn-like regions.



Chapter 5

Stability

In this chapter we mainly prove that the PIDE model (3.1), converges exponen-

tially fast to equilibrium. We address this issue making use of entropy methods

[15, 21, 85], which have been applied to study the stability of other kind of models.

Moreover, we end showing numerical simulations that illustrate the exponential rate

of convergence.

5.1. Model preliminaries

We write the PIDE model given by (3.1), which describes the temporal evolution

of the probability density function of the amount of proteins, p : R+ × R+ → R+,

in the equivalent form:

∂p(τ, x)

∂τ
− ∂[xp(τ, x)]

∂x
= a

∫ x

0

ω(x− y)c(y)p(τ, y) dy − ac(x)p(τ, x), (5.1)

where ω(x − y) is given by (3.2). The input function (1.14), which represents the

feedback mechanism, takes the following form:

c(x) =
KH + εxH

KH + xH
. (5.2)

97
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Note that the above input function can be constant, equal to one, when the protein

does not promote or repress its production (open loop). This constant c(x) = 1 is

used when the DNA is always in its activate state, thus implying a unique messenger

RNA production rate (km), reducing the system complexity.

We denote the stationary solution of equation (5.1) as P (x), which therefore

verifies the following equation:

∂[xP (x)]

∂x
= −a

∫ x

0

ω(x− y)c(y)P (y)dy + ac(x)P (x). (5.3)

We remember that the analytical solution obtained for the steady state of the PIDE

model (5.1) in the previous Chapter (Proposition 3.1) reads:

P (x) := Z [ρ(x)]
a(1−ε)
H x−(1−aε)e

−x
b = Z

[
xH +KH

]a(ε−1)
H xa−1e

−x
b , (5.4)

with ρ(x) defined in (1.13) and Z being a normalising constant such that
∞∫
0

P (x) = 1.

In case of no self-regulation (open look network with c(x) = 1) the stationary

solution is a gamma distribution, equation (2.30).

5.1.1. Equilibrium regime properties

The behaviour of the stationary state at zero and at +∞ depends on both

r = aε− 1 and a due to the presence of the function ρ(x) and its dependence on H

(see also Propositions 3.2 and 3.3 in Chapter 3). Its dependence can be summarised

as follows:

1. If H > 0, then P (x) ' xa−1 as x→ 0+ and P (x) ' xre−x/b as x→ +∞. Then

the stationary state P (x) exhibits a singularity at zero for 0 < a < 1 and it is

smooth otherwise having zero limit for a > 1 and a positive limit for a = 1.

2. If H < 0, then P (x) ' xr as x→ 0+ and P (x) ' xa−1e−x/b as x→ +∞. Then

the stationary state P (x) exhibits a singularity at zero for aε < 1 and it is

smooth otherwise having zero limit for aε > 1 and a positive limit for aε = 1.

3. If c(x) = 1, P (x) is given by (2.30), then P (x) ' xa−1 as x → 0+ and
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P (x) ' xa−1e−x/b as x → +∞. Then the stationary state P (x) exhibits a

singularity at zero for a < 1 and it is smooth, having zero limit for a > 1 and

a positive limit for a = 1.

Note that in all cases lim
x→∞

P (x) = 0.

As we can see in Fig 5.1, the stationary solution exhibits five different behaviours

for H < 0:

b

a

 

 

Binary region
Bimodal region
1/ε

1 2

3 4

5

Figure 5.1: Regions in the parameter space, where protein distribution exhibits
different behaviours for H < 0. There are two large areas where the protein dis-
tribution change fundamentally its properties, the first including the shapes one
and two, where a < 1

ε
and lim

x→0
(P (x)) = ∞ and the second with P (x) finite for all

non-negative x, which includes shapes three to five.

1. If a <
1

ε
, then lim

x→0
P (x) =∞.

1.1 Only one peak in x = 0 (Case 1 Fig 5.1).

1.2 Two peaks: one in x = 0 and another in x > 0 (Case 2 Fig 5.1).

2. If a >
1

ε
, then lim

x→0
P (x) = 0. If a ≥ 1

ε
, then lim

x→0
P (x) = M with M ≥ 0
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2.1 Only one peak in x > 0 but close to x = 0 (Case 3 Fig 5.1).

2.2 Two different peaks: one in x1 > 0 and another in x2 > 0 (Case 4 Fig

5.1).

2.3 Only one peak in x ≥ 0 (Case 5 Fig 5.1).

Note that cases 2.1 and 2.3 are equivalent, and lim
x→∞

P (x) = 0 for all cases. If H > 0

(or c(x) = 1) the bimodal behaviour disappears, thus remaining cases 3 or 5 for

a > 1 and case 1 if a < 1.

5.2. Preliminaries and entropy methods

The 1D equation (5.1) is a simple integro-differential equation for which well-

posedness and some basic properties follow from standard methods. A classical

solution to equation (5.1) with initial data p0 ∈ C1([0,+∞)) is a function p ∈
C1([0,+∞) × (0,+∞)) which satisfies (5.1) for all (t, x) ∈ [0,+∞) × (0,+∞), and

such that p(0, x) = p0(x) for all x ∈ (0,+∞). It is not hard to show that, given an

integrable initial condition p0 ∈ C1,b([0,+∞)), there exists a unique mass-conserving

classical solution. In order to give a brief sketch of the proof it is perhaps easier to

work with mild solutions, which we introduce now.

Given pt = p(t, ·) ∈ L1(0,+∞), we denote by L[pt] the right hand side of (5.1):

L[pt](x) := a

∫ x

0

ω(x− y)c(y)pt(y) dy − ac(x)pt(x), x > 0,

and given any function p0 : (0,+∞)→ R we define

(Xt#p0)(x) := p0(xet)et, for t ≥ 0, x > 0.

This notation is motivated by the fact that Xt#p0 is the transport of the function

p0 by the map Xt(x) := xe−t. By the method of characteristics, one easily sees that

a classical solution p to (5.1) must satisfy

p(t, x) = (Xt#p0)(x) +

∫ t

0

(
Xt−s#L[p(s, ·)]

)
(x) ds for all t ≥ 0, x > 0. (5.5)
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This suggests the following definition:

Definition 5.1. Let p0 ∈ L1(0,+∞). We say that p ∈ C([0,∞);L1(0,+∞)) is a

mild solution to equation (5.1) with initial data p0 if it satisfies (5.5) for all t ≥ 0,

for almost all x > 0.

Theorem 5.1. For any p0 ∈ L1(0,+∞) there exists a unique mild solution of (5.1)

with initial data p0. In addition, this solution is mass-conserving, and there is a

constant C > 0 (independent of p0) such that:

‖pt‖1 ≤ eCt‖p0‖1 for all t ≥ 0. (5.6)

Proof: This result can be obtained by considering the functional:

Φ[p](t, x) := (Xt#p0)(x) +

∫ t

0

(
Xt−s#L[p(s, ·)]

)
(x) ds,

defined on the Banach space:

Y := {p ∈ C([0, T ];L1(0,+∞)) | p(0, ·) = p0},

with norm:

‖p‖Y := sup
t∈[0,T ]

‖pt‖1,

for T > 0 small enough. By following an argument very similar to that of Picard

iterants one obtains the existence of mild solutions on a time interval [0, T ]. Since

the equation is linear (and our equation is invariant under time translations), this

argument can be iterated to find solutions on [0,+∞). We refer to [13] and references

therein for more complete details of this standard argument. �

Remark 5.1. Note that in the forthcoming Lemma 5.1 we prove that:

‖pt‖1 ≤ ‖p0‖1 for all t ≥ 0,

thus justifying the definition of ‖p‖Y .

If the initial condition p0 is in C1,b(0,+∞), one can see that the iteration in

the above proof can also be done in the space Z := {p ∈ C1,b([0, T ] × (0,+∞)) |
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p(0, x) = p0(x) for x > 0}. This gives the existence of a unique classical solution in

this space:

Theorem 5.2. For any p0 ∈ C1,b(0,+∞) there exists a unique mass-conserving

classical solution of (5.1) with initial data p0.

Lemma 5.1. Take p0 ∈ L1(0,+∞) and let p be the unique mild solution to equation

(5.1) given by Theorem 5.1.

1. Positivity is preserved: if p0 ≥ 0 a.e. then pt ≥ 0 a.e., for all t ≥ 0.

2. As a consequence of this and mass conservation, the L1 norm is decreasing:

‖pt‖1 ≤ ‖p0‖1 for all t ≥ 0.

3. We have a maximum and minimum principle:

inf
x>0

p0(x)

P (x)
≤ p(t, x)

P (x)
≤ sup

x>0

p0(x)

P (x)
.

Proof: In order to see that positivity is preserved, for any classical solution we

can write, using Duhamel’s formula,

pt = Stp0 +

∫ t

0

St−sL
+[ps] ds,

where St is the semigroup associated to the equation ∂tp− ∂x(xp) + ac(x)p = 0 and

L+ is the operator given by:

L[pt](x) := a

∫ x

0

ω(x− y)c(y)pt(y) dy x > 0.

This way of writing the solution clearly shows p is nonnegative if p0 is nonnegative.

Now, for a mild solution we obtain the same result by approximation, taking into

account (5.6).

For the second part of the result, denote by Tt the semigroup in L1(0,+∞)

defined by the equation, and write f+ := max{0, f}, f− := max{0,−f} for the

positive and negative parts of a function f , so that f = f+− f−. The positivity and
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mass preservation imply that:

‖pt‖1 = ‖Ttp0‖1 ≤ ‖Tt((p0)+)‖1 + ‖Tt((p0)−)‖1

=

∫
Tt((p0)+) +

∫
Tt((p0)−) =

∫
(p0)+ +

∫
(p0)− = ‖p0‖1.

Finally, for the maximum principle just notice that, if M is the supremum on

the right hand side, the function q = MP − p is a mild solution with nonnegative

initial data. Due to preservation of positivity we obtain the inequality on the right.

The minimum principle is obtained analogously. �

LetH : [0,+∞)→ R be a convex function. We define the general relative entropy

functional as:

GH(u)(τ) =

∫ ∞
0

H(u(τ, x))P (x)dx, (5.7)

with

u(τ, x) :=
p(τ, x)

P (x)
.

A basic principle is that GH(u) is a decreasing quantity when p is a solution to (5.1)

as we are going to see later on. We firstly give a technical lemma. Combining the

derivative of convex function H(u) with respect the protein amount x and the same

derivative terms in expressions (5.1) and (5.3) we obtain the equality described in

the following Lemma. This result is used in the proof of the main proposition of

this section where we obtain an expression for the time derivative of the entropy

functional.

Lemma 5.2. Let H satisfy the assumptions of Proposition 5.1 and take pt ∈
C1(0,+∞). Then, the following equality is verified:

H ′(u(τ, x))
∂[xp(τ, x)]

∂x
=
∂[H(u(τ, x))xP (x)]

∂x

+ (u(τ, x)H ′(u(τ, x))−H(u(τ, x)))
∂[xP (x)]

∂x
. (5.8)

Proof: We know that:

∂H(u(τ, x))

∂x
= H ′(u(τ, x))

∂u(τ, x)

∂x
=
H ′(u(τ, x))

P (x)

(
∂p(τ, x)

∂x
− u(τ, x)

∂P (x)

∂x

)
,
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and
∂[H(u(τ, x))xP (x)]

∂x
= xP (x)

∂H(u(τ, x))

∂x
+H(u(τ, x))

∂[xP (x)]

∂x
.

So that, replacing the first expression in the second we have that:

∂[H(u(τ, x))xP (x)]

∂x
=xH ′(u(τ, x))

(
∂p(τ, x)

∂x
− u(τ, x)

∂P (x)

∂x

)
+H(u(τ, x))

∂[xP (x)]

∂x
. (5.9)

Next, by using the following identities:

x
∂p(τ, x)

∂x
=
∂[xp(τ, x)]

∂x
− p(τ, x) and x

∂P (x)

∂x
=
∂[xP (x)]

∂x
− P (x),

in (5.9) we obtain:

∂[H(u(τ, x))xP (x)]

∂x
=

(
∂[xp(τ, x)]

∂x
− p(τ, x)− u(τ, x)

(
∂[xP (x)]

∂x
− P (x)

))
×H ′(u(τ, x)) +H(u(τ, x))

∂[xP (x)]

∂x

=H ′(u(τ, x))

(
∂[xp(τ, x)]

∂x
− u(τ, x)

∂[xP (x)]

∂x

)
+H(u(τ, x))

∂[xP (x)]

∂x
.

Note that the terms u(τ, x)P (x)−p(τ, x) vanish, since u(τ, x)P (x) = p(τ, x). Finally,

reordering terms in the last equation we obtain the equality (5.8). �

In the following proposition we obtain an expression for the time derivative of

the entropy functional defined on (5.7).

Proposition 5.1. Let H : [0,+∞) → R be a convex function in C1([0,+∞)) and

let p be a classical solution to (5.1) with integrable initial condition p0 ∈ C1,b[0,+∞)

such that |p0(x)| ≤MP (x) for some M > 0. Thus, it holds that:

dGH(u)(τ)

dτ
= a

∫ ∞
0

∫ ∞
y

[H(u(τ, x))−H(u(τ, y)) +H ′(u(τ, x)) (u(τ, y)− u(τ, x))]

× ω(x− y)c(y)P (y)dxdy. (5.10)
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Proof: We start the proof by computing the time derivative of the general

relative entropy functional:

dGH(u)(τ)

dτ
=

∂

∂τ

∫ ∞
0

H(u(τ, x))P (x)dx =

∫ ∞
0

∂

∂τ
H(u(τ, x))P (x)dx

=

∫ ∞
0

H ′(u(τ, x))
∂p(τ, x)

∂τ
dx.

We replace the time derivative of p(τ, x) by its expression from (5.1) to obtain:

dGH(u)(τ)

dτ
=

∫ ∞
0

(
∂[xp(τ, x)]

∂x
+ a

∫ x

0

ω(x− y)c(y)p(τ, y)dy − ac(x)p(τ, x)

)
×H ′(u(τ, x))dx.

Next, using Lemma 5.2 and the fact that p(τ, x) = u(τ, x)P (x), we have:

dGH(u)(τ)

dτ
=

∫ ∞
0

(
∂[H(u(τ, x))xP (x)]

∂x

+ (u(τ, x)H ′(u(τ, x))−H(u(τ, x)))
∂[xP (x)]

∂x

)
dx

+ a

∫ ∞
0

(∫ x

0

ω(x− y)c(y)u(τ, y)P (y)dy − c(x)u(τ, x)P (x)

)
×H ′(u(τ, x))dx.

In the above equation the term
∫∞

0
∂[H(u(τ,x))xP (x)]

∂x
dx vanishes (recall that limx→+∞

xP (x) = limx→0 xP (x) = 0, and notice that u(τ, x) ≤ M for all τ ≥ 0, x > 0 due

to the maximum principle in Lemma 5.1). Replacing the term containing the first

order derivative by its value from equation (5.3) we get:

dGH(u)(τ)

dτ
= − a

∫ ∞
0

(u(τ, x)H ′(u(τ, x))−H(u(τ, x)))

×
(∫ x

0

ω(x− y)c(y)P (y)dy − c(x)P (x)

)
dx

+ a

∫ ∞
0

H ′(u(τ, x))

×
(∫ x

0

ω(x− y)c(y)u(τ, y)P (y)dy − c(x)u(τ, x)P (x)

)
dx.
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Reordering terms in the above equation we have that:

dGH(u)(τ)

dτ
= a

∫ ∞
0

H(u(τ, x))

(∫ x

0

ω(x− y)c(y)P (y)dy − c(x)P (x)

)
dx

+ a

∫ ∞
0

H ′(u(τ, x))

(∫ x

0

ω(x− y)c(y)u(τ, y)P (y)dy

−u(τ, x)

∫ x

0

ω(x− y)c(y)P (y)dy

)
dx.

Note that: ∫ ∞
0

H(u(τ, x))c(x)P (x)dx =

∫ ∞
0

H(u(τ, y))c(y)P (y)dy,

so we can change the order of integration in the above equation to obtain:

dGH(u)(τ)

dτ
= a

∫ ∞
0

(∫ ∞
y

ω(x− y)H(u(τ, x))dx c(y)P (y)

−H(u(τ, y))c(y)P (y)
)

dy

+ a

∫ ∞
0

∫ ∞
y

ω(x− y) [H ′(u(τ, x)) (u(τ, y)− u(τ, x))] c(y)P (y)dxdy.

Since
∫∞
y
ω(x − y)dx = 1, we multiply by this integral the second term in the first

line on the right hand side of the above equation:

dGH(u)(τ)

dτ
= a

∫ ∞
0

∫ ∞
y

ω(x− y) [H(u(τ, x))−H(u(τ, y))] c(y)P (y)dxdy

+ a

∫ ∞
0

∫ ∞
y

ω(x− y) [H ′(u(τ, x)) (u(τ, y)− u(τ, x))] c(y)P (y)dxdy,

so we conclude the proof by gathering both terms in last equation. �

Remark 5.2. Note that the time derivative of the general relative entropy functional

for any convex function H is non-positive, that is:

dGH(u)(τ)

dτ
≤ 0, (5.11)
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since for any convex function H and any u, v in its domain,

H(u)−H(v) +H ′(u)(v − u) ≤ 0. (5.12)

The parameter a and the functions ω(x− y), c(y) and P (y) on the right hand side

of (5.10) are always positive, and hence the integrand is non-positive.

Once the Proposition 5.1 was proved, the relative entropy decays, and we can

directly state the following property reported in [21] and before in [84] and [85].

Corollary 5.1. Given any solution p with normalised initial data p0 to equation

(5.1), then for any 1 ≤ q <∞ we have∫ ∞
0

P (x)|u(τ, x)|q dx ≤
∫ ∞

0

P (x)|u0(x)|q dx with u0(x) :=
p0(x)

P (x)
. (5.13)

5.3. Exponential convergence for the 1D PIDE

model

In this section our aim is to prove that the solution of equation (5.1) has expo-

nential convergence to the steady state solution, P . For this purpose, we consider

the choice of the convex function H as H(u) = (u − 1)2 and define the entropy

functional as:

G2(u)(τ) :=

∫ ∞
0

P (x)(u(τ, x)− 1)2dx =

∫ ∞
0

p2(τ, x)

P 2(x)
P (x)dx− 1

=

∫ ∞
0

u2(τ, x)P (x)dx− 1, (5.14)

where we have used that p(τ, x) and P (x) are probability density functions. Now, by

replacing the value of the considered convex function in Proposition 5.1, we obtain

the following equality:

dG2(u)(τ)

dτ
= −a

∫ ∞
0

∫ ∞
y

ω(x− y) (u(τ, x)− u(τ, y))2 c(y)P (y)dxdy. (5.15)
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Let D2(u)(τ) be defined as:

D2(u)(τ) := a

∫ ∞
0

∫ ∞
y

ω(x− y) (u(τ, x)− u(τ, y))2 c(y)P (y)dxdy. (5.16)

Note that, the equation (5.15) is equivalent to:

dG2(u)(τ)

dτ
= −D2(u)(τ).

Next, we must find the conditions under which the following entropy inequality

holds:

G2(u)(τ) ≤ 1

2β
D2(u)(τ). (5.17)

For this purpose, we start by rewriting G2(u)(τ) in a equivalent form [15]:

Lemma 5.3. For a non-negative measurable function P : (0, ∞) → R+ such that∫∞
0
P (x)dx = 1, and the functional:

H2(u)(τ) :=

∫ ∞
0

∫ ∞
y

P (x)P (y) (u(τ, x)− u(τ, y))2 dxdy, (5.18)

there holds:

G2(u)(τ) = H2(u)(τ). (5.19)

Proof: Note that, by an expansion of the square, we get:

G2(u)(τ) =

∫ ∞
0

P (x)(u(τ, x)− 1)2dx =

∫ ∞
0

P (x)u(τ, x)2dx− 1, (5.20)
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while H2(u)(τ) is a symmetric function, so that:

H2(u)(τ) =
1

2

∫ ∞
0

∫ ∞
0

P (x)P (y) (u(τ, x)− u(τ, y))2 dxdy

=
1

2

∫ ∞
0

∫ ∞
0

P (x)P (y)
(
u(τ, x)2 − 2u(τ, x)u(τ, y) + u(τ, y)2

)
dxdy

=

∫ ∞
0

∫ ∞
0

P (x)P (y)u(τ, x)2dxdy

−
∫ ∞

0

∫ ∞
0

P (x)P (y)u(τ, x)u(τ, y)dxdy

=

∫ ∞
0

P (x)u(τ, x)2

(∫ ∞
0

P (y)dy

)
dx−

∫ ∞
0

∫ ∞
0

p(τ, x)p(τ, y)dxdy

=

∫ ∞
0

P (x)u(τ, x)2dx− 1,

which is equivalent to (5.20). �

As consequence of this previous lemma the inequality:

H2(u)(τ) ≤ 1

2β
D2(u)(τ), (5.21)

is equivalent to (5.17).

5.3.1. Bounds for the stationary solution

In this section we provide preliminary results to prove the inequality (5.21),

based on the tools employed in [18]. We start by obtaining bounds for the steady

state solution, P , of the Friedman equation (5.1). These bounds are shown in the

following lemma.

Lemma 5.4. (P bounds) For δ > 0 we define the intervals of length 1
2
:

Ik,δ :=

(
δ +

k

2
, δ +

k + 1

2

]
, k ≥ 0 integer, (5.22)
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and the values:

pk := P
(
δ +

k

2

)
= C

[(
δ +

k

2

)H
+KH

]a(ε−1)
H (

δ +
k

2

)a−1

e
−(δ+ k

2 )

b . (5.23)

Then, the following inequality holds:

A(δ) ≤ P (x)

pk
≤ B(δ), ∀x ∈ Ik,δ and ∀k, (5.24)

with P (x) given by (5.4).

Proof: Note that
[
xH +KH

]a(ε−1)
H and e

−x
b are decreasing functions, so that

their maxima are at x̂0 = δ + k
2

and their minima are at x̂1 = δ + k+1
2

in Ik,δ. The

term xa−1 shows different behaviours which depend on the parameter a, (this term

is increasing if a > 1, constant if a = 1 and decreasing if a < 1). So that, we can

bound P in the interval Ik,δ as follows:

g(x̂1)(δ + k
2
)a−1 ≤ P (x) ≤ g(x̂0)

(
δ + k+1

2

)a−1
if a > 1

g(x̂1) ≤ P (x) ≤ g(x̂0) if a = 1

g(x̂1)
(
δ + k+1

2

)a−1 ≤ P (x) ≤ g(x̂0)
(
δ + k

2

)a−1
if a < 1

(5.25)

where g(x) = Z
[
xH +KH

]a(ε−1)
H e

−x
b .

Now, in order to calculate the bounds of P (x)
pk

, we divide the expression (5.25) by

pk to obtain A(δ, k) ≤ P (x)
pk
≤ B(δ, k) with the functions A and B being,

A(δ, k) :=



(
(δ + k+1

2
)H +KH

(δ + k
2
)H +KH

)a(ε−1)
H

e
−1
2b if a ≥ 1

(
(δ + k+1

2
)H +KH

(δ + k
2
)H +KH

)a(ε−1)
H

e
−1
2b

(
2δ + k + 1

2δ + k

)a−1

if a < 1

(5.26)
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and

B(δ, k) :=


(

2δ + k + 1

2δ + k

)a−1

if a > 1

1 if a ≤ 1

(5.27)

Notice that,

lim
k→∞

A(δ, k) = e−
1
2b , lim

k→∞
B(δ, k) = 1

and they are A(δ) := min
k≥0

(A(δ, k)) and B(δ) := max
k≥0

(B(δ, k)), which verify the

inequality (5.24). �

Note that inequality (5.24) can be easily checked for the simplest open look case,

whose stationary solution is given by (2.30).

Lemma 5.5. We define the term Mj as:

Mj :=

j−1∑
k=1

1

mk

, (5.28)

with {mk}k≥1 being a positive sequence given by mk = pke
δ+ k

2
2b . Then, the following

inequality is verified:

mk

∞∑
j=k+1

Mjpj ≤ Cpk, (5.29)

for some constant C > 0.

Proof: We define {aj}j≥1 with aj = 1
mj

and we calculate the following limit:

lim
j→∞

aj+1 − aj
Mj+1 −Mj

= lim
j→∞


((
δ + j+1

2

)H
+KH

)a(1−ε)
H (

δ + j+1
2

)1−a

((
δ + j

2

)H
+KH

)a(1−ε)
H (

δ + j
2

)1−a
e

1
4b − 1

 = e
1
4b−1.

Since this limit exist and {Mj}j≥1 is a strictly increasing and divergent sequence, we

can use the Stolz-Cesàro theorem to obtain that Mj ≤ C0aj, with C0 > 0 constant.

Then,

mk

∞∑
j=k+1

Mjpj ≤ C0mk

∞∑
j=k+1

ajpj.
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The summation term at the right hand side can be calculated as follows:

∞∑
j=k+1

ajpj =
∞∑

j=k+1

e−
2δ+j

4b =
e−

2b−1
4b

e− 1
e−

2δ+k
4b ,

so that

mk

∞∑
j=k+1

Mjpj ≤ Cmke
− 2δ+k

4b = Cpk,

with C = C0
e−

2b−1
4b

e−1
, concluding the proof. �

5.3.2. Exponential convergence

In order to prove the exponential convergence of the solution of the Friedman

equation (5.1) we are going to split the proof of inequality (5.21) in the following

two propositions.

Proposition 5.2. The following inequality is satisfied:

λH2(u)(τ) ≤
∫ ∞

0

∫ y+1

y

P (y) (u(τ, x)− u(τ, y))2 dxdy := D(u)(τ), (5.30)

for some constant λ > 0.

Proof: We take 0 < δ < 1 and split H2(u)(τ) in two parts:

H2(u)(τ) =

∫ ∞
δ

∫ ∞
y

P (x)P (y) (u(τ, x)− u(τ, y))2 dxdy

+

∫ δ

0

∫ ∞
y

P (x)P (y) (u(τ, x)− u(τ, y))2 dxdy

:=H21(u)(τ) +H22(u)(τ).

For i, j ≥ 0 integers, we define:

Ai,j(τ) :=

∫
Ii,δ

∫
Ij,δ

(u(τ, x)− u(τ, y))2 dydx =

∫
Ii,δ

∫
Ij,δ

(u(τ, x)− u(τ, y))2 dxdy.
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We can estimate both the left and the right hand sides of (5.30) by using the quan-

tities Ai,j(τ).

Step 1: H21(u)(τ) estimation.

We start working on the term H21(u)(τ), where 0 < δ < y < x. By swapping

(x, y) in the domain of integration, we get:

H21(u)(τ) =

∫ ∞
δ

∫ x

δ

P (x)P (y) (u(τ, x)− u(τ, y))2 dydx

≤
∞∑
i=0

i∑
j=0

∫
Ii,δ

∫
Ij,δ

(u(τ, x)− u(τ, y))2 P (x)P (y)dydx.

Now, using the inequality (5.24) we obtain:

H21(u)(τ) ≤ B(δ)2

∞∑
i=0

i∑
j=0

pipj

∫
Ii,δ

∫
Ij,δ

(u(τ, x)− u(τ, y))2 dydx

= B(δ)2

∞∑
i=0

i∑
j=0

pipjAi,j(τ). (5.31)

Note that some terms in this expression already appear in the right hand side of

(5.30), since:

∞∑
i=0

p2
iAi,i(τ) =

∞∑
i=0

pipi

∫
Ii,δ

∫
Ii,δ

(u(τ, x)− u(τ, y))2 dxdy

≤ 1

A(δ)2

∞∑
i=0

∫
Ii,δ

∫
Ii,δ

(u(τ, x)− u(τ, y))2 P (x)P (y)dxdy

=
2

A(δ)2

∞∑
i=0

∫
Ii,δ

∫
x∈Ii,δ
x>y

(u(τ, x)− u(τ, y))2 P (x)P (y)dxdy

≤ 2

A(δ)2

∞∑
i=0

∫
Ii,δ

∫ y+1

y

(u(τ, x)− u(τ, y))2 P (x)P (y)dxdy

=
2

A(δ)2

∫ ∞
δ

∫ y+1

y

(u(τ, x)− u(τ, y))2 P (x)P (y)dxdy. (5.32)

Since PM = max
x∈[δ, ∞)

P (x) <∞ due to the properties described in Section 5.1.1, from
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(5.32) we obtain that:

∞∑
i=0

p2
iAi,i(τ) ≤ PM

A(δ)2

∫ ∞
δ

∫ y+1

y

(u(τ, x)− u(τ, y))2 P (y)dxdy ≤ PM
A(δ)2

D(u)(τ),

(5.33)

In order to estimate Ai,j(τ) for j > i we fix i, j and call n := j−i ≥ 1. We use n−1

“intermediate reactions” to write the following: introduce n− 1 dummy integration

variables zi+1, . . . , zj−1 and denote averaged integrals with a stroke. Thus, we have:

4Ai,j(τ) =−
∫
Ii,δ

−
∫
Ij,δ

(u(τ, x)− u(τ, y))2 dxdy

=−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(u(τ, x)− u(τ, y))2 dx dzj−1 · · · dzi+1 dy

=−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(u(τ, zj)− u(τ, zi))
2 dzj dzj−1 · · · dzi,

where the last step is just renaming x ≡ zj and y ≡ zi. (Note that nothing has been

done in the case j = i+ 1.)

