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Abstract

We obtain all the homogeneous pseudo-Riemannian structures on the
oscillator groups equipped with a family of left-invariant Lorentzian met-
rics. Moreover, in the 4-dimensional case we determine all the correspond-
ing reductive decompositions and groups of isometries.

1 Introduction

In [7] Medina proved that the oscillator groups are, except for direct exten-
sions with Euclidean groups, the only non-commutative simply connected solv-
able Lie groups which admit a bi-invariant Lorentzian metric. From the bi-
invariance of the metric, it turns out that the corresponding pseudo-Riemannian
spaces are symmetric. These groups also appear in various types of problems
which arise from mathematical physics. For instance, the Lie algebra of the
4-dimensional oscillator group is associated to the harmonic oscillator problem
(see Streater [11], where the group is so named because of this property) and,
on the other hand, this Lorentzian symmetric space-time has been found to be a
special case of solutions of the Einstein-Yang-Mills equations (see Levichev [5]).

It is a well-known fact that under certain topological conditions, a pseudo-
Riemannian symmetric space is characterized by the vanishing of the covariant
derivative of the curvature. In the homogeneous Riemannian case, Ambrose and
Singer [1] extended that characterization. They proved that a connected, simply
connected and complete Riemannian manifold (M, g) is homogeneous if and only
if there exists a (1,2) tensor field S on M (called a homogeneous Riemannian
structure) satisfying certain properties (see (2.1)). In [2] we have extended the
Ambrose-Singer characterization to the case of pseudo-Riemannian manifolds,
introducing homogeneous pseudo-Riemannian structures. We proved that a con-
nected, simply connected and geodesically complete pseudo-Riemannian mani-
fold (M, g) admits a homogeneous pseudo-Riemannian structure if and only if
it is a reductive homogeneous pseudo-Riemannian space. Furthermore, in [3]
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we have obtained a classification of homogeneous pseudo-Riemannian structures
into eight classes similar to the Tricerri-Vanhecke classification [12] for the Rie-
mannian case. If the signature of the metric is (k,n — k), those classes are
defined by the subspaces of certain space S; ® Sz & S3 which are invariant under
the action of the pseudo-orthogonal group Ok (n). The trivial class corresponds
to the symmetric pseudo-Riemannian spaces.

In this paper, we consider a family of Lorentzian left-invariant metrics on
the oscillator groups which generalize those ones introduced by Levichev [6] in
his study of causal homogeneous Lorentzian 4-manifolds. All the corresponding
pseudo-Riemannian spaces except one are not symmetric, and our purpose is
to study their homogeneity by means of their homogeneous pseudo-Riemannian
structures. The contents of this paper are as follows. In §2 we recall some results
about homogeneous pseudo-Riemannian structures. In §3 we give the formu-
las for the Levi-Civita connections and curvatures of a family of left-invariant
Lorentzian metrics on the (2m + 2)-dimensional oscillator group G(A1, ..., Am),
A, -5 Am € RT. In §4 we obtain the general expressions for the homogeneous
pseudo-Riemannian structures on these Lorentzian manifolds. Finally, in §5 we
determine all the reductive decompositions associated to each homogeneous Lo-
rentzian structure in the nonsymmetric 4-dimensional cases and we obtain all
the corresponding groups of isometries.

2 Homogeneous pseudo-Riemannian structures

Let (M,g) be a connected C*° pseudo-Riemannian manifold of dimension n
and signature (k,n — k). Let V be the Levi-Civita connection of g and R the
curvature tensor field, for which we adopt the conventions Rxy Z = V(xy1Z —
VvaZ + VyVXZ, RXYZW = g(nyZ, W), for X, K Z, W e %(M)

A homogeneous pseudo-Riemannian structure on (M, g) is [2] a tensor field
S of type (1,2) on M such that the connection V = V — S satisfies

Vg=0, VR=0, VS=0. (2.1)

If g is a Lorentzian metric (k = 1), we say that S is a homogeneous Lorentzian
structure. In [2] we have proved that if (M, g) is connected, simply connected
and geodesically complete then it admits a homogeneous pseudo-Riemannian
structure if and only if it is a reductive homogeneous pseudo-Riemannian man-
ifold.

