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Abstract

We investigate the chain dynamics in the polymer melts with com-
plex architecture by means of molecular dynamics simulations. Our
study is focused on the following architecturally complex polymers:
T- and Y-shaped asymmetric stars, symmetric stars, mixtures of T-
shaped asymmetric stars and linear chains, H-polymers, combs and
Cayley trees. Dynamics in these architectures is strongly influenced
by the presence of one or more branchpoints. The overall chain dy-
namics in branched structures is slowed down comparing to the linear
chain and the relaxation of these materials extend over several time
decades. Extensive molecular dynamics simulations allow us to study
the relaxation processes ocurring in the branched polymer melts at the
molecular level. We pay particular attention to the role of the branch-
point in the dynamics of these systems. Our simulations reveal details
about the branchpoint motion that can be further compared to the
theoretical hypotheses, experimental data and finally introduced in the
predictions of the viscoelastic properties of the industrially produced
materials.

The time evolutions of the mean squared displacements of the par-
ticular molecular segments confirm that the arm retraction is the main
relaxation mechanism in symmetric systems, i.e. symmetric stars and
Cayley trees. In these systems the branchpoint remains localized dur-
ing the whole simulation time. We study the role of constraint release
on the branchpoint dynamics and compare the simulation results with
a theoretical model. The fluctuations of the branchpoint at time scales
smaller than the Rouse time τR are affected by the early tube dilation
process that leads to a weaker branchpoint localization than expected.
After the incorporation of the early and late tube dilation processes
quantified from the simulation data into the theoretical model, we were
able to fully describe the branchpoint dynamics at the times smaller
than τR.

After the relaxation of the short side arms in the asymmetric struc-
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tures the arms act as sources of friction and the whole molecule can
be described as an effective linear chain. We studied the diffusion of
the branchpoint after the arm relaxation. The calculation of the diffu-
sion constant involves the knowledge about the arm relaxation, dilution
of the tube and the friction related to the reptation of the molecule.
We estimated these observables from the simulations and tested theo-
retical hypotheses used for the prediction of the branchpoint diffusive
behaviour in experimental studies of branched polymer melts.

We perform a detailed analysis of the branchpoint trajectories and
present a robust method for finding regions of strong localization. We
characterize the time and length scales for the branchpoint motion
between traps of localization, and discuss the consequences for the in-
terpretation of the long-time branchpoint motion dynamics proposed
by hierarchical tube models.
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1. Introduction

In the last century, polymer materials definitely became a part of
our everyday life. Materials as glass, wood and iron were massively re-
placed by different types of polymers with similar physical properties as
the substituted materials. Polymers are huge macromolecules composed
of many repeating units (monomeric units) and the properties of the
polymer material strongly depend on the number of these units (N) as
well as on their spatial configuration [1]. Therefore, the understanding
of the relation between the polymer structure and the material proper-
ties is essential for the industrial processing and the design of the new
polymer products. The rheological behaviour of the melted polymers
has been studied experimentally [2, 3, 4] and few theoretical models
were developed to describe the dynamics of these systems [5, 6, 7, 8].
To test the theoretical predictions, monodisperse model polymers with
well-defined architecture are needed. The progress in a controlled poly-
mer synthesis [9, 10, 11] and in the simulation techniques [12, 13, 14]
led to the improved description of the viscoelastic properties of the
polymer melts in recent years.

1.1 Non-entangled vs. entanged polymers

Let us consider a linear polymer melt. In a melt, segments of the
same and/or neighbouring chains are highly overlapped. Because of
the covalent bonds between the monomeric units, chains can not pass
through each other and with the increasing chain length, polymers get
tangled up. The topological constrains created in the system are called
entanglements and it is generally believed, that they are responsible
for the exceptional viscoelastic properties of the entangled polymer
melts [15]. The rheological properties of the non-entangled polymers
differ significantly in comparison to the polymers chains in the entan-
gled regime [16]. The melt viscosity η shows a general scaling behaviour
with respect to the molecular weight M of linear polymers of different
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chemical composition [17]:

η ∼M1 M < Mc

η ∼M3.4 M > Mc.

The molecular weight Mc indicating the transition between the non-
entangled and entangled regime is specific for each material and it is
linked to the so-called entangled molecular weight Me:

Mc
∼= 2Me.

This relation was held to be valid for a wide range of chemistries, until
it was showed recently, that the ratio of Mc and Me depends on the
packing length [18].
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Figure 1.1: Experimental stress relaxation modulus G(t) as a function
of time for polystyrene (PS) and polyisoprene (PI) combs [19]. The
arrows indicate the arm relaxation times (for more details see [19]).

Viscosity is related to the stress relaxation modulus G(t) through
the expression η =

∫∞
0
G(t)dt. The stress relaxation modulus contains

more information than the viscosity itself, it is a spectrum of the re-
laxation processes occurring in the material [20]. It can be obtained
from the linear rheology measurements that record the response of the
material to a step strain. While the relaxation of the non-entangled
polymers is fast and the terminal relaxation is detected at short time
scales (high frequencies), a plateau appears before the final decay in
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the relaxation spectrum of the long entangled chains [17] (Fig. 1.1). A
(non-relaxing) plateau can be also observed in the polymer rubbers,
where the chains ends are permanently cross-linked and the diffusion
at the long time is disabled [17]. This fact confirms the importance of
the entanglement constrains in the entangled polymer melts. However,
the exact definition of the entanglements is unclear and the dynamics
coupled with their creation and/or removal has been widely discussed
in the polymer community for decades [21, 22, 23].

Rouse model for non-entangled chains

The dynamics of non-entangled polymer chains can be described by

Figure 1.2: Rouse model of a non-entangled chain with N monomers.
τR is the Rouse time and τ2 represents the relaxation time of a chain
section of N/2 monomers.

the Rouse model [24]. In the Rouse model, the polymer is represented
by a group of Brownian beads with a friction ζ connected along a chain
(see Fig. 1.2). The equations of motions of the Rouse chain (see Chap-
ter 3.2.1) are solved by introducing (Rouse) normal modes [25]. This
model predicts a set of times, τp:

τp =
τR
p2

p = 1, 2, 3...N

where the longest one is the Rouse time τR. Each time corresponds to
a mode of the chain motion and can be understood as the relaxation
time of a subchain with N/p monomers. At the given time τp, there are
p unrelaxed modes, that contributes to the stress relaxation modulus
G(τp). The numerical solution of the Rouse model gives us the expres-
sion for the whole stress-relaxation spectrum G(t) and consequently for
the viscosity η. This model has been very successful in predicting the
(above mentioned) scaling of the viscosity with the molecular weight,
η ∼ M1, for short polymers. Moreover, the mean square displacement
of the Rouse segment can be expressed in terms of Rouse modes and
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this procedure leads to the following scaling regimes at short and long
times:

〈r2(t)〉 ≃
{

(12kBTb
2/πζ)

1/2
t1/2 τN ≤ t ≤ τR,

6Dgt τR ≤ t

where kB is the Boltzmann constant, T temperature, τN is the relax-
ation time of the fastest mode, b is the segmental length and Dg is the
diffusion constant of the center-of-mass of the chain.

Tube model for entangled chains

Modelling of the entangled polymer melts is very challenging, because

Figure 1.3: Tube model. Left: entangled long polymer chains. Middle:
surrounding chains treated as fixed obstacles (black circles) and the
chain (orange line) restricted in the tube. The chain motion is pro-
jected onto the primitive path (red line). Right: snake-like motion of
the primitive path. The relaxed part of the original tube is drawn with
dashed line.

one faces the problem of chains interacting by many-body interactions.
The tube model intends to reduce the many-body problem to the pic-
ture of a single-chain in an effective field [25]. In this model, the topo-
logical constraints experienced by the chain in the melt are treated as
fixed obstacles (black dots in the middle of Fig. 1.3), that restrict the
chain motion in the tube-like region. Chain itself is represented by a
primitive path of length L (red curve in Fig. 1.3). Primitive path is the
shortest path that connects the two chains ends and preserves the chain
topology, i.e. the uncrossability condition. The motion of the chain is
projected onto this path and on the long length-scales the primitive
path behaves as a random walk. One of the basic parameters of the
model is the tube diameter a, that corresponds to the end-to-end dis-
tance of a chain of molecular weight identical to the entanglement mass
Me. Recently, molecular dynamics simulations showed that this param-
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eter of the tube model should be understood as the tube Kuhn step
length rather than a real distance perpendicular to the tube axis [26].

