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Abstract. Several results in the context of quantum gravity and related frameworks suggest
the plausibility of modifications to the uncertainty principle and to the energy-momentum
dispersion relation of special relativity. One of these frameworks is provided by gravity’s
rainbow. We analyze the consequences that such modifications may have for black hole
thermodynamics from the perspective of two different gravity’s rainbow formalisms. In this
scenario, we show that the temperature of the black hole may vanish in the limit of zero mass
under feasible conditions.

In the context of black hole physics, Bekenstein argued that the entropy of a black hole is a
linear function of the area of its event horizon [1]. He also suggested a value of the proportionality
constant, deduced by means of a calculation about the minimum increase in area when a black
hole absorbs a free-falling particle of energy E and proper radius L. For this increase, Bekenstein
obtained ∆A ≥ 8πL2

P EL (expressed in natural units with h̄ = c = 1 and LP = E−1
P =

√
G,

where LP is the Planck length and EP is the Planck energy). This line of reasoning can be
generalized with considerations about the quantum nature of the particle. We must regard the
radius of the particle as the uncertainty in its position, ∆x, and introduce a suitable calibration
factor in the expression for ∆A. If we denote a the corrected constant coefficient of the linear
relation, we obtain

∆A ≥ aE∆x. (1)

Taking then into account the dispersion relation of special relativity and the uncertainty
principle, which imply that E ≥ 1/∆x, we conclude that ∆A ≥ a.

In addition, Bekenstein pointed out the existence of a universal upper bound on the entropy-
to-energy ratio of a system [2], namely S/E ≤ 2πL. Therefore, if a quantum system made of
ordinary matter enters a black hole, the change of matter entropy ∆Sm in the black hole exterior
satisfies

−∆Sm ≤ bE∆x, (2)

where we have called b the corresponding proportionality constant. This inequality and Eq. (1)
lead to b

a∆A+∆Sm ≥ 0, which can be interpreted as a generalized second law of thermodynamics
with the first term supplying the change of black hole entropy, ∆SBH [1]. By fixing the
coefficients a and b properly, we get the usual result

SBH =
A

4L2
P

. (3)
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The temperature of a black hole can be defined as T−1
BH := ∂mSBH , with m being the black hole

mass. If we consider the usual Schwarzschild relation A = 16πL4
P m2, we obtain the temperature

that Hawking deduced for the black hole radiation [3],

TBH =
E2

P
8πm

. (4)

The uncertainty principle and the dispersion relation play a fundamental role in the above
discussion. In the insightful references [4, 5, 6], it was realized that the Bekenstein argument
will lead to a different result if either or both of those elements suffer modifications. As a
consequence, black hole thermodynamics will be altered.

Actually, this type of modifications arise in various approaches to quantum gravity, like
string theory [7], loop quantum gravity [8], and noncommutative geometry [9], as well as in
analyses based on general considerations about quantum mechanics and gravity [10]. Modified
dispersion relations are also a natural ingredient of the so-called doubly special relativity (DSR)
theories [11]. The initial motivation for these theories is to reconcile the relativity principle
with the argued existence of a fundamental (Planck) scale in quantum gravity. DSR theories
are compatible with an invariant energy and/or momentum scale because they incorporate
a nonlinear action of the Lorentz symmetry in momentum space. This is accomplished by
introducing an invertible nonlinear map that relates the physical energy-momentum P a = (E, pi)
to some auxiliary variables Πa = (ε,Πi) which behave like the energy-momentum in standard
special relativity. As a result, the physical energy and momentum no longer obey the usual
dispersion relation of special relativity. The uncertainty relations between the momentum and
position variables are also affected. Thus, DSR theories permit to discuss simultaneously and in
a quite general manner the consequences that these two types of modifications produce in black
hole thermodynamics.

In the following, we will concentrate our attention on the so-called gravity’s rainbow proposal
of Magueijo and Smolin for the realization of the effects of DSR in the spacetime geometry [12],
as well as on a variant of it that is based on a canonical implementation of the DSR theories
[13]. In both proposals, and starting with a(n asymptotically) flat spacetime in standard general
relativity, one eventually arrives to coordinates that are linear in those of the (asymptotically) flat
spacetime, but the coefficients of this linear relation depend explicitly on the energy-momentum
of the particle that is testing the geometry [12]. We will call auxiliary the latter coordinates
and physical the new ones. Besides, we will slightly restrict the kind of associated DSR theories.
Firstly, they must preserve the standard action of rotations. Secondly, the physical energy must
depend only on the auxiliary energy, whereas the ratio of the physical to the auxiliary momentum
must remain finite when the latter of these momenta vanishes. Then, in the resulting gravity’s
rainbow, the Schwarzschild solution differs from the familiar one of general relativity essentially
in a time dilation and a spatial conformal transformation [12, 14]. With the proposal of Magueijo
and Smolin, the factor of the time dilation is the ratio of the physical to the auxiliary energy,
whereas the spatial conformal factor is the corresponding ratio of momenta. With the proposal
for a canonical implementation, on the other hand, these factors are given by the respective
partial derivatives rather than by ratios [14].