Let V be a real vector space endowed with an inner product (, ) of signature
(k,n—k). The space (V, (,)) is the model for each tangent space T, M, x € M,
of a reductive homogeneous pseudo-Riemannian manifold of signature (k, n—k).
Consider the vector space S(V') of tensors of type (0,3) on (V, (, )) satisfying
the same symmetries as those of a homogeneous pseudo-Riemannian structure
S, that is, S(V) = {S € ®3V* : Sxyz = —Sxzyv, X,Y,Z € V}, where
Sxyz = (SxY,Z). The inner product of V induces in a natural way an inner
product in S(V'), given by (S,5") = 370", 1) €ijk Sesejen Stie,e, Where {e;} is



an orthonormal basis of V', {e;,¢;) =¢;, i =—-1if1 <i<k, g=1ifk+1<
i <mn. In [3], we have established the decomposition of S(V') into invariant and
irreducible subspaces under the action of the pseudo-orthogonal group Ok (n)
given by (aS)xvz = Sa-1xa-tya-tz, @ € Or(n). If ¢12: S(V) — V* is the
map defined by

c12(9)(Z) =Y €iSereiz.  ZEV, (2.2)

where {e;} is an orthonormal basis of V' as above, we have

Theorem 2.1. If dimV > 3, then S(V) decomposes into the orthogonal direct
sum of subspaces which are invariant and irreducible under the action of O (n),
SV)=& (V) S (V) ® S3(V), where
S$1(V) = {S € S(V) : Sxvz = (X, V)w(Z) — (X, Z)alY), we V),
S:(V)={Se8(V): GxyzSxyz =0, c12(S) = 0},
S3(V)={SeS(V):Sxyz+ Syxz =0}.
SI(V)@S((V)={S€S8(V): GxyzSxyz =0},
SIV)eS(V)={SeS(V):Sxyz+Syxz =2(X,YIw(2)
(X, Z)olY) — (Y, Z)w(X), we V),
So(V) @ S3(V) ={S € S(V):c12(S) = 0}.

Moreover, dimS; (V) = n, dimS2(V) = n(n? —4)/3, dimS3(V) = n(n —1)(n —
2)/6 and dimS(V) =n (n —1)/2. If dimV = 2 then S(V) = S1(V).

We say that the homogeneous pseudo-Riemannian structure S on (M, g) is
of type {0}, S; (i=1,2,3)or ;@ S; (1 <i<j<3)if, for each point z € M,
S(z) € S(Tp M) belongs to {0}, S; (T M) or (S; & S;) (T M), respectively.

3 The oscillator groups

Let A1, ..., A be m positive real numbers and A = (A1, ..., Ayn). The oscillator
algebra gm(X) = g(A1, ..., A\p) is defined as the real Lie algebra with 2m + 2
generators P, X1,..., X, Y1, ..., Y, @, with nonzero brackets (see [7, 8, 10])

(X;, V=P, [Q X;]=NY;, [QY]=-NX,, 1<j<m.

That is, g, (\) is the semidirect product of the Heisenberg algebra b,,, generated
by P, X1,..., X, Y1,...,Y,,, and the line generated by ), under the homo-
morphism ady, . : (Q) — Der (h,,). It is a solvable non-nilpotent Lie algebra
and the connected simply connected Lie group whose Lie algebra is g, () is the
oscillator group Gm(A) = G(A1, ..., Am).

If we identify the (2m + 1)-dimensional Heisenberg group H,, with the man-
ifold R x C™ equipped with the product

m
Dy 215y 2m) (0 20,y 20 = (p+ D + %Zlm(zjz;), 214 21y ey Zm Tt 20
j=1



then the oscillator group G,,(A) may be described as the semidirect product

H,, Xo R, where the action o : Hy,, X R — H,y, is given by a4(p, 21, ..., 2m) =

(p, €192y, . .., e?miz, ), q € R. Thus, the group operation in G,,(\) is
(p,zl,...,Zm,q)(p/,zi,...,z/:n,q/) =

m
(p+p +3 Z Im(z;e™992]), 21 + €Mz, ..., 2m + €92 g+ q).
j=1

We consider on G, () the family of left-invariant Lorentzian metrics ge,
—1 < e < 1, with nonvanishing inner products (, ). on g, (\) given by

<P;P>€: <Q5Q>€:€a <P5Q>€:1a <X1)XJ>€:<}/’L)Y]>€: R (31)

Ife=0and \; =1 for each i« = 1,...,m, the corresponding Lorentzian metric
is also right-invariant. In the other cases, g. is not bi-invariant.