Another characteristics of the tube model is the entanglement time
τe. At the time scales smaller than τe, the chain do not feel the con-
straints and its dynamics is the same as that of the Rouse chain (see
above). Consecutively, the polymer explores the tube (so-called ‘Rouse
in tube’ regime) and at longer times it tends to relax by leaving the
tube. According to the original tube model the only available relax-
ation mechanism for the primitive path is diffusion back and forth along
the tube axis. This mechanism is commonly known as reptation [27].
Tube is a dynamic object and once the chain escapes from the tube,
the empty parts of the tube disappear (right scheme in Fig. 1.3). The
probability that the tube segment remains at time t is expressed by the
tube survival probability φ(t). The function φ(t) can be obtained by
solving a one-dimensional diffusion equation for the probability describ-
ing the motion of the primitive path [25]. At the disentanglement time
τd the chain disengagement from the tube is accomplished. All these
assummptions of the original tube model together with the assumption
about the fluctuating length of the primitive path (see below) result in
the 4 different scaling regions in the mean square displacement 〈r2(t)〉
of the chain segment:

〈r2(t)〉 ≃





Nb2(t/τR)
1/2 t ≤ τe,

Nb2(t/Z2τR)
1/4 τe ≤ t ≤ τR ,

Nb2(t/τd)
1/2 τR ≤ t ≤ τd,

Nb2(t/τd) τd ≤ t.

Z in the former equations denotes the number of entanglements per
chain and b is the segmental length.

In spite of its simplicity, the tube model has become a widely used
tool for the prediction of the rheological properties of entangled poly-
mer melts. However, the primary assumptions about the fixed length
of the primitive path and static obstacles turned to be wrong and some
modifications were needed in order to correct the tube model prediction
for the viscosity, η ∼M3, as discussed in the next section.
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1.2 Linear vs. architecturally complex poly-

mers

The experimentally measured scaling of the viscosity with molecu-
lar weight of the linear polymers, η ∼ M3.4, does not agree with the
theoretical prediction of the tube model, η ∼ M3. This discrepancy
has been explained by two additional relaxation mechanisms missing
in the original tube model: constraint release (CR) and contour length
fluctuations (CLF) of the primitive path [28, 29]. CLF correct the as-
sumption about the fixed length of the primitive path and account for
the longitudinal fluctuations of the chain ends (see Fig. 1.4). It must
be noted that these fluctuations do not include the center-of-mass (rep-
tation) motion and affect the chain dynamics only at the time scales
smaller than τR. The CR mechanism describes the dynamic changes in
the entanglement network around a given chain that originate from the
motion of the surrounding entangled chains. Each chain is not placed in
a network of fixed obstacles, but the entanglements with neighbouring
chains may appear and disappear. This leads to a reorganization of the
original tube, as it is illustrated in Fig. 1.4.

Most of the industrially produced polymer materials consist of poly-
mers with branched or even hyperbranched architecture (e.g. LDPE). In
order to describe the properties of these materials, the tube model has
been extended to model branched topologies like star polymers [30, 31],
H-polymers [32, 33], pom-pom molecules [34], combs [35, 36, 37, 38, 2],
Cayley trees [39, 40], DendriMacs [41] and topologies of industrial com-
plexity [5, 42, 43]. These architecturally complex polymers contain one
or more branch points, that are responsible for their complex viscoelas-
tic and dynamic properties as compared to linear chains [44]. Changing
the architecture from linear to branched has a huge effect on viscosity
that increases exponentially with increasing number of entanglements
per arm, η ∼ exp(Ma/Me), with Ma the arm molecular weight and Me

the entanglement mass. Because of their complicated architecture, the
G(t) spectrum of architecturally complex polymers is a combination
of many different relaxation mechanisms contributing to the overall
relaxation of the material.

Unlike in linear chains, reptation in branched systems remains in-
active until the late stage of relaxation, or may be fully suppressed in
symmetric architectures with a central branch point (e.g, Cayley trees).
According to theory [15], relaxation before the onset of reptation occurs
via arm retraction. The mechanism of arm retraction is analogous to
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Figure 1.4: Schematic representation of the relaxation mechanisms in
linear and branched systems. Left: Constraint release (CR) and con-
tour length fluctuations (CLF) in linear chains. Right: Dynamic tube
dilution in stars. The original tubes are drawn with dashed lines, the
configuration of the primitive path before the relaxation is illustrated
by a red thick line. The obstacle shown with dashed grey line is re-
moved and induces the reorganization of the tube indicated by grey
arrow. The tube and primitive path configurations after relaxation are
depicted by cyan and blue lines respectively.

Figure 1.5: Schematic representation of the hierarchical relaxation in
hyper-branched systems. Left: Unrelaxed molecule. Middle: Polymer
after the relaxation of the short outer segments. Relaxed side arms
(highlighted with blue) act as friction beads (red circles). Right: Repta-
tion of the effective linear chains with adjoint friction beads. The grey
arrows indicate the retraction (left and middle) or reptation (right)
mechanisms.

CLF in linear polymers, though involves deeper fluctuations and is ex-
ponentially rare as relaxation approaches a branch point from the outer
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segments. Topologies of industrial complexity which contain many lay-
ers of branch points relax hierarchically [15, 5]. Hierarchical relaxation
means that once free ends retract back to the outermost layer of branch
points, these become mobile, activating deeper retractions towards the
second layer, and so on. If the macromolecular architecture is asym-
metric (e.g., T-shaped stars), the late relaxation occurs via reptation
of an effective linear chain, in which all relaxed branches act as effective
frictional beads (see Fig. 1.5). Regarding CR in branched polymers, the
evidence for an extremely broad, exponential distribution of relaxation
times gave rise to the tube dynamic dilution (DTD) hypothesis [15].
In the DTD picture, at times longer than the relaxation time of outer
segments, inner segments do not experience the entanglements with the
outer ones, which have relaxed at much earlier time scales. This leads to
a slow, progressive dilution of the effective entanglement network that
is modelled as a time-dependent widening (‘dilation’) of the tube (see
Fig. 1.4). The dilated tube diameter at each time step is determined
by the respective fraction of relaxed material.

After incorporating the main features of the dynamics of the branched
polymers into the tube model, the modified tube model is able to pre-
dict qualitatively the rheological properties of these materials. Some
problems may arise while seeking for a quantitative agreement between
the theory and the experimental data. For example, due to the exponen-
tial dependence of the relaxation time on the arm length, polydispersity
of the material may change significantly the shape of the spectra [45].

Branchpoint dynamics

The missing piece of the puzzle in the theoretical predictions is the de-
tailed description of the branchpoint motion. The direct experimental
access to the branchpoint motion is hard to be achieved, and reported
data are still scarce [46]. In a pioneer work, Zhou and Larson [47] aimed
to gain some information about the branchpoint dynamics by perform-
ing molecular dynamics simulations of entangled star polymers. Visual
inspection of the branchpoint trajectories revealed rather distinct fea-
tures from inner segment motion in entangled linear chains. Whereas
the central part of the linear chain formed a diffuse trajectory along the
confined tube, the trajectories of the branchpoints in stars exhibited lo-
calization regions. The branchpoint trajectories of the symmetric stars
were mostly spherical, suggesting a strong localization of the branch-
point in these systems. In case of the T-shaped asymmetric stars with
slightly entangled short arm, the branchpoint trajectories were formed
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by an alignment of various regions of localization. This feature was
recognized as a signature of the hopping mechanism.

In the tube models hopping of the branchpoint is assumed to oc-
cur after the relaxation of the side arms, when the branchpoint can
probe the space liberated by the removed constraints. The branchpoint,
previosly localized, is then performing a random hop along the tube,
whereas its diffusion is slowed down by the friction coming from the
relaxed side arms. This fact is taken into account in the expression for
the branchpoint diffusion (eq. 4.1) through a dimensionless constant
p2 called hopping parameter. It is assumed that the typical hopping
distance is p times the tube diameter and that the value of p2 is of the
order of unity.

However, a series of investigations have suggested considerably smaller
values in the case of branched polymers with weakly or moderately en-
tangled short arms [33, 48, 46]. Frischknecht et al. [49] found that,
the drag caused by the relaxed short arms in asymmetric T-shaped
star polymers is much higher than the one predicted by the theory.
In order to reproduce the experimental rheological data with hierar-
chical tube-based models, the value of p2 needed to be adjusted de-
pending on the length of the short arm. The values of the p2 obtained
from the comparison of the theory and rheological data varied in the
range 1/4 ≤ p2 ≤ 1/60. In the experimental studies of H-polymers and
combs, the value of p2 was kept on fixed value 1/12 (firstly proposed
in Ref [32]) and possible factors affecting the rheological spectra were
analyzed [35, 36, 50, 51]. In addition, effects of architectural dispersity
have been recently considered and analyzed [52, 53, 54].