Using the Cauchy-Schwarz inequality and (5.28), we have that:

4Ai,j(τ) =−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(
j−1∑
k=i

(u(τ, zk+1)− u(τ, zk))

)2

dzj dzj−1 · · · dzi

≤−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(
j−1∑
k=i

(u(τ, zk+1)− u(τ, zk))
2mk

)

×

(
j−1∑
k=i

1

mk

)
dzj dzj−1 · · · dzi

≤Mj−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(
j−1∑
k=i

(u(τ, zk+1)− u(τ, zk))
2mk

)
dzj dzj−1 · · · dzi,
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so that,

4Ai,j(τ) ≤Mj

j−1∑
k=i

mk−
∫
Ii,δ

−
∫
Ii+1,δ

· · · −
∫
Ij,δ

(u(τ, zk+1)− u(τ, zk))
2 dzj dzj−1 · · · dzi

=Mj

j−1∑
k=i

mk−
∫
Ik,δ

−
∫
Ik+1,δ

(u(τ, zk+1)− u(τ, zk))
2 dzk+1 dzk

= 4Mj

j−1∑
k=i

mkAk,k+1(τ).

Hence, we have:

Ai,j(τ) ≤Mj

j−1∑
k=i

mkAk,k+1(τ) for all j > i.

Thus, we get:

∞∑
i=0

∞∑
j=i+1

pipjAi,j(τ) ≤
∞∑
i=0

∞∑
j=i+1

pipjMj

j−1∑
k=i

mkAk,k+1(τ)

=
∞∑
k=0

mkAk,k+1(τ)
∞∑

j=k+1

pjMj

k∑
i=0

pi

≤C1
δ

∞∑
k=0

Ak,k+1(τ)mk

∞∑
j=k+1

Mjpj.

The inequality
∑k

i=0 pi ≤ C, in the previous expression, is verified because
∑∞

i=0 pi is

a convergent series due to the d’Alembert’s ratio test. Moreover, mk

∑∞
j=k+1Mjpj ≤

Cpk is verified, due to Lemma 5.5, so that, we obtain:

∞∑
i=0

∞∑
j=i+1

pipjAi,j(τ) ≤ C
∞∑
k=0

Ak,k+1(τ)pk ≤ C ′D(u)(τ). (5.34)
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We finally work in the equation (5.34) to obtain:

∞∑
k=0

Ak,k+1(τ)pk =
∞∑
k=0

∫
Ik,δ

∫
Ik+1,δ

(u(τ, x)− u(τ, y))2 dx pk dy

≤ 1

A(δ)

∞∑
k=0

∫
Ik,δ

∫ y+1

y

(u(τ, x)− u(τ, y))2 dxP (y)dy

≤ 1

A(δ)

∫ ∞
0

∫ y+1

y

(u(τ, x)− u(τ, y))2 P (y)dxdy =
1

A(δ)
D(u)(τ),

where we use that y < δ+ k+1
2
< δ+ k+2

2
< y+1 and (5.24). We conclude by plugging

the above estimate in (5.34), which together with equations (5.31) and (5.33) prove

that:

λ1H21(u)(τ) ≤ D(u)(τ). (5.35)

Step 2: H22(u)(τ) estimation.

To prove that:

λ2H22(u)(τ) ≤
∫ ∞

0

∫ y+1

y

P (y) (u(τ, x)− u(τ, y))2 dxdy, (5.36)

we use an intermediate variable z ∈ (δ, 1) as follows:∫ δ

0

∫ ∞
y

(u(τ, x)− u(τ, y))2 P (x)P (y)dxdy

=−
∫ 1

δ

∫ δ

0

∫ ∞
y

(u(τ, x)− u(τ, y))2 P (x)P (y)dx dy dz

≤ 2−
∫ 1

δ

∫ δ

0

∫ ∞
y

(u(τ, x)− u(τ, z))2 P (x)P (y)dx dy dz

+ 2−
∫ 1

δ

∫ δ

0

∫ ∞
y

(u(τ, z)− u(τ, y))2 P (x)P (y)dx dy dz := I1(τ) + I2(τ).
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We bound each of I1(τ), I2(τ). First, for I1(τ):

I1(τ)

2
=−
∫ 1

δ

∫ δ

0

∫ ∞
y

(u(τ, x)− u(τ, z))2 P (x)P (y)dx dy dz

≤−
∫ 1

δ

∫ ∞
0

(u(τ, x)− u(τ, z))2 P (x)dx dz

=−
∫ 1

δ

∫ ∞
δ

(u(τ, x)− u(τ, z))2 P (x)dx dz

+−
∫ 1

δ

∫ δ

0

(u(τ, x)− u(τ, z))2 P (x)dx dz := I11(τ) + I12(τ),

since
∫∞

0
P (y)dy = 1.

For I11(τ) using that P is bounded below on [δ, 1] ( 1
Cδ
≤ P (x), x ∈ [δ, 1]), then:

I11(τ) =−
∫ 1

δ

∫ ∞
δ

(u(τ, x)− u(τ, z))2 P (x)dx dz

≤Cδ−
∫ 1

δ

∫ ∞
δ

(u(τ, x)− u(τ, z))2 P (x)P (z)dx dz

≤ Cδ
1− δ

∫ ∞
δ

∫ ∞
δ

(u(τ, x)− u(τ, z))2 P (x)P (z)dx dz

=
2Cδ

1− δ

∫ ∞
δ

∫ ∞
z

(u(τ, x)− u(τ, z))2 P (x)P (z)dx dz,

Note that the right hand side of the above equation is bounded by a multiple of the

term H21(u)(τ), thus leading to I11(τ) ≤ CH21(u)(τ) with C =
2Cδ

1− δ
. Using (5.35)

we deduce that I11(τ) ≤ CD(u)(τ).

The integral I12(τ) is clearly smaller than the right hand side of (5.30) since it
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involves a smaller domain of integration, indeed:

I12(τ) =−
∫ 1

δ

∫ δ

0

(u(τ, x)− u(τ, z))2 P (x)dx dz

=−
∫ 1

δ

∫ δ

0

(u(τ, x)− u(τ, z))2 P (z)dz dx

=
1

1− δ

∫ δ

0

∫ 1

δ

(u(τ, x)− u(τ, z))2 P (z)dx dz

≤ 1

1− δ

∫ δ

0

∫ z+1

z

(u(τ, x)− u(τ, z))2 P (z)dx dz ≤ CD(u)(τ).

since z < δ < x < 1 < z + 1.

For I2(τ), notice that:

I2(τ)

2
=−
∫ 1

δ

∫ δ

0

(u(τ, z)− u(τ, y))2 P (y)

(∫ ∞
y

P (x)dx

)
dy dz

≤−
∫ 1

δ

∫ δ

0

(u(τ, z)− u(τ, y))2 P (y)dy dz = I12(τ),

and thus, we also deduce that I2(τ) ≤ CD(u)(τ). Putting together the estimates

on I11(τ), I12(τ) and I2(τ), we have:

λ1H22(u)(τ) ≤ D(u)(τ). (5.37)

Finally, inequalities (5.35) and (5.37) together imply that λH2(u)(τ) ≤ D(u)(τ)

concluding the proof. �

Proposition 5.3. The following inequality is verified:

α

∫ ∞
0

∫ y+1

y

P (y) (u(τ, x)− u(τ, y))2 dxdy ≤ D2(u)(τ), (5.38)

for some constant α > 0. As consequence, we deduce the exponential convergence

towards P .

Proof: Note that, y < x < y + 1 on the left hand side of (5.38). Thus, we can

bound the term ω(x− y) with x ∈ [y, y + 1]. Since ω(x) is a decreasing function of
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x, then

ω(1) =
1

b
e
−1
b ≤ ω(x− y) ≤ 1

b
= ω(0) with x ∈ [y, y + 1] and y ∈ R+.

Moreover, the term c(x) is bounded, ε ≤ c(x) ≤ 1 for all x ∈ R+. So that:∫ ∞
0

∫ y+1

y

P (y) (u(τ, x)− u(τ, y))2 dxdy

≤ b

ε
e

1
b

∫ ∞
0

∫ y+1

y

ω(x− y)c(y)P (y) (u(τ, x)− u(τ, y))2 dxdy

≤ b

ε
e

1
b

∫ ∞
0

∫ ∞
y

ω(x− y)c(y)P (y) (u(τ, x)− u(τ, y))2 dxdy

=
b

aε
e

1
bD2(u)(τ),

which proves the inequality (5.38). �

5.3.3. Numerical illustration of the exponential convergence

In order to calculate numerically the value of D2(u)(τ) in (5.15), we use the

following equivalent expression:

D2(u)(τ) = a

∫ ∞
0

∫ x

0

ω(x− y) (u(τ, x)− u(τ, y))2 c(y)P (y)dydx. (5.39)

The entropy functional, G2(u)(τ), together with its time derivative with positive

sign, D2(u)(τ), are represented in the plots B of Figures 5.2-5.6 which address the

five possible steady states plots A of Figures 5.2-5.6 (see also Figure 5.1). For all

cases, these functions are represented in a semi-logarithm scale, which transform

these expressions into straight lines, thus suggesting the exponential convergence

proved in the previous section.
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Figure 5.2: Example of only one peak in x = 0 (Case 1 Fig 5.1). H = −4, ε =
0.15, K = 45, a = 5, b = 10.
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Figure 5.3: Example of two peaks one in x = 0 and other in x > 0 (Case 2 Fig 5.1).
H = −4, ε = 0.15, K = 45, a = 5, b = 30.
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Figure 5.4: Example of only one peak in x > 0 but close to x = 0 (Case 3 Fig 5.1).
H = −4, ε = 0.15, K = 45, a = 10, b = 5.
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Figure 5.5: Example of two different peaks in x1 > 0 and other in x2 > 0 (Case 4
Fig 5.1). H = −4, ε = 0.15, K = 45, a = 8, b = 16.
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Figure 5.6: Example of only one peak in x ≥ 0 (Case 5 Fig 5.1). H = −4, ε =
0.15, K = 45, a = 15, b = 20.
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Chapter 6

Multidimensional PIDE model for

general GRNs

In the first section of this chapter, we propose a multidimensional PIDE model

as an extension of the one discussed in Chapter 3. The extended model not only

describes self regulatory gene expression for every protein degradation type, but

also represents the dynamics of cross regulation gene expression networks with more

than one protein involved. Importantly, the model handles networks with genes

that can be regulated by different transcription factor species. We refer to such

extension of the model developed by Friedman et al. [36] (see also [11]) as the

generalized Friedman in deference to one of the authors that proposed the 1D version

of such equation [36] (or multidimensional PIDE) model. Analytical solutions for

the stationary state of this extension cannot be obtained in general, thus making

necessary the use of numerical methods. Main results of this chapter appear in [98].

Due to its implications in numerical methods or in feedback control of PIDE

systems, the last section of the chapter includes a study of the stability of the

corresponding solutions.

125
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6.1. The mathematical model

In the following, we consider networks, as the ones presented in Section 1.1.2

(Figure 1.3), where the degradation rate of each mRNA (mRNAi) is much faster

than the corresponding to protein (Xi) so that for every i = 1, · · · , n we have

that γim/γ
i
x(x) � 1. Many GRNs in both prokaryotic and eukaryotic organisms

comply with such condition [26, 118] which translates into proteins being produced

in bursts. Although high mRNA degradation/protein degradation rate ratios ensure

the validity of the model, we have showed in the Section 3.1.3 that the approximation

remains valid for less marked bursting behaviours, even for low rate ratios (around

2 or 3). As discussed in Chapter 3 (see also [30, 36]), it is standard to model

burst size by an exponential distribution so that the conditional probability for

protein level to jump from a state yi to xi after a burst, is given by an exponential

distribution. Expression (2.28) used for networks of one gene is adapted to represent

the multidimensional problem taking the following form:

ωi(xi − yi) =
1

bi
exp

[
−(xi − yi)

bi

]
, (6.1)

where bi = kix
γim

are dimensionless rate constants associated with translation. Note

that these parameters coincide with the mean number of proteins produced per burst

(i.e. burst size).

Under the above bursts condition and considering only one gene, Friedman et

al. [36] proposed the PIDE model discussed in Chapter 3 (equation (3.1)) which

describes the temporal evolution of protein distribution. However, this equation

cannot be employed for networks involving more than one gene. To overcome this

issue, we deduce a multidimensional form from the master equation, which can

represent any network with an arbitrary number n of genes in the following sections.

6.1.1. A CME for protein distribution

Let P : R+ × Nn × Nn → [0, 1] be the probability distribution function of

M (i.e. RNA messengers) and X (proteins) at time t. Associated to this joint

probability distribution we define the marginal distribution for mRNAi and proteins
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P iX : R+×N×Nn → [0, 1], and the protein’s marginal distribution PX : R+×Nn →
[0, 1]. Both functions relate to the joint probability distribution P(t,m,x) by the

following expressions:

P iX(t,mi,x) =
n∑
j=1

j 6=i

∑
mj

P(t,m,x)

 ,PX(t,x) =
∑
m1

· · ·
∑
mn

P(t,m,x).

The evolution of P(t,m,x) is given by the CME (expression (2.4)), associated to

the reaction mechanism described in Table 1.2, of the form:

∂P(t,m,x)

∂ t
=

n∑
i=1

[kimci(x)P(t,m− ei,x)− kimci(x)P(t,m,x)

+kixmiP (t,m,x− ei)− kixmiP(t,m,x)

+γim(mi + 1)P(t,m + ei,x)− γimmiP(t,m,x)

+γix(x + ei)[xi + 1]P(t,m,x + ei)− γix(x)xiP(t,m,x) ] ,

(6.2)

where ei ∈ Rn are the unit vectors typically employed to represent axis on a Carte-

sian coordinate system, i.e., ei = (e1
i , e

2
i , · · · , eni ) is such that eji = 0 if j 6= i and

eii = 1. Note that because proteins or messenger RNA can only take positive values,

P(t,m,x) is only defined for nonnegative values of mRNA or proteins. Therefore,

P(t,m−ei,x) = P(t,m,x−ei) = 0, whenever vectors m−ei or x−ei contain any

non-positive component.

Each term at the right hand side of equation (6.2) represents the backward and

forward one-step jumps along the reactions steps described in Table 1.2. The first

term stands for mRNAi production with rate Ri
T , whereas the second one represents

the protein production with rate Ri
X . Third and four terms include degradation of

mRNAi and protein Xi, with degradation rates Gi
m and Gi

X , respectively. The

summation at the right hand side of the above equation extends reaction steps (

Table 1.2) to every protein species Xi for i = 1, · · · , n.

As we are interested in protein distribution, we sum over all messenger RNA to
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obtain the time evolution of the marginal protein distribution PX, that satisfies:

∂PX(t,x)

∂ t
=

n∑
i=1

[∑
m1

· · ·
∑
mn

{kimci(x)P(t,m− ei,x)− kimci(x)P(t,m,x)}

+
∑
m1

· · ·
∑
mn

{kixmiP(t,m,x− ei)− kixmiP(t,m,x)}

+
∑
m1

· · ·
∑
mn

{γim(mi + 1)P(t,m + ei,x)− γimmiP(t,m,x)}

+
∑
m1

· · ·
∑
mn

{γix(x + ei)[xi + 1]P(t,m,x + ei)

−γix(x)xiP(t,m,x)} ] .

(6.3)

It should be noted that the first term at the right hand side of the above equation

vanishes since for every i = 1, · · · , n, we have that:∑
mi

{kimci(x)P iX(t,mi − 1,x)− kimci(x)P iX(t,mi,x)} =

kimci(x)
∞∑

mi=0

{P iX(t,mi − 1,x)− P iX(t,mi,x)} =

kimci(x)

{
∞∑

mi=1

P iX(t,mi − 1,x)−
∞∑

mi=0

P iX(t,mi,x)

}
= 0.

(6.4)

This is also the case for the third term at the right hand side, since for every

i = 1, · · · , n the summation extends over all messenger RNAs, so that∑
mi

{γim(mi + 1)P iX(t,mi + 1,x)− γimmiP iX(t,mi,x)} =

γim
∞∑

mi=0

{(mi + 1)P iX(t,mi + 1,x)−miP iX(t,mi,x)} =

γim

{
∞∑

mi=0

(mi + 1)P iX(t,mi + 1,x)−
∞∑

mi=1

miP iX(t,mi,x)

}
= 0.

(6.5)
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Substituting equalities (6.4) and (6.5) into expression (6.3), results into the CME

for the marginal probability PX(t,x) that reads:

∂PX(t,x)

∂ t
=

n∑
i=1

[hi(t,x + ei)− hi(t,x)]

+
n∑
i=1

[∑
mi

(kixmiP iX(t,mi,x− ei)− kixmiP iX(t,mi,x))

]
,

(6.6)

where function hi : R+ × Nn+ → R, is of the form:

hi(t,x) = γix(x)[xi]PX(t,x). (6.7)

6.1.2. CME with jump processes

Burst phenomena for protein production can be modelled by the superposition

of jumps from lower states, as it is depicted in Fig 6.1. For a given protein Xi, let

us define gxiyi : N→ [0 1] as the transition probability for a jump going from a lower

state yi into a state xi, and assume that the size of the jump (which parallels the size

of the burst) follows an exponential probability distribution as the one given in (6.1).

If in addition, the transition probability is proportional to mRNAi production rate

Ri
T , equation (1.15), the expression then becomes:

0 ... x  - 1i x i ...x  + 1i

g
0

xi

g
xi

g
x  -1

xi

i
g

x  

x +1i

i

g
x  

yi

i

γ   (x )
x 

γ   (x +1 )
xi i

y  i

i i

Figure 6.1: Jump process representation of protein burst production. Each protein
state xi can be reached from lower states 0 ≤ yi < xi, with different transition
probability functions gxiyi . In a similar way, the state xi can jump into higher states
yi > xi with transition probability function gyixi . Degradation follows a one step
process.
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gxiyi := kimci(yi)ωi(xi − yi). (6.8)

Let Pi : R+×N→ [0, 1], be the probability of having xi proteins at time t, which

is related to the protein’s marginal distribution PX(t,x) by the following expression:

Pi(t, xi) :=
n∑
j=1

j 6=i

∑
xj

PX(t,x)

 .

Finally, assume that over a small time interval ∆t the probability of any jump defined

by (6.8) is of the order of magnitude of the time interval. Then, the probability of

staying in xi at t+ ∆t can be computed as:

Pi(t+ ∆t, xi) = Pi(t, xi)
(

1−
∞∑

yi=xi+1

gyixi∆t− γ
i
x(xi)xi∆t

)
+

xi−1∑
yi=0

gxiyiPi(t, yi)∆t+ γix(xi + 1)[xi + 1]Pi(t, xi + 1)∆t,

(6.9)

where the first term at right hand side corresponds with the probability of being in

state xi at t and remaining in that state during ∆t. The second and third terms in

the above expression include the probabilities of reaching xi from yi < xi, and of

returning to xi from xi+1 (because of degradation) during ∆t, respectively.

Reordering the different terms, diving by ∆t and taking the limit as ∆t→ 0 we

obtain the CME with jumps, which reads:

∂Pi(t, xi)
∂t

=
xi−1∑
yi=0

gxiyiPi(t, yi)−
∞∑

yi=xi+1

gyixiPi(t, xi)

+γix(xi + 1)[xi + 1]Pi(t, xi + 1)− γix(xi)xiPi(t, xi).

(6.10)

Previous derivation can be extended to the production of n different proteins, by
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using the generalized n-dimensional form of the transition probability function:

gxyi := kimci(yi)ωi(xi − yi) for i = 1, · · · , n, (6.11)

which represents the probability of a jump from the state yi to x, where yi is

obtained from x by just replacing its ith component by yi, (that is, (yi)j = xj if j 6= i

and (yi)j = yi if j = i). Equivalently, we define the probability of jump from the

state x to yi as gyix = kimci(x)ωi(yi − xi).

Making use of the protein’s marginal distribution function PX : R+×Nn → [0 1],

we have that:

PX(t+ ∆t,x) = PX(t,x)

(
1−

n∑
i=1

(
∞∑

yi=xi+1

gyix ∆t+ γix(x)xi∆t

))
+

n∑
i=1

(
xi−1∑
yi=0

gxyiPX(t,yi)∆t+ γix(x+ ei)[xi + 1]PX(t,x+ ei)∆t

)
,

(6.12)

where γix(x), for i = 1, · · · , n are the generalized degradation functions. As before,

the first term at the right hand side stands for the probability of being in the state

x at time t, and remaining in that state during ∆t, whereas the second and third

terms describe the probabilities associated to all possible paths that reach the state

x at time t + ∆t, conditioned to being in a different state, yi, at time t. The

corresponding CME becomes:

∂PX(t,x)

∂t
=

n∑
i=1

(
xi−1∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi+1

gyix PX(t,x)

)

+
n∑
i=1

(hi(t,x + ei)− hi(t,x)) ,

(6.13)

where the terms related to degradation are included in functions hi, already defined

in (6.7). Comparing equation (6.13) with (6.6) we have that:

∑
mi

kixmi

(
P iX(t,mi,x− ei)− P iX(t,mi,x)

)
≈

xi−1∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi+1

gyix PX(t,x).

(6.14)

The above equivalence is valid under the condition γim/γ
i
x(x)� 1 which corresponds
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with proteins being produced in bursts.

6.1.3. A continuous approximation: the generalized Fried-

man

Expression (6.14) allows us to derive a continuous approximation of the CME

(6.6) (equivalently (6.13)) we refer to as the generalized Friedman, as previously

indicated, in deference to one of the authors that proposed the 1D version of such

equation [36]. To this purpose, we add and subtract gxxPX(t,x) at the right hand

side of (6.14), to get:

xi−1∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi+1

gyix PX(t,x) =

xi−1∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi+1

gyix PX(t,x) + gxxPX(t,x)− gxxPX(t,x) =

(
xi−1∑
yi=0

gxyiPX(t,yi) + gxxPX(t,x)gxxPX(t,x)

)
−

(
∞∑

yi=xi+1

gyix PX(t,x) + gxxPX(t,x)

)
=

xi∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi

gyix PX(t,x). (6.15)

By defining function p : R+×Rn+ → R+ as the continuous counterpart of the marginal

probability distribution for proteins PX(t,x), expression (6.15) can be approximated

as:

xi∑
yi=0

gxyiPPX(t,yi)−
∞∑

yi=xi

gyix PX(t,x) ≈
∫ xi

0

gxyip(t,yi)dyi −
∫ ∞
xi

gyix p(t,x)dyi,

(6.16)

where summations have been substituted by integrals. The second integral at the

right hand side of the above expression reduces to:∫ ∞
xi

gyix p(t,x)dyi = kim

∫ ∞
xi

ωi(yi − xi) dyi ci(x)p(t,x) = kimci(x)p(t,x). (6.17)
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Substituting (6.17) in (6.16), and using the equivalence (6.15), we get:

xi−1∑
yi=0

gxyiPX(t,yi)−
∞∑

yi=xi+1

gyix PX(t,x) ≈ kim

∫ xi

0

βi(xi − yi)ci(yi)p(t,yi) dyi, (6.18)

where the function βi is defined as:

βi(xi − yi) = ωi(xi − yi)− δ(xi − yi) . (6.19)

Let h̄i = xiγ
i
x(x)p(t,x) be the continuous form of hi in equation (6.7). By using

Taylor theorem to approximate h̄i to the first order, we get:

h̄i(x + ei) ≈ h̄i(x) +
∂h̄i(x)

∂xi
. (6.20)

Replacing the terms which carry hi in the CME (6.6) or (6.13) by their continuous

form h̄i, we have that:

hi(t,x + ei)− hi(t,x) ≈ h̄i(x) +
∂h̄i(x)

∂xi
− h̄i(x) =

∂h̄i(x)

∂xi
. (6.21)

Substituting (6.21) and (6.18) into equation (6.6) (equivalently equation (6.13)) we

finally obtain the generalized Friedman equation which reads:

∂p

∂t
(t,x) =

n∑
i=1

∂

∂xi

[
γix(x)xip(t,x)

]
+

n∑
i=1

(
kim

∫ xi

0

βi(xi − yi)ci(yi)p(t,yi) dyi

)
,

(6.22)

where βi(xi − yi) has been defined in (6.19), functions γix represent the proteins

degradations which are typically constants and ci are the input functions modelling

the feedback mechanism. Vector yi is obtained from x by just replacing its ith

component by yi, (that is, (yi)j = xj if j 6= i and (yi)j = yi if j = i).

Expression (6.22) is the continuous approximation of the Master equation that

accounts for the temporal evolution of the probability distribution p(t,x). Its do-

main D = (0, T )× Rn+ extends over the non-negative subset of Rn, and can be un-

derstood as the multidimensional extension of the PIDE formulated in [36]. Generic
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distributions can be used as initial condition to solve equation (6.22):

p(0,x) = p0(x), (6.23)

where p0(x) is a probability density function. Finally, note that in case of considering

only one protein with self regulation, equation (6.22) reduces to the one proposed

in [36], expression (3.1), which can be rewritten in the equivalent form:

∂p

∂t
(t, x) =

∂

∂x

[
γ1
x(x)xp(t, x)

]
+ k1

m

∫ x

0

β1(x− y)c1(y)p(t, y) dy, (6.24)

where x takes continuous values as an approximation of the discrete counts of

molecules of the CME, the function p(t, x) is correspondingly a probability den-

sity function at time t, p : R+×R+ → R+\{0} and β1(x−y) = ω1(x−y)− δ(x−y).

6.2. Stability

In this Section we expand the analysis of stability done in Chapter 5 for the

multidimensional model proposed in the previous sections of this chapter. However,

the mathematical tools used to prove that the one dimensional PIDE model (3.1)

converges exponentially fast to equilibrium cannot be straightforwardly extended to

the multidimensional model (6.22). However, making use of the entropy methods

[15, 21, 85] employed for the one dimensional case, we are able to show numerical

evidences of the exponential rate of convergence.

6.2.1. Model preliminaries

The generalized PIDE model, expression (6.22), which describes the temporal

evolution of the joint density distribution function of n proteins p : R+ ×Rn+ → R+



6.2 Stability 135

can be written in the equivalent form:

∂p(t,x)

∂t
=

n∑
i=1

(
∂

∂xi

[
γix(x)xip(t,x)

]
+kim

∫ xi

0

ωi(xi − yi)ci(yi)p(t,yi) dyi − kimci(x)p(t,x)

)
, (6.25)

where yi represents the vector state x, whose i position is changed for yi, ((yi)j =

xj if j 6= i and (yi)j = yi if j = i ), γix(x) is the degradation rate function of each

protein, ωi(xi − yi) is given by the expression 6.1 and ci(x) (ci : Rn+ → [εi, 1]) is an

input function, which model the regulation mechanism in the network considered.

The stationary solution, P (x), of the equation (6.25) verifies:

n∑
i=1

(
∂

∂xi

[
γix(x)xiP (x)

]
+ kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi − kimci(x)P (x)

)
= 0.

(6.26)

Note that an analytical expression for the steady state solution is not known for

the general case of the generalized PIDE model (6.25). Some properties of the 1D

solution remain valid for the nD steady state since P (x) is a probability density

function, then
∫
Rn+
P (x)dx = 1. However, we have not another prior information

about the properties of its stationary solution. In order to apply the entropy methods

we make the following assumption:

Assumption 6.1. The following property holds:∫ ∞
0

∂[H(u(t,x))γix(x)xiP (x)]

∂xi
dxi = 0, ∀i = 1, · · · , n, (6.27)

for any convex function H(u), with:

u(t,x) :=
p(t,x)

P (x)
.
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6.2.2. Entropy inequalities

We can generalize the entropy functional (5.7) defined for the one dimensional

PIDE model in Chapter 5, in order to study the convergence of the multidimensional

model. Let H(u) be any convex function of u, we define the n-dimensional general

relative entropy functional as:

GnH(u)(t) =

∫
Rn+
H(u(t,x))P (x)dx. (6.28)

We firstly prove the following technical lemma:

Lemma 6.1. For any i = 1, · · · , n the following equality is verified:

H ′(u(t,x))
∂[γix(x)xip(t,x)]

∂xi
=
∂[H(u(t,x))γix(x)xiP (x)]

∂xi
+

+ (u(t,x)H ′(u(t,x))−H(u(t,x)))
∂[γix(x)xiP (x)]

∂xi
.