The Levi-Civita connection is given by 2(Vy V, W), = ([U, V], W).—([V, W],
U)e + (W, U], V) for all U, V, W € g,n(\). So, we obtain that the not always

null covariant derivatives between generators are
VPXJ':_%YJ':VX]‘P’ VX]‘Q:_%YJ" VQXJ':()‘J'_%)YJ"
VpYj=35X;=Vy,P, Vv,Q=3X; VoY =-( - 3)X;
Vx,Ye =3 6P = —Vy, X;,

and the not always null components of the curvature tensor field are given by

Fon P =2, o P = 2,
Rpx, Xy = —501 P, Rpy, Yy = -5 0k P,

Rpx;Q = Xj, Rpy,Q = 7Y},

Rx;P = -7 Xj, Ry,qP = -3,

Rx;Xk = 1 1P, Ry,QYk = 1 P,

Rx,qQ =—1X; Ry,qQ = —1Yj,

Rx,x,Yr = 7 (0;xYs — 6irY}), Ry,y; Xi. = § (0a X — 0 Xj),

Rx,vi,Xi = =5 (6;xY; + 3 6icY)),
Rx;vi.Yi =5 (6, X; + 56 Xn).

4 Homogeneous Lorentzian structures on G,,())

We shall determine the homogeneous Lorentzian structures on G, (\) in terms of
the basis {n,al,...,a™ B3 ..., 3™ £} dual to {P, X1,..., X, Y1,..., Y, Q}.
If S is a homogeneous Lorentzian structure on (G,()),g.) and V=V-S§,
then the condition %g =0 in (2.1) is equivalent to Swyyv + Swvy = 0 for all



W, U,V € gm()\). Moreover, VR =0 is equivalent to the condition

(VwR)(Vi, Vo, V3, Va) = —R(SwVi,Va, V3, Vi) — R(V1, SwVa, Vs, V)

_R(‘/l; ‘/2; SW‘/B; ‘/4) - R(‘/la ‘/25 ‘/35 SW‘/Al)a
(4.1)
for all W, Vi, V5, V3, Vi € gm(A). Substituting (Vi, Vo, Vs, Va) by (P, X;, P, Q),

eSwpx, +€2Swx,@ =0, Swpx, —3eSwx,q =23 (W),
ESWpyj + €2SWij =0, Swpy]. — 3€SWy].Q e —2€ozj(W) .

From these equations we have

Swex, = 5B(W),  Swey, = —5al (W), (4.2)
e(Swx;q + %5J(W)) =0, e(Swy, o — %Ozj(W)) =0. (4.3)

Replacing (Vi, Vo, V3, Vi) in (4.1) by (X;, Xk, X;,Y;) and (X;, X;,Y;, Yy), with
j # k, we obtain, respectively,

E(SWXij - SWXk)/j) = 0, E(SWXij — Swyjyk) =0. (4.4)
Finally, replacing (V1, V2, V3, V) in (4.1) by (X, Q, X;, @), we obtain
SWPQ =0. (4.5)

It is easy to see that the condition VR =0in (2.1) is satisfied if and only if the
equations (4.2), (4.3), (4.4) and (4.5) are satisfied for all W € g,,(\). We put
Oir(W) = Swx,;vir  jx(W) = Swx,;x., vir(W) = Swy,vi, (4.6)
piW) =Swx,q,  ;(W) = Swy,q, (4.7)
for 1 < j,k < m. We have pjr, = —pg; and vj, = —vij. Now, we shall
determine the conditions for the 1-forms 0;x, pjk, vk, p; and o; under which
the condition V.S = 0 in (2.1) is satisfied.
By (4.2), (4.5), (4.6) and (4.7), the connection V =V — S is given by