Instead of looking on the branchpoint friction, some studies using
slip-link simulations focused on the nature of the branchpoint motion
itself. Shanbhag and Larson [55] suggested that the branchpoint dif-
fusion is limited by the full removal of the entanglements around the
short arm. Masubuchi et al. [56] examined the relaxation mechanisms of
the branchpoint and their contribution to the viscoelastic relaxation of
asymmetric stars. They observed that the more asymmetric the struc-
ture is, the more relevant the contribution of branchpoint hopping be-
comes for the overall relaxation of the star.

1.3 Objectives and outline

Though the tube model applied for the architecturally complex
polymers has gained general acceptance, the specific details of the pro-
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posed mechanisms remain highly controversial. Verification of these
postulated mechanisms is a frequently discussed topic in the polymer
community [57, 58, 59, 60, 61]. While some of the hypotheses can be
tested by using experimental techniques and well-defined model poly-
mers (e.g validity of the dynamic tube dilution theory [40, 62]), the pos-
tulates related to the branchpoint motion remain unproven. Currently
available experimental techniques are limitted to the short time scales
(e.q. neutron spin echo [46]) and a direct observation of the branchpoint
diffusion is not possible. Therefore, the branchpoint dynamics is one of
the unresolved issues in the physics of entangled polymer melts. How-
ever, due to the possibility of high paralelization in supercomputers,
molecular dynamics simulations have become an extremely powerful
tool for studying the behaviour of architecturally complex systems.

We performed extensive MD simulations on several branched ar-
chitectures, including symmetric stars, asymmetric T-shaped and Y-
shaped stars, combs, Cayley trees and mixtures of stars and linear
chains. The simulations allow us to analyze directly the diffusive motion
of the branchpoints without invoking specific assumptions for branch-
point hopping. In this thesis work we aim to provide a detailed de-
scription of the branchpoint dynamics that is essential for the full un-
derstanding of the exceptional viscoelastic properties of the branched
polymer materials. Moreover, we present an exensive study of the re-
laxation processes occuring in these materials. We confront the results
obtained from our simulations with the theoretical predictions and we
go far beyond a simple testing of the tube-based theories.

1. We start with the symmetric structures, where the localization of
the branchpoint is very strong and reptation of the molecule is not pos-
sible. We focus on the dynamics of the branch point of the star polymer
and of the central branch point of the Cayley tree, both in the presence
and absence of standard constraint release. The latter is achieved by
performing MD simulations with free and fixed chain ends, respectively.
To provide a basic model with which to compare MD results, we have
collaborated with the group of Dr. Daniel Read (University of Leeds,
United Kingdom), who derived analytical expressions describing local
motion of branched chains subject to entanglement constraints. The
theoretical model consists in the unentangled case of the Rouse-like
model adapted to star architectures. In the entangled case, the entan-
glements are represented by localizing springs. We find that localiza-
tion of the branch point in the simulations with fixed ends is weaker
compared to the theoretical predictions, suggesting some relaxation of
the entanglement constraints experienced by the branch point (e.g. an
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early tube dilation process occurs). We quantify the standard CR by
computing directly the tube survival probability from the MD. Finally,
after the inclusion of CR events and early tube dilation in the theo-
retical model, it provides an excellent description of the MSD of the
branch points within the simulation time window. This finding strongly
supports the physics underlying the ‘dynamic dilution’ hypothesis.

2. Then we continue with the analysis of asymmetric systems, where
the relaxation of the side arms is followed by the branchpoint hopping
and the final relaxation is achieved by the backbone reptation with side
arms acting as effective friction beads. Obtaining the basic information
about these relaxation mechanisms from the experiment is tricky, the
precise determination of the characteristic relaxation times can not be
accomplished without combining experiments and modeling. Therefore,
there is a wide range of assumptions on branchpoint hopping introduced
by hierarchical models that are used to interpret the rheological spectra.
We use the results of the MD simulations on T-shaped and Y-shaped
asymmetric stars, mixtures of asymmetric stars and linear chains, and
combs to shed light on the former picture of the relaxation in asym-
metric systems. The direct observation of the branchpoint diffusion in
the simulations allows us to determine the friction of the branchpoints.
We estimate the arm relaxation time, we observe the onset to the rep-
tation regime in the branchpoint MSD and calculate the tube survival
probability of all the systems. We pay particular attention to errors in
determining the different physical quantities measured by the simula-
tions. We quantify the values of the hopping parameter p2 by using the
theoretical expressions proposed in hierarchical tube models, in par-
ticular those developed by Daniel Read from the University of Leeds.
By inserting the data from the simulation into these equations we test
the specific assumptions of the hierarchical models for branchpoint hop-
ping. We rule out some commonly made assumptions that do not result
in broadly similar values of p2 across the different systems studied, i.e.
they do not reflect the universal behaviour in architecturally complex
systems. We reach to an important conclusion, that the only consistent
set of hopping parameters in the different architectures is achieved by
including the contribution from the backbone friction, and considering
hopping in the dilated tube.

3. Finally, we return to the origin of all the theories about the
branchpoint hopping and we analyze the branchpoint trajectories of
all types of architecturally complex polymers. Without relying on the
tube models, we perform a purely geometrical density-based cluster
analysis of the branchpoint trajectories and identify regions of strong
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localization (‘traps’). We address the unresolved problem of the time
and length scales related to the hopping motion. The results reveal
that there is actually no single hopping time (which definitely is not
the relaxation time of the side arm), but a wide distribution of times
describing the motion of the branchpoint within and between the traps.
We estimate the typical (hopping) distance between the regions of lo-
calization from the distribution of the distances between the traps.
The analysis reveals some unexpected results, as the independence of
the typical hopping distance on the strengh of tube dilution, and the
presence of strongly localized branchpoints at times much longer than
the arm relaxation time, even in the case of very weakly entangled side
arms. We discuss the consequences of our analysis on the interpretation
of the branchpoint diffusivity introduced by tube models.

The thesis memory is organized as follows. In the Chapter 2 we
present the simulation model and discuss the simulation details. We
also explain the equilibration method and the preparation of the sys-
tems before the production run. In Chapter 3 we focus on the dynamics
of symmetric stars and Cayley trees. We describe the relaxation pro-
cesses typical for these symmetric systems and analyze in detail the
dynamics of the branchpoint at time scales smaller than τR. We con-
firm the predictions based on the DTD picture. In Chapter 4 we turn
our attention to asymmetric systems and the branchpoint diffusion at
long time scales. We present a critical analysis of the consistency of the
different model assumptions for branchpoint hopping. In Chapter 5 we
introduce a new geometrical method for the analysis of the branchpoint
trajectories, and characterize the latter in terms of traps of localization.
The thesis memory ends with the summary of the main conclusions.



2. Simulation method

On the long way to the full description of the viscoelastic proper-
ties of the architecturally complex polymers, simulations act as a bridge
between the experimentally measured properties and theoretical pre-
dictions. Unlike the experiments, the simulation techniques are able to
explore the dynamic proceses at microscopic scales without the dificul-
ties related to the synthesis of the model polymers [63]. In addition,
we obtain from the simulations the information about the dynamics
of every part of the molecule, so the relaxation processes of particular
polymer segments can be analyzed separatelly, without any theoretical
model needed in the experimental techniques to interpret the complex
relaxation spectra.

Entangled polymer chains are huge macromolecules of the size of
hundreds of nanometers. A characterization of such immense objects
by fully atomistic simulations is very time consuming or even impossi-
ble, because the data processed in the atomistic simulation include all
chemical details. Fortunately, the information about the internal chem-
ical structure is redundant in our study. We are interested in properties
of polymer melts that are universal, independent of chemical details,
but affected by some general polymer features (e.g. chain length, ar-
chitecture). Therefore, we use a model that fits these requirements.
The coarse-grained models as for example the bead-spring model rep-
resent a very powerful tool, because they capture the general behaviour
of entangled polymer materials observed in experiments by retaining
the common ingredients of these systems: monomer excluded volume,
polymer-like architecture and chain uncrossability. During the coarse-
graining procedure, some degrees of freedom are ignored and a polymer
chain is represented as a simplified molecule [13, 64]. To be specific,
in the bead-spring model the structure and dynamics at the lenght
scales smaller than 1 nanometer are omitted and the whole monomeric
units are replaced by beads (see Section 2.1). This minimization of the
number of coordinates leads to the significant reduction of the computa-
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tional time, thus simulations of these simplified models can be extended
almost to the diffusive regime with the usage of current computational
resources.

There are two main classes of simulation techniques, Monte Carlo
and molecular dynamics simulations. In our study we combined both
of these two methods.

