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We study the stochastic response of a nanomechanical resonator in a liquid connected to a feedback loop to
increase the quality �Q� factor. We distinguish two regimes in the oscillation. Below a critical value of the
feedback gain, an effective increase of the Q factor and temperature is produced. When the gain surpasses the
critical value, the resonator initially behaves as having negative damping until the saturation of the system
comes into play and a steady situation is reached. In this regime, frequency stabilities of about 1 part per 106

can be achieved.
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The intimate connection between the oscillation of nano-
mechanical resonators and the near environment has set the
basis for a number of relevant applications that include scan-
ning probe microscopies and sensors. Temperature,1 fluid
rheological properties,2 molecular forces,3 single-particle
spin,4 and molecular adsorption5,6 are stimuli that can largely
influence the resonant properties of the oscillator and then be
measured. The operation of nanomechanical resonators in
aqueous environments has allowed the exploration and de-
tection of biological systems in their native environment.
Thus, in atomic force microscopy �AFM�, a vibrating micro-
cantilever with a built-in sharp tip immersed in aqueous so-
lution is used to gently probe the surface properties and to-
pography of biological specimens with nanometer-scale
spatial resolution.7,8 The resonant frequency of the cantilever
shifts as a consequence of the tip-sample interactions. In
other applications, microcantilever resonators sensitized with
molecular receptors are used for in situ specific detection of
biological samples such as DNA, proteins, and pathogens.9

The concept here is that the resonant frequency sensitively
displaces when molecules land on the cantilever surface. De-
pending on the sensor design, the resonant frequency change
can be due to the added mass, the adsorbate stiffness, or
both.10,11

Further progress of these applications is being hampered
by the large mechanical energy loss produced when the reso-
nator vibrates in a liquid.12 This causes an extremely low Q
factor that largely limits the sensitivity of the resonant fre-
quency to external stimuli. This limitation has motivated the
design of resonators with new geometries13,14 as well as the
use of positive feedback loops.12,15–18 The aim of any feed-
back loop is to modify a dynamical system to create a “bet-
ter” one. They are used in diverse areas such as chaos, sta-
tistical mechanics, optics, quantum mechanics, and genetic
networks.19,20 The basic principle of the feedback loops used
to enhance the sensitivity of resonators in liquids is driving
the resonator with a signal roughly proportional to its veloc-
ity in order to counteract the viscous damping.12 The appli-
cation of this technique has provided unprecedented molecu-
lar resolution in AFM in liquids16,17 and promising results for
in situ biological detection by using nanomechanical
resonators.21 Moreover, this technique has recently been ap-
plied for self-excitation of the motion of a single electron,
which opens the way to improved measurements of the mag-

netic moment of single particles.22 Despite these important
applications, it has not been established how the physical
properties of the resonator and feedback parameters influ-
ence the frequency resolution of the system.23,24

The present work provides a physical model validated by
numerical simulations to understand the dynamics of self-
sustained stochastic nanomechanical resonators in liquids.

Basically, in a feedback loop to enhance the Q factor, the
output of the sensor that measures the resonator oscillation is
amplified G times by a variable gain amplifier, shifted �
radians by a variable phase shifter, and then connected to the
input of the actuator that provides an excitation force to the
resonator. The closed loop acts in the sources of noise of the
system—namely, the thermomechanical fluctuations medi-
ated by collisions between the molecules in the medium and
the resonator and the electrical noise from the displacement
sensor. For the sake of a major understanding, we assume
that the thermomechanical fluctuations dominate the system
noise.25 The differential equation of the motion is given by

�m�d2/dt2� + ��d/dt� + k�z�t� = Fth�t� + Ffb�z� , �1�

where m is the effective mass of the resonator, � is the damp-
ing constant, and k is the spring constant. The resonant fre-
quency is given by �0= �k /m�1/2 and the Q factor by Q
=m�0 /�. Fth represents the random Langevin force whose
autocorrelation function spectral density is approximately
flat and given by �th=4�kBT where kB is the Boltzmann
constant and T is the absolute temperature.26,27 Notice that
effective mass and the damping constant are frequency de-
pendent in liquids due to the hydrodynamic force. For the
sake of major understanding, we have assumed constant val-
ues as the self-excitation phenomenology occurs in a narrow
frequency range around the resonance.28 Ffb�z� represents the
feedback force that is Gei�z�t� except when the feedback
force exceeds the maximum force tolerated by the actuator,
Fs. For self-sustained oscillations in which �Ffb�z� � �Fs, the
resonator response is characterized by its mechanical
susceptibility,25

Xeff��� = ���k − G cos �� − m�2� + i���� − G sin ����−1. �2�

By adjusting �=� /2, the feedback loop reduces the ef-
fective damping of the system to �eff��−G /�0 without
changing the resonant frequency. The linewidth of the

PHYSICAL REVIEW B 76, 180201�R� �2007�

RAPID COMMUNICATIONS

1098-0121/2007/76�18�/180201�4� ©2007 The American Physical Society180201-1

http://dx.doi.org/10.1103/PhysRevB.76.180201


resonator frequency response is consequently reduced to
	�0 /Qeff, where the effective Q factor is Qeff�m�0 /�eff.