VzP=0,  VzQ=3,(p+18)(2)X:+ 3, (0i — 1a')(2)Y,,

V2X; = (s + 508) (2P + Topis(2)X: = S 05(2)i+ (O - D)E— ) (2)Y;

for every Z € g,,(\). Then, replacing (V7, V2) in the equation (%ZS) (W, V1, Va)
=0by (X;,Ys), (X;, Xk), (¥;,Y%), (X;,Q) and (Y}, Q) we obtain, respectively,



being A; = \; — 3,

%ij = Zl(&k A ji + Vig N Hﬂ) + Ajf Q Vi — Akf Q Wik, (48)
Vg = 33 (i A g+ 053 A i) + A€ @ 031 — A€ @ Oy, (4.9)
%I/jk = Zi(yik NV + 9”- A\ t%k) + Akf ® okj — Ajf ® ojk, (4.10)

Vo = i(pi Agi+ i Nji) + 335,(8° @ i — of @ 05) + (M€ — §1) ® 0,
(4.11)

Vo’j = 21(01 A\ Viji — Pi A 9”) + %Zl(oﬂ ® Vij — 51 X 9”) — (Ajf - %77) ®pj.
(4.12)
In the case of the bi-invariant metric (¢ = 0 and \; = 1 for each i = 1,...,m),

the oscillator group is a Lorentzian symmetric space and the tensor field S = 0
is a homogeneous Lorentzian structure on (G, (M), go). Moreover, from (4.2),
(4.5), (4.6) and (4.7), we deduce

Theorem 4.1. All the homogeneous Lorentzian structures on the oscillator
group G, (\) with the left-invariant Lorentzian metric go are given by

S=>(pi@ @A)+ @ (B A+ D i@ (o AFY)

i=1 G k=1
+ ) (e ® (0 A k) + v @ (67 A BY)),

j<k

where Ojk, [k, Vi, pj, 05 (1 < j, k <m), are left-invariant 1-forms on G, ()
satisfying pjx = —pij, Vik = —Vi; and the equations (4.8), (4.9), (4.10), (4.11)
and (4.12) with e = 0.

In particular, putting 8, = pjr = v;r = pj = 0; = 0 in the above theorem,
we obtain that S = 0 is a homogeneous Lorentzian structure on (G,,()), go)
and hence we have

Corollary 4.2. For each A = (A1,...,Am), (Gm(N), go0) is a Lorentzian sym-
metric space.

If £ # 0, equations (4.3) and (4.4) are equivalent respectively to
pj=-F/2, a;=d/2 (4.13)
Ok = Okj, Hik = Vik- (4.14)
By using (4.2), (4.5), (4.6), (4.7), (4.8), (4.9), (4.13) and (4.14), we obtain

Theorem 4.3. All the homogeneous Lorentzian structures on the oscillator
group G, (X) with the left-invariant Lorentzian metric g. defined by (3.1), ¢ # 0,



are given by

o 13, . . . .
S=SY (Fomra)—a'emAf))+35 Y (a' 0 (B A —F @ (o' AQ)
=1 =1
+ Z Ok @ (o ABY) + D e ® (of Aok + 37 A BY),
J,k=1 i<k

where 05 and pik (1 < j,k < m) are left-invariant 1-forms on G, (X) satisfying
Oir = Okj, ik = —prj, and, being V=V — 5,

%ij = Z (Qik A pji + ik N Gjl-) + ()\j — )\k)f Q Wik,
Vi =3 (in A i + 053 A ki) + (e = X)E ® O

%

Remark 4.4. If a connected pseudo-Riemannian manifold admits a nonzero
homogeneous pseudo-Riemannian structure of type S; then it must have con-
stant curvature (see [3] and [9]). Thus (G (), ge), € # 0, does not admit any
homogeneous Lorentzian structure of type S;. The Lorentzian symmetric space
(Gm(N), go) does not admit nonzero homogeneous Lorentzian structures of type
S either, since (G, (A), go) has not constant curvature.

An orthonormal basis of (g, (A), (, )e) is {(2—2¢)"V2(P - Q), X1, ..., Xom,
Yi,. ., Yo, (24 26)7Y2(P + Q)}. Suppose € # 0. By (2.2),

1 = 1
c12(9)(Z) = oo Sp-q,p-q.z + Z(ijsz + Sv,v;z) + 2_|_—2ESP+Q,P+Q,Z
=1
= ) (wr(X)a"(Z) + 0;(X3)B8°(2) — 036 (Y5)a"(Z) + e (Y5) B (2)).
J.k=1

forall Z € g, (\). We have (compare with [4, Prop. 2.1] for Heisenberg groups).