The polymer melts were prepared and equilibrated with the Monte
Carlo procedure (see Section 2.2). The Monte Carlo algorithm is based
on random sampling, i.e. many random moves of the particles in the
sample are performed in order to obtain an average value of the desired
observable. The random moves are accepted and lead to the evolution
of the system when they meet a given criteria, usually set by a thermo-
dynamics condition. In our case the given condition is related to the
reduction of the local density fluctuations. Monte Carlo simulations
are especially useful for the polymer community in modelling of the
products of polymer synthesis [65, 7] or in equilibrating large polymer
structures [66, 67, 68, 69, 70]. In Section 2.2 we present a Monte Carlo
procedure called ‘prepacking’ that was recently developed for equili-
bration of long entangled linear chains. We implemented this method
in the equilibration procedure of architecturally complex polymers.

After the equilibration, the molecular dynamics (MD) simulations
(see section 2.1) were used to obtain detailed information about the
dynamics of branched polymers in melt. Unlike the Monte Carlo simu-
lations, the motion of particles in MD simulations is not random, but
it is ruled throught equations of motion (eq. 2.4). The output of the
simulation is the time evolution of the particle positions. This informa-
tion is further processed during the analysis of the polymer properties
( Chapters 3 and 4).

2.1 Model and simulation details

Bead-spring model

The bead-spring model introduced by Kremer and Grest has become
a well-established model for the simulations of polymer melts [71]. We
used this coarse-grained model to simulate our architecturally com-
plex polymers. In this model, the monomeric units along the chain are
coarse-grained into beads with a mass m0 and diameter σ, joined by
springs. The excluded volume interaction between the beads is pro-
vided by a purely repulsive Lennard-Jones (LJ) potential, the so-called
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Figure 2.1: Scheme of the coarse-grained bead-spring model. The θ is
the bending angle from eq. 2.3.

Weeks-Chandler-Andersen potential:

ULJ(r) =

{
4ǫ

[(
σ
r

)12 −
(
σ
r

)6
+ 1

4

]
for r ≤ rc,

0 for r > rc.
(2.1)

where r = |ri−rj| is the distance between the beads i and j and ri(j) are
their positions. The potential is cutoff at given distance rc = 21/6σ. In
the following we will present our results in the simulation units: length
unit σ, time unit τ0 = (m0σ

2/ǫ)1/2 and temperature unit ǫ/kB, with kB
the Boltzmann constant. The beads are connected with elastic bonds,
modelled by the finite-extension nonlinear elastic (FENE) potential:

UF = −1

2
KFR

2
F ln

[
1−

(
r

RF

)2
]
. (2.2)

A spring constant KF = 30ǫ/σ2 and maximum bond length RF =
1.5σ are set in order to assure the non-crossability of the chains and
small fluctuations of the average bond length l0 = 0.97σ. The FENE
potential in combination with LJ potential results in the force field
with attractive and repulsive contribution plotted in Fig. 2.2.

In addition to the Kremer-Grest model, we applied a bending po-
tential in a form:

Ubend(θ) = kθ(1− cos θ) , (2.3)

where θ is the angle between three consecutive beads (see Fig. 2.1).
A small value of the bending constant kθ = 2ǫ was chosen in order
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Figure 2.2: FENE and LJ potentials as attractive and repulsive com-
ponents of the effective force field between two mutually connected
monomers (beads).

to increase slightly the chain stiffness. The characteristic ratio corre-
sponding to this choice of the bending constant was obtained from
the plot of the internal distances R(|n − m|) and was estimated as
C∞ = 3.67±0.10 (see section 2.2). The semiflexible chains have a lower
entanglement length Ne then their flexible counterparts. It means that
the chains with the particular length N create more entangled systems
when their flexibility is moderated. This reduces computational cost
since we can simulate well-entangled systems with a smaller number of
particles than in the case of fully flexible polymers (kθ = 0). The entan-
glement length estimated for the Kremer-Grest model with the given
bending potential (eq. 2.3) and kθ = 2 is Ne ≈ 25. This value is an aver-
age of the entanglement lengths published in the literature obtained for
this model from two different methods. The first method includes the
analysis of the topological constraints in the system, so-called primitive
path analysis. This static approach gives NPP

e = 23 [72]. The second
method is based on the changes in dynamics of the middle monomer
of linear chains. The entanglement length NMSD

e = 27 was estimated
from the monomer mean square displacement (MSD), specifically from
the transition from MSD∝ t1/4 to MSD∝ t1/2 [47]. We must stress, that
the introduction of the stiffness in our model does not play a role in
the further comparison with the theoretical models, that assume the
chain Gaussianity. The chains are only slightly semiflexible and their
characteristic ratio is even smaller than C∞ of typical industrial poly-
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mers (C∞ = 5.20 for cis-polyisoprene [73]). The non-Gaussian effects
that rise from the semiflexible character of the chains affect only the
dynamics at the length scales smaller than the entanglement length.
This can be checked from the plot of the internal distances R(|n−m|)
(see Fig. 2.5). The plateau 〈R2(|n−m|)〉/|n−m|l20 ≈ C∞ expected for
the infinitely long Gaussian chain is already reached for the distances
|n−m| ∼ Ne.

Simulation details

Our simulations are aimed to provide information about properties of
macroscopic samples of polymer melts. However, the maximum num-
ber of particles used in our simulation does not exceed 1.5 × 105 (see
Fig. 2.3) and the current computational resources do not allow to sim-
ulate significantly bigger systems. To avoid the finite size effects, the
periodic boundary conditions are activated in three directions in the
simulations. For more details see [74].

The choice of the size of the simulation cell was affected by two fac-
tors. The length of the box has to be longer than the average maximal

distance between the ends of the molecule 〈R2
e〉

1/2
=

√
ZNel20C∞, where

the number of entanglements in between the two ends Z is equal to 16
for all the simulated systems (see Fig. 2.3). Moreover, we have to bear
in mind that at least 100 molecules are needed to obtain good statis-
tics in the analysis of the branchpoint dynamics. The total number of
beads in a box, Nt, and its volume V were then adjusted according to
the relation for the typical number density of the melt in bead-spring
models ρn = Nt/V = 0.85σ−3.

All the simulations were performed at constant density, i.e. the box
volume V and the total number of particles Nt in the box were constant.
Moreover, a thermostat is introduced to maintain the average tempera-
ture of the system at the desired value, in our case it is 〈T 〉 = ǫ/kB. We
used the Langevin thermostat with a friction constant Γ = 0.5m0/τ0,
that has been proven to work well for polymer melts [71].

Equations of motion

In the molecular dynamics simulation the positions ri and momenta
pi = m0vi of the particles are propagated by the equations of motion.
When the Langevin thermostat is implemented, the Newton’s equations
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are replaced by the Langevin’s equations in this form:

dri
dt

=
pi

m0
,

dpi

dt
= Fi − Γpi + Fr

i (t), (2.4)

Fi is the conservative force acting on a particle i, defined as the to-
tal derivative of the potentials described by eqs. 2.1-2.3. Fr

i (t) is the
stochastic force and the term Γpi represents the drag force. These
two forces mimic the presence of a surrounding viscous medium in
the system, through the friction term (Γpi) and thermal kicks (Fr

i (t)).
The variance of the random force Fr

i (t) is given by the fluctuation-
dissipation theorem [25]:

〈
Fr

i (t) · Fr
j(t

′)
〉
= 6kBTΓδijδ(t− t′), (2.5)

where δij is the Kronecker delta and δ(t− t′) the Dirac delta function.
The equations of motion were integrated by the velocity-Verlet algo-

rithm [74]. This algorithm is implemented in ESPResSo in combination
with the Langevin thermostat [75]. In every step of the integration, the
algorithm saves the information about the old positions and velocities
at time t and updates the positions in the following manner [76]:

ri (t+∆t) = ri(t) + ∆tvi(t)

[
1−∆t

Γ

2

]
+

∆t2

2m0
Gi(t), (2.6)

where Gi(t) is the total force Gi = Fi + Fr
i . Instead of the direct

calculation of vi (t+∆t), half step velocities are firstly introduced:

vi(t+
1

2
∆t) = vi(t)

[
1−∆t

Γ

2

]
+

∆t

2m0
Gi(t). (2.7)

After this first stage of the integration, new forces at time (t + ∆t)
are calculated. In this point one faces a technical problem, because the
drag force is velocity-dependent and thus the force calculation requires
the velocity at time (t + ∆t), while we have only information about
half step velocities vi(t +

1
2
∆t). However, if the dependence between

the forces and velocity is linear, one can assume that at time (t+∆t):

m0ai(t+∆t) = Gi(t+∆t)− Γvi(t+∆t)m0. (2.8)

The variable ai =
dvi

dt
in the former equation stands for the acceleration.