(6.29)

Proof: We know that:

∂[H(u(t,x))γix(x)xiP (x)]

∂xi
= γix(x)xiP (x)

∂H(u(t,x))

∂xi

+H(u(t,x))
∂[γix(x)xiP (x)]

∂xi
, (6.30)

for every i = 1, · · · , n. Computing the partial derivatives of H(u) with respect to

xi we obtain:

∂H(u(t,x))

∂xi
= H ′(u(t,x))

∂u(t,x)

∂xi
=
H ′(u(t,x))

P (x)

(
∂p(t,x)

∂xi
− u(t,x)

∂P (x)

∂xi

)
,

for all i = 1, · · · , n. Therefore, the first term on right hand side in equation (6.30)

is:

γix(x)xiP (x)
∂H(u(t,x))

∂xi
= H ′(u(t,x))γix(x)xi

(
∂p(t,x)

∂xi
− u(t,x)

∂P (x)

∂xi

)
, (6.31)

for all i = 1, · · · , n. Moreover, for all i = 1, · · · , n the following identities are
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satisfied: 
γix(x)xi

∂p(t,x)

∂xi
=
∂[γix(x)xip(t,x)]

∂xi
− ∂[γix(x)xi]

∂xi
p(t,x),

γix(x)xi
∂P (x)

∂xi
=
∂[γix(x)xiP (x)]

∂xi
− ∂[γix(x)xi]

∂xi
P (x),

which are replaced in equation (6.31) to get:

γix(x)xiP (x)
∂H(u(t,x))

∂xi
=H ′(u(t,x))

(
∂[γix(x)xip(t,x)]

∂xi
− u(t,x)

∂[γix(x)xiP (x)]

∂xi

)
.

(6.32)

Note that the term:

H ′(u(t,x))
∂[γix(x)xi]

∂xi
(u(t,x)P (x)− p(t,x)),

vanishes to obtain the last equation (6.32), since u(t,x)P (x) = p(t,x). So, replacing

the first term at right hand side in equation (6.30) by its value in expression (6.32)

and reordering terms we obtain the lemma equality (6.29). �

An expression for the time derivative of the entropy functional described in (6.28)

is stated in the following proposition:

Proposition 6.1. For any convex function H(u(t,x)), let GnH(u)(t) be the general

entropy functional, then the following equality is verified

dGnH(u)(t)

dt
=

n∑
i=1

kim

∫
Rn+

∫ ∞
yi

[
H(u(t,x))−H(u(t,yi))

+H ′ (u(t,x))(u(t,yi)− u(t,x))
]
ωi(xi − yi)ci(yi)P (yi)dxidyi.

(6.33)

Proof: We compute the time derivative of the general relative entropy func-
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tional:

dGnH(u)(t)

dt
=
∂

∂t

∫
Rn+
H(u(t,x))P (x)dx

=

∫
Rn+

∂

∂t
H(u(t,x))P (x)dx =

∫
Rn+
H ′(u(t,x))

∂p(t,x)

∂t
dx.

Replacing the time derivative of p(t,x) in the last equality by their expression (6.25)

we obtain:

dGnH(u)(t)

dt
=

∫
Rn+
H ′(u(t,x))

(
n∑
i=1

(
∂

∂xi

[
γix(x)xip(t,x)

]))
dx

+

∫
Rn+

(
n∑
i=1

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)p(t,yi) dyi − kimci(x)p(t,x)

))
×H ′(u(t,x))dx.

Summations and integrals in the above expression are interchangeable, so that:

dGnH(u)(t)

dt
=

n∑
i=1

(∫
Rn+
H ′(u(t,x))

(
∂

∂xi

[
γix(x)xip(t,x)

])
dx

)

+
n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)p(t,yi) dyi − kimci(x)p(t,x)

)
×H ′(u(t,x))dx

)
. (6.34)

Next, using Lemma 6.1, the first term on the right hand side in equation (6.34)



6.2 Stability 139

becomes:

n∑
i=1

(∫
Rn+
H ′(u(t,x))

(
∂

∂xi

[
γix(x)xip(t,x)

])
dx

)

=
n∑
i=1

(∫
Rn+

(
(u(t,x)H ′(u(t,x))−H(u(t,x)))

∂[γix(x)xiP (x)]

∂xi

+
∂[H(u(t,x))γix(x)xiP (x)]

∂xi

)
dx

)
=

n∑
i=1

(∫
Rn+

(
(u(t,x)H ′(u(t,x))−H(u(t,x)))

∂[γix(x)xiP (x)]

∂xi

)
dx

)
, (6.35)

this last identity holds using Assumption 6.1. Note that the first term in the last

summation in equation (6.35) is equivalent to:

n∑
i=1

(∫
Rn+
u(t,x)H ′(u(t,x))

∂[γix(x)xiP (x)]

∂xi
dx

)

=

∫
Rn+
u(t,x)H ′(u(t,x))

n∑
i=1

(
∂[γix(x)xiP (x)]

∂xi

)
dx

=

∫
Rn+

(
n∑
i=1

(
−kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi + kimci(x)P (x)

))
× u(t,x)H ′(u(t,x))dx

=
n∑
i=1

(∫
Rn+

(
−u(t,x)kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi + kimci(x)p(t,x)

)
× H ′(u(t,x))dx

)
, (6.36)
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and the second term in the last summation in equation (6.35) is equivalent to:

n∑
i=1

(∫
Rn+
−H(u(t,x))

∂[γix(x)xiP (x)]

∂xi

)
dx

=

∫
Rn+
−H(u(t,x))

n∑
i=1

(
∂[γix(x)xiP (x)]

∂xi

)
dx

=

∫
Rn+

(
n∑
i=1

(
−kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi + kimci(x)P (x)

))
× (−H(u(t,x))) dx

=
n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi − kimci(x)P (x)

)
× H(u(t,x))dx

)
. (6.37)

Thus, using the expressions (6.36)-(6.37), replacing fist in (6.35) and finally in the

equation (6.34) we obtain the following equality:

dGnH(u)(t)

dt
=

n∑
i=1

(∫
Rn+

(
−u(t,x)kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi + kimci(x)p(t,x)

)
× H ′(u(t,x))dx

)
+

n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi − kimci(x)P (x)

)
× H(u(t,x))dx

)
+

n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)p(t,yi) dyi − kimci(x)p(t,x)

)
× H ′(u(t,x))dx

)
,
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which is equivalent to:

dGnH(u)(t)

dt
=

n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) dyi − kimci(x)P (x)

)
× H(u(t,x))dx

)
+

n∑
i=1

(∫
Rn+

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)P (yi) [u(t,yi)− u(t,x)] dyi

)
× H ′(u(t,x))dx

)
. (6.38)

By changing the order of integration in the above expression and using the following

identity: ∫ ∞
yi

ωi(xi − yi)dxi = 1, ∀i = 1, · · · , n, (6.39)

the equation (6.38) can be rewritten in the following equivalent form:

dGnH(u)(t)

dt
=

n∑
i=1

(
kim

∫
Rn+

∫ ∞
yi

ωi(xi − yi)ci(yi)P (yi)

× [H(u(t,x))−H(u(t,yi))] dxidyi

)
+

n∑
i=1

(
kim

∫
Rn+

∫ ∞
yi

ωi(xi − yi)ci(yi)P (yi)

×H ′(u(t,x)) [u(t,yi)− u(t,x)] dxidyi

)
,

which is equivalent to the expression (6.33) defined in Proposition 6.1, thus conclud-

ing the proof. �

Remark 6.1. Note that the time derivative of the n-dimensional general relative

entropy functional for any convex function H(u) is non-positive:

dGnH(u)(t)

dt
≤ 0. (6.40)

In fact, we consider that H(u) is a convex function, so the following relationship is

verified:

H(u)−H(v) +H ′(u)(v − u) ≤ 0 ∀u, v. (6.41)
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The parameter kim and the functions ωi(xi − yi), ci(yi) and P (yi) at the right hand

side in equation (6.33) are non-negative for all i = 1, · · · , n. So, their product with

the non-positive equation (6.41), being u = u(t,x) and v = u(t,yi), is always non

positive. Thus, all terms inside the summation operator are non-positive for all

i = 1, · · · , n.

Next, we can choose the convex function H as H(u) = (u − 1)2 and define the

n-dimensional entropy functional as:

Gn2 (u)(t) :=

∫
Rn+

(u(t,x)− 1)2 Pdx. (6.42)

Analogously to the 1D case, we define:

Dn2 (u)(t) =
n∑
i=1

kim

∫
Rn+

∫ ∞
yi

ωi(xi − yi) [u(t,x)− u(t,yi)]
2 ci(yi)P (yi)dxidyi.

(6.43)

Now replacing the convex function H(u) = (u − 1)2 in Proposition 6.1, we get

the following corollary:

Corollary 6.1. Let Gn2 (u)(t) be the n-dimensional entropy functional, then the fol-

lowing equality is verified:

dGn2 (u)(t)

dt
= −Dn2 (u)(t). (6.44)

6.2.3. Approach to equilibrium

Once Proposition 6.1 has been proved, thus stating that the relative entropy

decays, we can directly obtain the following properties reported by [21] and before

in [84] and [85].

Corollary 6.2. Given any strong solution of equation (6.25) with normalised initial

data, then the solution satisfies the mass conservation property, that is:∫
Rn+
p(t,x)dx =

∫
Rn+
p0(x)dx = 1 (6.45)
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Corollary 6.3. If p0 is nonnegative, then the solution of equation (6.25) is nonneg-

ative.

Corollary 6.4. Given any solution p with normalised initial data p0 to equation

(6.25), then the following properties hold:

(i) Contraction principle: ∫
Rn+
|p(t,x)|dx ≤

∫
Rn+
|p0(x)|dx. (6.46)

(ii) Lq bounds, 1 < q <∞:∫
Rn+
P (x)|u(t,x)|qdx ≤

∫
Rn+
P (x)|u0(x)|qdx with u0(x) :=

p0(x)

P (x)
. (6.47)

(iii) Pointwise estimates:

inf
x∈Rn+

u0(x) ≤ u(t,x) ≤ sup
x∈Rn+

u0(x). (6.48)

Lemma 6.2. Assume that p ≤ C1P for some C1 > 0. Then, for each ε > 0 there

exists a constant Kε > 0 depending on C1 and ε such that:

Hn
2 (u)(t) ≤ KεDn2 (u)(t) + ε,

with Hn
2 (u)(t) :=

∫
Rn+
P (x)(u(t,x)− 1)2 dx.

Proof: By expanding the square we have:

Hn
2 (u)(t) =

1

2

∫
Rn+

∫
Rn+
P (x)P (y)(u(t,x)− u(t,y))2 dx dy. (6.49)

We split the latter integral in two parts: the integral over Ωδ ×Ωδ, and the integral

over its complement with:

Ωδ =

n times︷ ︸︸ ︷
[δ, 1/δ]× · · · × [δ, 1/δ] such that, δ ∈ (0, 1).
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For the integral over the complement, using p ≤ C1P we have:∫∫
R2n

+ \(Ωδ×Ωδ)

P (x)P (y)(u(t,x)− u(t,y))2 dx dy

≤ 2C2
1

∫∫
R2n

+ \(Ωδ×Ωδ)

P (x)P (y) dx dy. (6.50)

On the other hand, for the integral over Ωδ × Ωδ we have:∫
Ωδ

∫
Ωδ

P (x)P (y)(u(t,x)− u(t,y))2 dx dy ≤ Kδ,1

∫
Ωδ

∫
Ωδ

(u(t,x)− u(t,y))2 dx dy,

(6.51)

where

Kδ,1 := sup
(x,y)∈Ωδ×Ωδ

P (x)P (y) < +∞.

We now rewrite u(t,x)−u(t,y) as a sum of n terms, each of which being a difference

of values of u at points which differ only by one coordinate:

u(t,x)− u(t,y) =
n∑
i=1

(
u(t, x1, . . . , xi, yi+1, . . . , yn)− u(t, x1, . . . , xi−1, yi, . . . , yn)

)
,

(where it is understood that u(t, x1, . . . , xi, yi+1, . . . , yn) = u(t,x) for i = n, and

u(t, x1, . . . , xi−1, yi, . . . , yn) = u(t,y) for i = 1). Then, by Cauchy-Schwarz’s in-

equality we have:∫
Ωδ

∫
Ωδ

(u(t,x)− u(t,y))2 dx dy

≤ n

n∑
i=1

∫
Ωδ

∫
Ωδ

(
u(t, x1, . . . , xi, yi+1, . . . , yn)− u(t, x1, . . . , xi−1, yi, . . . , yn)

)2

dx dy.

= n

(
1

δ
− δ
)n−1 n∑

i=1

∫
[δ,1/δ]n

∫
[δ,1/δ]

(
u(t,x)− u(t,yi)

)2

dxi dyi

= 2n

(
1

δ
− δ
)n−1 n∑

i=1

∫
[δ,1/δ]n

∫ 1/δ

yi

(
u(t,x)− u(t,yi)

)2

dxi dyi

≤ Kδ,2

n∑
i=1

kim

∫
[δ,1/δ]n

∫ 1/δ

yi

ωi(xi − yi)ci(yi)P (yi)
(
u(t,x)− u(t,yi)

)2

dxi dyi,
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therefore we have that:∫
Ωδ

∫
Ωδ

(u(t,x)− u(t,y))2 dx dy ≤ Kδ,2D2(p), (6.52)

where Kδ,2 is defined by:

2n

(
1

δ
− δ
)n−1

K−1
δ,2 = inf

(
kimωi(xi − yi)ci(yi)P (yi)

)
,

with the infimum running over all i = 1, . . . , n and over all the points in the domain

of integration. We notice that the first of the equalities in (6.52) is just obtained

by integrating in the variables that do not appear in the expression and renaming

the others; and the second equality is due to the symmetry of the integrand in the

variables (xi, yi). Using (6.49)–(6.52) finally gives:

Hn
2 (u)(t) ≤ C2

1

∫∫
R2n

+ \(Ωδ×Ωδ)

P (x)P (y) dx dy +
1

2
Kδ,1Kδ,2Dn2 (u)(t).

We may choose δ > 0 such that the first term is smaller than ε. This gives then the

result with Kε = 1
2
Kδ,1Kδ,2. �

Theorem 6.1 (Long-time behaviour). For any solution p with normalised, nonneg-

ative initial data p0 to equation (6.25) it holds that:

lim
t→∞

∫
Rn+
|p(t,x)− P (x)|2dx = 0. (6.53)

Proof:

Step 1: proof for “nice” initial data. We first prove the result for initial data

p0 ∈ L1(R+) such that p0 ≤ C1P , for some constant C1 > 0. Observe that this

implies in particular that p0 ∈ L2(R+, P (x)−1 dx). For such initial data we know

that for all t ≥ 0

p(t,x) ≤ C1P (x) for almost all x ∈ Rn+. (6.54)
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This enables us to use Lemma 6.2. Using the general entropy equality with H(u) =

(u− 1)2, from Proposition 6.1 we obtain:

dHn
2 (u)(t)

dt
= −Dn2 (u)(t). (6.55)

Next, by using time integration on [0, T ] in equation (6.55), the following equality

holds for all T > 0:

Hn
2 (u)(T ) +

∫ T

0

Dn2 (p)(t) dt = Hn
2 (u)(0),

from which we deduce that: ∫ ∞
0

Dn2 (u)(t) dt <∞. (6.56)

From (6.56), there exists a sequence (ts)s≥1 such that Dn2 (u)(ts) → 0 as s → +∞.

Thus if we take any ε > 0, then Lemma 6.2 gives:

Hn
2 (u)(ts) ≤ KεDn2 (u)(ts) + ε→ ε as s→ +∞.

Since H2(p(t, ·)|P ) is decreasing in t, this shows that limt→+∞H2(p(t, ·)|P ) ≤ ε.

Since ε is arbitrary chosen, we deduce that:

Hn
2 (u)(t)→ 0 as t→ +∞.

Step 2: proof for all integrable initial data. It is now easy to extend the result

in step 1 to all initial data in L1(Rn+). In fact, any p0 ∈ L1(Rn+) can be approximated

in L1(Rn+) by a sequence (ps0)s≥1 such that ps0 ≤ sP , for all s ≥ 1. Thus consider the

solution ps associated to initial data ps0. By step 1, we get:∫ ∞
0

|ps(t,x)− P (x)| dx→ 0 as t→ +∞,



6.2 Stability 147

(since Hn
2 (us)(t) ≥ ‖ps(t,x) − P (x)‖2

1 with us = ps

P
).This easily implies the result,

since for each integer s ≥ 1 we have∫ ∞
0

|p(t,x)− P (x)| dx ≤
∫ ∞

0

|p(t,x)− ps(t,x)| dx +

∫ ∞
0

|ps(t,x)− P (x)| dx

≤
∫ ∞

0

|p0(x)− ps0(x)| dx +

∫ ∞
0

|ps(t,x)− P (x)| dx

→
∫ ∞

0

|p0(x)− ps0(x)| dx as t→ +∞,

where we have used that
∫∞

0
|p(t,x) − ps(t,x)| dx is nonincreasing in t. Since this

holds for arbitrary s ≥ 1, we obtain the result by taking the limit s→ +∞. �

6.2.4. Some illustrative examples of convergence rates

To obtain numerically the value of Dn2 (u)(t) in (6.44), we use the following equiv-

alent expression:

Dn2 (u)(t) =
n∑
i=1

kim

∫
Rn+

∫ xi

0

ωi(xi − yi) [u(t,x)− u(t,yi)]
2 ci(yi)P (yi)dyidx (6.57)

The entropy functional, Gn2 (u)(t), together with its time derivative with positive

sign, Dn2 (u)(t), are represented in the plots B of Figures 6.2-6.5, which address

four possible steady states plots A of Figures 6.2-6.5. For all cases, these functions

are represented in a semi-logarithm scale, which transform these expressions into

straight lines, thus illustrating an exponential rate of convergence towards equilib-

rium, as it happened for the one dimensional form of the PIDE model.
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Figure 6.2: Example of two self regulated proteins whose distribution has a peak
in x = (0, 0). (Same parameters as in example depicted in Figure 5.2 for both
proteins).
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Figure 6.3: Example of two self regulated proteins whose distribution has a peak in
x2 = 0. (Same parameters as examples depicted in Figures 5.2 and 5.4 for protein
2 and 1, respectively).
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Figure 6.4: Example of two self and cross regulated proteins whose distribution has
a peak in some positive point x = (x1, x2) such that x1 > 0 and x2 > 0. This
example is further discussed in Section 7.2.3.
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Figure 6.5: Example of two mutual repressed proteins whose joint distribution is
bimodal attaining two peaks in two positive points. This example is further discussed
in Section 7.2.2.





Chapter 7

A first semi-Lagrangian method

In this chapter and the following one we include the numerical methods we

propose to solve the initial value problem defined by (6.22)-(6.23).

First, in a previous step to the application of the proposed numerical methods, as

equation (6.22) is posed in the unbounded spatial-like domain Rn
+, for the application

of numerical methods we need to truncate this domain to a bounded one. Thus,

we consider the computational domain Ω =
∏n

i=1(0, Li) ⊂ Rn
+, with Li > 0, i =

1, . . . , n. The values of Li are chosen large enough so that the position of the

new boundaries of the computational domain and the boundary conditions therein

imposed do not affect the numerical results in the region of interest of the problem.

Secondly, we observe that the right hand side of equation (6.22) includes in addi-

tion to an integral term, another involving only first order derivatives of the solution,

which is usually known as advection or transport term. Among a variety of possi-

ble numerical methods, in the present paper we propose a semi-Lagrangian scheme

(also know as the characteristics method). The characteristics method was first in-

troduced for time discretization in [29] combined with finite differences and finite

element methods for the spatial discretization of second order PDEs, in which the

magnitude of the term involving first order derivatives (advection or transport term)

is much larger than the term involving second order derivatives (diffusive term). In

fluid mechanics, these problems are usually defined as advection-diffusion problems

with dominating advection due to its physical interpretation, although they also

appear in other areas, as it is the case of the present thesis. The characteristics

151



152 Chapter 7. A first semi-Lagrangian method

method was also proposed in [5, 107] for the classical transport and Navier-Stokes

equations arising in fluid mechanics, combined with finite elements for spatial dis-

cretization. In both settings, the advantage of semi-Lagrangian methods appears in

advection dominated problems, where the more classical time discretization schemes

may become numerically unstable and exhibit spurious oscillations in the numerical

solution that are not present in the exact one.

Note that the generalized Friedman equation (6.22) only involves first order

derivatives of the solution in the differential part of the operator (transport term),

what can be interpreted as a limit example of advection dominated problem where

characteristics schemes seem particularly suitable. A semi-Lagrangian or charac-

teristics method for this kind of transport integro-differential equations has been

first introduced in [98]. This is the method we propose in the present chapter. Al-

though in a large number of examples we have addressed, a practical convergence

of the method has been obtained, a rigorous mathematical proof of convergence

in the appropriate functional spaces has not been addressed, the conjecture being

that a first order convergence in time and second order in spaces can be obtained.

From the computational point of view the methods results very competitive even in

higher spatial dimensions with respect to alternative stochastic based techniques, as

illustrated in this chapter.

In next chapter, we consider a semi-Lagrangian-Runge Kutta method proposed

in [3], for which we develop the rigorous numerical analysis to obtain second order

convergence in time and space. As also illustrated in the addressed examples, this

alternative becomes more expensive from the computational point of view specially

in higher dimension, although we get much better accuracy when comparing both

semi-Lagrangian methods with the same time and space meshes.

7.1. Description of the method

For describing the numerical method, let us first introduce the notation:

I(p)(t,x) =
n∑
i=1

(
kim

∫ xi

0

ωi(xi − yi)ci(yi)p(t,yi) dyi

)
, (7.1)



7.1 Description of the method 153

with the function ωi defined in (6.1) and the vector Γx = (γ1
x x1, . . . , γ

n
x xn) which

incorporates the coefficients of the advection term in (6.22). Using (7.1), equation

(6.22) can be rewritten in the equivalent form:

∂p

∂t
(t,x) = Divx(Γxp)(t,x) + I(p)(t,x)−

n∑
i=1

(
kimci(x)p(t,x)

)
, (7.2)

where Divx denotes the divergence operator with respect to x (thus excluding the

time derivative).We also have that:

Divx(Γxp)(t,x) = Γx(x) · ∇xp(t,x) + (Divx Γx)(x)p(t,x), (7.3)

Then, using the above expression (7.3), introducing the notation ∇x for the

gradient operator with respect to x and making use of some basics on algebra of

differential operators, see for instance [49], we write (7.2) in the equivalent form:

∂p

∂t
(t,x)− Γx(x) · ∇xp(t,x) +

[
n∑
i=1

(
kimci(x)

)
− (Divx Γx)(x)

]
p(t,x) = I(p)(t,x).

(7.4)

In providing a canonical description of the semi-Lagrangian method, let us intro-

duce the material derivative of p associated to a vector field −Γx (see for instance

[49]) as:
Dp

∂t
=
∂p

∂t
− Γx(x) · ∇xp , (7.5)

and use it to rewrite (7.4) which now reads:

Dp

∂t
(t,x) +

[
n∑
i=1

(
kimci(x)

)
− (Divx Γx)(x)

]
p(t,x) = I(p)(t,x). (7.6)

Note that Eqn (7.6) has to be solved numerically in the computational bounded

domain (0, T ) × Ω. Furthermore, as the advection term is governed by the vec-

tor field −Γx, we impose homogeneous Dirichlet boundary conditions at the inflow

boundaries, that is:

p = 0, on ∂+Ω, (7.7)
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with ∂+Ω = {x ∈ ∂Ω/Γx(x) · n(x) > 0}, where n(x) denotes the normal vector

to ∂+Ω pointing outwards Ω. Note that in the forthcoming examples for n = 2,

the boundary ∂+Ω corresponds to x1 = L1 or x2 = L2 (see Fig 7.1). In a general

dimension n, the boundary ∂+Ω is associated to the new boundaries arising after

the domain truncation.
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Figure 7.1: Velocity fields considered in examples with constant and variable degra-
dation. A) Γx velocity field considered in mutual activation example (constant γx),
B) Γx velocity field considered in the ComK-ComS regulatory network (variable γx).

In order to discretize equation (7.6), we consider a uniform mesh in time, that is

defined by a number Q of mesh points in the time interval [0, T ] in which we want

to approximate the solution. Moreover, we denote by ∆T = T/Q the constant time

step and by tq = q∆t, q = 0, . . . , Q the mesh points in time.

Semi-Lagrangian methods mainly approximate the material derivative defined in

equation (7.5). More precisely, the following approximation of the material deriva-

tive (7.5) at the point (tq+1,x) is proposed:

Dp

∂t
(tq+1,x) ≈ p(tq+1,x)− p(tq,xq)

∆t
, (7.8)

where xq represents the point occupied at time tq by a point placed in x at time tq+1

and that follows the trajectory (characteristic curve) defined by the velocity field

−Γx.

Thus, semi-Lagrangian methods can be understood as upwinded finite differences



7.1 Description of the method 155

approximations of the material derivative, in which the upwinding direction comes

from the trajectory of the velocity field appearing in the material derivative.

In order to obtain xq, we first need to compute the characteristic curve of the

velocity field −Γx passing through x at time tq+1 and them to identify the position

of xq at time q. We denote this characteristic curve by z(x, tq+1; .), which is given

by the solution of the n−dimensional first order autonomous ODE system:

∂z

∂τ
(x, tq+1; τ) = −Γx(z(x, tq+1; τ)), (7.9)

with the initial condition:

z(x, tq+1; tq+1) = x. (7.10)

Once the characteristic curve has been computed, we obtain xq = z(x, tq+1; tq).

Note that if the vector field Γx is continuous, then solution of (7.9) exists and

admits the integral representation:

z(x, tq+1; τ) = x−
∫ τ

t

Γx(z(x, tq+1; s)) ds,

for τ in a neighbourghood of tq+1. Moreover, if Γx is Lipschitz continuous in x, then

there exists a maximal neigbourhood of tq+1 such that the solution of (7.9) exists,

and it is unique and continuously differentiable with respect to τ [4]. In our system,

the Lipschitz condition holds for Γx under any constant or variable degradation

rates. In particular, this is the case of the vectors Γx we choose in the forthcoming

section of numerical results.

From a computational point of view, unless we have an analytical solution of

system (7.9), (e. g. when protein degradation follows a first order process so that

Γx is proportional to x), we need to apply a numerical ODE solver. In the example

discussed in Chapter 9.2 we employ the Matlab solver ode15s, which applies a vari-

able order method based on numerical differentiation formulas. Note that since Γx

does not depend on t, the values xq can be pre-computed outside the time loop.

If we pose equation (7.6) at the point (tq+1,x) and use the approximation (7.8),
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we get the relation:

p(tq+1,x)− p(tq,xq)
∆t

+

[
n∑
i=1

(
kimci(x)

)
− (Divx Γx)(x)

]
p(tq+1,x) ≈ I(pq+1)(tq+1,x).

(7.11)

If the integral term in time tq+1 is approximated for the analogous one in the previous

time step tq, for any mesh point x we get:

p(tq+1,x)− p(tq,xq)
∆t

+

[
n∑
i=1

(
kimci(x)

)
− (Divx Γx)(x)

]
pq+1(x) ≈ I(pq)(tq,x),

(7.12)

so that for every mesh point x, the following approximation formula holds:

p(tq+1,x) ≈ p(tq,xq) + ∆t I(pq)(tq,x)

1 + ∆t [
∑n

i=1 (kimci(x))− (Divx Γx)(x)]
. (7.13)

Therefore, in the semi-Lagrangian method, for any mesh point x we consider the

approximation pq+1(x) ≈ p(tq+1,x) satisfying:

pq+1(x) =
pq(xq) + ∆t I(pq)(tq,x)

1 + ∆t [
∑n

i=1 (kimci(x))− (Divx Γx)(x)]
. (7.14)

Note that expression (7.14) provides an algorithm to update in time the value of p

from the previous time step to the next one.

In practice, we use the approximation Iq(x) ≈ I(pq)(tq,x) of the integral term,

which is obtained by the n-dimensional composed trapezoidal quadrature formula.

The algorithm in time is initialized by the initial condition (6.23) (a probability

density function).

Note that the semi-Lagrangian approximation (7.8) combined with the explicit

treatment of the integral term provides the explicit formula (7.14), which allows us

to directly obtain the value of p in any point x at time q + 1 in terms of values of p

in a set of points at the previous time q.