Proposition 4.5. A homogeneous Lorentzian structure on (Gm(X),ge), € # 0,
is of type Sa & S3 if and only if

(in(X;) = 056(Y5)) = ) (056(X5) + pje(¥3)) =0, 1<k <m.
Jj=1 j=1
5 Reductive decompositions and groups of iso-
metries of the 4-dimensional oscillator group

For each A € R, we can consider the Lie algebra g (\) with generators P, X,Y, @,
and structure equations [X,Y] = P, [Q, X] =AY, [Q,Y] = —)AX.



In particular, g1(0) is the direct product of the 3-dimensional Heisenberg
algebra and R. If \ # 0, then g;()) is isomorphic to g = g1(1) and the corre-
sponding Lie group G1(\) is isomorphic to G = G1(1).

Let {n, «, 3, £} be the basis dual to {P, X, Y, Q}. We have

Theorem 5.1. All the homogeneous Lorentzian structures on the 4-dimensional
oscillator group (G,g:), —1 <e <1, e #0, are given by

S=5B@mAa) - Za®(MmAS) - 58 (@AE)+5a® (BAE 0B (@AB), (5.1)

where § =an+b&, a,beR.

Proof. By Theorem 4.3, all the Lorentzian homogeneous structures on G are
given by (5.1), where 6 is a 1-form on G satisfying VO = 0. In this case,

V20 = 0X)( ~ 0(2) + 36(Z) — Sn(2))B+6(¥)(8(2) + n(Z) — 1E(2))ar

Replacing Z by X and Y, the condition Vo =0 implies (X) =0 and 8(Y) =0,

respectively. Then 6 = an+b&, a,b € R. Conversely, if 6 = an+b& then V6§ = 0,
which proves the theorem. O

The nonvanishing components of the (1, 2) tensor field corresponding to the
tensor field S in (5.1) are given by

SXP:_%K SPX:CL}/, SPY:—CLX, SxQ:—%K
SyP=:X, SyX=-iP, SxY=1iP  5,Q=1X,
SgX = 1Y, SQY = —bX.

From Proposition 4.5, the definitions of the classes in §2, and the character-
ization of connected simply connected pseudo-Riemannian naturally reductive
spaces in [3], we deduce
Proposition 5.2. For every a,b € R, the homogeneous Lorentzian structure
S = S(a,p) on the 4-dimensional oscillator group (G, ge), € # 0, given by (5.1) is
of type So @ S3. Moreover, S(qp) is of type Sz if and only if a = —¢ and b= —1,
and of type Sz if and only if a = /2 and b = 1/2. In particular, (G, ge) is a
naturally reductive Lorentzian space.

The metric g. is geodesically complete (see [6]) and thus every homogeneous
Lorentzian structure S(q) on (G, g) has a corresponding group of isometries
é(a,b) acting transitively and effectively on G, and an associated reductive de-
composition g,p) = 6(a7b) @ g, where 6(a7b) is the Lie algebra (isomorphic to
the holonomy algebra of the connection V(43 = V — S(,3)) generated by the

curvature operators (R(a,b))zw € s01(g), Z,W € g. Here, so01(g) is the alge-
bra (isomorphic to s01(4)) of skew-symmetric endomorphisms of (g, (, )c). The
structure of Lie algebra of g(, ) is given by

(A, A] = AA" — AA, A, A" € b, (A, Z] = A(Z), A€ b, Ze<g,
(Z,W] = (Rap)zw + (S(ap)zW — (San)wZ, Z,W € g.