Moreover, the velocities can be updated by using the values of the half
step velocities and the new accelerations:

vi(t+∆t) = vi(t +
1

2
∆t) +

∆t

2
a(t+∆t). (2.9)
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By combining eq. 2.8 and eq. 2.9 we obtain the full set of expressions
needed for the integration by the velocity-Verlet algorithm:

ai(t +∆t) =

Gi(t+∆t)
m0

− Γvi(t+
1
2
∆t)

1 + Γ∆t
2

(2.10)

vi(t+∆t) =

∆tGi(t+∆t)
2m0

+ vi(t +
1
2
∆t)

1 + Γ∆t
2

. (2.11)

The application of the Langevin thermostat has the advantage of
using a relatively large time step, because the damping term stabilizes
the equations of motion. In the production run we used the step ∆t =
0.01. On the other side, it must be noted that the stochastic term
in the equations of motion leads to a drift of the simulation box in
time, i.e., the momentum of the box is not zero. As a consequence,
the displacements of the particles in time are biased. This fact has to
be taken into account during the calculation of the dynamic properties.
Therefore in all our calculations the drift of the box was extracted from
the particle positions.

2.2 Systems and their preparation

Simulated systems

In Fig. 2.3 the simulated architectures are schematically drawn. We
simulated 3-arm symmetric and asymmetric stars, H-polymers, combs,
Cayley trees and linear chains. The numbers labeling each part of the
molecule in Fig. 2.3 represent the number of entanglements Z per each
branch/backbone portion. The length of every part can be calculated as
ZNe, with Ne the number of monomers per entanglement segment. The
molecular span of all the systems is equal to 16 entanglements. The ar-
chitectures of the simulated polymers were designed with the intention
to study the effect of topology on the dynamic properties of the mate-
rials. In particular, the T-shaped 882 star and Y-shaped stars (Y2214
and Y4212) differ in the possition of the short arm. The Cayley tree
has a structure similar to the symmetric 888 star, the only difference
are the side arms placed in the middle of the long main arms. Similarly,
the comb polymer is created by removing one of the three arms of the
Cayley tree. By comparing the dynamics of the Y-shaped asymmet-
ric stars with the H-polymer and comb we can clarify the changes in
the viscoelastic properties of the materials with increasing number of
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Figure 2.3: Scheme of the simulated systems: Ns represents the number
of branched polymers and Nc number of linear chains in the simulation
box. N is the number of beads per macromolecule. The red numbers
placed at each branch and backbone denote their lengths (Z) expressed
in multiples of the entanglement length Ne = 25. Blue numbers express
the composition of the mixtures, i.e. the ratio of the number of beads
belonging to the asymmetric 883 stars to the total number of beads of
the linear chains. In the text we refer to the particular system by its
big black label.

branchpoints.

Equilibration

The first step of the molecular dynamics simulations is the prepara-
tion of the system. This step is then followed by the equilibration and
production run. The time required for the relaxation of entangled linear
polymer melts scales as N3.4 with the length N of the linear chain. Thus
the longer and more entangled are the simulated chains, the more diffi-
cult is to prepare well-equilibrated systems. In the case of the branched
architectures the relaxation times are even longer (depending exponen-
tially on the arm length, see Introduction). The equilibration of such
big macromolecular systems as those shown in Fig. 2.3 with brute-
force MD simulations is very far from being feasible with the current
computational capabilities. Therefore we followed recently developed
equilibration methods, that combine Monte Carlo (MC) and MD sim-
ulations.
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Our equlibration procedure is based on the ideas introduced by Auhl
et al. [66] for linear chains. First we prepared systems of small linear
chains and 3-arm symmetric stars. The linear backbone and star arms
are one entanglement length long. These unentangled polymer melts
can be easily equilibrated by brute force, i.e. we placed randomly the
molecules in the box and run the molecular dynamics simulations till
the static properties of the system fluctuated around a given average
value. Consequently, we used the equilibrated linear and star molecules
as building blocks to construct the systems presented in Fig. 2.3. The
bonds between building blocks were created as follows. The bending
angles at the junction points of different building blocks were chosen
from the range (θmin; θmax). The maximum θmax of the chosen angle was
set to obey the equation 7 from [66] for the C∞ given for our model:

C∞ − 1

C∞ + 1
= [cos(θmax/2)]

2. (2.12)

The lower limit was fixed as θmin = 0.75θmax. This constraint for the
junction angles guarantees the correct target function C([n − m|) =
〈R2(|n − m|)〉/|n − m|l20 of the created architecture (see Ref. [66] for
details).

Afterwards, the generated macromolecules were placed randomly in
the simulation box. Random orientation and position of the molecules
in the box can lead to overlaps of beads and regions with extremely
high density. This undesired effect can be eliminated by the prepacking
procedure [66]. The prepacking procedure consists of a Monte Carlo
simulation in which the macromolecules are treated as rigid objects
performing large-scale motions. These motions include rotations, trans-
lations, reflections, inversions, and exchanges of two molecules pre-
serving their center-of-mass positions. The Monte Carlo moves are ac-
cepted only when they reduce the local density fluctuations [66]. The
reduction of the local density fluctuations is quantified by the variable
E = 〈n2

b〉−〈nb〉2, related to the number of particles nb found in a sphere
of radius d around every particle. During the prepacking procedure, the
value of d is lowered from the initial value 4σ to the final value 2σ, as
it was reported in [66]. The Monte Carlo simulation is stopped when
the acceptance of the Monte Carlo moves is approaching zero, i.e. fur-
ther moves do not lead to reduction of the local inhomogeneities. The
whole procedure starting from the linking of the building blocks till the
prepacking procedure is illustrated in Fig. 2.4.

Even if we eliminated the major part of overlapping beads during
the prepacking procedure, a small amount of beads placed very close to
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Figure 2.4: Schematic representation of the system preparation. Left:
Creating a bond (blue colour) between the building blocks (red lin-
ear chain and light blue symmetric star). Middle: Once the desired
architecture was obtained, it was placed randomly into the box. Right:
Prepacking procedure. A typical MC motion is the translation of the
molecule from its original position (black circle) to another region (red
circle) reducing the average density fluctuation.

each other remained. The application of the non-bonded potential in
the form presented in eq. 2.1 would lead to an extreme repulsive force
between the beads that are at distances much smaller than the bead
diameter σ, quickly resulting in numerical instabilities. Therefore we
first used the slow push-off method [66]. We run a short MD simulation
(∼ 106 steps) with a small time step ∆t = 0.001τ0 and modified LJ
potential. We capped the LJ forces of eq 2.1 at the critical distances
rfc, i.e. at distances smaller than rfc the force is fixed to the constant
value Fmax. The value of Fmax was raised slowly to avoid deformations
of our well-prepared architectures. Finally, when the particles tended
to avoid their overlap, the full LJ interaction was switched on.

The equilibration was finished with a standard MD run of about
108 time steps. We checked that the obtained configurations obeyed
the target function C([n−m|) and thus there were no deformations of
the internal structures caused during the equilibration. In Fig. 2.5 we
plot one example, the mean square internal distances for the side arms
and backbone of the H-polymer at the beginning of the production run
(i.e. right after the equilibration). There is no significant drift of the
target function during the production, as it can be expected in well
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equilibrated systems.
The 〈R2(|n−m|)〉/|n−m| function can be used for the estimation of

the chain stiffness. In particular, the average value of the characteristic
ratio can be extracted from the plateau of the average target function.
For this purpose we chose the configurations of 888 symmetric stars,
because in this case the statistics can be improved by averaging the tar-
get functions over 3 equal star arms. We calculated the average target
function from 20 partial target functions collected at different times of
the simulation run. This function together with the error bars is shown
in Fig. 2.5 (red points). The average value of C∞ was then determined
from the long-distance plateau C∞l

2
0. In order to avoid possible sta-

tistical effects of the end fluctuations (the larger the distance between
beads |n − m|, the less pairs available in the average procedure), we
did not take into account the points of the average target function at
the distances bigger than 150. The estimated value of the characteristic
ratio was C∞ = 3.67 ± 0.10. The time step for this last equilibration
run as well as for the production runs was ∆t = 0.01τ0.
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Figure 2.5: Mean square internal distances for the H-polymer at the
beginning of the production run (i.e. right after the equilibration). The
data for the short arms were averaged over 4 equal side arms. Dashed
lines set bounds to the mean value of characteristic ratio C∞ = 3.67±
0.10 multiplied by the squared bond length l20. The mean value of C∞
was estimated from the plateau C∞l

2
0 of the target function for the 888

star (red points) averaged over 20 partial target functions calculated
at different times of the simulation run.