After using the method of characteristics for the time discretization, we con-

sider an n-dimensional finite differences mesh of the rectangular bounded domain

Ω. For simplicity, we consider a constant mesh step in each spatial direction, i.e.
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∆x = (∆x1, . . . ,∆xn), with ∆xi = Li/Ni, Ni + 1 being the number of finite differ-

ence nodes in direction xi. Once the finite difference mesh is defined, the formula

(7.14) is applied to each finite difference node inside the domain Ω to obtain the

approximation of the solution at each node at time tq+1. Note that in order to com-

pute pq(xq) in (7.14), we need to approximate the value of p at the previous time

step in xq, which is likely not to be a mesh point. This calls for methods to properly

interpolate the computed values of pq at the mesh points.

Since numerical examples in the forthcoming section correspond to n = 1, 2,

a uniform rectangular finite differences mesh with mesh step ∆x = (∆x1,∆x2) is

employed in combination with a bilinear interpolation scheme. Previously, for each

xq we need to identify the rectangle defined by mesh nodes where it is located, so

that the corresponding node values are applied for interpolation.

7.2. Method verification and computational per-

formance

The efficiency of the proposed semi-Lagrangian method is explored by comparing

its results with that obtained by stochastic simulation, via the SSA [39], on a number

of reference cases involving gene cross regulation. These cases will be also employed

to test the validity of the approximation given by the generalized Friedman model.

For the sake of numerical comparison, we first consider a one dimensional self-

regulated system. The method is afterwards tested on more complex cross-regulation

mechanisms which do not accept any analytical solution, and include both constant

and variable protein degradation rates.

7.2.1. Single gene self-regulated network

Let us first consider a one dimensional self-regulated system for which a steady-

state analytical solution of the corresponding Friedman equation is available [36, 92,

99]. The reaction steps that describe the transcription-translation mechanism are

summarized in Table 1.2 for n = 1. In this example, protein degradation is assumed
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constant, whereas the probability of the promoter being in its active form relates to

the amount of protein by an input function of the form:

c1(x1) =
KH11

1 + ε1x
H11
1

KH11
1 + xH11

1

. (7.15)

where the Hill coefficient H11 is negative, since positive self-regulation is considered.

We use the method described in this Chapter, to solve the one dimensional version

of the Friedman model (6.22), and compute the probability distribution function

that correspond to protein abundance at different times τ . A Dirac delta function

at zero for mRNA and protein has been employed as initial condition.

Results obtained at different time intervals (in arbitrary units) for ∆x1 = 0.25

and ∆τ = 0.002 with τ = tγ1
x (γ1

x = 4 · 10−4s−1) are presented in Fig 7.2, which

also includes for comparison purposes the histograms that result from 105 SSA

realizations covering the same times intervals. As it can be seen in the figure,

both solutions overlap, what proves the ability of the continuous approximation

to reproduce the underlying stochastic dynamics. Note also that numerical and

analytical solutions at the steady state (see lower right corner of Fig 7.2) totally

coincide.

7.2.2. Cross regulated expression of two proteins

A GRN is considered with two genes encoding proteins X1 and X2 that regulate

each other’s synthesis. Two possible interactions are examined: mutual activation

[60] in which coupled gene regulation operates as a positive feedback (Fig 7.3 A), and

mutual repression, in which coupled gene regulation operates as a double negative

feedback (Fig 7.3 B). As reported elsewhere [133], both configurations (positive

feedback loop and double-negative feedback loop), are able to operate as toggle

switches [58, 67, 121], i.e., systems that can switch back and forth between two

alternative steady states.
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Figure 7.2: Snapshots of the probability distribution function that correspond to
protein abundance at different times τ , for a single gene self-regulated network with
positive feedback. Parameters values are γ1

x = 4 · 10−4 s−1, k1
m = 3.2 · 10−3 s−1,

b1 = 16, H11 = −4, K1 = 45, ε1 = 0.15. Each plot, includes the function computed
from 105 runs of the SSA (histograms), and the obtained from the simulation of the
Friedman model (6.22) with ∆x1 = 0.25 and ∆τ = 0.002 with τ = tγ1

x (continuous
lines).
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X1 X2

X1 X2

X1 X2

X1 X2

A) B)

Figure 7.3: Examples of gene regulatory networks analyzed. A) two-gene motif with
mutual activation B) two-gene motif with mutual repression.

As we show next, the generalized Friedman model (6.22) provides a suitable

representation of this behaviour, which is characterized by bimodal stationary prob-

ability distribution functions, as it corresponds to regular transitions between highly

probable states.

The transcription-translation reaction steps for each gene are described in Table

1.2 with kim = 3.2 · 10−3 s−1 and γix = 4 · 10−4 s−1, for i = 1, 2. The corresponding

input functions c1(x) and c2(x) in the mutually regulated case are given by the

following expressions:

c1(x) =
KH12

1 + ε1x
H12
2

KH12
1 + xH12

2

, c2(x) =
KH21

2 + ε2x
H21
1

KH21
2 + xH21

1

. (7.16)

For convenience, the Hill coefficients are collected in the matrix:

H+
c =

[
0 −4

−4 0

]
and H−c =

[
0 4

4 0

]
,

for positive (H+
c ) and negative (H−c ) mutual regulation, respectively. As in the

one dimensional case, the performance of the semi-Lagrangian method in terms of

accuracy is compared with the distributions obtained from 105 SSA realizations.

First, we use the semi-Lagrangian method described to solve the two dimensional

version of the Friedman model (6.22) for the mutual activation case. A Dirac delta

function at zero for mRNA and protein, has been employed as initial condition for

SSA. This condition has been approximated by a Gaussian distribution with mean

zero for the semi-Lagrangian numerical method.

The dynamics of this network at different time intervals (in arbitrary units) for
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∆x1 = ∆x2 = 0.5 and ∆τ = 0.005, where τ = γ1
xt are depicted in Fig 7.4, which

also includes the histograms that result from 105 SSA realizations covering the same

times. This figure shows a good agreement between the semi-Lagrangian method

(see the third column in Fig 7.4), and the SSA realizations (see the second column

in Fig 7.4).

For a better comparison, we show the marginal distribution of protein X1,

p1(x1) =
∞∫
0

p(x1, x2)dx2, in the first column of Fig 7.4 where both solutions are

completely overlapped, proving the accuracy of the generalized Friedman model.

Note that the X2 marginal distribution is equal to the one represented for the first

protein because the joint distribution is symmetric.

The distribution obtained for the mutual activation case (in which X1 activates

X2 and X2 activates X1), indicates two differentiated states: one in which both X1

and X2 are off and one in which both X1 and X2 are on.

The semi-Lagrangian method described in Section 3 is employed to solve the two

dimensional version of the Friedman model (6.22) for the mutual repression case.

Again, a Dirac delta function at zero for mRNA and protein and its approximation,

have been employed as initial condition for SSA and semi-Lagrangian methods,

respectively. Results obtained at different time intervals (in arbitrary units) for

∆x1 = ∆x2 = 0.5 and ∆τ = 0.005, with τ = γ1
xt are depicted in Fig 7.5, which as

the previous figure, also includes the histograms that result from 105 SSA realizations

covering the same times.

The distribution obtained for the mutual repression case (in which X1 represses

X2 and X2 represses X1), indicates two differentiated states: one characterized by

high levels of X1 and low levels of X2, and one characterized by low levels of X1 and

high levels of X2.

7.2.3. Self and mutual regulation example

Here we consider the GRN in Fig 1.2 A, combining mutual and self regulation,

in which two genes encoding proteins X1 and X2 regulate each other, and at the

same time are being self regulated. In particular, X1 positively regulates itself and

X2, whereas X2 negatively regulates itself and X1. Note that here each gene binds
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Figure 7.4: Mutual activation between two proteins X1 and X2: snapshots of the
probability distribution of protein abundance at different times τ (τ = 0, 5, 10 and
50). Parameters values are γ1

x = γ2
x = 4 · 10−4 s−1, k1

m = k2
m = 3.4 · 10−3 s−1

b1 = b2 = 18, H12 = H21 = −4, K1 = K2 = 70, ε1 = ε2 = 0.2. In the left column we
represent the marginal distribution for protein X1 (which coincides with P2(x2) since
P (x1, x2) is symmetric). The histograms were obtained with SSA (105 runs) and the
line is the marginal distribution of generalized Friedman model (∆x1 = ∆x2 = 0.5
and ∆τ = 0.005). The central column shows the joint distribution of 105 SSA runs
and the right column presents the joint distribution obtained with the generalized
Friedman model, equation (6.22). In each row we represent different snapshots taken
at a fixed time τ (τ = 0, 5, 10 and 50), where τ = γ1

xt = γ2
xt.
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Figure 7.5: Mutual repression between two proteins X1 and X2: snapshots of the
probability distribution of protein abundance at different times τ (τ = 0, 5, 10 and
50). Parameters values are γ1

x = γ2
x = 4 ·10−4 s−1, k1

m = k2
m = 3.2 ·10−3 s−1 b1 = b2 =

16, H12 = H21 = 4, K1 = K2 = 45, ε1 = ε2 = 0.15. In the left column we represent
the marginal distribution for protein X1 (which coincides with P (x2) since P (x1, x2)
is symmetric). The histograms were obtained with SSA (105 runs) and the line is
the marginal distribution of the generalized Friedman model (∆x1 = ∆x2 = 0.5 and
∆τ = 0.005). The central column shows the joint distribution of 105 SSA runs and
the right column present the joint distribution of the generalized Friedman model,
equation (6.22). In each row we represent different snapshots taken at a fixed time
τ (τ = 0, 5, 10 and 50), where τ = γ1

xt = γ2
xt.
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two different types of transcription factors.

The transcription-translation reaction steps for each gene are described in Table

1.2 with k1
m = 4 ·10−3, k2

m = 8 ·10−3 s−1 and γ1
x = γ2

x = 4 ·10−4 s−1, for i = 1, 2. The

corresponding input functions c1(x) and c2(x) in this case are given by the following

expressions:

c1(x) =
ε11x

H11
1 xH12

2 + ε12K
H11
11 xH12

2 + ε13x
H11
1 KH12

12 +KH11
11 KH12

12

xH11
1 xH12

2 +KH11
11 xH12

2 + xH11
1 KH12

12 +KH11
11 KH12

12

c2(x) =
ε21x

H22
2 xH21

1 + ε22K
H22
22 xH21

1 + ε23x
H22
2 KH21

21 +KH22
22 KH21

21

xH22
2 xH21

1 +KH22
22 xH21

1 + xH22
2 KH21

21 +KH22
22 KH21

21

,

(7.17)

For convenience, the Hill coefficients are collected in the matrix:

H =

[
−4 −6

2 2

]

We use the semi-Lagrangian method to solve the two dimensional version of the

Friedman model (6.22) and, as in the previous examples, we compare the perfor-

mance of the semi-Lagrangian method in terms of accuracy with the distributions

obtained from 105 SSA realizations (see Figure 7.6).

The distribution obtained from the self and mutual regulation example shows

unimodality, thus exhibiting a unique steady state as the more probable.

7.2.4. Computational efficiency and scalability of the semi-

Lagrangian method

The efficiency of our method is compared with the SSA, in terms of computa-

tional cost and level of mesh refinement for the examples previously discussed. All

numerical simulations have been performed on a computer with processor Intel(R)

Core(TM) i7-4770 CPU @ 3.40GHz and 8 GB of RAM, by using Matlab R2011b

version. Table 7.1 collects the computational times required by the semi-Lagrangian

and the SSA methods to obtain the results shown Figures 7.2, 7.4 - 7.6.

Concerning the self-regulation case (Figure 7.2), we considered a mesh with 10
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Figure 7.6: X1 is self activated and repressed by X2, while X2 is self repressed and
activated by X1: snapshots of the probability distribution of protein abundance at
different times τ (τ = 0, 10 and 50). Parameters values are γ1

x = γ2
x = 4 · 10−4 s−1,

k1
m = 4 · 10−3, k2

m = 8 · 10−3 s−1, b1 = 10, b2 = 20, H11 = −4, H21 = −6, H12 =
H22 = 2, K11 = K12 = 45, K21 = K22 = 70, ε11 = ε21 = 0.002, ε12 = 0.02,
ε22 = 0.1, ε13 = ε23 = 0.2. In the third and fourth rows we represent the marginal
distributions for proteins X1 and X2 respectively. Histograms were obtained with
SSA (105 runs) and the line is the marginal distribution of the generalized Friedman
model (∆x1 = ∆x2 = 0.5 and ∆τ = 0.005). First row shows the joint distribution of
105 SSA runs while the second row present the joint distribution of the generalized
Friedman model, equation (6.22). In each column we represent different snapshots
taken at a fixed time τ (τ = 0, 10 and 50), where τ = γ1

xt = γ2
xt.
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SSA (105) Semi-Lagrangian
time mesh time mesh

Self-regulation 12.95 h 10× 30 2 · 10−3 h 2.5 · 104 × 1401
Mutual activation 31.8763 h

10× 40× 40
0.4911 h

104 × 801× 801
Mutual repression 20.5781 h 0.4900 h
Self & Mutual reg. 13.4702 h 10× 40× 40 0.369 h 104 × 301× 401

Table 7.1: Simulation times of the SSA (105 realizations) and the semi-Lagrangian
for different 1D (one protein) and 2D (two protein) examples. Self-regulation (ex-
ample in Figure 7.2), mutual activation (example in Figure 7.4), mutual repression
(example in Figure 7.5) and self & mutual regulation (example in Figure 7.6). Sim-
ulation times correspond with the times needed to simulate up to τ = 50. The mesh
is defined by the number of points in the time and proteins space (t× x1 for the 1D
example, t× x1 × x2 for the 2D examples).

points in time and 30 points in the x1 direction for the SSA simulation, whereas

for the semi-Lagrangian method, a uniform mesh in time with 25000 time points,

also uniform in the x1 direction with 1401 nodes, was employed to get a solution

close to the analytical one (also similar to the SSA). For this case study, the speed

up factor, defined as the ratio between the SSA and semi-Lagrangian simulation

times, is around 6500. Additionally, in the semi-Lagrangian scheme the value of

the solution is obtained at a much larger number of mesh points than in the SSA

simulation.

In the cases of mutual activation and repression (Figure 7.4 and Figure 7.5),

10 points in time and a uniform mesh of 40 × 40 points in the x1x2 domain were

employed for the SSA. The semi-Lagrangian method, on the other hand, requires

104 time nodes and a uniform mesh of 801 × 801 in the x1x2 domain to attain a

solution similar to the SSA. For this case, the speed up factor of the semi-Lagrangian

scheme as compared to SSA is around 50.

For self & mutual regulation (Figure 7.6), SSA uses 10 points in time and a

uniform mesh of 40× 40 points in the x1x2 domain, whereas 104 time nodes and a

uniform mesh of 301 × 401 in the x1x2 domain is enough for the semi-Lagrangian

method to attain an accurate solution. The speed up factor of the semi-Lagrangian

scheme as compared to SSA resulted also in the order of 300.

In order to compare the relative accuracy of the semi-Lagrangian and SSA meth-
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ods for the same computational burden, we define a relative mean quadratic error

as follows:

E(Sol1, Sol2) =

√
1

N
N∑
i=1

(Sol1(xi)− Sol2(xi))
2

√
1

N
N∑
i=1

(Sol1(xi))
2

, (7.18)

where Sol1 and Sol2 are the reference and the approximate solutions respectively, to

be identified for the different examples. The integer N represents the total number

of mesh points (with integer value) in the proteins space.

For the self-regulation 1D example discussed above, we can use as reference the

stationary solution computed from the CME (6.2). In this case, the computational

time for the semi-Lagrangian method to get a solution is about 7 seconds (see

Table 7.1), with a relative mean quadratic error (7.18) equal to 0.0875. In the

same computational time of 7 seconds, the number of SSA realizations that can be

computed is around 15, thus leading to a relative mean quadratic error with respect

to the CME solution equal to 3.4832. This shows that the PIDE model provides a

very good approximation whereas SSA fails to capture the system’s behaviour.

Moreover, in order to better compare the accuracy of the SSA and semi-Lagrangian

methods we have considered the example of self-regulation (1D) and applied the SSA

method to the CME model, and the semi-Lagrangian method to the corresponding

PIDE model. In this self-regulation setting, we know the expressions of the solution

for the CME model and the steady state solution for the PIDE model, so that we can

compute the difference between both solutions, the error between the SSA results

and the exact solution of the CME (with different number of simulations), and the

error between the approximations provided by the semi-Lagrangian method and the

exact solution of the PIDE, or the exact solution of the CME, for different numbers

of mesh nodes. By selecting the number of simulations and nodes that involve the

same order of computational time, both in SSA and semi-Lagrangian methods, the

results obtained are represented in Table 7.2.

Firstly, the columns “Error” in SSA and “Error (PIDE)” in Table 7.2 illustrate

the convergence of each method to their respective exact solutions, the error of

the semi-Lagrangian being much lower for the same order of computational time.
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Positive Self-regulation
SSA PIDE (∆τ = 2 · 10−3)

Realiz. Time Error Nodes Time Error (CME) Error (PIDE)
11 5.1282 s 4.0814 351 5.1620 s 0.0918 0.0223
12 5.5944 s 3.8937 701 5.4192 s 0.0874 0.0104
15 6.9930 s 3.4832 1401 7.0450 s 0.0875 0.0065
25 11.655 s 2.9357 2801 11.537 s 0.0870 0.0040

Table 7.2: For the positive self-regulation example, comparison between the SSA
method (to solve the CME model) and the semi-Lagrangian method (to solve the
PIDE model), for the same order of computational times. Error: error between the
SSA approximation and the CME exact solution. Error (CME): error between the
approximated semi-Lagrangian solution and the exact solution of the CME. Error
(PIDE): error between the approximated semi-Lagrangian solution and the exact
steady state solution of the PIDE. The error between the exact solution of both
models is 0.0876

Moreover, in column “Error (CME)”, we represent the error between the semi-

Lagrangian solution and the exact solution of the CME. In this respect, for the same

order of computational times, we note that the numerical solution of the PIDE is

closer to the exact solution of the CME than the approximation provided by the SSA.

Note also that to get the same level of accuracy (around 0.0875) with the SSA we

need around 30000 simulations, what requires nearly 4 hours of computational time.

This is much more than the 7 seconds required by the semi-Lagrangian method.

For the remaining 2D examples referred in Table 7.1, the computational burden

associated to the original CME (6.2) is out of the computer capacities. Alternatively,

we choose as reference, the solutions at τ = 50 obtained by the semi-Lagrangian

method that, as we discussed above, approximate quite well the real system.

For each example, we run the SSA during a time equal to the simulation time de-

manded by the semi-Lagrangian method to attain the solution at τ = 50. Table 7.3

presents the number of realizations performed by the SSA during such time, together

with the relative mean quadratic error associated to the corresponding SSA solu-

tion for the different 2D examples. The large errors (orders of magnitude the mean

quadratic value of the reference) found for all the examples suggest that the SSA is

very inaccurate as compared with the PIDE system solved by the semi-Lagrangian

method for the same computational burden. Clearly, all these results show the
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high efficiency of the semi-Lagrangian method with respect to the alternative SSA

simulation.

M. activation (2D) M. repression (2D) Self & M. reg. (2D)
SSA realizations 1541 2381 274
Relative error 4.5635 2.4893 2.9414

Table 7.3: First row represents the number of realizations performed by SSA during
the time spent by the semi-Lagrangian method to attain a solution at τ = 50 for
the different examples (see Table 7.1). Second raw represents the relative mean
quadratic error, as defined in expression (7.18), associated to the corresponding
SSA solution for the different 2D examples. Note that the semi-Lagrangian solution
of the PIDE is taken as the reference to compute the SSA error.

In order to assess scalability of the semi-Lagrangian numerical method, we study

the effect of problem dimension and mesh size on the computer time required to

update the recursive formula (7.14). By problem dimension one should understand

the number of genes of the network, whereas mesh size refers to the number of mesh

points in the space of proteins. Table 7.4 presents the average computational times

for different mesh sizes and problem dimensions.

2D 3D 4D 5D
105 mesh points 0.0126 s 0.0223 s 0.0374 s 0.0605 s
106 mesh points 0.2941 s 0.3845 s 0.7528 s 1.2028 s
107 mesh points 3.1496 s 4.6260 s 8.0856 s 13.291 s

Table 7.4: Average computational time required to update the recursive formula
(7.14) for different mesh sizes and problem dimensions.

As the results suggest, what is critical for scalability is the number of points in

the mesh, and not problem dimension. In fact the method works very efficiently for

mesh sizes up to 107 points for the computer employed in this work. This means

that for a mesh in the order 102 points in each dimension, for instance, the method

can efficiently afford networks of 3 coupled genes. For reasonably smooth solutions,

networks of up to 5 coupled genes can be handled at low computational burden with

uniform meshes in the order of 30 points in each dimension (thus making the total

number of mesh points to be around 3 ·107). Note that, problems with stiff solutions

could be handled as well with nonuniform meshes (finer in the stiff regions) having

a similar number of points.
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In order to further illustrate the scalability in terms of computational time and

accuracy, we have considered self-regulation cases with increasing number of pro-

tein species from 1 to 5 (thus, increasing system’s dimension) so that an analytical

solution can be obtained as the product of 1D solutions for the CME and PIDE.

Starting with 106 nodes for the semi-Lagrangian method for the 1D case, we get a

computational time of 181.42 seconds, whereas 3700 realizations can be performed

with SSA during such time. For such number of nodes and realizations we address

the cases in higher dimensions. The results are shown in Table 7.5.

Scalability Test in Negative Self-regulation
SSA (3700 Realizations) PIDE (106 Nodes, ∆τ = 5 · 10−3)

Dim Time Error Time Er(CME) Er(PIDE) Er(Model)
1 181.30 s 0.1171 181.42 s 0.0244 0.0073 0.0298
2 491.84 s 1.1113 285.66 s 0.0383 0.0168 0.0473
3 987.62 s 26.820 429.21 s 0.0622 0.0988 0.0638
4 1218.1 s 3542.1 940.74 s 0.2598 0.3122 0.0809
5 2078.2 s 5.476 · 105 1599.3 s 0.5087 0.5571 0.0986

Table 7.5: Scalability of the methods in the negative self-regulation case. Dim:
number of proteins (dimension). Error: Error between the SSA solution and the
exact CME solution. Er(CME): error between the semi-Lagrangian solution and the
exact solution of the CME. Er(PIDE): error between the semi-Lagrangian solution
and the exact solution of the PIDE. Er(Model): error between the exact solutions
of the CME and PIDE.

As expected, under the previous conditions, both the computational time and the

error increase as we increase the dimension. Hovewer, note that the error deteriorates

more in the case of SSA (see Table 7.5). As we increase the dimension, we observe

that the error of the numerical solution of the PIDE with respect to the exact

solution of the CME is much lower than the one associated to the SSA solution.

Thus, the scalability of the semi-Lagrangian method for the PIDE is much better

than the one of the SSA. We think that these results clearly illustrate the advantages

of using the semi-Lagrangian method for the PIDE in terms of scalability. In the

examples of Section 4, in order to obtain relevant results with the SSA, we require

much larger computational times than in the semi-Lagrangian method.
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A second semi-Lagrangian method

In this chapter we propose a second semi-Lagrangian method, for which the

numerical analysis have been addressed to theoretically proof the convergence of the

method. More precisely, a second order convergence in time and space is obtained.

We refer to it as semi-Lagrangian Runge-Kutta method because we use a Runge-

Kutta method for the time discretization of the equation posed on the characteristics

curves. By using suitable techniques of interpolation and projection at the base of

the characteristics the positivity property of the semi-Lagrangian method is ensured.

A linear stability analysis and the error analysis allow us to theoretically proof the

convergence of the method, with a second order convergence in time and space

[3]. We note that for a general convection-diffusion-reaction PDE problem without

the integral term, a second order characteristics method is obtained in [6], that is

combined with finite element techniques for time discretization in [7]. In [6, 7], a

semi-Lagrangian Crank-Nicolson method for the discretization in time is considered.

At the end of this chapter, the numerical results illustrate the convergence and

the fact that the method results computationally more expensive than the one pre-

sented in the previous chapter [3].

171
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8.1. Description of the numerical method

In this chapter, from some point we will change a bit the notation with respect

to the previous one, in order to make easier and more standard the writing in the

theoretical proofs.

Given 0 < T < ∞, let p : (0, T ]× Rn+ → R+� {0} be the temporal evolution of

the protein distribution, p represents a probability density satisfying the following

partial integral-differential equation:
Dp

Dt
+

(
n∑
i=1

(kimci(x))−G(x)

)
p(t,x) = I(p)(t,x) in R+ × Rn+

p(0,x) = p0(x) in Rn+,

(8.1)

where I(p) is the integral term given in (7.1), ci(x) are non-negative functions of

class Cm(Rn+), m ∈ N,
Dp

Dt
=
∂p

∂t
+ V(x) · ∇p,

with

V(x) := −Γx(x) = −(γ1
xx1, . . . , γ

n
xxn),

being the vector field driving the term of first order derivatives, the coefficients

γix : Rn+ → R+ being functions of class Cm(Rn+), and

G(x) = DivxΓx(x) =



n∑
i=1

γix if γix is a constant, or

n∑
i=1

(
∂γix
∂xi

xi + γix

)
if γix depends on x.

Moreover, yi denotes the ithe component of yi that is defined as follows: for 1 ≤
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j ≤ n, yi = ((yi)1 . . . , (yi)n), such that

(yi)j =


xj if j 6= i,

yi otherwise.

Moreover, it is worth notice that for all x,
∑n

i=1(kimci(x))−G(x) > 0, and V(x) is

a m-times continuously differentiable vector-valued function because γix ∈ Cm(Rn+).

Based on these facts, we can recast the model equation as an integral-differential

equation along the characteristic curves of the transport operator

D

Dt
:=

∂

∂t
+ V(x) · ∇.

8.1.1. The model equation along the characteristic curves

Let s, t ∈ [0, T ] and x ∈ Rn+, the trajectories t → X(x, s; t) ∈ Rn denote the

characteristic curves of the operator D
Dt

:= ∂
∂t

+ V(x) · ∇ which are solutions of the

ODE system: 
dX(x, s; t)

dt
= V(X(x, s; t))

X(x, s; s) = x.

(8.2)

For each x, the solution to (8.2) is unique because each component of V is at least

of class Cm(Rn). In fact, the solution t→ X(x, s, t) can be viewed as the trajectory

of a point that at time s is at the position x.

We have the following regularity result (see [4], for example).

Lemma 8.1. Assume that V ∈ Cm(Rn), m ≥ 1, then for s, t ∈ [0, T ] there exists

a unique solution t → X(x, s, t) ∈ C1 ([0, T ] , Cm(Rn)) to (8.2). Furthermore, let

the multi-index α ∈ Nn, then for all α such that 1 ≤ |α| ≤ m, ∂αxXi(x, s; t) ∈
C1 ([0, T ] , L∞(Rn × [0, T ])).

Next, we consider the mapping ϕts : Rn+ → Rn, defined by ϕts(x) = X(x, s; t).

Since X(X(x, s; t), t; s) = x, then it follows that the mapping ϕst is the inverse of
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ϕts. The Jacobian determinant of this transformation:

J(x, s; t) = det

(
∂Xi(x, s; t)

∂xj

)
, 1 ≤ i, j ≤ n, (8.3)

satisfies the equation (see for example [49]):

∂J(x, s; t)

∂t
= J(x, s; t)div V(X(x, s; t)). (8.4)

It is easy to prove that if CV = ‖div V‖L∞(Rn+), then:

exp(−CV |s− t|) ≤ J(x, s; t) ≤ exp(CV |s− t|). (8.5)

Moreover, for |t− s| sufficiently small it follows that:

K1 | x− y |≤| X(x, s; t)−X(y, s; t) |≤ K2 | x− y |, (8.6)

where

K1 = (1− | s− t | · | ∇V |L∞(L∞(Rn×n+ )) K2)

K2 = exp(| s− t | · | ∇V |L∞(L∞(Rn×n+ ))).

Here, | a− b | denotes the Euclidean distance between the points a, b ∈ Rn.

Now, it is easy to check that the model equation can be written as an initial

value problem of the form:
dp(t,X(x, s; t))

dt
= f(t, p(t,X(x, s; t)) in (0, T ]× Rn+

p(0,X(x, 0; 0)) = p0(x) in Rn+,

(8.7)

where

f(t, p(t,X(x, s; t)) =−

(
n∑
i=1

(kimci(X(x, s; t)))−G(X(x, s; t))

)
× p(t,X(x, s; t)) + I(p)(t,X(x, s; t)), (8.8)
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and

I(p)(t,X(x, s; t)) =
n∑
i=1

(
kim

∫ Xi(x,s;t)

0

ωi(Xi(x, s; t)− Yi)ci(Yi)p(t,Yi)dYi,

)
,

(8.9)

here Yi = ((Yi)1 . . . , (Yi)n) the components (Yi)j being defined as:

(Yi)j =


Xj(x, s; t) if j 6= i,

Yi otherwise.