When relativity is modified, the quantities E and ∆x that appear in the lower bound (1)
should still represent the energy and position uncertainty measured by an asymptotic observer.
But these quantities will be affected by the commented time and spatial scalings. As a result,
the bound on the area increase will acquire a multiplicative factor h with respect to general
relativity. This factor is simply the ratio of those corresponding to the time dilation and
the spatial conformal transformation, and therefore depends on the energy-momentum of the
considered particle. So, calling (∆A)∗ the modified area change and Π the magnitude of the
auxiliary momentum,

(∆A)∗ = h(ε,Π)∆A. (5)
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Combining this relation with Eq. (1) we obtain a family of energy-momentum dependent
bounds on the area increase. There exist some restrictions on the allowed range for the auxiliary
energy and momentum. The standard dispersion relation of special relativity implies that ε ≥ Π.
Besides, if the particle is massless, its associated wavelength is 2π/ε, while this quantity does
not exceed the Compton wavelength in the case of massive particles. In both situations, 2π/ε
must be smaller or equal than (twice) the area radius of the black hole, rs :=

√

A/(4π), because
otherwise the particle would be scattered instead of absorbed. Notice that rs is the Schwarzschild
radius in general relativity. For gravity’s rainbow models in which the factor h(ε,Π) increases
with the auxiliary momentum Π and h(ε, ε) is a decreasing function of ε, the most stringent
bound is reached at ε = Π = π/rs. These conditions on h are indeed satisfied for many of the
DSR theories considered in the literature [14]. On the other hand, one does not expect that
the bound on the ordinary matter entropy provided by Eq. (2) experiences modifications in
deformed relativity since, at the end of the day, this entropy should only account for the number
of degrees of freedom that are intrinsic to the matter system.

The above arguments lead us to an inequality that can be regarded as the generalized second
law of thermodynamics in the context of deformed relativity,

b
a

(∆A)∗

h(π/rs, π/rs)
+ ∆Sm ≥ 0. (6)

The first term, which is a function of the area only, may then be interpreted as the change of
black hole entropy,

(∆SBH)∗ =
b
a

(∆A)∗

h (π/rs, π/rs)
. (7)

The constant b/a can be set equal to 1/(4L2
P ), so that one recovers the Bekenstein-Hawking law

(3) in the limit of asymptotically large black holes, limit in which h tends to the unity.
The functional dependence of the black hole entropy on the area can be obtained by

integrating this equation, after substituting the relation A = 4πr2
s ,

(SBH)∗ =
1

4L2
P

∫ A

A0

dA′

h
(

√

4π3/A′,
√

4π3/A′
) . (8)

In this integral, A0 is a reference area where the entropy is assumed to vanish. We see that the
entropy is no longer proportional to the area owing to the inclusion of the factor h.

For Schwarzschild black holes, we can introduce a notion of mass in the gravity’s rainbow
[12, 14] that coincides with the usual one in general relativity, namely m = rs/(2L2

P ). This mass
runs from zero to infinity if so does the area A. Using the definition (TBH)∗ := 1/∂m(SBH)∗, we
obtain

(TBH)∗ = h
(

4π2TBH , 4π2TBH

)

TBH , (9)

where TBH still denotes the Hawking temperature (4). We remember that this temperature
tends to zero with the black hole mass and diverges when the mass vanishes.

While the asymptotic behavior for large mass is not altered, the modified temperature (TBH)∗

may actually vanish in the limit of zero mass thanks to the corrective function h. In the case
of the gravity’s rainbow obtained with the proposal of Magueijo and Smolin, this may occur
only for DSR theories that present a bounded physical energy but no invariant momentum
scale. In fact, it is necessary that h vanishes faster than the mass, what in turn implies that the
physical momentum must grow faster than the auxiliary one at infinity [14]. With the alternative
proposal of a canonical implementation, on the other hand, the temperature may vanish at zero
mass for a much richer variety of DSR theories. For theories with bounded physical energy,

XXIXth Spanish Relativity Meeting (ERE 2006) IOP Publishing
Journal of Physics: Conference Series 66 (2007) 012036 doi:10.1088/1742-6596/66/1/012036

3



the vanishing of the derivative of this energy with respect to the auxiliary one may suffice to
render the temperature null. But even if there exists no invariant energy scale, it is possible
that the partial derivative of the physical momentum with respect to the auxiliary one tends to
infinity in the zero mass limit fast enough to lead to a vanishing factor h that compensates for
the divergence of the Hawking temperature. This opens new possibilities for the evaporation of
black holes that might provide a solution to the information loss problem.
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