Monte Carlo runs were performed serially (duration approximately
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1 month), MD equilibration runs were performed only with low paralel-
lization (up to 8 processors). All the simulation runs were performed
by using the ESPResSo simulation package [75] and analyzed by our
home-made codes. We use the ergodic hypothesis in the analysis and
assumed that the average of a given variable over time and the average
over the statistical ensemble are the same [74]. Therefore, we performed
average of observables over different time origins of the same run. The
ergodic hypothesis is only valid in well-equilibrated systems (see above
for more details about the proper equilibration). The production runs
were performed by the use of supercomputer devices. High paralleliza-
tion was needed to reach the long time regime (typically up to 4× 109

MD steps). The estimated total CPU time for the production runs was
of 3.5× 106 core-hours. Runs were performed at supercomputers Curie
(PRACE program), CESGA, HLRS (HPC-Europa2 program) and JU-
ROPA (ESMI program).



3. Dynamics of symmetric

systems

In this chapter we investigate the dynamics of polymers with lin-
ear, symmetric star-like and Cayley tree-like topology. Cayley trees
and 888 stars belong to symmetric systems, because the structure and
length of the three arms stemming from each central branch point are
the same (see Fig. 2.3). The linear chain can be treated as a 2-arm
star with equally long arms. We analyze dynamic tube dilution by
confronting simulation results with a theoretical model developed by
Laurence Hawke and Daniel Read (University of Leeds).

3.1 Relaxation mechanisms observed in MD

simulations

We start with the description of the relaxation mechanisms of the
studied systems obtained directly from the simulation data. The time
evolution of the monomer mean square displacement (MSD), 〈∆r2(t)〉,
provides valuable information about the microscopic dynamics of the
system. This quantity, which is often difficult to access in experiments,
can be easily computed from the simulation data. Moreover, by com-
puting the MSD of specific segments along the macromolecule, we may
shed light on the role of the macromolecular architecture on the inter-
nal relaxation mechanisms. In our analysis of the simulation data, we
have divided the macromolecules into segments of length equal to one
entanglement (Ne = 25 monomers). The corresponding MSD of differ-
ent segments in the three investigated systems are shown in Figs. 3.1
and 3.2. We note that in Figs. 3.1 and 3.2 the time axis is expressed
in simulation units τ0. The notations in the legends for the different
data sets must be understood as follows. We treat the linear chain as
a 2-arm star with the branch point in the center of the backbone, i.e.,
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the arms have Z = 8 entanglement segments, as in the 3-arm stars. We
label the entanglement segments in each arm of the linear chains and
stars as e = 1, 2, ...8, by following the path from the branch point to
the outermost monomer in the same arm. Obviously, for each entangle-
ment segment in a given arm there are, by symmetry, other equivalent
segments in the other arms and accordingly the corresponding MSD
is averaged over them. In the case of the Cayley trees we do not in-
clude in Fig. 3.2 the data for the short side branches (Z = 2), and the
entanglement segments are labelled in the same way as in the linear
chains and stars. Thus, we label the segments as e = 1, 2, ...8, by fol-
lowing the path of length Z = 4 from the central branch point to one
of the three outer ones, and from there to the outermost monomer in
the same branch of Z = 4 (see Fig. 2.3). Again, the MSD is averaged
over equivalent segments in the three long arms.

 1

 10

 100

 1000

 10  100  1000  10000  100000  1e+06  1e+07

<∆
r2 >

t

t0.6

linear e=1
linear e=2
linear e=3
linear e=4
linear e=5
linear e=6
linear e=7
linear e=8

star e=1
star e=2
star e=3
star e=4
star e=5
star e=6
star e=7
star e=8

Figure 3.1: MSD of the entanglement segments (see text) in the linear
chains and symmetric stars.

In Fig. 3.1 we compare data of the linear chains and symmetric
stars. In Fig. 3.2 the comparison is done for the linear chains and Cayley
trees. Up to the entanglement time τe ≈ 1800 (see Ref. [47]), the MSD
of the different segments follow Rouse behaviour. The data are better
described by an effective power-law 〈∆r2〉 ∼ t0.6 than by the strictly
Rouse-like behaviour 〈∆r2〉 ∼ t1/2. This small difference may originate
from non-Gaussian correlations (not included in the Rouse model) at
N < Ne, which are related to the semiflexible character introduced by
the bending potential (eq. 2.3).

At the entanglement time τe ≈ 1800 the different segments start to
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Figure 3.2: MSD of the entanglement segments (see text) in the linear
chains and Cayley trees.

probe the topological constraints, and the MSD progressively deviates
from the Rouse behaviour. In the usual picture for linear chains, the ini-
tial fluctuations of the monomer along the primitive path are described
as Rouse dynamics of the curvilinear coordinate (‘Rouse in tube’ dy-
namics) [77]. The consequence of this for the real-space monomer dy-
namics is that the MSD scales as 〈∆r2(t)〉 ∼ t1/4. As aforementioned,
the Rouse regime 〈∆r2(t)〉 ∼ tx in our system is characterized by an
exponent x = 0.6 instead of the ideal value x = 1/2. Accordingly, we
may expect that the characteristic exponent for the ‘Rouse in tube’ dy-
namics is x = 0.3 instead of the ideal value x = 1/4. Figs. 3.3 and 3.4
show the ratio 〈∆r2(t)〉/t0.3. In this representation the ‘Rouse in tube’
regime is recognized as a plateau for t > τe. Most of the segments in
the three investigated architectures exhibit this behaviour for at least
a portion of the time window τe < t < τR, where τR is the Rouse time,
i.e., the time scale for the longest internal chain modes [25]. This can
be estimated as τR = τe(Na/Ne)

2 ≈ 105, with Na = 200 the number of
monomers per long arm. Data of some specific segments do not obey
the mentioned overlap, namely the outermost segments (e = 8) and
the segments directly attached to the branch points (e = 1 in stars and
Cayley trees, as well as e = 4 and 5 in Cayley trees).

In the case of the outermost segments e = 8, the data reveal a
much faster behaviour than the plateau regime 〈∆r2(t)〉/t0.3 ∼ t0. This
can be understood as follows. The intramolecular conformation can
perform strong fluctuations in the neighborhood of the free ends, since
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Figure 3.3: MSD of the entanglement segments in the linear chains and
symmetric stars normalized by t0.3.
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Figure 3.4: MSD of the entanglement segments in the linear chains and
Cayley trees normalized by t0.3.

the segments there are weakly affected by the topological constraints.
As a consequence, the primitive path near the chain ends is almost fully
relaxed by simple Rouse dynamics at t < τe. As can be seen in Figs. 3.1
and 3.2 the initial Rouse behaviour is indeed weakly perturbed up to
time scales of t ∼ τR ≫ τe. Moreover this feature does not depend on
the specific intramolecular architecture up to long time scales. Thus,
the MSD of the outermost segments e = 7, 8 of the linear chains is
indistinguishable from the corresponding data for the stars and Cayley
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trees up to times of t ≥ τR. In summary, for times t < τR, the outermost
segments do not probe the specific relaxation mechanisms associated
to each intramolecular architecture. For longer times, the MSD of the
outer segments of both the star and Cayley tree architectures is smaller
than that of the corresponding segments of the linear chain. This is
because the outer segments remain attached to more slowly relaxing
inner sections of chain; although they can easily escape their own tube
constraints, they cannot move large distances because of entanglement
constraints on the rest of the chain.

In the case of the segments directly attached to the branch points,
the data exhibit a clear slowing down with respect to the ‘Rouse in
tube’ dynamics of other segments. We will see that this effect essentially
originates from the threefold connectivity of the branch point, and that
branch point dynamics can still be explained by considering local Rouse
motion in a tube (see Section 3.2.2).

Thus, with the mentioned exception of the outermost segments, the
MSD exhibits universal ‘Rouse in tube’ dynamics over a certain time
window after the entanglement time, even if the segments are not placed
in linear chains but in arms of branched architectures. However, rather
evident differences between the different architectures emerge at longer
times t > τR. Thus, the overlap in the MSD of the inner segments
(e < 3) persists in the linear chains, and the scaling behaviour changes
from 〈∆r2(t)〉 ∼ t0.3 to 〈∆r2(t)〉 ∼ t1/2. These features are consistent
with the expected reptational mechanism for inner segments at long
times. In contrast with the observation for linear chains, the MSD for
t > τR spreads out dramatically in the stars. Since the three long arms
(Z = 8) are equivalent and relax in the same time scale, there is not
a common tube over which the whole star can reptate at long times.
Instead, relaxation occurs by deep contour length fluctuations (arm
retraction). Because this mechanism involves a large entropic cost, the
mobility of the segments in the stars is progressively reduced as the
branch point is approached. The data in Fig. 3.1 evidence a broad
distribution of relaxation times along the arm contour. Thus, at the
end of the simulation (t ∼ 2 × 107) the difference between the MSD
of the outermost and innermost segments of the star arms is about a
factor 10. The expected ultimate merging of all data sets will occur at
time scales far beyond the simulation limits.