Figure 1 illustrates how the dynamics of a microcantilever
in liquid with Q=3, k=0.4 N/m, and �0=2�	12.5 kHz at
T=300 K is changed by the feedback loop. The simulations
have been performed by numerically solving Eq. �1� by a
fourth-order Runger-Kutta method. The Langevin force was
supplied by a Gaussian random number generator, in consis-
tency with the fluctuation-dissipation theorem. The scheme
used to measure the stochastic properties of the resonator is
as follows: �i� apply a constant force �5 nN� during a suffi-
ciently long time, then turn it off and measure how the stored
mechanical energy is released to the medium until the system
reaches its steady state27 �Fig. 1�a��, and �ii� measure the
frequency distribution of the noise of the system in the
steady state �Fig. 1�b��. When the feedback loop is open, the
cantilever releases most of the stored mechanical energy in a
couple of cycles �Fig. 1�a�, dashed line�. Due to the low Q
factor, the amplitude spectrum of the noise is quite flat
around the resonance frequency �Fig. 1�b�, dashed line�. If
the feedback loop is closed and the feedback gain is adjusted
to obtain an effective Q factor of 100, the transient oscilla-
tion exponentially decreases with a decay time of �2Qeff /�0
�Fig. 1�a�, dotted line�. Correspondingly, the noise linewidth
is considerably reduced �Fig. 1�b�, dotted line�. More intrigu-
ingly, if the gain is still increased in order to reverse the sign
of the effective Q factor, the transient oscillation exponen-
tially increases �rise time�2Qeff /�0� �Fig. 1�a�, solid line�.
The amplitude grows until the nonlinear saturation response
of the actuator comes into play and the system achieves a
steady state whose amplitude spectrum exhibits a very nar-

row linewidth around the resonance frequency �Fig. 1�b�,
solid line�.

In Fig. 2�a�, we plot the numerical calculations of the
mean and standard deviation values of the amplitude at reso-
nance as a function of the feedback loop gain. For a major
understanding, the effective Q factor is also plotted. The am-
plitude statistics is obtained from 32 independent ensembles
for a measurement bandwidth of 12 Hz. We distinguish two
regimes in the oscillation behaviour that are related to the
sign of the effective Q factor. For gains below the critical
value Gc=Q /k, the effective Q factor is positive. The ampli-
tude is proportional to the effective Q factor, and it only
grows appreciably for gains near the critical gain. The signal
to noise remains constant with a small value of 1.9, approxi-
mately. For G
Gc the effective Q factor is negative and the
amplitude undergoes an abrupt increase of about two orders
of magnitude. The amplitude is approximately given by As
=QFs /k. When the gain exceeds about 30% of Gc, the am-
plitude starts to decline due to the generation of higher har-
monics. The signal-to-noise ratio in this regime achieves
900–1000. The frequency noise versus the gain is shown in
Fig. 2�b�. The frequency noise is moderately enhanced with
the gain in the regime of positive Q factors, in particular for
values near Gc. Thus, the frequency noise is of about 150 Hz
for the open feedback loop, whereas is of about 30 Hz for an
effective Q-factor of 100. However, when G
Gc, the fre-
quency noise sharply decreases to 
0.15 Hz. In addition, the
frequency noise shows negligible dependence on the gain.

The oscillation with Qeff�0 can be characterized by its
mechanical susceptibility; hence, the spectral density of the
noise autocorrelation function is given by Sz���
= �Xeff����2�th. Since the motion of the molecules that sur-
round the resonator is not modified by the feedback loop, �th
is not changed. Satisfaction of the fluctuation-dissipation
theorem then produces the effect that the resonator is at a
higher effective temperature given by Teff /T=Qeff /Q.20 Let
us now consider an interval t, in which the noise z�t� is
assumed to have zero average value. The noise can then be
expanded in Fourier series and be conveniently written as
z�t�=r�t�cos��0t+��t��, where r2�t�=x2�t�+y2�t� and
tan ��t�=y�t� /x�t� and

(b)

(a)

FIG. 1. Simulation data of the stochastic properties of a nano-
mechanical resonator by measuring �a� the transient oscillation
when an applied force of 5 nN is removed and �b� the noise fre-
quency spectra of the system in the steady state. The parameters
used are k=0.4 N/m, �0 / �2��=12500 Hz, and Q=3. The data are
calculated for the feedback loop gain open �dotted lines�, Qeff

=100 �dashed lines�, and Qeff=−100 �solid lines�.