With respect to the basis {P, X,Y,;Q} of g, the connection V= %(a)b) is
given by

VpX = —(5+0)Y, VpY = (5 +0a)X, VoX = (L —b)Y, VoY = (b— )X,

with the rest vanishing. Hence, the only nonvanishing component of the cur-
vature tensor field is Rxy = (§+a)(8® X —a ®Y). First, we shall suppose
that a = —e/2. In this case, the holonomy algebra of V is trivial and the reduc-
tive decomposition associated to the homogeneous Lorentzian structure given
by (5.1) is § = {0} ® g with structure equations [X,Y] = P, [Q, X] = (b+ 3)Y,
[Q, Y] =—(b+ 3)X. Then gz =01(b+ 1) and we have

Theorem 5.3. Let S = S(q ) be the homogeneous Lorentzian structure on the
4-dimensional oscillator group G = G1(1) defined by (5.1) and a = —e/2. For
b= —1/2 the corresponding group of isometries é(f%ﬁ%) is the direct product
G1(0) of the 3-dimensional Heisenberg group and R and for b # —1/2 it is the
oscillator group G1(b+ %), in particular, if b = 1/2 then the group of isometries
is G itself. For each b € R, é(,;b) = G1(b+ 3) acts simply transitively on the
left on G, forp,q,p',¢ € R, 2,2 € C, by

(poz.a) (0,2, q) = (p+ 9 + L Im(zeF D), 2 4 0F2) 2 g4 o).

Now, suppose that a # —/2. Then U = Rxy = (5+a)X®p-Y®a)
generates the holonomy algebra B(G)b) of V(4,5) and the reductive decomposition

associated to the homogeneous Lorentzian structure S, 3 is §(a,6) = b(a,p) P9 =
({U, P, X,Y,Q}) with nonvanishing brackets

[U,X]:—(%—FCL)K (X, Y]=U+ P, [P,Y]=—(£+a)X,
P, X]= (5 +a)Y, UY]=(+aX,  [QY]=-(b+hX.
[Q X]=(b+3)Y.

If we put T' = U+ P then with respect to the basis {7, X, Y, Q, U} of g(4,5) the
nonvanishing brackets are [X,Y] =T, [Q,X] = (b+ 1)Y, [Q,Y] = —(b+ )X,
U, X] =—=(§+a)Y, [UY] =(5+a)X. If b= —1/2 then g,y is the direct
product of the oscillator algebra gi(—(5 + a)) generated by {7, X,Y,U} and
the line generated by Q. If b # —% then g(q,p) is the semidirect product of the
oscillator algebra g1 (b+ 3) generated by {T, X,Y, @} and the line generated by
U under the homomorphism ad,g, ;4 1): (U) — Der (g1(b+ 1)). In both cases,
§(a,p) May also be considered a semidirect product of the 3-dimensional Heisen-
berg algebra generated by {T, X,Y} and the plane generated by {Q,U}. The
corresponding connected simply connected Lie group is the semidirect product
Hy x., R?, where v is the action of the additive group R? on the 3-dimensional
Heisenberg group Hj, given by (g (t, 2) = (¢, eH(+3)a=(5+a)w) 2) If the man-
ifold é(a)b) = CxR3 is equipped with the group operation such that the bijection
(z,p,q,u) € é(a,b) — ((p, 2), (g, u—p)) € Hy x,R? is a group isomorphism, then



é(a)b) acts transitively and almost effectively in a natural way on G as a group

of isometries. The normal subgroup of elements of é(a)b) which act as the iden-
. . . . Ak .

tity transformation on G~ is the d}screte subspace N = {(0,0,0, =5%) : k € Z},

and the quotient group G45) = G(a,p)/N acts transitively and effectively on G.

The group operation of G4,y = C x R? x S! is given by
) ., € 1
(Zapa q, elu)(z/ap/a q/a e ) = (Z + eXp(l((i + a’)p + (b + i)q =+ ’LL))Z/,
1 ., E 1
p+p +5mEexp(i((5 +ap+ (0 + g +w)?), g+,
€+ 2a

exp(i(u 4+ — Im(z exp(i((g +a)p+ (b+ %)q + u))z’))), (5.2)

and we conclude

Theorem 5.4. Let S = S,y be the homogeneous Lorentzian structure on the
4-dimensional oscillator group G = G1(1) defined by (5.1) and a # —e/2. The
corresponding group of isometries is é(a,b) = C x R? x S with the operation
defined by (5.2), which acts transitively and effectively on G by

iu 1 _ ., € 1
(z:p,0,¢")- (0,7, ¢) = (p+1' + 5 Im(zZexp(i((5 +a)p+ (b+5)a+w)Z),

., E 1
Z+6Xp(l((5+a)p+(b+ 5)Q+U))Z’, q+d), 272 €C, paqrp.d,uek.
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