For the same reason discussed above, reptation in Cayley tree is not
possible either. Again, relaxation occurs via arm retraction, leading to
variation in mobility along the arm contour. However, unlike in stars,
this variation is not monotonic with respect to the location of the seg-
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ment along the arm. Thus, in a broad dynamic window the segments
directly attached to the outer branch points (e = 4, 5) are more re-
stricted than some inner segments that are closer to the central branch
point (e = 2, 3) (see Figs. 3.2 and 3.4). This behaviour is found at time
scales before full relaxation of the short side branches. This can be esti-
mated from the normalized orientational correlator (see Section 4.2.2)
C(t) = 〈Re

s(t) · Re
s(0)〉/〈Re

s(0)
2〉, where Re

s is the end-to-end vector
of the short side branch. We find C(t) < 0.05 for t > 106. At much
longer times after full relaxation of the short branches, the MSD of the
different segments of Cayley tree recovers the monotonic behaviour of
the segment mobility with respect to location of the segment along the
arm, as observed in the stars i.e. segments e = 4, 5 now have a larger
MSD than segments e = 2, 3. This feature can be clearly seen in the
〈∆r2(t)〉/t0.3 representation in Fig. 3.4 and is consistent with the idea
of hierarchical relaxation. After the short side branches relax they act
as source of extra friction, for motion of the main arms, and the Cayley
tree is reduced to an effective symmetric star.

3.2 Theoretical model

After the initial observations of the relaxation mechanisms in sym-
metric systems, we confront our simulation results with the theoretical
predictions. We do not limit our comparison to the well-known models
of hierarchical relaxation, we aim to get a full description of the branch-
point dynamics, that these models usually fail to descibe. To provide a
basic model with which to compare simulation results we started a col-
laboration with Laurence Hawke and Daniel Read from University of
Leeds. They have derived expressions for the MSD of monomers in the
Rouse model for star-like architectures. These expressions have been
obtained for both free chains and, in order to model localization due
to entanglements, chains where monomers are localized by a quadratic
potential [78, 79, 80, 81, 82, 83] (see next subsection). A similar calcu-
lation was attempted for linear chains by Vilgis and Boué [80] but their
expressions do not reduce to the Gaussian chain result at equilibrium
because they do not include the contribution of the mean path. The
equations derived by the group in Leeds correct this point, and can be
used for linear chains if these are treated as two-arm stars. By using
the continuous chain Rouse model, some complications inherent to the
molecular dynamics model are ignored, such as the discrete nature of
the beads or the bending potential (eq. 2.3). Nevertheless, the expres-
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sions provide a starting point for the analysis of monomer motion near
branch points in the MD simulations. It must be stressed that these
expressions refer only to local branch point motion within the tube and
not to the diffusive steps [15, 47, 84, 56] (curvilinear hopping) that a
branch point undertakes after an arm has fully escaped from its tube.
The mathematical solutions of the theoretical model were derived by
Laurence Hawke and Daniel Read. The process of obtaining the ex-
pressions for the MSD of monomers in the Rouse model with localizing
spring was one of the objectives of the thesis of Laurence Hawke, so in
the following section we will just resume the most important facts and
report the results of his theoretical work. The whole derivation of the
equations for the MSD can be found in Ref. [85].

3.2.1 Rouse dynamics

For an unentangled star polymer, the Langevin equation and the
free energy read, respectively [24, 25]

ζ0
∂rα,ℓ,t
∂t

= k
∂2rα,ℓ,t
∂ℓ2

+ g(α, ℓ, t) (3.1a)

FR =
k

2

f∑

α=1

Na∑

ℓ=0

(
rα,ℓ+1,t − rα,ℓ,t

)2
=
k

2

f∑

α=1

∫ Na

0

(∂rα,ℓ,t
∂ℓ

)2

dℓ (3.1b)

where r = rα,ℓ,t is the position vector of the ℓth segment in the arm α
at time t. The Rouse segments in each arm are labelled ℓ = 0, 1, ..Na

starting from the branch point where ℓ = 0 and ending at the arm tip
where ℓ = Na (see Fig. 3.5).

The drag is uniformly distributed all over the chain with each seg-
ment carrying an effective drag of ζ0. The factor k = 3kBTb

−2 is the
entropic spring constant, where b is the segmental length. The term
g(α, ℓ, t) is the Brownian force on the ℓth segment of the arm α with av-
erages 〈g(α, ℓ, t)〉 = 0 and 〈gµ(α, ℓ, t)gν(β, ℓ′, t′)〉 = 2ζ0kBTδ(ℓ−ℓ′)δ(t−
t
′

)δαβδµν . Indices µ and ν denote cartesian coordinates while α and β
are used to label different arms. The boundary conditions of eq 3.1a are
determined by the specific polymer architecture (linear, star, Cayley,
comb, etc.) [85].

During the derivation of the expressions for MSD, the approxima-
tion that the fast Rouse modes (small wavelengths) dominate the dy-
namics was made [85]. Therefore, the expressions derived by Laurence
Hawke and presented in Table 3.1 are strictly valid for t ≪ τRa

where
τRa

is the Rouse relaxation time of an arm given by τRa
= τmonN

2
a with

τmon = ζ0b
2(3π2kBT )

−1.
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Figure 3.5: Left: Schematic illustration of an unentangled star. The
position vector r = rα,ℓ,t of the ℓth segment in arm α at time t is
shown. Right: The entanglements are modeled by localizing springs
(constraints). The thick black line shows the mean path.

In these expressions, Φ(x) is the error function given by Φ(x) =
2√
π

∫ x

0
e−u2

du and t̃Ra
= |t− t′|τ−1

Ra
is the time normalized by the arm

Rouse time. The terms 〈(rα,ℓ,t − rα,ℓ′,t′)
2〉 and 〈(rα,ℓ,t − rβ,ℓ′,t′)

2〉 refer,
respectively, to the MSD of segments in the same and in different arms.
The expressions of Table 3.1 are consistent in the limit case of linear
chains. Indeed if we set f = 2 they provide the well-known Rouse be-
haviour for the segmental motion of unentangled linear chains. At equi-
librium (t = t′) The Gaussian chain limit is recovered independently of
f .

3.2.2 Entangled dynamics

In a polymer melt, the entanglements imposed by the surrounding
chains on a test chain localize it in space. This effect is not incorpo-
rated in eqs. 3.1, which refer to a free chain. Therefore, for describing
effects due to entanglements, an alternative model is required. Laurence
Hawke and Daniel Read from the University of Leeds followed the ear-
lier works [78, 79, 80, 81, 82, 83] and localized each segment (α, ℓ) of
a Rouse chain by a harmonic potential centered at a fixed point Rα,ℓ

(Fig. 3.5 right) in order to model the entanglement effect. The strength
of the potential was parameterised by hs. One may consider the poten-
tial as a virtual anchoring chain with Ns segments, where Ns = h−1

s .
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Table 3.1: MSD of unentangled stars, author Laurence Hawke [85]
MSD Expression

〈(rα,ℓ,t − rα,ℓ′,t′)
2〉 2Nab2

π1.5

√
t̃Ra

exp

(
−π2

4t̃Ra

|ℓ−ℓ′|2
N2

a

)
−

2(f−2)Nab2

fπ1.5

√
t̃Ra

exp

(
−π2(ℓ+ℓ′)2

4N2
a t̃Ra

)
−

(f−2)b2(ℓ+ℓ′)
f

[
Φ
( π(ℓ+ℓ′)

2Na

√
t̃Ra

)
− 1
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b2|ℓ− ℓ′|Φ
(

π|ℓ−ℓ′|
2Na

√
t̃Ra

)
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2〉 b2(ℓ+ℓ′)
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[
(f − 2) + 2Φ

( π(ℓ+ℓ′)

2Na

√
t̃Ra
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4Nab2

fπ1.5

√
t̃Ra

exp

(
−π2(ℓ+ℓ′)2

4N2
a t̃Ra

)

〈(rα,ℓ,t − rα,ℓ,t′)
2〉 2b2ℓ

(
f−2
f

)[
1− Φ

(
πℓ√
t̃Ra

Na

)]
+

2Nab2

π1.5

√
t̃Ra

[
1−

(
f−2
f

)
exp

(
−π2ℓ2

t̃Ra
N2

a

)]