FIG. 2. Simulation data of the mean and standard deviation of
the oscillation amplitude �a� and frequency noise �b� as a function
of the feedback loop gain. The bandwidth is � / �2���12 Hz, and
the resonator parameters are the same as those in Fig. 1. The sta-
tistics are obtained from 32 independent simulations. The effective
Q factor is also plotted in both graphs �dotted lines�. Thick line in
�b� represents the analytical theory developed in the text.
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x�t� = �
k

� 1

�
Sz��k�� cos���k − �0�t + �k� , �3a�

y�t� = − �
k

� 1

�
Sz��k�� sin���k − �0�t + �k� , �3b�

where k=1,2 ,3 , . . ., �k=2�k /t, and �k are uniformly dis-
tributed random phase angles that ensure that z�t� is Gaussian
distributed. It is easy to check that the autocorrelation func-
tion spectral density of z�t� is given by Sz by taking the limit
t→�. The phase fluctuations can be viewed as frequency
fluctuations by applying the relation ���t���t�−�0

=d� /dt, where ��t� is the instantaneous frequency. For suf-
ficiently long intervals �=2� /t��0, the calculation of
the ensemble average of the square frequency fluctuation
gives

����t�2� =
1

2

�

�0

�
�0−B

�0+B

Sz����� − �0�2d�

�
�0−B

�0+B

Sz���d�

. �4�

Note that Eq. �4� distinguishes the measurement band-
width � from the bandpass filter width B used in the mea-
surement. This expression is plotted in Fig. 2�b� showing an
excellent agreement with the simulation data. Equation �4�
simply reduces to �B� / �2�Qeff� for �0 /Qeff����0.

The different dynamic behavior of resonators with posi-
tive and negative effective damping is illustrated in Fig. 3�a�,

which shows a polar representation of the noise amplitude
r�t� and phase ��t� for Qeff=100 and Qeff=−100 during a
time span of 80 �s. The oscillation with positive effective
damping shows a large noise equally distributed in amplitude
and phase, equivalent to the thermomechanical noise of a
resonator with Q=100 and T=104 K. However, the oscilla-
tion with negative damping has small fluctuations in the ra-
dial direction �amplitude� due to the strong nonlinear poten-
tial imposed by the saturation of the actuator and the
tendency of the amplitude to grow due to the negative decay
time of the transient. Moreover, the phase shows little varia-
tion from its initial value. The phase trajectory, plotted in
Fig. 3�b� �dotted line�, resembles a random walk process.
From 128 statistically independent ensembles, we observe
that the mean value �dashed line� is zero and the standard
deviation �crosses� is approximately proportional to t1/2,
which is indicative of a diffusion process driven by white
noise.

Based on the simulation results, the oscillation with nega-
tive damping can be modelled as one with zero amplitude
noise and zero-mean stationary random phase—i.e., z�t�
�Asexp�i��0t+��t��� �recall As�QFs /k�. The feedback
force can be approximated as iFs exp�i��0t+��t���, where i
= �−1�1/2. By substituting in Eq. �1�, one reaches, for d� /dt
��0,

m
d��t�

dt
+ �� + 2im�0���t� = − i

��0
2

2�Fs
�

t−�/�0

t+�/�0

Fth���

	exp�− i��0� + ������d� .

�5�

Here, we have introduced the parameter ��t�= ��0 /2��
	���t+� /�0�−��t−� /�0��, which represents the frequency
deviation averaged over a oscillation period. Notice that �0
+��t� represents the inverse of the time interval between
two consecutive zero crossings with the same velocity sign
and hence represents a measurable magnitude of a stochastic
oscillation. By writing the Langevin force as a function of its
Fourier transform and by calculating the ensemble average
of the modulus of both equation sides, we derive the fre-
quency noise

� ��2�t��
�0

2 � = g
kBTk

Q3Fs
2 , �6�

where g is given by

g =
2

�3�
0

� sin2��x�
�x − 1�2�x2 + 4 + 1/Q2�

dx . �7�

The parameter g shows little dependence on the intrinsic
quality factor, being of about 0.1139 for Q=3 and rapidly
tending to 0.1164 as Q increases. If a bandpass filter is used,
the integral limits must be replaced by 1−B /�0 and 1
+B /�0.