Notice thatXi(x, s; t) and Yi are the ith components of X(x, s; t) and Yi respectively.

It is easy to check that under proper regularity assumptions on p0(x) the function

f(t, p(t,X(x, s; t)) is Lipschitz continuous with respect to the second variable.

Lemma 8.2. There exists a constant L such that:

‖f(t, p(t,X(x, s; t))− f(t, r(t,X(x, s; t))‖L∞(Rn+)

≤ L ‖p(t,X(x, s; t)− r(t,X(x, s; t)‖L∞(Rn+) . (8.10)

8.2. The semi-Lagrangian Runge-Kutta method

The integral-differential equation (8.7) can be integrated as a differential equation

along the characteristics X(x, s; t). Such an integration has to be performed by a

numerical method because, in general, it is not possible to find out an analytical

formula of the exact solution. The application of the numerical method requires

the spatial domain Ω to be bounded, so we construct Ω by truncating the half-

space Rn+ as follows: Ω := Πn
i=1(0, Li) ⊂ Rn+, with Li > 0 large enough for the

artificial boundary conditions imposed on the computational boundary do not affect

the numerical results in the region of interest of the problem. Then, the time-

pace domain used for the computation of the solution is [0, T ] × Ω with boundary

[0, T ]× ∂Ω, where ∂Ω denotes the boundary of Ω.

From the theory of partial differential equations (see [93] or [34], for example)
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it follows that for problem (8.7) to be well posed in a bounded domain one needs

to impose boundary conditions on the part of the boundary [0, T ] × ∂+Ω, where

∂+Ω := {x ∈ ∂Ω : V(x) · −→n (x) < 0}, −→n (x) being the unit outward normal vector

at the points of ∂+Ω.

In our numerical calculations we shall impose the following boundary condition:

p = 0 on [0, T ]× ∂+Ω. (8.11)

The numerical method we propose for the integration of (8.7) is a second or-

der explicit Runge-Kutta scheme formulated in the framework of semi-Lagrangian

methods. These methods discretize the total derivative dp(t,X(x,s;t))
dt

backward in time

along the characteristic curves; specifically, they approximate the total derivative at

time instant tk+1 as:

dp(t,X(x, s; t))

dt
|t=tk+1

' p(tk+1,x)− p(tk,X(x, tk+1; tk))

∆t
,

where ∆t := tk+1 − tk.

The reason to use an explicit method lies in the fact that in an implicit time

discretization scheme the integral term I(p)(t,X(x, s; t)) yields an algebraic sys-

tem of equations the matrix of which is full and monsymmetric; solving such a

system of equations at each time step becomes a highly costly process in terms of

computational resources, particularly when the spatial dimension n is high. In the

description of the numerical method we shall start with the presentation of the time

discretization scheme.

8.2.1. Time discretization scheme

Let [0, T ] be a time interval and consider a uniform partition of step ∆t, P∆t =

0 = t0 < t1 . . . < tN = T, tk = k∆t. To facilitate the understanding of the

presentation of the second order semi-Lagrangian Runge-Kutta scheme we propose

to integrate (8.7), we briefly recall the formulation of the Runge-Kutta scheme, see

[68] for instance, when it is applied to integrate the following pure initial value
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problem: 
dz

dt
= f(t, z), 0 ≤ t ≤ T,

z(0) = z0,

(8.12)

where z(t) y f(t, z) ∈ Rn.

The second order Runge-Kutta scheme is a time marching scheme that approx-

imates the solution z(tk+1) by Zk+1, which is obtained by the following procedure:

For k = 0, 1, . . . N compute:

K1 = f(tk, Z
k),

K2 = f(tk + ∆t, Zk + ∆K1),

Zk+1 = Zk + ∆t
2

(K1 +K2) .

(8.13)

Hereafter, unless otherwise stated, we use the following notation: a(tk, ·) = ak(·),
X(x, tk+1; tk) = Xk,k+1(x) or Xk,k+1 if there is no confusion. Take into account that

Xk+1,k+1(x) = x.

Next, for k = 0, 1, . . . N − 1, let P k+1(x) and P
k
(x) := P k(Xk,k+1(x)) be ap-

proximations to pk+1(x) and pk(Xk,k+1(x)) respectively, the Runge-Kutta scheme

applied to integrate (8.7) is then:

K1(x) = f(tk, P
k
(x)),

K2(x) = f(tk + ∆t, P
k
(x) + ∆tK1(x))

P k+1(x) = P
k
(x) + ∆t

2
(K1(x) +K2(x)),

(8.14)
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where by virtue of (8.8) it follows that:

K1(x) =−

[
n∑
i=1

(kimci(X
k,k+1(x))−G(Xk,k+1(x))

]
P
k
(x)

+
n∑
i=1

kim

∫ Xk,k+1
i (x)

0

ωi(X
k,k+1
i (x)− Yi)ci(Yk,k+1

i )P k(Yk,k+1
i )dYi, (8.15)

with

(Yk,k+1
i )j =


Xk,k+1
j (x) if j 6= i,

Yi otherwise,

and, taking into consideration that at tk+1, Xk,k+1(x) = x, we have that:

K2(x) =−

[
n∑
i=1

(kimci(x)−G(x)

]
(P

k
(x) + ∆tK1(x))

+
n∑
i=1

kim

∫ xi

0

ωi(xi − yi)ci(yi)(P
k
(yi) + ∆tK1(yi))dyi. (8.16)

Remark 8.1. It is worth pointing out that P k+1(x) as computed in (8.16) is an

approximation to the exact solution pk+1(x) obtained by applying the second order

Runge-Kutta scheme to integrate in time equation (8.7). We call P k+1(x) the time

approximation to pk+1(x).

In the numerical procedure the functions P k+1(x), P
k
(x), K1(x) and K2(x) and

the mapping Xk,k+1(x) are calculated at the grid-points of the n-dimensional uniform

squared grid Ωh that covers Ω. To fix ideas, let us denote by el the lth n-dimensional

squared cell of Ωh, and by xq = (xq1, . . . , xqn) the qth mesh-point of this grid, then

we can set:

Ωh :=
{
el : Ω = ∪NCl=1el

}
,

where NC > 1 denotes the number of the cells, each cell el is defined by the set of

points
{

x
(l)
1 ,x

(l)
2 ,x

(l)
3 ,x

(l)
2n

}
, where, in anti-clockwise sense, x

(l)
1 is the first vertex of

the cell el, x
(l)
2 is the second one and so on. The side length of el is denoted by h.

Notice that the set of grid-points {xq, 1 ≤ q ≤M} is formed by the vertex-points
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of the cells.

Associated with the grid Ωh we consider the so called grid functions, which are

discrete functions of the form a := [a1, . . . , aM ]T where aq := a(xq), 1 ≤ q ≤M . The

numerical procedure computes at each time step the grid functions P k+1
h , P

k

h, K1h,

K2h and Xk,k+1
h . The components of both P

k

h and Xk,k+1
h are both calculated by the

so-called semi-Lagrangian method, and the integral terms of the expressions of K1h

and K2h are approximated by the compound trapezoidal quadrature rule.

8.2.2. The semi-Lagrangian method

The semi-Lagrangian method calculates the values Xk,k+1
q and P

k

hq = P k
h (Xk,k+1

q )

for q = 1, . . . ,M .

The value Xk,k+1
q is the solution to (8.2) for each grid-point xq, it represents the

foot of the characteristic curve that at time tk+1 goes through the point xq. Since

(8.2) is an autonomous system then for all k and q the points Xk,k+1
q = X0,1

q , so

these points are calculated once an for all at the beginning of the calculations.

In the numerical experiments presented in this chapter, the points Xk,k+1
q have

been computed by the MATLAB function ode15s.

The calculation of P
k

hq is more involved because, in general, the points Xk,k+1
q are

not grid-points, so some numerical procedure such as polynomial interpolation or

Galerkin projection has to be employed to calculate such values. In this chapter we

shall uses piecewise polynomial interpolation with the constraint that for all k and

q, P
k

hq ∈ RM+ , because p(t, x) ∈ R+. It is known that polynomial interpolation of

degree higher than one may violate the positivity constraint at those points where

the solution is insufficiently smooth. In order to overcome this problem Bermejo

and Staniforth [8] introduced semi-Lagrangian methods that are able to maintain

positivity and high order of convergence in regions where the solution is sufficiently

smooth, and what is important, they are computationally efficient.

An algorithmic presentation of the semi-Lagrangian method is in Algorithm 3:
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Algorithm 3: Algorithmic presentation of the second semi-Lagrangian
method.

1 Let P
k

hq be an approximation to pkq = pk(Xk,k+1
q ), we calculate P

k

hq as follows:

2 for k = 0, 1...N − 1 do
3 for q = 1, 2....,M do

4 1) Calculate Xk,k+1
hq and the element el 3 Xk,k+1

hq .

5 3) Calculate P
k

hq by cubic spline interpolation of the values

(P k
h1, . . . , P

k
h2n) |el , i.e., P

k

hq = S3P
k
h (Xk,k+1

hq ), where Smf(x) denotes the

spline of degree m that interpolates the function f(x) in Ω using the
grid Ωh and the grid values [f1, . . . , fm]. The spline S1f is the
standard piecewise linear polynomial interpolation.

6 4) Set 

P
k

hq = P+ if S3P
k
h (Xk,k+1

q ) > P+,

P
k

hq = P− if S3P
k
h (Xk,k+1

q ) < P−,

P
k

hq = S3P
k
h (Xk,k+1

q ) otherwise.

(8.17)

7 end

8 end
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8.2.3. Properties of the proposed semi-Lagrangian scheme

In this section we probe the positivity and stability of the proposed semi-Lagrangian

scheme. Moreover, we also estimate the error of this method.

8.2.3.1. Positivity

It is a positive scheme because it locally clips artificial undershoots and over-

shoots. In order to proof this property, first we show that P
k

hq can be written as:

P
k

hq = (1− βkq )S1P
k
h (Xk,k+1

q ) + βkqS3P
k
h (Xk,k+1

q ), (8.18)

where S1P
k
h (Xk,k+1

q ) is the low order solution satisfying P− ≤ S1P
k
h (Xk,k+1

q ) ≤ P+,

and βkq is the so called limiting coefficient, which is calculated as follows:

let R = S3P
k
h (Xk,k+1

q ) − S1P
k
h (Xk,k+1

q ), and Q± = P± − S1P
k
h (Xk,k+1

q ), then we

set:

βkq =


min(1, Q

+

R
) if R > 0,

0 if R = 0,

min(1, Q
−

R
) if R < 0.

(8.19)

If R = 0, i.e., S3P
k
h (Xk,k+1

q ) = S1P
k
h (Xk,k+1

q ) then βkq = 0, so that we have a firs

order interpolation. Next, we consider the case S3P
k
h (Xk,k+1

q ) > P+, so R > 0

and βkq = Q+

R
, by simple substitution in (8.18) it follows that P

k

hq = P+; on the

other hand, if S3P
k
h (Xk,k+1

q ) < P− implies R < 0 and βkq = Q−

R
, and consequently

P
k

hq = P−.

Notice that by writing P
k

hq as:

P
k

hq = S1P
k
h (Xk,k+1

q ) + βkq
(
S3P

k
h (Xk,k+1

q )− S1P
k
h (Xk,k+1

q )
)
,

one can interpret P
k

hq as the sum of a low order solution S1P
k
h (Xk,k+1

q ), which is

positive if the exact solution p is so, plus a high order correction term given by

βkq
(
S3P

k
h (Xk,k+1

q )− S1P
k
h (Xk,k+1

q )
)
, such that P

k

hq will approximate the exact solu-

tion pk(Xk,k+1
q ) with an order higher than that of the low order solution in regions

where the exact solution is sufficiently smooth. In this context, we can regard
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the coefficient βkq as the largest possible value controlling the amount of correction

S3P
k
h (Xk,k+1

q )−S1P
k
h (Xk,k+1

q ) to be added to the low order solution S1P
k
h (Xk,k+1

q ) to

not generate any artificial extremum. This method is an essentially non-oscillatory

scheme.

8.2.3.2. Stability

The method is stable in the discrete l∞-norm; i.e. for all k, we have that:∥∥∥P k

h

∥∥∥
l∞
≤
∥∥P k

h

∥∥
l∞
. (8.20)

The proof of this property is easy. Let l and j be indices such that:∥∥∥P k

h

∥∥∥
l∞

=
∣∣∣P k

hj

∣∣∣ and
∥∥P k

h

∥∥
l∞

=
∣∣P k

hl

∣∣ ,
by construction of the algorithm it readily follows that

∣∣∣P k

hj

∣∣∣ ≤ ∣∣P k
hl

∣∣ and conse-

quently,
∥∥∥P k

h

∥∥∥
l∞
≤
∥∥P k

h

∥∥
l∞

.

8.2.3.3. Error estimate of the Semi-Lagrangian method

The error of the semi-Lagrangian step is defined as ek = pk − P k

h, where pk and

P
k

h denote the grid functions
[
pk1, . . . , p

k
M

]T
and [P

k

h1, . . . , P
k

hM ] respectively. We

calculate an estimate of this error in the discrete spatial norm l∞, i.e.:∥∥ek∥∥
l∞

= max
q

∣∣∣pkq − P k

hq

∣∣∣ .
For the analysis, we shall use for P

k

hq the expression:

P
k

hq =
(
1− βkq

)
S1P

k
h (Xk,k+1

q ) + βkqS3P
k
h (Xk,k+1

q ).

Noting that the coefficients βkq are the largest possible real values that make the

norm
∥∥ek∥∥

l∞
be the smallest one while keeping P

k

h free of local extrema, then if we

consider another sequence of limiting coefficients αkq such that for all q, 0 ≤ αkq ≤ βkq ,
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and denote by P
∗k
h the grid function whose point-values P

∗k
hq are calculated as:

P
∗k
hq =

(
1− αkq

)
S1P

k
h (Xk,k+1

q ) + αkqS3P
k
h (Xk,k+1

q ),

it follows that: ∥∥ek∥∥
l∞
≤
∥∥e∗k∥∥

l∞
= max

q

∣∣∣pkq − P ∗khq∣∣∣ .
Next, let β

k

q and β̃kq be the limiting coefficients for the grid-functions pk − P k

h and

pk respectively, by defining:

αkq = min
q

(βkq , β
k

q , β̃
k
q ),

we obtain the following estimate.

Lemma 8.3. Assume that for all k, pk ∈ C4(Ω), there exists a positive constant C

independent of ∆t and h, such that:

∥∥ek∥∥
l∞
≤ C min

(
1,

∆t ‖V‖L∞(Ωn)

h

)[
max
q,k

(
1− αkq

)
h2 + h4

] ∥∥pk∥∥
C4(Ω)

+
∥∥ek∥∥

l∞
.

(8.21)

Proof: Since:

pkq = (1− αkq )pk(Xk,k+1
q ) + αkqp

k(Xk,k+1
q ),

then:

pkq − P
∗k
hq = (1− αkq )

(
pk − S1P

k
h

)
(Xk,k+1

q ) + αkq
(
pk − S3P

k
h

)
(Xk,k+1

q )

= (1− αkq )
(
pk − S1p

k
)

(Xk,k+1
q ) + αkq

(
pk − S3p

k
)

(Xk,k+1
q )

+ (1− αkq )S1

(
pk − P k

h

)
(Xk,k+1

q ) + αkqS3

(
pk − P k

h

)
(Xk,k+1

q ). (8.22)

To proceed further we note that by approximation theory:

maxq
∣∣(pk − S1p

k
)

(Xk,k+1
q )

∣∣ ≤ Ch2
∥∥pk∥∥

C2(Ω)
,

maxq
∣∣(pk − S3p

k
)

(Xk,k+1
q )

∣∣ ≤ Ch4
∥∥pk∥∥

C4(Ω)
,

(8.23)
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and by the stability in the l∞-norm:

max
q

∣∣(1− αkq )S1

(
pk − P k

h

)
(Xk,k+1

q ) + αkqS3

(
pk − P k

h

)
(Xk,k+1

q )
∣∣ ≤ ∥∥pk − P k

h

∥∥
l∞
.

(8.24)

Now, from (8.22)-(8.24) and
∥∥pk − P k

h

∥∥
l∞

=
∥∥ek∥∥

l∞
≤
∥∥e∗k∥∥

l∞
we readily obtain

that:

∥∥ek∥∥
l∞
≤ C

[
max
k

max
q

(
1− αkq

)
h2 + h4

] ∥∥uk∥∥
C4(Ω)

+
∥∥ek∥∥

l∞
. (8.25)

This estimate becomes useless when ∆t → 0 because it yields an error estimate of

the numerical method that is ∆t−1-dependent. To overcome this trouble and get an

estimate also valid for ∆t→ 0, we argue as follows. For any k, let us introduce the

functions:
ρk1(x) = pk(x)− S1p

k(x) ∈ C0,1(Ω),

ρk1(x) = pk(x)− S3p
k(x) ∈ C3,1(Ω).

(8.26)

Notice that ρk1(xq) = ρk2(xq) = 0 for all q, because by definition of the spline functions

at the interpolation nodes {xq}, p(xq) = S1p
k(xq) and p(xq) = S3p

k(xq). Then, we

can recast (8.22) as:

pkq − P
∗k
hq = (1− αkq )

(
ρk1(Xk,k+1

q )− ρk1(xq)
)

+ αkq
(
ρkk(X

k,k+1
q )− ρk3(xq)

)
+ (1− αkq )S1

(
pk − P k

h

)
(Xk,k+1

q ) + αkqS3

(
pk − P k

h

)
(Xk,k+1

q ). (8.27)

Using (8.24) and considering that:

max
q

∣∣ρkl (Xk,k+1
q )− ρkl (xq)

∣∣ ≤ ∥∥ρkl (Xk,k+1(x))− ρkl (x)
∥∥
L∞(D)

,

for l = 1 and 3, then (8.27) implies that:

∥∥ek∥∥
l∞
≤ max

k
max
j

(1− αkj )
∥∥ρk1(Xk,k+1(x))− ρk1(x)

∥∥
L∞(Ω)

+
∥∥ρk3(Xk,k+1(x))− ρk3(x)

∥∥
L∞(Ω)

+
∥∥ek∥∥

l∞
. (8.28)



8.2 The semi-Lagrangian Runge-Kutta method 185

It remains to bound the terms
∥∥ρl(Xk,k+1(x))− ρl(x)

∥∥
L∞(Ω)

(l = 1 and 3). For this

purpose, we notice that:

ρkl (X
k,k+1(x))− ρkl (x) =

∫ tk

tk+1

dρkl (X(x, tk+1, t))

dt
dt

=

∫ tk

tk+1

V(X(x, tk+1, t)) · ∇ρkl (X(x, tk+1, t))dt.

Hence,

∣∣ρkl (Xk,k+1(x))− ρkl (x)
∣∣ ≤ ‖V‖L∞(Dn)

∫ tk

tk+1

∣∣∇ρkl (X(x, tk+1, t))
∣∣ dt.

From this inequality it follows that:∥∥ρkl (Xk,k+1(x))− ρkl (x)
∥∥
L∞(Ω)

≤ ∆t ‖V‖L∞(Ωn)

∥∥∇ρkl ∥∥L∞(Ωn)
, (8.29)

but by approximation theory:∥∥∇ρkl ∥∥L∞(Ω)
≤ Chl

∥∥pk∥∥
Cl+1(Ω)

. (8.30)

By virtue of (8.29) and (8.30) the inequality (8.28) yields:

∥∥ek∥∥
l∞
≤ C∆t ‖V‖L∞(Ωn)

[
max
k

max
q

(1− αkq )h+ h3

]
‖p‖C4(Ω) +

∥∥ek∥∥
l∞
. (8.31)

Since
∥∥ek∥∥

l∞
satisfies both inequalities (8.25) and (8.31), the result (8.21) follows.�

8.2.4. Approximation of the slopes K1(x) and K2(x)

Let K1hq and K2hq denote approximations to K1(xq) and K2(xq). The values of

K1hq and K2hq are calculated by approximating the integrals of (8.15) and (8.16)

by the compound trapezoidal rule along line segments parallel to the coordinate

directions. The procedure to perform these calculations is the following:

For k = 0, 2, . . . N − 1

For q = 1, 2, ...,M
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Let 

nr =

[
Xk,k+1
qi

h

]
and nr =

[xqi
h

]
, 1 ≤ i ≤ n

K1hq = −
[∑n

i=1(kimci(X
k,k+1
q )−G(Xk,k+1

q )
]
P
k

hq

+h
∑n

i=1 k
i
m(1

2
Fiq0 +

∑nr
r=1 Fiqr),

K2hq = − [
∑n

i=1(kimci(xq)−G(xq)] (P
k

hq + ∆tK1hq)

+h
∑n

i=1 k
i
m(1

2
Hiq1 +

∑nr
r=2 Hiqr),

(8.32)

where

Fqir = ωi(X
k,k+1
qi − Y k,k+1

qir )ci(Y
k,k+1
qir )P

k

h(Y
k,k+1
qir ),

and

Hiqr = ωi(xiq − yiqr)ci(yiqr)
(
P
k

h(yiqr) + ∆tK1(yiqr)
)
.

We explain the notation used in the previous formulas. For 0 ≤ r ≤ nr, the

points Y k,k+1
qir = rh belong to the interval [0, Xk,k+1

qi ]. Now, recalling the definition

of Yi, we set:

Yk,k+1
qi =

(
(Yk,k+1

qi )1, . . . , (Y
k,k+1
qi )n

)
with components

(
Yk,k+1
qi

)
j

=


Xk,k+1
qj if i 6= j,

Y k,k+1
qi if i = j,

so that the components of the points Yk,k+1
qir are given by:

(
Yk,k+1
qir

)
j

=


Xk,k+1
qj if i 6= j,

rh if i = j.

Analogously, for 0 ≤ r ≤ nr, the points yiqr = hr are belong to the interval [0, xqi]

and the components of the points yiqr are:



8.3 Analysis of the numerical methods 187

(yiqr)j =


xqj if i 6= j,

rh if i = j.

Finally, we are in a position to write down the algorithm of the semi-Lagrangian

Runge-Kutta method (Algorithm 4).

Algorithm 4: Algorithmic presentation of the semi-Lagrangian Runge-Kutta
method.

1 for k = 0, 2, . . . N − 1 do
2 for q = 1, 2, ...,M do

3 1) Calculate Xk,k+1
q and P

k

hq applying ( 8.17).

4 2) Calculate K1hq and K2hq applying (8.32).
5 3) Set
6

P k+1
hq = P

k

hq +
∆t

2
(K1hq +K2hq) . (8.33)

7 end

8 end

8.3. Analysis of the numerical methods

8.3.1. Linear stability analysis

We have proved in previous section that the semi-Lagrangian method is l∞-

stable. However, this is not sufficient to guarantee the overall stability of the method

because the RK scheme is explicit, so it is pertinent to calculate its stability region

following the conventional approach of numerical methods for initial value problems

(see [68], for example). We have the following lemma.

Lemma 8.4. The semi-Lagrangian Runge-Kutta method is A-stable if the time step
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∆t is such that:

max
1≤q≤M

[
n∑
i=1

(kimci(X(xq, s; t0))−G(X(xq, s; t0))

]
∆t < 1. (8.34)

Proof: To prove (8.34) we consider the M ×M system of ordinary differential

equations:
dZ(t)

dt
= AZ(t), (8.35)

where Z(t) = [Z1(t), . . . , ZM(t)] with Zq(t) = Zq(t,X(xq, s; t)), and A being the

frozen Jacobian at t = t0
∂B(t, Z(t))

∂Z(t)
,

here B(t, Z(t)) = [B1(t, Z(t)), . . . , BM(t, Z(t))] with:

Bq(t, Z(t)) =−

[
n∑
i=1

(kimci(X(xq, s; t))−G(X(xq, s; t))

]
Zq(t)

+ h
n∑
i=1

kim(
1

2
Fiq0 +

nr∑
r=1

Fiqr) (1 ≤ q ≤M),

and

Fqir = ωi(Xi(xq, s; t)− Yqir)ci(Yqir)Zq(t,Yqir),

the n-components of the points Yqir are:

(
Yk,k+1
qir

)
j

=


Xj(xq, s; t) if i 6= j,

rh if i = j.

Hence,

A = diag(a11,..., aMM), aqq = −

[
n∑
i=1

(kimci(X(xq, s; t0))−G(X(xq, s; t0))

]
< 0.

Integrating (8.35) by the semi-Lagrangian Runge-Kutta method we obtain:

Zk+1 = R(∆tA)Z
k
,
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where Z
k

q = Zk(X(xq, tk+1; tk)) and:

R(∆tA) = I+∆tA+
∆t2

2
A2, I =diag(1, . . . , 1).

Then, considering that
∥∥∥Zk

∥∥∥
l∞
≤
∥∥Zk

∥∥
l∞

, it follows that:

∥∥Zk+1
∥∥
l∞
≤ ‖R(∆tA)‖l1

∥∥Zk
∥∥
l∞
, (8.36)

where ‖R(∆tA)‖l1 is the induced matrix l1-norm, since A is diagonal, we have that:

‖R(∆tA)‖l1 = max
1≤q≤M

∣∣∣∣1−∆taqq +
∆t2

2
a2
qq

∣∣∣∣ =

∣∣∣∣1−∆tλ+
∆t2

2
λ2

∣∣∣∣ ,
where:

λ = max
1≤q≤M

aqq = max
1≤q≤M

[
n∑
i=1

(kimci(X(xq, s; t0))−G(X(xq, s; t0))

]
.

The scheme is linearly stable, i.e.,
∥∥Zk+1

∥∥
l∞
≤
∥∥Zk

∥∥
l∞

if
∣∣∣1−∆tλ+ ∆t2

2
λ2
∣∣∣ ≤ 1,,

this implies that ∆tλ ≤ 1. The relevance of this result lies on the fact that it

provides a criterion to choose the time step ∆t < λ−1. �

8.3.2. Error analysis

To perform the error analysis it is convenient to recast (8.33) as:

P k+1
hq = P

k

hq + ∆tΦhq(tk, P
k

hq,∆t), (8.37)

and the exact solution at x = xq as:

pk+1
q = pkq + ∆tΦq(tk, p

k
q ,∆t) +Rk

q , (8.38)

where Rk
q is the local truncation error of the Runge-Kutta method to be defined

below, Φhq(tk, P
k

hq,∆t) and Φq(tk, p
k
q ,∆t) are the so-called increment functions in

the literature of numerical methods for initial values problems, see for instance [68].
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The expressions of such functions are:

Φhq(tk, P
k

hq,∆t) = 1
2
((K1hq +K2hq)),

Φq(tk, p
k
q ,∆t) = 1

2
((K1q +K2q)),

(8.39)

and both are Lipschitz continuous with respect to the variables P
k

hq and pkq respec-

tively, i.e., there exist constants Lh and L such that:∣∣∣Φhq(tk, P
k

hq,∆t)− Φhq(tk, Z
k

hq,∆t)
∣∣∣ ≤ Lh

∣∣∣Φhq(P
k

hq)− Φhq(Z
k

hq)
∣∣∣ ,

∣∣Φq(tk, p
k
q ,∆t)− Φq(tk, z

k
q ,∆t)

∣∣ ≤ L
∣∣pkq − zkq)∣∣ .

Since this property holds for all q, then we have that the grid-functions Φh(tk, P
k

h,∆t)

and Φ(tk, p
k,∆t) inherit such a property too. For the error analysis of the method

we also need to bound Φq(tk, p
k
q ,∆t)−Φhq(tk, p

k
q ,∆t). By virtue of (8.15 ) and (8.16)

with x = xq, and (8.32) where we substitute P
k

hq by P
k

q it follows that:

Φq(tk, p
k
q ,∆t)− Φhq(tk, p

k
q ,∆t)

=
1

2

(
n∑
i=1

kim

∫ Xk,k+1
i (xq)

0

ωi(X
k,k+1
i (xq)− Y k,k+1

qi )ci(Y
k,k+1
qi )pk(Yk,k+1

qi )dY k,k+1
qi

− h
n∑
i=1

kim(
1

2
Fiq1 +

nr∑
r=2

Fiqr)

)

+
1

2

(
n∑
i=1

kim

∫ xi

0

ωi(xqi − yqi)ci(yqi)(pk(yqi) + ∆tK1(yqi))dyqi

− h

n∑
i=1

kim(
1

2
Hiq1 +

nr∑
r=2

Hiqr)

)
≡ (T1 + T2).

Terms T1 and T2 represent the error of the compound trapezoidal rule for the

intervals [0, Xk,k+1
i (xq)] and [0, xi]. As it is well known that such an error is O(h2),

making use of the mean value theorem of the definite integral in a finite interval of

the real line we have the following result.