Equation �5� resembles the Langevin equation except that
�i� the resistive coefficient is complex, �+2im�0, and �ii� the
random force term on the right-hand side is correlated for
times smaller than the fundamental period, 2� /�0 �much

(b)

(a)

FIG. 3. �a� Polar graph of the self-sustained oscillations for val-
ues of the effective Q factor of 100 and −100. �b� Random phase
walk �dotted line�, ensemble average of the phase �dashed line�,
ensemble root mean square �crosses�, and diffusion theory �solid
line; see related text�. The ensemble statistics is obtained from 128
independent simulations and � / �2���12 Hz. The resonator pa-
rameters are those used in Fig. 1.
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smaller than the experimental time scales�. Despite these dif-
ferences, the solution of Eq. �5� for times t�Q /�0 can be
resolved in a similar manner to the Langevin equation; once
that is known, the frequency noise �Eq. �6��

��2�t�� = 2�D/As
2�t , �8�

where the phase ��t� satisfies d /dt��t�=��t� and the diffu-
sion coefficient is given by

D = g/Q�kBT/�� . �9�

Equation �8� confirms that the phase fluctuations are
analogous to the diffusion of a Brownian particle that freely
moves along a circular path of radius As. However, there
exist important differences. Thus, the phase diffusion con-
stant is g /Q times the diffusion constant of a Brownian par-
ticle given by D=kBT /�. These differences can be reconciled
by setting the effective temperature of the resonator to
Teff /T=g /Q. We plot in Fig. 3�b� the root ensemble-mean
square of the phase noise given by Eqs. �8� and �9� �solid
line�, which shows excellent agreement with the simulation
results �crosses�. The coherence of the oscillations can be
then improved by minimizing the diffusion coefficient and
increasing the amplitude As.

We can now estimate the frequency stability that can be
achieved in liquid environments. The frequency noise in the
negative damping regime is given by ����t�2�
= ��2�t��� /�0 where ��2�t�� is shown in Eq. �6�. Exami-
nation of Eq. �6� identifies the critical resonator parameters
to reduce the frequency noise. In order of importance, these
are a high quality factor and low elastic stiffness. For the
resonator parameters used in this work, a bandwidth of 1 Hz
and a saturation force Fs of about 20 nN, a frequency stabil-
ity of about 1 part per 106 can be achieved in ideal condi-
tions; i.e., the only source of noise is the Langevin force.
Now we can consider the implications of this frequency sta-
bility in the sensitivity of two of the most extended applica-
tions of nanomechanical resonators: resonant mass sensors

and AFM. In the first application, the resonator has an active
mass deduced from m=k /�0

2 of 65 ng. The frequency stabil-
ity would provide a mass sensitivity of about tens of femto-
grams in liquids that is of about four orders of magnitude
better than the resolution obtained with conventional micro-
cantilevers in liquid.9 Mass sensitivities of attograms could
be obtained by simply reducing the resonator size. In AFM
applications, force gradients between the tip and sample are
translated into resonance frequency shifts. The use of self-
sustained oscillations would allow sensitivities of the order
of 100 aN per nanometer that could, for instance, be applied
for the study of protein unfolding with unprecedented
resolution.29

In conclusion, we have developed a theory that unveils
the underlying mechanisms of the oscillation of self-
sustained nanomechanical resonators with low Q factor. We
distinguish two regimes: for feedback loop gains smaller
than Gc=Q /k, the effect of the feedback on the stochastic
resonator response is the effective increase of the Q factor
and the system temperature by the same factor. When the
gain surpasses Gc, the oscillation enters upon a different dy-
namic behavior. Initially, the nanomechanical resonator be-
haves as having negative damping, and hence the transient
oscillation exponentially grows until the actuator saturation
comes into play and a steady situation is reached. At that
point the oscillation can be described by the Brownian dif-
fusion theory for a particle with the mass and damping con-
stant of the resonator that can freely move along a circular
path with radius given by the oscillation amplitude and with
temperature proportional to the room temperature divided by
the intrinsic Q factor. An important consequence of our study
is that self-sustained stochastic nanomechanical resonators in
liquid can achieve frequency stabilities of about 1 part per
106 which open a wide range of fascinating applications of
nanomechanical resonators for exploration and detection of
biological systems.
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