Lemma 8.5. Assuming that c(x)P (x), K1(x) ∈ C2(Ω), then there exists a positive



8.3 Analysis of the numerical methods 191

constant C independent of h such that for all q and k∣∣∣Φq(tk, P
k

q ,∆t)− Φhq(tk, P
k

q ,∆t)
∣∣∣

≤ Ch2

∥∥∥∥∥
n∑
i=1

D2

Y k,k+1
qi

(p)

∥∥∥∥∥
C(Ω)

+

∥∥∥∥∥
n∑
i=1

D2
yqi
c(p+ ∆tK1)

∥∥∥∥∥
C(Ω)

 , (8.40)

where D2
xi

= ∂2

∂x2
i
.

Next, for each q, we define the local truncation error of the Runge-Kutta method

at tk+1 as:

Rk
q = pq(tk+1)− pk(tk)−∆tΦq(tk, p

k
q ,∆t). (8.41)

Then by a Taylor series expansion around (tk,X(xq, tk+1, tk)) along the the charac-

teristic curve X(xq, tk+1, t) it is easy to obtain the following result.

Lemma 8.6. Assume that all the partial derivatives up to order 2 of f(t, pX(x, s, t))

exist and are continuous in [0, T ]× Ω, then:

∣∣Rk
q

∣∣ ≤ ∆t3

6

(∥∥∥∥d3p

dt3

∥∥∥∥
L∞([tk,tk+1]×Rn+)

1

4

2∑
i=1

∥∥∥∥d2Ki

dt2

∥∥∥∥
L∞([tk,tk+1]×Rn+)

)
. (8.42)

We are in a position to calculate the global error of the semi-Lagrangian Runge-

Kutta method.

Theorem 8.1. Assume that:

1) the method is A-stable, i.e. ∆t is such that (8.34) is satisfied;

2) p ∈ C2,1 ([0, T ], C4(Ω)), ci(x) and γix ∈ C2(Ω), and all the partial derivatives

up to order 2 of f(t, p) exist and are continuous in [0, T ]× Ω.

Then for 0 < h < h0 < 1 there exists a constant C independent of ∆t and h such

that:

max
1≤k≤N

∥∥pk − P k
h

∥∥
l∞
≤ β

∆tL

(
eTL − 1

)
, (8.43)
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where

β = C

(
min

(
1,

∆t ‖V‖L∞(Dn)

h

)[
max
q,k

(
1− αkq

)
h2 + h4

]
‖p‖C([0,T ];C4(Ω))

+∆th2
(∥∥D2P

∥∥
C(Ω)

+
∥∥D2c(P + ∆tK1)

∥∥
C(Ω)

)
+

∆t3

6

∥∥∥∥d3p

dt3

∥∥∥∥
L∞((0;T )×D)

)
.

Proof: To perform the analysis we set:

pk+1
q − P k+1

hq = pkq − P
k

hq + ∆t
(

Φq(tk, p
k
k,∆t)− Φhq(tk, P

k

hq,∆t)
)

+Rk
q . (8.44)

We further decompose Φq(tk, pk,∆t)− Φhq(tk, P
k

hq,∆t) as:

Φq(tk, pk(tk),∆t)− Φhq(tk, P
k

hq,∆t) = Φq(tk, pk(tk),∆t)− Φhq(tk, p
k
q ,∆t)

+ Φhq(tk, p
k
q ,∆t)− Φhq(tk, P

k

hq,∆t).

Now, noting that Φhq satisfies the Lipschitz condition it follows that:∣∣pk+1
q − P k+1

hq

∣∣ ≤ (1+Lh∆t)
∣∣∣pkq − P k

hq

∣∣∣+∆t
(
Φq(tk, p

k
q ,∆t)− Φhq(tk, p

k
q ,∆t)

)
+
∣∣Rk

q

∣∣ .
Since this inequality holds for all q, then we can set:∥∥ek+1

∥∥
l∞
≤ (1 + Lh∆t)

∥∥ek∥∥
l∞

+ ∆t
∥∥Φ(tk, p

k,∆t)− Φh(tk, p
k,∆t)

∥∥
l∞

+
∥∥Rk

∥∥
l∞
.

From (8.21), (8.40), (8.42) plus the application of Gronwall inequality it follows the

result (8.43). �

8.4. Numerical examples

In this section we consider numerical examples aimed to illustrate the previous

theoretical results about the convergence of the semi-Lagrangian method proposed

in this chapter. Also we address a comparison with the numerical results obtained

with the method proposed in the previous chapter. Note the numerical analysis in

the present chapter mainly conludes a second order convergence in time and space
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of the semi-Lagrangian Runge-Kutta method. For the semi-Lagrangian method of

the previous chapter the theoretical numerical analysis has not been addressed.

For the numerical illustration, we consider the example of a negative self-regulated

gene network with input function:

c1(x1) =
KH11

1 + ε1x
H11
1

KH11
1 + xH11

1

, (8.45)

with H11 = 2, K1 = 70 and ε1 = 0.1 and the following parameter values k1
m =

10, k1
x = 400, γ1

m = 25 and γ1
x = 1.

The initial condition at time 0 is given by a Gaussian distribution with mean

10 and standard deviation 5. The final time is taken equal to 10. The amount of

protein is between 0 and 300.

We note that for this example, which is one dimensional in space, we can compute

the exact solution, so that we can compute the error between the exact solution and

the respecitve ones provided by the numerical methods.

First, after applying the semi-Lagrangian method in the previous chapter (SL1)

and the semi-Lagrangian method described in this chapter (SL2), in Table 8.1 we

show the errors between the exact solution and the one corresponding to each of

the methods for a fixed mesh step in the spatial mesh and different time steps.

Also, the computational time for each method is included. Clearly, Table 8.1 shows

the second order convergence in time for the second semi-Lagrangian method, as

previously theoretically proved. Also a first order convergence in time is observed

for the semi-Lagrangian method of the previous chapter. Moreover, for a given

mesh, the computational time is certainly longer in the second method, as is was

expected, although the accuracy is also much better. Note that the value of ∆x1

needs to be small enough, otherwise the component of the error related to the spatial

discretization becomes dominant in the global error expression.

Next, in Table 8.2 we show the errors between the exact solution and the one cor-

responding to each of the methods for a fixed time and with different stepsizes in the

spatial mesh. Also, the computational time for each method is included. Clearly, Ta-

ble 8.2 shows the second order convergence in space for the second semi-Lagrangian

method, as previously theoretically proved. Also a first order convergence in space
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PIDE (SL1) PIDE (SL2)
∆x1 ∆t Comp. Time Error Comp. Time Error
0.1 0.2 0.5539 s 0.3380 4.4224 s 0.044110
0.1 0.1 0.1741 s 0.1881 9.9465 s 0.009891
0.1 0.05 0.2123 s 0.0996 17.026 s 0.002254
0.1 0.025 0.2910 s 0.0513 34.314 s 0.000517
0.1 0.0125 0.5469 s 0.0260 71.813 s 0.000122

Table 8.1: Computational time in seconds and error between the exact solution and
the numerical solution with the semi-Lagrangian scheme of the previous chapter
(SL1) and the semi-Lagrangian scheme of this chapter (SL2) for a fixed spatial
mesh and different time steps.

is observed for the semi-Lagrangian method of the previous chapter. Moreover, for

a given mesh, the computational time is certainly longer in the second method, as

is was expected, although the accuracy is also much better. Note that the value

of ∆t needs to be small enough, otherwise the component of the error related to

the time discretization becomes dominant in the global error expression. Actually,

this is what happens with the error value in the last row of Table 8.2 for the SL2

method.

PIDE (SL1) PIDE (SL2)
∆x1 ∆t Comp. Time Error Comp. Time Error

4 0.001 1.7340 s 0.0760 26.357 s 0.009860
2 0.001 1.7985 s 0.0406 46.541 s 0.002410
1 0.001 1.9398 s 0.0208 88.112 s 0.000633

0.5 0.001 2.1967 s 0.0103 166.93 s 0.000183
0.25 0.001 2.7145 s 0.0049 326.50 s 0.000091

Table 8.2: Computational time in seconds and error between the exact solution and
the numerical solution with the semi-Lagrangian scheme of the previous chapter
(SL1) and the semi-Lagrangian scheme of this chapter (SL2) for a fixed time step
and different spatial meshes.

From the obtained computational times with the second order scheme, we con-

jecture that the scalability of this method to higher dimensions results more difficult

due to the expected increase of computational time from the ones observed in this

example in one dimension. Although it is true that we can afford coarser meshes to

solve the problem with the same order of accuracy than with certainly finer meshes
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in the method of the previous chapter, in higher dimensions we understand that the

computational times will increase a lot.
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Chapter 9

Some applications of the

generalized Friedman

On the one hand, in the first section of this chapter, we present a powerful toolbox

called SELANSI [100], to solve the generalized Friedman model for a general gene

expression circuit with constant protein degradation rate, using the semi-Lagrangian

numerical method discussed in Chapter 7. On the other hand, in the second section

we show the applicability of this model and numerical method to address the study

of a ComK-ComS system which incorporates variable degradation rates for proteins.

9.1. SELANSI toolbox

In many applications concerning Systems and Synthetic Biology, such as the

reverse engineering and the de novo design of genetic circuits, stochastic effects

(yet potentially crucial) are often neglected due to the high computational cost of

stochastic simulations. With advances in these fields there is an increasing need of

tools providing accurate approximations of the stochastic dynamics of GRNs with

reduced computational effort.

SELANSI (SEmi-LAgrangian SImulation of GRNs), is a software toolbox for

the simulation of stochastic multidimensional gene regulatory networks. SELANSI

exploits intrinsic structural properties of GRNs to accurately approximate the cor-

199
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responding CME with the generalized PIDE model (6.22), which is solved using

the semi-Lagrangian numerical method proposed in Chapter 7 with high efficiency.

Networks under consideration might involve multiple genes with self and cross regu-

lations, in which genes can be regulated by different transcription factors (see Figure

1.3). Moreover, the validity of the method is not restricted to a particular type of

kinetics. The tool offers total flexibility regarding network topology, kinetics and pa-

rameterization, as well as simulation options (the user’s manual for this toolbox has

been included in Appendix A). The SELANSI toolbox is available in the webpage

https://sites.google.com/view/selansi under GPLv3 license.

9.1.1. The problem

SELANSI uses a generalized description of GRNs in which each protein can

interact with its corresponding gene to regulate its own expression (self-regulation)

and/or with any other gene(s) in the network (cross-regulation), see Figure 1.3 where

the following reactions were described:

The promoters associated with the genes of interest are assumed to switch

between active (DNAion) and inactive (DNAioff) states, with rate constants

kion and kioff per unit time, respectively.

The transition is controlled by a feedback mechanism induced by the bind-

ing/unbinding of a given number of Xj-protein molecules, which makes the

network self-regulated if i = j or cross-regulated if j 6= i.

Transcription of messenger RNA (mRNAi) from the active DNAi form, and

translation into protein Xi occurs at rates (per unit time) kim and kix, respec-

tively. kiε is the rate constant associated with transcriptional leakage.

The mRNAi and Xi-protein degradations occur by first order processes with

rate constants γim and γix respectively.

Let us remember that the PIDE model implemented in SELANSI (equation

6.22) exploits the protein bursting assumption (i.e. proteins being produced in

episodic bursts), which is valid whenever messenger RNA degrades much faster than

https://sites.google.com/view/selansi
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proteins. As it has been discussed in previous chapters, the PIDE model provides

good approximations already for degradation rate ratios in the order of 3− 5.

Network regulation topology as well as the activation/inactivation gene state

dynamics are encoded through the input functions ci(x) defined in Section 1.1.

When the promoter switching rates between on and off states are much faster than

transcription-translation, the corresponding expressions ci are defined in terms of

Hill-type functions. SELANSI incorporates pre-defined Hill functions (see section

A.3.2.1) but can accommodate other kinetics (for different ratios of switching rates

versus transcription-translation) through appropriate ci expressions (see for instance

the examples discussed in sections A.6.1.2 and A.6.3).

Within this framework, a GRN mechanism is completely defined by setting:

Number of genes n.

Kinetics (input functions ci(x)). SELANSI incorporates predefined input func-

tions for Hill kinetics (see section A.3.2.1). Alternatively, the user can easily

define his/her own input functions modifying the template provided (see sec-

tion A.3.2.2).

kim: transcription rate constant per unit time of messenger mRNAi from active

DNAi (for i = 1, . . . , n).

kix: translation rate constant per unit time of messenger mRNAi into protein

Xi (for i = 1, . . . , n)..

γix: degradation rate constant of protein Xi (for i = 1, . . . , n)..

γim: degradation rate constant of messenger mRNAi (for i = 1, . . . , n)..

A PIDE problem is defined by additionally setting:

Gene regulatory mechanism (as indicated above).

Initial condition (a probability density function).

Mesh for the semi-Lagrangian method (discretization of the protein amount

and time domains).
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The PIDE model (equation 6.22) is solved using the semi-Lagrangian numerical

method in a domain Ω =
∏n

i=1(0, Li) ⊂ Rn
+, with Li > 0, and a time interval [0 T ].

SELANSI approximates the domain Ω by a uniform (protein) mesh and computes

the solution on a uniform time grid. The computational burden depends directly on

the size of the mesh and indirectly on the number of genes involved (since higher

order networks will require more mesh points for equal accuracy). Guidelines about

levels of discretization, computational efficiency and accuracy are provided in Section

A.3.2.7.

Section A.3 contains full details on how to proceed to define a new problem with

SELANSI. Once the problem is defined, SELANSI solves the PIDE model using the

semi-Lagrangian numerical method of Chapter 7, providing the temporal evolution

of the protein probability density function.

9.1.2. Main features of SELANSI

SELANSI is a toolbox for simulation of stochastic multidimensional gene regu-

latory networks implemented in Matlab, working on Windows, Linux and MacOS.

The SELANSI toolbox offers:

High Flexibility: Gene networks under consideration might involve multiple

genes with self and cross regulations, in which genes can be regulated by

different transcription factors. The user can specify the size and topology

of the network, as well as the kinetics, parameter values, time horizon and

discretization levels for simulation.

Generality: The validity of the method is not restricted to a particular type of

kinetics (mass action, Hill, etc). Although input functions of the Hill type are

predefined in SELANSI, the user can easily define his/her own input functions

by modifying the available templates.

High computational efficiency: The semi-Lagrangian method implemented in

SELANSI is proven to be efficient and scalable. For networks involving 4 to

5 coupled genes, speed-up factors in computation times are typically of two
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orders of magnitude with respect to SSAs [98]. The method can efficiently

afford networks of 3 genes with meshes in the order of 102, as it works very

efficiently for mesh sizes up to 107 points for 8 GB RAM computers. Such

number can increase up to 5 coupled genes at affordable computation times

for reasonably smooth solutions, with uniform meshes in the order of 30 points

in each direction.

The available tasks in the SELANSI toolbox are listed and briefly summarized

below.

i) Definition of the problem: The routine SELANSI Datadef allows the user to

easily define a new model (i.e. number of genes, interactions, type of kinetics and

parameters), the simulation specifications (i.e. initial condition, time horizon for

simulation and discretization including time and protein meshes), as well as the

time steps for which the solution is saved (see Section A.3).

ii) Modification of an existing problem: SELANSI Gnetmod and SELANSI Meshmod

allow the user to modify, respectively, the parameters and simulation specifications of

an existing problem (see Sections A.3.1.1 and A.3.1.2). Specifically, SELANSI Gnet-

mod modifies the default network parameters and feedback mechanism, while SELAN-

SI Meshmod modifies the default mesh for the semi-Lagrangian method and the

initial condition.

iii) Stochastic simulation: SELANSI Solve computes the (approximated) nu-

merical solution of the Chemical Master Equation (CME) obtaining the temporal

evolution of the species’ probability density function. It saves also the solution

according to the user’s specifications (see Section A.4).

iv) Results and Visualization SELANSI Plot depicts marginal and joint probabil-

ity densities (in multidimensional case) for the time steps selected by the user (see

Section A.5.1).

As an illustrative example (this and other examples with different number of

genes, connectivities and kinetics are provided with the toolbox) we consider a two

dimensional gene regulatory network in which the two genes mutually repress each

other. Fig. 9.1 shows a scheme of the inputs provided by the user and the results of

the simulation computed by SELANSI. For the selected values of the parameters the
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Figure 9.1: Simulation with SELANSI of a two dimensional stochastic gene network
with mutual repression and Hill kinetics. User inputs include A) number of genes
and kinetics B) kinetic constants, Hill coefficients and C) protein and time meshes.
D) Samples of joint probability snapshots provided by SELANSI.
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Figure 9.2: Regulatory mechanism of ComK-ComS stress response. A) Degradation
mechanism of ComK and ComS upon binding the MecA complex. B) Simplified core
regulatory network of the ComK-ComS stress response module in Bacillus subtilis,
adapted from [125].

network behaves as a transcriptional switch with a bimodal stationary distribution.

9.2. The mechanism of competence in a bacterial

population

In this section we study the development of competence in a bacterial population

through the ComK-ComS competence core system [25, 125], which consists of a two

dimensional gene regulatory network with variable protein degradation. Under stress

conditions, certain bacterial cells enter in competence, understood as a transiently

differentiated physiological state associated with the capability for DNA uptake

from the environment. Süel and collaborators [125] developed a model for the core

competence network in Bacillus subtilis, in which the ComK protein, which acts as

the master regulator, activates its own expression, and indirectly represses the other

key transcription factor ComS. An important regulatory effect of gene expression is

exerted by the mechanism of degradation of ComK and ComS, which is mediated by

the MecA complex, a multiprotein assembly that includes the ClpP-ClpC proteases.

Both ComK and ComS can (separately) bind to the MecA complex, where they are

degraded by proteases, as indicated in Figure 9.2 A).

A simplified scheme of the ComK-ComS gene regulatory circuit is depicted in

Fig 9.2 B. In stressful environments, the level of protein ComS is high, driving ComS
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to compete with ComK to bind to MecA, where both proteins are degraded. MecA

has a negative effect in ComK regulation, by degrading ComK upon forming the

ComK-MecA complex. In the simplified scheme this effect is captured by MecA

inhibiting ComK. In the same way, in the scheme ComS inhibits ComK degradation

(capturing the effect of ComS competitively binding to MecA). The model in [125]

and [25] does not explicitly include the MecA complex, and considers its effect on

degradation of ComK and ComS by means of variable degradation rates. The levels

of ComK and ComS affect the degradation rates such that higher levels of ComK

or ComS leads to weaker degradation. The steps of the model reduction can be

found in [25]. These comprise the detailed mechanism, which includes MecA and

the intermediate complexes MecA-ComK and MecA-ComS on the one hand, and

the reduced set of equations considering only ComS and ComK levels on the other.

Dandach and Khammash [25] characterized competence regimes based on single

stochastic realizations, such that a cell enters into competence when the key proteins

ComK and ComS enter a particular region in the state space. Once defined the en-

trance and exit levels for each of the proteins, entrance into competence and return

from competence occur when the proteins cross the pre-defined thresholds. In Fig-

ures 9.3 A)-B), the entrance and exit from competence of a single cell is illustrated

through a single SSA realization. Figure 9.3 A) represents a single cell realization

in which a bacteria enters into competence and then returns to the vegetative state.

In Figure 9.3 B) the same realization is depicted in the state-space, indicating the

regions that according to Dandach and Khammash [25] correspond to the vegeta-

tive state and competence. Here we are interested in analyzing competence at the

population level through the corresponding probability distributions.

As stated by Süel et al [126], competence is a probabilistic and transient differ-

entiation process. Starting from an isogenic cell population in which cells have the

capacity of entering into competence, at a given instant time, some cells will be in

competence and some cells will be in vegetative state.

We know that for another paradigmatic example of transient differentiation as it

is the case of bistable systems, in which single cell realizations show species switching

between the two stable states, the corresponding stationary probability distribution

is bimodal. The questions we want to address here can be stated as follows: For

a regulatory system and conditions such that cells can enter into competence: how
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Figure 9.3: Characterization of competence in single cell and population analysis.
A) Single SSA realization in the time domain. The cell enters into competence when
protein 2 is lower than its entrance level (L2e) and the protein 1 is higher than its
entrance level (L1e). According to [25], the cell exits from competence when, after
entrance, protein 1 and protein 2 levels are (lower/higher) than their output levels
(L1o/L2o), respectively. B) Single SSA realization in the state space. Green and red
rectangles enclose the vegetative and competence regions for the entrance/exit levels
selected, respectively. C) Contour plots of the stationary probability distribution
obtained by solving the PIDE model. Green and red rectangles enclose the vegetative
and competence regions for the entrance/exit levels selected, respectively.

the probability distributions of the population evolve in time?, and, how those dis-

tributions look like in the stationary state?

In providing a suitable response, we start from the regulatory system and con-

ditions (model and parameters) studied by Dandach and Khammash [25], for which

we know that cells can enter into competence, and solve the generalized PIDE model

to compute the associated probability distributions.

The model in [125] does not take into account mRNA as it lumps transcription

and translations steps. In order to accommodate the ComK-ComS core system into

our scheme (see Figure 1.3) we explicitly consider the transcription-translation steps.

We take the parameters from [25], whereas the parameters corresponding to mRNA

reactions are taken from [36]. The model parameters are included in Tables 9.1 and

9.2.
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parameter Description Nominal value [25]
αk Basal expression rate of Comk 0.0028 nM/s
βk Saturating expression rate of ComK positive feedback 0.049 nM/s
βs Unrepressed expression rate of ComS 0.057 nM/s
Kk ComK concentration for half-maximal ComK activation 100 nM
Ks ComK concentration for half-maximal ComS repression 110 nM
δk Unrepressed degradation rate of ComK 0.0014 s−1

δs Unrepressed degradation rate of ComS 0.0014 s−1

Γk ComK concentration for half-maximal degradation 500nM
Γs ComS concentration for half-maximal degradation 50nM
Hk Hill coefficient of ComK positive feedback -2
Hs Hill coefficient of ComS repression by ComK 5

Table 9.1: Parameters of [25, 125]

parameter Description parameter Description
kpk (αk + βk) γ2

m 0.5
γ1
m 0.1 k2

m 1

k1
m 0.5 k2

x βs
γ2
m

k2
m

k1
x kpk

γ1
m

k1
m

H21 Hs

H11 Hk K2 Ks

K1 Kk ε2 0
ε1 αk/(αk + βk)

Table 9.2: Reformulated Parameters
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9.2.1. PIDE model and semi-Lagrangian method applica-

tion

Next, we solve the generalized PIDE model for the ComK-ComS system. In

our simulations we take the parameters in [25] (αk = 0.0028, βk = 0.049, βs =

0.057, Kk = 100, Ks = 110, δk = δs = 0.0014,Γk = 500,Γs = 50), denoted in what

follows as parameter set 1. The ComK and ComS species are represented as X1

and X2, respectively, whereas reaction steps are given in Table 9.2 for n = 2, with

b1 = 2, b2 = 5, k1
m = αk+βk

b1
, k2

m = βs
b2

. Input functions for this case become:

c1(x1) =
KH11

1 + ε1x
H11
1

KH11
1 + xH11

1

, γ1
x(x1, x2) =

δkΓkΓs
ΓkΓs + Γsx1 + Γkx2

,

c2(x1) =
KH21

2 + ε2x
H21
1

KH21
2 + xH21

1

and γ2
x(x1, x2) =

δsΓkΓs
ΓkΓs + Γsx1 + Γkx2

(9.1)

with ε1 = αk
αk+βk

, ε2 = 0, H11 = −2, H21 = 5, K1 = 100, and K2 = 110. Note that,

the Hill coefficients can be collected in the matrix:

H =

[
−2 0

5 0

]

We use the semi-Lagrangian method described in Chapter 7 to solve the two di-

mensional version of the Friedman model (6.22), for this case with variable protein

degradation rates. Since equation (7.9) depends on both protein species in a nonlin-

ear way given by the degradation rate functions and cannot be solved analytically,

the Matlab solver ode15s is employed to produce a numerical solution. A Gaussian

distribution function centered at zero for each protein has been employed as initial

condition.

The stationary distribution associated to this network for ∆x1 = 0.25, ∆x2 = 0.5

and ∆τ = 0.005, where τ = δkt, is depicted in Figure 9.4. As it can be seen in the

figure, the results of the semi-Lagrangian method (first row) fully coincide with

the histograms that result from 105 SSA simulations (second row) for long enough

times, what confirms that proteins distributions have already reached the steady

state. Third and fourth rows of Figure 9.4 depict the ComS and ComK marginal
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Figure 9.4: ComK-ComS module with parameter set 1: snapshots of the probability
distribution of protein abundance at different times τ = 0, 100 and 200. τ =
δkt is represented in each column. In the first row we show the joint distribution
for 105 SSA runs and in the second row the joint distribution obtained with the
generalized Friedman model, equation (6.22) with (∆x1 = 0.25,∆x2 = 0.5 and
∆τ = 0.005). The third row represents the marginal distribution for ComK (X1)
and the fourth row the marginal distribution for ComS (X2). The histograms were
obtained with SSA (105 runs) and the line corresponds to the marginal distribution
of the generalized Friedman model.
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distributions, respectively, where the lines, representing the marginal distributions

of the generalized PIDE model, overlap the SSA histograms.

The probability of being in competence and vegetative states (Pc and Pv re-

spectively) is computed by integrating the probability distributions obtained with

the semi-Lagrangian method over the competence and vegetative regions. With

L2e = 280, L1e = 80 defining entrance in competence and x1 < 40 and x2 > 40 the

vegetative state, we get Pc = 0.0585 and Pv = 0.7893 (see Figure 9.3). Note that

this leads to an alternative way of characterizing competence phenomenon suitable

for a population of cells, making use of a threshold P ∗c obtained from the probability

distribution, that indicates the probability of being a priori a cell in the competence

region. Assuming ergodicity, this probability should equal the fraction of cells that

at a particular instant are found in the region of competence. Thresholds are identi-

fied from the PIDE model for GRN parameters leading to competence phenomena.

Thus, getting a snapshot from a population and constructing the corresponding dis-

tribution will give us those probabilities. Let us remind here that in a frequentist

interpretation the probability represents the percentage of cells on a state, whereas

the probability a priori that a given cell is in that state corresponds to a Bayesian

interpretation. Assuming ergodicity, both interpretations should coincide.

9.2.2. Deterministic and stochastic dynamics

The phenomenon of competence has been associated in the literature to bistabil-

ity [122] and also to excitable dynamics [125], in terms of its counterpart determin-

istic equations. Here, we are interested in establishing, if possible, correspondences

between deterministic and stochastic regimes for the ComS-ComK system, searching

for features in the deterministic system that might lead to competence in presence

of molecular noise. To this aim, we start from the following deterministic model
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equations:

dm1

dt
= c1(x1)k1

m −m1γ
1
m (9.2)

dx1

dt
= k1

xm1 − γ1
x(x1, x2)x1 (9.3)

dm2

dt
= c2(x1)k2

m −m2γ
2
m (9.4)

dx2

dt
= k2

xm2 − γ2
x(x1, x2)x2 (9.5)

where the states x1 and x2 represent the ComK and ComS, respectively and m1,m2

the corresponding mRNA levels. Functions c1, c2, γ1
x and γ2

x are given in (9.1). We

can perform a bifurcation analysis using standard continuation techniques [28].

The bifurcation diagram for the ComK-ComS deterministic model is depicted in

Figure 9.5 A), where five different regions are identified in terms of the qualitative

behaviour of the trajectories in the state space. The steady state level of ComS

is depicted versus the parameter δs which is taken as bifurcation parameter. The

stability of the steady state changes as the parameter δs passes through a bifurcation.

For example, at δs = 1.36 · 10−3 the system undergoes a Hopf bifurcation, and the

stable focus turns into an unstable focus. Consecutive bifurcations separate the

diagram in regions of topologically different state spaces.

In region 1, the system is monostable and the unique attractor is a stable focus,

leading to dumped oscillations. In region 2, the system has two attractors, an

unstable focus and a stable limit cycle, leading to a sustained oscillatory behaviour.

In region 3, three steady states coexist: one unstable focus, one (unstable) saddle

point and one stable node. Importantly, only one of the steady states is stable. It

can be observed that for this region the system is excitable, i.e. there exists a locus

of initial conditions near which either of two different paths may be taken towards

the stable steady state, being one of these paths significantly longer than the other

[81]. In region 4 the system is monostationary (and monostable), with a unique

attractor consisting of a stable node. Within this region, for low values of δs (in the

subregion adjacent to region 3) we observe that the system is also excitable since,

as it happens in region 3, there exist nearby initial conditions from which different

paths (one significantly longer than the other) drive the system towards a unique

steady state.
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Figure 9.5: Dynamic regimes for the deterministic model equations (bifurcation
diagram). A) Equilibrium curve obtained by varying the parameter δs (the blue line
represents the steady state concentration of ComS with respect to the parameter
δs). Five different regions are identified in terms of the qualitative behaviour of
the trajectories in the state space, corresponding to (1) a dumped oscillation, (2) a
limit cycle oscillation, (3) an excitable system with one stable node, a saddle point
and one unstable focus, (4a) an excitable system with a single steady state (4b) a
system with a single steady sate (4b). Note that in region 3 three different steady
states coexist. B) Equilibrium surface with respect to parameters δs and Ks. Note
that the equilibrium curve in (A) is a ’slice’ of this surface at Ks = 110. The
oscillatory region is enclosed by black points. The bifurcation analysis is performed
with Cl-Matcont [28].
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For the set of parameters employed in [25] (i.e., for the parameter set 1), the

corresponding deterministic system belongs to region 4a in Figure 9.5 A), what is in

agreement with [125]. In this study, the authors found that a deterministic model

showing excitable dynamics led to competence when the system is driven by an

additive white gaussian noise. As indicated by Dandach and Khammash [25], the

problem with that interpretation is that reaching a competent state depends to a

large extent on the magnitude of the additive noise. Here, taking into account in-

trinsic molecular noise for the ComK-ComS model, we also find that for the selected

set of parameters leading to competence in the stochastic regime, the dynamics in

the deterministic regime correspond to an excitable system. However, while in [125]

the deterministic counterpart is multistationary (a stable steady state, an unstable

focus and a saddle point coexist, as in region 3 of Figure 9.5 A)), in our analysis

we show that multistationarity in the deterministic regime is not needed for compe-

tence (our nominal deterministic system falls in region 4a of Figure 9.5 A), which

shows excitability but not multistationarity). Figure 9.6 A) depicts the stochastic

trajectories and stationary probability distributions for competence.

In Figure 9.5 A) we can also observe that the system (at the nominal value of

δs = 0.0014) is very close to a bifurcation point and not far from a region of sus-

tained oscillatory behaviour. The two dimensional bifurcation analysis in Figure 9.5

B) reveals that the region for sustained oscillations becomes wider as we decrease

the value of the parameter Ks. In order to elucidate whether oscillations can be

detected in the ComK-ComS system also under more realistic conditions, we con-

sider the stochastic nature of the process. We solve the generalized PIDE model

semi-Lagrangian method, using a set of parameters corresponding to a sustained

oscillation in the deterministic regime αk = 0.0028, βk = 0.233, βs = 0.05, Kk =

100, Ks = 30, δk = 0.0014, δs = 0.0003,Γk = 1666.7,Γs = 166.7), referred from now

on as parameter set 2.

Single SSA realizations corresponding to the ComK-ComS system with param-

eter set 2 are depicted in Figure 9.6 B), together with the associated stationary

distribution. As it can be deduced from the figure, the system behaves as a stochas-

tic oscillator for this set of parameters. It can be concluded that for this set of

parameters the ComK-ComS system shows oscillations both in the stochastic and

deterministic regimes. For comparison purposes, single SSA realizations and the
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stationary distribution for the ComK-ComS system with parameter set 1 (corre-

sponding to a scenario in which cells enter into competence), are depicted in Figure

9.6 B), showing the differences in terms of realizations and associated distribution.

Combining the information from Figure 9.5 and from stochastic simulations for

these and additional sets of parameters, we arrive to the following observations:

Excitable dynamics in the deterministic regime might lead to competence in

presence of molecular noise. Consequently, a correspondence exists between

(deterministic) excitability and (stochastic) competence.

Oscillatory dynamics in the deterministic regime might lead to oscillations in

presence of molecular noise.

Importantly, the mappings between the space of parameters and the space of

qualitative behaviour in deterministic and stochastic regimes are not neces-

sarily equivalent. This means that we can find sets of parameters leading to

oscillations in the deterministic regime but not in the stochastic regime, and

sets of parameters leading to oscillations in the stochastic regime but not in

the deterministic regime (see for example [141], where oscillations are only

present in the stochastic regime and vanish in absence of noise). The same is

expected for the correspondence between excitability and competence.

The deterministic analysis is found useful to search for sets of parameters lead-

ing to the desired behaviour (competence, oscillations) in stochastic regimes.

However, the behaviour of the system in presence of molecular noise can only

be predicted by stochastic simulation.

The PIDE model provides the time dependent probability distribution of the

process. In this way, we have obtained the characteristic distributions for the ComK-

ComS system in two qualitatively different scenarios: oscillations and capacity for

competence.

In the oscillatory case, the resulting stationary distribution has a boomerang-like

shape, as it is illustrated in Figure 9.6 B). In the scenario in which cells have the

capacity to enter into competence, the stationary distribution has a characteristic

shape consisting of a sharp head and a long tail. In Figure 9.6 A) (see also Figure
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9.3 C)), the contour plot of the characteristic distribution is depicted, and compared

with a single cell realization.

Importantly, from this analysis, a population in which cells have the capacity to

enter into competence can be clearly differentiated, through the associated probabil-

ity distributions, from a switch type transient differentiation (bimodal distribution),

and from a periodic (oscillatory) dynamics. Thus, by solving the generalized PIDE

model we obtain what we call signatures of competence, understood as probability

distributions obtained at given time steps.

Assuming ergodicity, the steady state distributions could be also collected from

a single trajectory. However, the time horizon required to get a refined distribution

might be too long (in average, the time for occurrence of competence phenomena is

in the order of 20-50 hours). From this point of view, collecting the distributions

over a population seems more effective.
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In this thesis, we have first proposed a methodology to characterize the shape

of stationary protein distributions for self-regulatory stochastic gene expression net-

works. The method defines regions in the parameters space capable of sustaining

bimodal/binary protein distributions, in the understanding that such distributions

are indicative of transitional dynamics switching between two most frequent states.

Unlike other approaches using a deterministic description, the one here pre-

sented is based on the continuous approximation proposed by [36] for CME. Thus,

the proposed method allows the identification of transitional dynamics associated to

bimodal distributions, which otherwise would correspond with deterministic monos-

table systems. Moreover, for large frequencies of burst we prove that both models

tends to represent equivalent behaviours.

Results reveal that bimodal behaviour is a ubiquitous phenomenon in coopera-

tive gene expression networks under positive feedback. It is present for any range

of transcription and translation rate constants whenever leakage remains below a

critical threshold. Above such threshold, the region in the space of parameters

which sustains bimodality persists, although withdrawn to low transcription and

high translation rate constants. Remarkably, such threshold is independent of the

transcription/translation rates or the proportion of active/inactive promoter, de-

pending only on the level of cooperativity. The method presented here might be of

help in the context of synthetic biology to guide tuning of self-regulatory networks

with specific functionalities.

Assuming that proteins are produced in bursts, the continuous approximation of

the CME proposed in this thesis leads to a general multidimensional PIDE model for

gene regulatory networks, we refer to as generalized Friedman model. This model

results suitable to reproduce the behaviour of complex GRNs under many kinds of

regulatory interactions and protein degradation rates. We illustrate this through

different examples of gene networks involving self and cross-regulation, including

genes that can be regulated by different transcription factors. In addition, the

model and the first numerical method are applied to study stochastic oscillations

and the development of competence on a ComK-ComS system with a variable protein

degradation rate.

The generalized model involve the potential of being mathematically tractable
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to characterize and study properties of its solutions, such as stability. In this sense,

we have tested numerically the exponential convergence of the solution for the gen-

eralized Friedman model of gene circuits involving more than one gene. This rate of

convergence has been rigorously mathematically proved for the case of self regulated

networks of one gene.

The performance of the first numerical semi-Lagrangian method proposed is com-

pared with the SSA method, thus showing its superiority in terms of computational

times and accuracy of the solutions. It must be pointed out that both the model

and the method for its numerical solution remain valid for any dimension and can be

easily extended to incorporate interactions with other pathways. Moreover, a second

semi-Lagrangian method (called semi-Lagrangian Runge-Kutta) was also proposed

to develop a rigorous numerical analysis to obtain second order convergence in time

and space. However, this alternative becomes more expensive from the computa-

tional point of view, although we get much better accuracy when comparing both

semi-Lagrangian methods with the same time and space meshes.

We have also studied the development of competence in a bacterial population,

applying our method successfully to approximate the corresponding CME and com-

puting the associated probability distributions. Clearly, the distributions obtained in

the stochastic competence regime (for which the deterministic counterpart is found

to be excitable) are distinguishable from typical bimodal distributions characteristic

of other transient differentiation processes, like toggle-switches with bistable deter-

ministic counterpart. Importantly, we have been able to detect sustained stochastic

oscillations in the ComK-ComS system under realistic conditions, and obtain the

associated probability distributions characteristic of this regulatory system in the

oscillatory regime.

We provide a software toolbox, called SELANSI, for the simulation of stochas-

tic multidimensional GRNs. SELANSI accurately approximates the correspond-

ing CME with the generalized PIDE model, which is solved using the first semi-

Lagrangian numerical method with high efficiency. The tool offers total flexibility

regarding network topology, kinetics and parameterization, as well as simulation op-

tions. We note that we can incorporate the semi-Lagrangian-Runge Kutta to solve

the PIDE model instead of the first one without changes in the toolbox structure

and effectiveness.
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From the point of view of designing gene circuits, it may be of interest to search

for a particular distribution with some characteristic average levels for protein, cer-

tain limits in the admissible noise level or frequency of the transitions between

states, for instance. In addition, the framework we present can be adapted to un-

dertake more complex circuit design problems. For instance, by formulating them

in the context of optimization problems with the objectives oriented to produce

bimodal/binary responses minimizing noise or switching transition frequency.

The computational efficiency of the semi-Lagrangian method makes it suitable for

purposes such as model identification and parameter estimation from experimental

data [75] or, in combination with optimization routines [94], the design of GRNs

under molecular noise.
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Appendix A

User’s manual of the SELANSI

toolbox

A.1. SELANSI

Webpage: https://sites.google.com/view/selansi

A.1.1. Software requirements and compatibility

SELANSI is compatible with Matlab under Windows, Linux and MacOS.

SELANSI has been tested with Matlab versions 2011b, 2015b and 2016b.

A.1.2. Overview

A.1.2.1. Scheme of the toolbox

The SELANSI directory contains the following folders:

SELANSI Files contains internal toolbox code (not to be modified by the user).

DOCUMENTATION contains the user’s manual

227
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DATA is the folder in which data and simulation results are saved.

The main tasks available in SELANSI (functions in the SELANSI folder) are:

SELANSI_Datadef creates the necessary data to define a new problem to be

solved with the semi-Lagrangian method (information is requested to the user

through the command window).

SELANSI_Gnetmod modifies default network parameters and feedback mecha-

nism.

SELANSI_Meshmod modifies default mesh for the semi-Lagrangian method and

the initial condition.

SELANSI_Solve runs the semi-Lagrangian method to compute the numerical

solution.

SELANSI_Plot plots the numerical solution.

Figure A.1: Folders and Functions in the SELANSI directory.

A.1.3. Installation

1. Copy the SELANSI folder in a directory of your choice.
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2. IMPORTANT: SELANSI functions must be called always from the

main directory (SELANSI).

A.1.4. About this manual

Basic knowledge on stochastic dynamics, gene regulatory networks and Matlab

usage is assumed.

A.2. Quick start

Start Matlab.

Go to the SELANSI directory.

Solve one of the provided examples running:

SELANSI Solve ( ’Example1D ’ )

The input ’Example1D’ is the folder name within the directory DATA where

the example parameters are saved.

You can run any of the examples provided in the DATA folder, running:

SELANSI Solve ( ’ examplename ’ )

The input examplename is the folder name within the directory DATA where

the example parameters are saved.

A.3. Definition of a new problem to solve with

SELANSI

There are two options to define a new problem:

1. Using a template: the user can copy an example within the DATA directory,

rename it and use it as a template substituting the default data by the new

data. The detailed procedure is explained in section A.3.1.
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2. Using the function SELANSI_Datadef: the user runs SELANSI_Datadef to in-

troduce the data (number of genes, parameters, initial condition...) defining

the new problem. The detailed procedure is explained in section A.3.3

A.3.1. Definition of a new problem using a template

The functions SELANSI_Gnetmod and SELANSI_Meshmod are used to modify old

data saved in a folder inside the directory DATA.

- SELANSI_Gnetmod is used to modify the parameters of the network (see A.3.1.1).

- SELANSI_Meshmod is used to modify the mesh data and initial conditions (see

A.3.1.2).

To preserve the old data, the user can copy the old folder and change its name

to make the modifications in a new folder (for example: “example2Dbis”).

Then, the name of the folder is used as an input of the functions SELANSI_Gnetmod

and SELANSI_Meshmod, as explained next.

A.3.1.1. Network parameters modification

In order to modify the network parameters use:

SELANSI Gnetmod( ’ example2Dbis ’ )

the data inside the corresponding folder Reaction data and the function IF_FM_user

(if it is the case) will be automatically opened. Changes can be made to these files

(see section A.3.2.2)

A.3.1.2. Mesh data and initial condition modification

In order to modify the mesh specifications use:

SELANSI Meshmod( ’ example2Dbis ’ )
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the files inside the folder Mesh data and the function IC_Function (initial con-

dition) of your example folder will be automatically opened. The user should modify

these files to accommodate its needs (see section A.3.2.3).

Important: In order to modify an existing model, please use the appro-

priate functions (SELANSI_Gnetmod and SELANSI_Meshmod). Do not change

the .txt files directly.

A.3.2. How to modify the default files

In the following sections we describe all files used by SELANSI which should be

modified by the user (see Table A.1).

File The user can modify Section
H.txt Hill coefficients for predefined Hill function 3.3.1.1.
K.txt Hill constants for predefined Hill function 3.3.1.2.

epsilon.txt epsilon coefficients for predefined Hill function 3.3.1.3.
IF_FM_user Arbitrary input function A.3.2.2
IC_Function Initial condition A.3.2.3

R_constants.txt Network parameters A.3.2.4
Prot_mesh.txt Proteins space discretization A.3.2.5
Time_mesh.txt Time discretization A.3.2.6

Table A.1: Files which can be modified by the user. Note that the predefined Hill
function is defined in Section A.3.2.1.

A.3.2.1. Using predefined Hill function: H.txt, K.txt, epsilon.txt

In the SELANSI formalism, the probability of gene i being in the off state by

the action of protein Xj is given by:

ρij(xj) =
x
Hij
j

x
Hij
j +K

Hij
ij

, i, j ∈ {1, · · · , ngene} (A.1)

where Hij is denoted as the Hill coefficient of the regulation of gene i by protein j,

and Kij is the corresponding Hill constant, see [98].
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The Hill coefficients (integers) are collected in a ngene × ngene matrix, H where:

• Hij = 0 if protein Xj does not regulate the expression of protein Xi.

• Hij > 0 if protein Xj inhibits the expression of protein Xi.

• Hij < 0 if protein Xj activates the expression of protein Xi.

The Hill constants (positive real variables defined as the equilibrium binding

constants of the transcription factor to its DNA binding site) are collected in a

ngene × ngene matrix, K where:

• Kij > 0 if protein Xj regulates the expression of protein Xi.

• Kij = 0 otherwise.

Using the probabilities ρij (probability of gene i being in the off state by the

action of protein Xj) given by Eq. (A.1), the predefined Hill function, for a network

with one gene (with self regulation) is of the form:

c1(x) = ε11ρ11(x1) + ε12(1− ρ11(x1)) (A.2)

With ε11ρ11(x1) being the rate of transcription due to leakage (no transcription

factor is activating) and ε12(1− ρ11(x1)) being the rate of transcription rate due to

activation by the transcription factor. The coefficient corresponding to the state of

full activation is ε12 = 1.

For a network with two genes with mutual regulation (and no self regulation),

the predefined Hill function corresponding to the regulation of the gene 1 is of the

form:

c1(x) = ε11ρ12(x2) + ε12(1− ρ12(x2)) (A.3)

where the coefficient corresponding to the state of full activation is ε12 = 1.

The Hill function corresponding to the regulation of the gene 2 is of the form:

c2(x) = ε21ρ21(x1) + ε22(1− ρ21(x1)) (A.4)
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where the coefficient corresponding to the state of full activation is ε22 = 1.

The general formula for the input function ci(x) in a n gene network (in which

all genes regulate each other, i.e. without any null Hill coefficient) is of the form:

ci(x) = Cni · εi (A.5)

where εi is a (column) vector collecting all epsilon coefficients (for gene i), Cni
follows the recursive formula:

Cni = Cn−1
i ⊗ [ρin(xn), 1− ρin(xn)] (A.6)

with ⊗ being the Kronecker product and:

C1
i = [ρi1(x1), 1− ρi1(x1)] . (A.7)

In case the network has some null Hill coefficients the formula becomes:

Cni = Cn−1
i ⊗ F n (A.8)

with C1
i = F 1 and

F j =

{
[ρij(xn), 1− ρij(xn)] if Hij 6= 0

1 if Hij = 0
(A.9)

for all j = 1, . . . , n.

Illustrative examples are included in figures A.2, A.3 and A.4.
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Figure A.2: Two-gene example with self and mutual regulation: H matrix, K matrix,
vector of epsilon coefficients and expression of the input function corresponding to
genes 1 and 2.
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Figure A.4: Three gene network: H matrix, K matrix, vector of epsilon coefficients
and expression of the input function corresponding to genes 1, 2 and 3.

3.3.1.1. The matrix of Hill coefficients: H.txt

The file H.txt contains the matrix of Hill coefficients of the system.
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X1

X2

X3

protein 3 activates gene 1 

with cooperativity 2

protein 2 represses gene 3 

with cooperativity 1

Figure A.5: Example of H file for a 3 gene network

Important: The matrix of Hill coefficients determines the connectiv-

ity of the system. Note that, when modifying the H coefficients with

SELANSI_Gnetmod, you can only re-write the values of nonzero entries. To

change the network connectivity, you should define a new problem with

SELANSI_Datadef.

3.3.1.2. The matrix of Hill constants: K.txt

The file K.txt contains the matrix of Hill constants of the system.

X1

X2

X3

Hill constant of regulation

of gene 1 by protein 3

Hill constant of regulation of  

gene 3 by protein 2

Figure A.6: Example of K file for a 3 gene network

Important: The structure (location of nonzero elements) of the matrix

of Hill constants is determined by the connectivity of the system (i.e. by

the location of nonzero elements in the matrix of Hill coefficients).

3.3.1.3. The matrix of epsilon coefficients: epsilon.txt

The file epsilon.txt contains the vectors of epsilon coefficients of the system.

The vector in row i corresponds to regulated gene i. The vector in row i has as

many entries as possible states of regulation for the gene i. SELANSI generates the

epsilon values by default (the user can change the values).
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X1

X2

X3

 coefficient of transcription

corresponding to gene 1 activated by protein 3

coefficient of transcription corresponding to gene 3

in state of no activation (leakage)

Figure A.7: Example of epsilon file for a 3 gene network

A.3.2.2. Feedback mechanism input function: IF FM user

The Matlab function IF_FM_user is contained in Fig. A.8. The inputs of this

function are:

Xgrid, a ngene × 1 cell of multidimensional arrays with the dimension of the

mesh.

ci, integer index used to choose the desired ci(x), i.e. the input function for

the regulated gene i = ci.

Lines 8, 16 and 32 of IF_FM_user file, see Fig. A.8, should not be changed. The user

is free to insert the local feedback mechanism parameters and to define the desired

input function ci(x). Element-wise operators must be used in order to construct

functions ci(x) with correct dimensions.

A.3.2.3. Initial condition: IC Function

The Matlab initial condition function, which can be modified by the user is in

Fig. A.9. The inputs of this function are:

x, a ngene × 1 cell of vectors. Each vector x{i} is the mesh of the i protein

state space.

Xgrid, a ngene × 1 cell of multidimensional arrays with the dimension of the

mesh.

The initial condition function defined in IC_Function is a multidimensional Gaus-

sian function with mean x0g (line 12 in Figure A.9) and standard deviation sigmag
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1 func t i on cx=IF FM user ( Xgrid , c i )
2 %%%
3 % cx=IF FM user ( Xgrid , c i )
4 % user de f ined input func t i on
5 %%%
6
7 % Number o f genes
8 n gene = length ( Xgrid ) ; % DO NOT MODIFY
9

10 % Feedback mechanism parameters
11 H=2*eye ( n gene ) ;
12 K=10*eye ( n gene ) ;
13 ep s i l o n =0.1* ones ( n gene , 1 ) ;
14
15 % Saving a l l c i ( x ) in a c e l l
16 c x c e l l=c e l l ( n gene , 1 ) ; % DO NOT MODIFY
17
18 % We de f i n e the f unc t i on s c i , note that the va r i a b l e x i s a c e l l o f
19 % dimension equal to the number o f genes and each element x{ i } i s a
20 % mult id imens iona l ( n gene ) array which the same dimensions o f your

mesh .
21 % Use e lementwise mu l t i p l i c a t i o n ( . * ) d i v i s i o n ( . / ) power ( . ˆ ) . . .
22 % in your input func t i on exp r e s s i on .
23 f o r i =1: n gene
24 i f H( i , i )>0
25 c x c e l l { i }=( ep s i l o n ( i ) *Xgrid{ i } . ˆH( i , i )+K( i , i ) ˆH( i , i ) ) . / ( Xgrid{ i } . ˆH

( i , i )+K( i , i ) ˆH( i , i ) ) ;
26 e l s e i f H( i , i )<0
27 c x c e l l { i }=(Xgrid{ i }.ˆ(−H( i , i ) )+ep s i l o n ( i ) *K( i , i ) ˆ(−H( i , i ) ) ) . / ( Xgrid

{ i }.ˆ(−H( i , i ) )+K( i , i ) ˆ(−H( i , i ) ) ) ;
28 end
29 end
30
31 % cx re tu rn s the input func t i on ( c i ( x ) ) , i . e . the input func t i on

f o r r egu la t ed gene i=c i
32 cx=c x c e l l { c i } ; % DO NOT MODIFY
33 end

Figure A.8: The feedback mechanism input function in Matlab
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(line 13 in Figure A.9). The user is free to modify this initial condition, but must

use element-wise operators in order to construct the initial condition with correct

dimensions. Note that the initial condition is automatically normalized.

A.3.2.4. Network parameters: R constants.txt

The file R_constants.txt contains a ngene × 4 matrix collecting the network

parameters: (
kim kix γim γix

)
(A.10)

for i = 1, . . . , ngene (see Fig. 1.3).

A.3.2.5. Proteins space discretization: Prot mesh.txt

The file Prot_mesh.txt is a ngene× 3 matrix collecting the minimum and maxi-

mum number of proteins together with the mesh elements for each protein, nxi ∈ N:(
min(xi) max(xi) nxi

)
(A.11)

for i = 1, . . . , ngene. The mesh step is ∆xi = (max(xi)−min(xi))/nxi .

A.3.2.6. Time discretization: Time mesh.txt

The file Time_mesh.txt is a 1× 4 vector collecting the following time discretiza-

tion data: (
t0 tend ν nsolsave

)
(A.12)

where t0 is the initial time, tend is the final time, nsolsave ∈ N is the number of

time steps for which the solution is saved, and ν is an integer number such that the

product Ntot = νnsolsave is the total number of elements of the time mesh. In this

way, we can use a finer time mesh for simulation than the one saved (which might

be convenient in multidimensional problems for memory reasons). Note that, for

ν = 1 the simulation mesh and the saved mesh coincide (all time simulations are

saved).

The time step is ∆t = (tend − t0)/Ntot.



A.3 Definition of a new problem to solve with SELANSI 241

1 f unc t i on IC=IC Function (x , Xgrid )
2 %%%
3 % IC=IC Function (x , Xgrid )
4 % IMPORTANT: The i n i t i a l Condit ion i s approached by a

Gaussian dens i ty and must be a
5 % mult id imens iona l array o f dimension equal to Xgrid{ i } with

i =1 , . . . , n gene .
6 %%%
7

8 % Number o f genes
9 n gene = length ( Xgrid ) ;

10

11 % Parameters o f the Gaussian dens i ty func ion
12 x0g=0*ones (1 , n gene ) ; % Mean o f the Gaussian dens i ty
13 sigmag=5*ones (1 , n gene ) ; % Standard dev i a t i on o f the Gaussian

dens i ty
14

15 gausker=0;
16 f o r i =1: n gene
17 gausker = gausker+((Xgrid{ i}−x0g ( i ) ) / sigmag ( i ) ) . ˆ 2 ;
18 end
19 PX0un=exp(−gausker /2) ;
20

21 % Norm of the i n i t i a l cond i t i on
22 auxnor0=PX0un ;
23 f o r i =1: n gene
24 auxnor0 = trapz (x{ i } , auxnor0 ) ;
25 end
26

27 % Normal izat ion o f the i n i t i a l cond i t i on to be a dens i ty
func t i on

28 IC=PX0un/auxnor0 ;
29 end

Figure A.9: The initial condition function in Matlab
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A.3.2.7. Assessment of discretization parameters and accuracy

The recommended minimum and maximum number of proteins xi can be com-

puted as min(xi) = 0 and max(xi) = M kimk
i
x

γimγ
i
x
, where M is a number with a typical

value M = 2. If the computed density does not vanish at the corresponding bound-

aries, then the user must increase the value of M (M = 3, 4, . . . ). In most cases

M = 3 is large enough so that density vanishes at the boundaries.

For time intervals in the order of (0, 50) a number of mesh points in the order

of nxi = 300, together with a number of time steps Ntot = 104, should be enough in

terms of accuracy of the solution (for the case H > 0, Ntot can be reduced to 103).

In order to evaluate the accuracy of the solution, we recommend to increase

both the number of time steps and the mesh points, nxi , (for example, doubling

them) and check the convergence of the resulting solution. In addition, users are

encouraged to make use of tables in [98] as guidelines for the discretization level.

Such tables record convergence rates of the solutions for different representative

examples, including comparisons with analytical solutions or SSA simulations.

Note that a high increase in the number of discretization points in the gene di-

rections and time can lead to memory overload, which also depends on the computer

capacity.

A.3.3. Definition of a new problem using SELANSI Datadef

Within the SELANSI directory, run:

SELANSI Datadef

The following information will be requested through the command window:

1. Number of genes

Write the number ( i n t e g e r ) o f genes cons ide r ed

The user must insert the number of genes, ngene, in the network considered

(an integer number).
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2. Name of the folder

Write the f o l d e r name f o r sav ing data and r e s u l t s :

The user must insert a name for the folder where the data (and results) will

be saved (for example: example2D)

3. Type of input function

Choose your feedback mechanism input func t i on

I n s e r t 1 i f you want to use a prede f i ned H i l l f unc t i on

I n s e r t 0 i f you de f i n e your input func t i on

The user can select a Hill type input function for the feedback mechanism

(inserting 1), or define other different input functions (inserting 0).

3‘. Matrix with Hill coefficients

Write the c o r r e c t H i l l c o e f f i c i e n t s ( s ub s t i t u t e va lue s by

d e f au l t ) and SAVE

Push INTRO at the end to cont inue

If the selected option is 1 (Hill type input function), the user should provide

the entries of the matrix of Hill coefficients.

4. Initial condition

Write your I n i t i a l Condit ion and SAVE

Check that i t i s c o r r e c t

Push INTRO at the end to cont inue

The file IC_Function opens automatically, and the user can modify the initial

condition for the semi-Lagrangian numerical method by writing the desired

function within the file IC_Function, following the indications therein (see

section A.3.2.3). This file is saved in your folder “example2D” within the

directory DATA.

Once the initial condition is defined, the user can modify some files to insert the

desired data, depending on the selected input function.
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5.A. (Predefined Hill) if the user has chosen the option 1, five .txt files are auto-

matically open: K.txt, epsilon.txt, R_constants.txt, Prot_mesh.txt and

Time_mesh.txt, corresponding to the feedback equilibrium constants, the ep-

silon values (that collect coefficients of transcription as described in Section

A.3.2.1), the network rate constants, the spatial (proteins) mesh specifications

and the temporal mesh, respectively (see sections A.3.2.1 to A.3.2.4 ). All

these data are saved in folder “example2D” inside the directory DATA.

Write the constant va lue s ( s ub s t i t u t i n g va lue s by de f au l t

) and SAVE

Push INTRO at the end to cont inue

The user can modify the values of choice in the corresponding files.

5.B. (User’s own input function) if the user has chosen option 0:

� First, the input file IF_FM_user is automatically opened. This file is

saved in folder “example2D” inside the directory DATA.

Write your input func t i on and SAVE

Check that a l l parameters are c o r r e c t

Push INTRO at the end to cont inue

The user should make (and save) the desired changes in the IF_FM_user

file to define its function (see section A.3.2.2).

� Secondly, three .txt files are opened automatically: R_constants.txt,

Prot_mesh.txt and Time_mesh.txt, which are the network rate con-

stants, the spatial (proteins) mesh specifications and the time mesh, re-

spectively. All these data are saved in folder “example2D” inside the

directory DATA.

Write the constant va lue s ( s ub s t i t u t i n g va lue s by

de f au l t ) and SAVE

Push INTRO at the end to cont inue

The user should make (and save) the desired changes in the corresponding

files (see sections A.3.2.4, A.3.2.5 and A.3.2.6).
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A.4. Numerical Simulation with SELANSI

Once the problem is defined, the user can call the semi-Lagrangian solver to

simulate the dynamics of the gene regulatory network. To call the solver, run:

SELANSI Solve ( ’ examplename ’ )

the input examplename is a string with the folder name within the directory DATA

in which the network parameters were previously saved.

A.5. Results

Your data are saved in a folder in the directory DATA. Inside this folder, within

the Results directory, the results are contained in the file Solution.mat. This file

contains a Matlab structure with the following elements:

solution.T, is a nsolsave + 1 vector collecting the times for which the solution

is saved.

solution.x, is a ngene×1 cell of vectors. Each nxi +1 vector is the mesh of the

i protein state space, solution.x{i}= (min(xi),min(xi)+∆xi, · · · ,min(xi)+

nxi∆xi), for i = 1, · · · , ngene. Note that, min(xi) + nxi∆xi = max(xi).

solution.Xgrid, a ngene× 1 cell of (nx1 + 1)× · · ·× (nxngenes + 1) multidimen-

sional arrays with the dimensions of your mesh, which is constructed using the

Matlab function ndgrid:

% Prote in space Mesh

Xgrid=c e l l ( dato . n gene , 1 ) ;

[ Xgrid {1 : dato . n gene } ] = ndgrid (x {1 : dato . n gene }) ;

solution.PTX, is a (nsolsave + 1) × 1 cell collecting the solution at some

discretization times. So that:

solution.PTX{i} = P (solution.T{i}, solution.Xgrid{1:n_gene})

(A.13)
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with i = 1, · · · , nsolsave+1. Note that the solution, solution.PTX{i}, has the

same dimensions of the mesh, solution.Xgrid{i}, for all i = 1, · · · , ngene.

A.5.1. Plot results

The results saved in each folder inside the directory DATA can be plotted using

the function SELANSI_Plot:

SELANSI Plot ( ’ examplename ’ )

The input of this function is the folder name, examplename, where the numerical

solution has been saved. Moreover, the user must choose the time T at which the

solution will be plotted:

The s o l u t i o n can be p loted at d i f f e r e n t t imes :

i n i t i a l time , T0=0, choose 0

f i n a l time , Tend=5, choose 100

in te rmed ia te time , T= T0 + 0.05* nt , choose an i n t e g e r nt such

that 1 < nt < 100

This time, T , is chosen inserting an integer number between 0 and nsolsave (see

section A.3.2.6) such that:

T = t0 + (ν∆t) · nsolsave.

A.6. Examples

In this section we illustrate the use of the SELANSI toolbox through a number

of examples. These examples can be directly simulated by SELANSI_Solve. used to

generate new problems for the same dimensions using the functions SELANSI Gnet-

mod and SELANSI_Meshmod. Moreover these examples can be used to generate

new problems for the same dimensions using the functions SELANSI_Gnetmod and

SELANSI_Meshmod.
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A.6.1. Example 1: Gene networks of one gene

We consider the one-gene network with self regulation depicted in Fig. A.10

with Hill kinetics. We solve the example for the predefined Hill function in section

A.6.1.1. In order to illustrate the flexibility of SELANSI to incorporate any kind of

kinetics, in section A.6.1.2 we consider the same network structure with a kinetics

of connectionist type [89] using to this purpose the IF_FM_user function.

X1

H = -4

K = 45

k    = 8m

k    = 400x

γ     = 25m γ      = 1x

ε11 ( leakage coefficient ) = 0.15

A)

B) c (x) = 1

1

1 + exp(A-B x))

A = 5

B = 10

k    = 1m

k    = 1x

γ     = 1m

γ     = 0.05x

Hill

Figure A.10: One dimensional gene network with self regulation: A) Hill kinetics.
B) Connectionist kinetics.

A.6.1.1. Example 1D with predefined Hill function

We choose as the current folder of Matlab the SELANSI toolbox directory and

we start running the function SELANSI_Datadef to create the necessary information

to use SELANSI_Solve. Once we run SELANSI_Datadef the following information is

requested (Re.) and inserted (In.) in the Matlab command window:

Re.1
Write the number ( i n t e g e r ) o f genes cons ide r ed

In.1 We insert 1 since is the number of genes considered.

1

Re.2
You have s e l e c t e d 1 genes

Write the f o l d e r name f o r sav ing data and r e s u l t s :

In.2 We insert a name for the folder were the data will be saved, in this case

“Example1D”.

Example1D
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Re.3
The name f o r your f o l d e r i s : Example1D

You can choose your feedback mechanism input func t i on

I n s e r t 1 i f you want to use a prede f i ned H i l l f unc t i on

I n s e r t 0 i f you de f i n e your input func t i on

In.3 We select the predefined Hill function inserting the value 1.

1

Re.4
Write the c o r r e c t H i l l c o e f f i c i e n t s ( s ub s t i t u t e va lue s by

de f au l t ) and SAVE

Push INTRO at the end to cont inue

In.4 The H matrix file H.txt is open, we replace the default value (1) by -4 and

push INTRO.

Re.5
Write your I n i t i a l Condit ion and SAVE

Check that i t i s c o r r e c t

Push INTRO at the end to cont inue

In.5 The initial condition function IC_Funtion is open, but we do not change its

expression.

Push INTRO

Re.6
Write the constant va lue s ( s ub s t i t u t i n g va lue s by de f au l t

) and SAVE

Push INTRO at the end to cont inue

In.6 The txt files R_constants.txt, Prot_mesh.txt, Time_mesh.txt, K.txt and

epsilon.txt are opened. We modify the default values of each file as follow:

R_constants.txt, the default value
(

2 75 25 1
)

is replaced by:(
8 400 25 1

)
and saved.

Prot_mesh.txt, the default value
(

0 30 300
)

is replaced by:
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(
0 350 1400

)
and saved.

Time_mesh.txt, the default value
(

0 5 10 100
)

is replaced by:(
0 50 500 50

)
and saved.

K.txt, the default value 1 is replaced by 45 and saved.

epsilon.txt, the default value for the leakage coefficient (0.1 1) is re-

placed by (0.15 1) and saved.

Finally, after we have inserted and saved the new values, we push INTRO in

the command window.

Push INTRO

Re.7
Your parameters are saved in C : \ . . . \ SELANSI\DATA\

Example1D

At this moment we have already the necessary data to use the function SELAN-

SI Solve to obtain the numerical solution of the network considered. To this aim

we write in the Matlab command window the following order:

SELANSI Solve ( ’Example1D ’ )

After a few seconds we have the numerical solution saved inside the directory

· · · \SELANSI\DATA\Example1D\Results.

In order to show the results we run the function SELANSI_Plot which allows us

to select the desired time of the solution:

SELANSI Plot ( ’Example1D ’ )

The following information is provided:

The s o l u t i o n can be p lo ted at d i f f e r e n t t imes :

i n i t i a l time , T0=0, choose 0

f i n a l time , Tend=50, choose 50

in t e rmed ia te time , T= T0 + 1*nt , choose an i n t e g e r nt such that

1 < nt < 50
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We must insert an integer between 0 and 50, which correspond to the solution at

time equal to the initial time plus the integer selected, we insert 0:

0

the following figure, which corresponds to the initial condition, is plotted:
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0
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Figure A.11: Snapshot of the probability distribution of protein abundance obtained
at nt value 0 (the corresponding time are indicated in the title).

The user can run again the file SELANSI_Plot and select an intermediate time,

for example 25:

25

the following figure, which corresponds to time 25, is plotted:
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Figure A.12: Snapshot of the probability distribution of protein abundance obtained
at nt value 25 (the corresponding time are indicated in the title).

Finally we show also the final time considered, inserting 50 once the file SELAN-

SI Plot was run:

50

the following figure, which corresponds to time 50, is plotted:
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Figure A.13: Snapshot of the probability distribution of protein abundance obtained
at nt value 50 (the corresponding time are indicated in the title).

A.6.1.2. Example 1D with IF FM user function

We choose as the current Matlab folder the SELANSI toolbox directory and

we start running the function SELANSI_Datadef to define the problem to solve

with SELANSI_Solve. Once we run SELANSI_Datadef the following information is

requested (Re.) and inserted (In.) in the Matlab command window:

Re.1
Write the number ( i n t e g e r ) o f genes cons ide r ed

In.1 We insert 1 since is the number of genes considered.

1

Re.2
You have s e l e c t e d 1 genes

Write the f o l d e r name f o r sav ing data and r e s u l t s :

In.2 We insert a name for the folder were the data will be saved, in this case

“Example1D userIF”.
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Example1D userIF

Re.3
The name f o r your f o l d e r i s : Example1D userIF

You can choose your feedback mechanism input func t i on

I n s e r t 1 i f you want to use a prede f i ned H i l l f unc t i on

I n s e r t 0 i f you de f i n e your input func t i on

In.3 We select define our input function inserting the value 0.

0

Re.4
Write your I n i t i a l Condit ion and SAVE

Check that i t i s c o r r e c t

Push INTRO at the end to cont inue

In.4 The initial condition function IC_Funtion is open, we change the values of the

mean and standard deviation of the Gaussian density to 20 and 1, respectively,

and save.

Push INTRO

Re.5
Write your input func t i on and SAVE

Check that a l l parameters are c o r r e c t

Push INTRO at the end to cont inue

In.5 The input function IF_FM_user is open, we use it as a template to introduce

our input function as depicted in Fig. A.14.

Push INTRO

Re.6
Write the constant va lue s ( s ub s t i t u t i n g va lue s by

de f au l t ) and SAVE

Push INTRO at the end to cont inue
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1 f unc t i on cx=IF FM user ( Xgrid , c i )
2 %%%
3 % cx=IF FM user ( Xgrid , c i )
4 % user de f ined input func t i on
5 %%%
6

7 % Number o f genes
8 n gene = length ( Xgrid ) ; % DO NOT MODIFY
9

10 % Feedback mechanism parameters
11 A=5;
12 B=10;
13

14 % Saving a l l c i ( x ) in a c e l l
15 c x c e l l=c e l l ( n gene , 1 ) ; % DO NOT MODIFY
16

17 % We de f i n e the f unc t i on s c i , note that the va r i ab l e x i s
a c e l l o f

18 % dimension equal to the number o f genes and each element
x{ i } i s a

19 % mult id imens iona l ( n gene ) array which the same
dimensions o f your mesh .

20 % Use e lementwise mu l t i p l i c a t i o n ( . * ) d i v i s i o n ( . / ) power
( . ˆ ) . . .

21 % in your input func t i on exp r e s s i on .
22 c x c e l l {1}=1./(1+exp (A−B*Xgrid {1}) ) ;
23

24

25 % cx re tu rn s the input func t i on ( c i ( x ) ) , i . e . the input
func t i on f o r r egu la t ed gene i=c i

26 cx=c x c e l l { c i } ; % DO NOT MODIFY
27 end

Figure A.14: Input Function file for the connectionist model in Fig. A.10 B
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In.6 The txt files R_constants.txt, Prot_mesh.txt, Time_mesh.txt are opened.

We modify the default values of each file as follow:

R_constants.txt, the default value
(

2 75 25 1
)

is replaced by:(
1 1 1 0.05

)
and saved.

Prot_mesh.txt, the default value
(

0 30 300
)

is replaced by:(
0 50 500

)
and saved.

Time_mesh.txt, the default value
(

0 5 10 100
)

is replaced by:(
0 300 3000 100

)
and saved.

Finally, after we have inserted and saved the new values, we push INTRO in

the command window.

Push INTRO

Re.7
Your parameters are saved in C : \ . . . \ SELANSI\DATA\

Example1D userIF

At this moment we have already the necessary data to use the function SELAN-

SI Solve to obtain the numerical solution of the network considered. To this aim

we write in the Matlab command window the following order:

SELANSI Solve ( ’ Example1D userIF ’ )

After a few seconds we have the numerical solution saved inside the directory

· · · \SELANSI\DATA\Example1D userIF\Results.

In order to show the results we run the function SELANSI_Plot which allows us

to select the desired time of the solution:

SELANSI Plot ( ’ Example1D userIF ’ )

The following information is provided:

The s o l u t i o n can be p lo ted at d i f f e r e n t t imes :

i n i t i a l time , T0=0, choose 0
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f i n a l time , Tend=300 , choose 100

in te rmed ia te time , T= T0 + 3*nt , choose an i n t e g e r nt such that

1 < nt < 100

We must insert an integer between 0 and 100, which correspond to the solution at

time equal to the initial time plus 3 times the integer selected, we insert 0:

0

the following figure, which corresponds to the initial condition, is plotted:
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a
b
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Time 0

Figure A.15: Snapshot of the probability distribution of protein abundance obtained
at nt value 0 (the corresponding time are indicated in the title).

The user can run again the file SELANSI_Plot and select an intermediate time,

for example with nt = 2:

2

the following figure, which corresponds to time 6, is plotted:
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Figure A.16: Snapshot of the probability distribution of protein abundance obtained
at nt value 2 (the corresponding time are indicated in the title).

Finally we show also the final time considered, inserting 100 once the file SELAN-

SI Plot was run:

100

the following figure, which corresponds to time 300, is plotted:
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Figure A.17: Snapshot of the probability distribution of protein abundance obtained
at nt value 100 (the corresponding time are indicated in the title).

A.6.2. Example 2: Gene networks of two gene

We consider the two gene network in Fig. A.18, with two genes mutually re-

pressed, where the protein produced by one gene type inhibits the other gene ex-

pression with Hill kinetics.

H    = 4

k     = 8m k    = 400x γ     = 25m γ      = 1
x

ε11 = 0.15

X1 X2

12 H    = 421

1 1 1 1

k     = 8m k    = 400x γ     = 25m γ      = 1
x

2 2 2 2

ε21 = 0.15K    = 4512 K    = 4521

Figure A.18: Two dimensional gene network with mutual repression

For the simulation of this example the predefined Hill function of section A.3.2.1

is used.

We start choosing the SELANSI toolbox directory as the current folder of Mat-
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lab. We run the function SELANSI_Datadef to create the necessary files to use

SELANSI_Solve. Once we run SELANSI_Datadef the following information is re-

quested (Re.) and inserted (In.) in the Matlab command window:

Re.1
Write the number ( i n t e g e r ) o f genes cons ide r ed

In.1 We insert 2 since is the number of genes considered.

2

Re.2
You have s e l e c t e d 2 genes

Write the f o l d e r name f o r sav ing data and r e s u l t s :

In.2 We insert a name for the folder were the data will be saved, in this case

“Example2D”.

Example2D

Re.3
The name f o r your f o l d e r i s : Example2D

You can choose your feedback mechanism input func t i on

I n s e r t 1 i f you want to use a prede f i ned H i l l f unc t i on

I n s e r t 0 i f you de f i n e your input func t i on

In.3 We select the predefined Hill function inserting the value 1.

1

Re.4
Write the c o r r e c t H i l l c o e f f i c i e n t s ( s ub s t i t u t e va lue s by

d e f au l t ) and SAVE

Push INTRO at the end to cont inue

In.4 The H matrix file H.txt is open, the default value

(
1 1

1 1

)
is replaced by(

0 4

4 0

)
and saved. Then we push INTRO.
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Re.5
Write your I n i t i a l Condit ion and SAVE

Check that i t i s c o r r e c t

Push INTRO at the end to cont inue

In.5 The initial condition function IC_Funtion is open, but we do not change its

expression.

Push INTRO

Re.6
Write the constant va lue s ( s ub s t i t u t i n g va lue s by

d e f au l t ) and SAVE

Push INTRO at the end to cont inue

In.6 The txt files described in sections A.3.2.4, A.3.2.5, A.3.2.6 and A.3.2.1 are

opened. We modify the default values of each file as follow:

R_constants.txt, the default value

(
2 75 25 1

2 75 25 1

)
is replaced by:(

8 400 25 1

8 400 25 1

)
and saved.

Prot_mesh.txt, the default value

(
0 30 300

0 30 300

)
is replaced by:(

0 350 700

0 350 700

)
and saved.

Time_mesh.txt, the default value
(

0 5 10 100
)

is replaced by:(
0 20 80 50

)
and saved.

K.txt, the default value

(
0 1

1 0

)
is replaced by

(
0 45

45 0

)
and saved.

epsilon.txt, the default value

(
0.1 1

0.1 1

)
is replaced by

(
0.15 1

0.15 1

)
and saved.
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Finally, after we have inserted and saved the new values, we push INTRO in

the command window.

Push INTRO

Re.7
Your parameters are saved in C : \ . . . \ SELANSI\DATA\

Example2D

At this moment we have already the necessary data to use the function SELAN-

SI Solve to obtain the numerical solution of the network considered. To this aim

we write in the Matlab command window the following order:

SELANSI Solve ( ’Example2D ’ )

After a few minutes we have the numerical solution saved inside the directory

· · · \SELANSI\DATA\Example2D\Results.

In order to show the results we run the function SELANSI_Plot which allows us

to select the desired time of the solution:

SELANSI Plot ( ’Example2D ’ )

The following information is provided:

The s o l u t i o n can be p lo ted at d i f f e r e n t t imes :

i n i t i a l time , T0=0, choose 0

f i n a l time , Tend=50, choose 50

in t e rmed ia te time , T= T0 + 0.4* nt , choose an i n t e g e r nt such

that 1 < nt < 50

We must insert an integer between 0 and 50, which correspond to the solution at

time equal to the initial time plus the 0.4 times the integer selected, we insert 0:

0

In Fig. A.19, we show the snapshots of the probability distribution of protein

abundance obtained at different nt values:
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Time 0 Time 0.4 Time 0.8 Time 1.2

Time 2 Time 2.8 Time 3.2 Time 20

nt=0 nt=2nt=1 nt=3

nt=5 nt=8nt=7 nt=50

Figure A.19: Snapshots of the probability distribution of protein abundance ob-
tained at nt values 0,1,2,3,5,7,8, and 50 (the corresponding times are indicated in
the title of each subfigure).

We remark here that for a given nt, SELANSI_Plot generates the plots corre-

sponding to the marginal and joint distributions. In this case SELANSI_Plot gener-

ates three plots corresponding to the marginal distributions of protein 1, protein 2

and the joint probability distribution, respectively.

A.6.3. Example 3: Gene networks of three gene

We consider the network with external induction as well as self and mutual

regulation among three genes as depicted in Fig. A.20. In order to illustrate the

flexibility of SELANSI to incorporate any kind of kinetics, in this example we use

multi-dimensional transcription functions of the type of ratios of polynomials as

described in [44].
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k     = 1m k    = 1x
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x

1 1

1 1

k     = 1m k    = 1x

γ     = 10m γ      = 0.05
x

2 2

2 2

C

A

B

external induction

kAB

kBB

kAC

kCC

kCB

kBC

(kiA) kiA = 0.1 kAB = 1

kBB = 0.01

kBC = 1

kCC = 0.01

kCB = 1

kAC = 1

induc = 1

KiA = 0.1 k     = 1m k    = 1x

γ     = 0.1m γ      = 0.05
x

3 3

3 3

c  (x) = (kiA (induc/KiA))/(1 + kiA(induc/KiA))

c  (x) = (kAB (x  /KAB)       + kCB (x  /KCB)      + kBB)/(1 + kAB (x  /KAB)       +kBB  (x  /KBB)     + kCB (x  /KCB)       )

c  (x)= (kAC (x  /KAC)        + kCC (x  /KCC)      + kCB)/(1 + kAC (x  /KAC)      + kBC (x  /KBC)      + kCC (x  /KCC)       )

1

1 13 2 3

nAB nCB nAB nBB nCB

1 3 1 2 3

nAC nCC nAC nBC  nCC

2

3

nAB = 2

nBB = 2

nBC = 4

nCC = 2

nCB = 4

nAC = 2

KAB = 100

KBB = 11

KBC = 0.01

KCC = 0.5

KCB = 150

KAC = 0.01

Figure A.20: Three dimensional gene network with external induction and mutual
and self regulation. The kinetics is of the type of ratios of polynomials as described
in [44].

For the simulation of this example we define the considered input function using

the IF_FM_user file (section A.3.2.2).

We chose as the current folder of Matlab the SELANSI toolbox directory. We

start running the function SELANSI_Datadef to create the necessary files to use

SELANSI_Solve. Once we have run SELANSI_Datadef the following information is

requested (Re.) and inserted (In.) in the Matlab command window:

Re.1
Write the number ( i n t e g e r ) o f genes cons ide r ed

In.1 We insert 3 since is the number of genes considered.

3

Re.2
You have s e l e c t e d 3 genes

Write the f o l d e r name f o r sav ing data and r e s u l t s :

In.2 We insert a name for the folder were the data will be saved, in this case

“Example3D”.

Example3D
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Re.3
The name f o r your f o l d e r i s : Example3D

You can choose your feedback mechanism input func t i on

I n s e r t 1 i f you want to use a prede f i ned H i l l f unc t i on

I n s e r t 0 i f you de f i n e your input func t i on

In.3 We select define our input function inserting the value 0.

0

Re.4
Write your I n i t i a l Condit ion and SAVE

Check that i t i s c o r r e c t

Push INTRO at the end to cont inue

In.4 The initial condition function IC_Funtion is open and we change this file by

substituting (in lines 12 and 13) the Gaussian mean and standard deviation

as follows:

1 f unc t i on IC=IC Function (x , Xgrid )

2 %%%

3 % IC=IC Function (x , Xgrid )

4 % IMPORTANT: The i n i t i a l Condit ion i s approached by a

Gaussian dens i ty and must be a

5 % mult id imens iona l array o f dimension equal to Xgrid{ i }
with i =1 , . . . , n gene .

6 %%%

7

8 % Number o f genes

9 n gene = length ( Xgrid ) ;

10

11 % Parameters o f the Gaussian dens i ty func ion

12 x0g=[5 5 7 5 ] ; % Mean o f the Gaussian dens i ty

13 sigmag=[1 1 5 ] ; % Standard dev i a t i on o f the Gaussian

dens i ty

14

15 gausker=0;

16 f o r i =1: n gene
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17 gausker = gausker+((Xgrid{ i}−x0g ( i ) ) / sigmag ( i ) ) . ˆ 2 ;

18 end

19 PX0un=exp(−gausker /2) ;

20

21 % Norm of the i n i t i a l cond i t i on

22 auxnor0=PX0un ;

23 f o r i =1: n gene

24 auxnor0 = trapz (x{ i } , auxnor0 ) ;
25 end

26

27 % Normal izat ion o f the i n i t i a l cond i t i on to be a dens i ty

func t i on

28 IC=PX0un/auxnor0 ;

29 end

We save this new initial condition and continue the program execution.

Push INTRO

Re.5
Write your input func t i on and SAVE

Check that a l l parameters are c o r r e c t

Push INTRO at the end to cont inue

In.5 The input function IF_FM_user is open, we change its default expression (see

A.8) by the following file:

1 f unc t i on cx=IF FM user ( Xgrid , c i )

2 %%%

3 % cx=IF FM user ( Xgrid , c i )

4 % user de f ined input func t i on

5 %%%

6

7 % Number o f genes

8 n gene = length ( Xgrid ) ; % DO NOT MODIFY

9

10 % Feedback mechanism parameters

11 kAB = 1 ;
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12 kBB = 0 . 0 1 ;

13 kCB = 1 ;

14 kAC = 1 ;

15 kBC = 1 ;

16 kCC = 0 . 0 1 ;

17

18 KAB = 100 ;

19 KBB = 1 ;

20 KCB = 50 ;

21 KAC = 0 . 0 1 ;

22 KBC = 0 . 0 1 ;

23 KCC = 0 . 5 ;

24

25 nAB = 2 ;

26 nBB = 2 ;

27 nCB = 4 ;

28 nAC = 2 ;

29 nBC = 4 ;

30 nCC = 2 ;

31

32 kiA=0.1;

33 induc =1.1 ;

34 KiA=1;

35

36

37 % Saving a l l c i ( x ) in a c e l l

38 c x c e l l=c e l l ( n gene , 1 ) ; % DO NOT MODIFY

39

40 % We de f i n e the f unc t i on s c i , note that the va r i a b l e x

i s a c e l l o f

41 % dimension equal to the number o f genes and each element

x{ i } i s a

42 % mult id imens iona l ( n gene ) array which the same

dimensions o f your mesh .

43 % Use e lementwise mu l t i p l i c a t i o n ( . * ) d i v i s i o n ( . / ) power

( . ˆ ) . . .
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44 % in your input func t i on exp r e s s i on .

45

46 c x c e l l {1}=(kiA *( induc /KiA) ) /(1 + kiA *( induc /KiA) ) ;

47 c x c e l l {2}=(kAB*( Xgrid {1}/KAB) . ˆnAB + kCB*( Xgrid {3}/KCB)
. ˆnCB + kBB) . / . . .

48 (1 + kAB*( Xgrid {1}/KAB) . ˆnAB + kBB*( Xgrid {2}/KBB) . ˆnBB +

kCB*( Xgrid {3}/KCB) . ˆnCB) ;

49 c x c e l l {3}=(kAC*( Xgrid {1}/KAC) . ˆnAC + kCC*( Xgrid {3}/KCC)
. ˆnCC + kCB) . / . . .

50 (1 + kAC*( Xgrid {1}/KAC) . ˆnAC + kBC*( Xgrid {2}/KBC) . ˆnBC +

kCC*( Xgrid {3}/KCC) . ˆnCC) ;

51

52 % cx re tu rn s the input func t i on ( c i ( x ) ) , i . e . the input

func t i on f o r r egu la t ed gene i=c i

53 cx=c x c e l l { c i } ; % DO NOT MODIFY

54 end

Once we have save the modified IF_FM_user file, we push INTRO to continue.

Push INTRO

Re.6
Write the constant va lue s ( s ub s t i t u t i n g va lue s by

de f au l t ) and SAVE.

Push INTRO at the end to cont inue

In.6 The txt files described in sections A.3.2.4, A.3.2.5 and A.3.2.6 are opened. We

modify the default values as follow:

R_constants.txt, the default value

 2 75 25 1

2 75 25 1

2 75 25 1

 is replaced by:

 1 1 1 0.1

1 1 10 0.05

1 1 0.1 0.05

 and saved.

Prot_mesh.txt, the default value

 0 30 300

0 30 300

0 30 300

 is replaced by:
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 0 10 100

0 10 100

0 150 150

 and saved.

Time_mesh.txt, the default value
(

0 5 10 100
)

is replaced by:(
0 400 160 50

)
and saved.

Finally, we push INTRO in the command window.

Push INTRO

Re.7
Your parameters are saved in C : \ . . . \ SELANSI\DATA\

Example3D

At this moment we have the necessary data to obtain the numerical solution for

the network considered using SELANSI_Solve. To this aim we write in the Matlab

command window the following order:

SELANSI Solve ( ’Example3D ’ )

After approximately 2 hours (depending on the computer) we have the numerical

solution saved inside the directory · · · \SELANSI\DATA\Example3D\Results.

In order to show the results we run the function SELANSI_Plot which allows us

to select the desired time of the solution:

SELANSI Plot ( ’Example3D ’ )

The following information is provided:

The s o l u t i o n can be p loted at d i f f e r e n t t imes :

i n i t i a l time , T0=0, choose 0

f i n a l time , Tend=400 , choose 50

in t e rmed ia te time , T= T0 + 8*nt , choose an i n t e g e r nt such that

1 < nt < 50

We must insert an integer between 0 and 50, which correspond to the solution at

time equal to the initial time plus 8 times the integer selected, we insert 0:
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0

In Fig. A.21, we show the snapshots of the probability distribution of protein

abundance (joint probability of protein 1 and 2) obtained at different nt:

nt=0

Time 400

Time 0 Time 8 Time 16nt=1 nt=2

nt=3 nt=5 nt=50Time 24 Time 40

Figure A.21: Snapshots of the probability distribution of protein abundance (joint
probability distribution of protein 1 and 2) obtained at nt values 0,1,2,3,5, and 50
(the corresponding times are indicated in the title of each subfigure).

We remark here that for a given nt, SELANSI_Plot generates the plots corre-

sponding to the marginal and joint distributions. In this case SELANSI_Plot gen-

erates six plots corresponding to the marginal distributions of proteins 1, 2 and 3,

and the joint probability distributions 1-2, 1-3 and 2-3.
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