〈
(
rα,0,t − rα,0,t′

)2〉 2
f
2Nab2

π1.5

√
t̃Ra

The Langevin equation and the free energy in this model read, respec-
tively:

ζ0
∂rα,ℓ,t
∂t

= k
∂2rα,ℓ,t
∂ℓ2

+ khs(Rα,l − rα,ℓ,t) + g(a, ℓ, t) (3.2a)

F =
k

2

f∑

α=1

Na∑

ℓ=0

[(
rα,ℓ+1,t − rα,ℓ,t

)2
+ hs

(
Rα,l − rα,ℓ,t

)2
]

(3.2b)

where the additional terms (compared to eqs 3.1) involving hs arise
from the localizing potential. Each segment fluctuates about a position
averaged over the entanglement relaxation time τe (since the Rα,ℓ’s are
fixed). Therefore, the position vector of each segment can be expressed
as

rα,ℓ,t = r̂α,ℓ +Dα,ℓ,t, (3.3)

where r̂α,ℓ is the time-independent average position of the ℓth Rouse
segment in the arm α and Dα,ℓ,t denotes the fluctuations about the
average position. When all average positions are connected the mean
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path is obtained. As shown in Ref. [83], the mean path is obtained from
eq 3.2b by requiring that ∂F/∂r = 0 at r = r̂α,ℓ, which yields

Rα,ℓ = r̂α,ℓ −
1

hs

(
r̂α,ℓ+1 + r̂α,ℓ−1 − 2r̂α,ℓ

)

= r̂α,ℓ −
1

hs

∂2r̂α,ℓ
∂ℓ2

(3.4)

When eq. 3.4 is substituted into eq. 3.2b the free energy can be
rewritten, in the continuous chain limit, as a sum of two independent
contributions:

F =
k

2

f∑

α=1

∫ Na

0

[(∂r̂α,ℓ
∂ℓ

)2

+
1

hs

(∂2r̂α,ℓ
∂ℓ2

)2
]
dℓ

︸ ︷︷ ︸
mean path

+

k

2

f∑

α=1

∫ Na

0

[(∂Dα,ℓ,t

∂ℓ

)2

+ hsD
2
α,ℓ,t

]
dℓ

︸ ︷︷ ︸
fluctuations

(3.5)

one depending only on the mean path (first term) and another depend-
ing only on the fluctuations about the mean path (second term). From
the above equation it is apparent that the mean path contribution con-
tains the usual Gaussian chain stretching energy term, (k/2)(∂r̂α,ℓ/∂ℓ)

2,
and a second term (k/2)h−1

s (∂2r̂α,ℓ/∂ℓ
2)2, which penalises bending of

the mean path. Equation 3.5 itself is adequate enough for the descrip-
tion of the equilibrium configuration of the chain, but does not provide
any information on the conformational changes of the chain as a func-
tion of time.

To obtain the expressions for the MSD of the entangled stars one
needs to examine the time evolution of the fluctuation term Da,ℓ,t. Sub-
stitution of eq. 3.4 in eq. 3.2a gives the appropriate Langevin equation

ζ0
∂Da,ℓ,t

∂t
= k

∂2Da,ℓ,t

∂ℓ2
− khsDa,ℓ,t + g(a, ℓ, t). (3.6)

The above equation can be represented in terms of tube coordinates
by making the transformations s = ℓ/Ne, a

2 = Neb
2 (with a the tube

diameter) and t̃e = |t− t′|/τe = (Na/Ne)
2t̃Ra

. Consequently, Dα,s,t can
be expanded as a series of eigenmodes and this expansion is used in the
derivation of the final expressions for MSD [85]. For details regarding



3.2. Theoretical model 35

the derivations the reader is referred to the Appendix in [85]. We only
present the final expressions for MSD that are necessary for the further
comparison of the theoretical model with simulation data.

The results are summarized in Table 3.2. The factor kb appearing
in the expressions is equal to Ns/N

2
e . The appropriate selection for kb,

according to Read et al. [83], is kb = 1/4.

Table 3.2: MSD for entangled stars, author Laurence Hawke [85]

MSD Expression
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At this point it must be reminded that it was assumed in the theo-
retical model that motion is dominated by fast Rouse modes. Therefore,
the expressions presented in Tables 3.1 and 3.2 are valid for timescales
much smaller than the Rouse time of the arm, τRa

, and for segments
close to the central branch point. Thus, in the next Section we will
limit the comparison between the theoretical MSD and the simulation
results to the case of the branch point, since it exhibits only a weak
relaxation within the MD window (see Figs. 3.1 to 3.4).

3.3 Quantitative evaluation of molecular

dynamics data

3.3.1 Simulations with fixed chain ends

As discussed in Section 3.1 (Figs. 3.1 to 3.4), in the MD simulations
of entangled stars and Cayley trees several relaxation modes are active
at different timescales. At early times t < τe the dynamics of the chain
is dominated by Rouse motion. The Rouse regime is followed by local
reptative motion (‘Rouse in tube’ dynamics) and by arm retraction de-
pending on the position of the segment along the arm. Additionally, arm
retraction contributes continuously to constraint release [15]. Since the
theoretical expression for the segmental self-motion (〈(rα,s,t − rα,s,t′)

2〉
of Table 3.2) accounts only for internal Rouse modes its validity should
be tested initially against MD simulations where all other relaxation
mechanisms are to a high degree inactive. Accordingly, in the regime
where such mechanisms are not effective we do not expect significant
differences between the motion of the branch point in the simulated
stars and that of the central branch point in the Cayley trees. In the
remainder of the chapter the data presented for the branch point mo-
tion in the Cayley tree must be understood as that of the central branch
point.

With these ideas in mind, we have performed additional MD sim-
ulations of symmetric stars and Cayley trees in which the ends of the
long and short arms are fixed in space. This suppresses arm retraction,
as well as constraint release driven by arm retraction, and therefore it
provides information that can be directly compared with the theoretical
results of Section 3.2.2. The corresponding MSD with their error bars,
obtained from MD with fixed ends, for segments close to the branch
point are shown in Fig. 3.6 with open symbols. Specifically, open red
circles and open blue circles refer to the MSD of the branch point in
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the star and Cayley tree, respectively. In the same figure their average
MSD (up to time scales of t ∼ 106 for which data for both branch
points exist) is also shown with small close triangles. For improving
statistics, the MSD is averaged over ten monomers, namely the branch
point and the three nearest monomers in each arm. We shall refer to
this group of ten monomers as ‘the branch point’ of the simulation. As
expected, the results confirm that on the time scales relevant for our
combined study there are no differences, within statistics, between the
MSD of the branch point in the star and Cayley tree.
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Figure 3.6: MD results for the MSD of the branch point of the symmet-
ric star (open red circles) and of the central branch point of the Cayley
tree (open blue circles) with their respective error bars. The close small
triangles refer to the their average MSD up to t ∼ 106. The full grey line
corresponds to the theoretical MSD without including the early tube
dilation process. The dashed grey line represents an attempt to describe
the whole spectrum of the data with different set of parameters. The
black line shows the theoretical prediction when early tube dilation is
taken into account. The theoretical predictions (lines) were obtained
by using the expressions derived by Laurence Hawke (Table 3.2).

Fig. 3.6 also includes the theoretical prediction (author Laurence
Hawke) as a full grey line. In a similar manner to the average performed
in the MSD of the simulations, we have averaged over the MSD for the
continuous chain between s = 0 and s = 3N−1

e for each arm. The
same procedure is performed in the comparison with the case of free
ends (see Fig. 3.13 and explanation below). The theoretical MSD has
been constructed by using the parameters a2 = 38 and τe = 1200. By
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adjusting the parameters a2 and τe we can obtain agreement between
the predicted MSD and simulation data in the Rouse regime or/and
in the apparent plateau region, but so-obtained MSD curves fail in
the description of the crossover between these two regimes at times
2000 < t < 105. One example of such theoretical curve with a set of
parameters a2 = 49, τe = 2000 is shown in Fig. 3.6 with dashed grey
line. Thus the values of a2 = 38 and τe = 1200 were forced in order
to match the theoretical and the simulation MSD in the Rouse and
crossover regime (compare symbols and full grey line in the inset of
Fig. 3.6 in the interval 10 . t . 105). Obviously, since the theoretical
model predicts Rouse dynamics at t → 0, it does not account for the
early ballistic motion observed in MD (see timescales t < 10 in the inset
of Fig. 3.6). The theoretical entanglement time τe = 1200 is somewhat
smaller than the value τe = 1800 estimated from previous simulation
MSD [47]. Nevertheless, taking into account, that local stiffness effects
in the simulated chains are not implemented in the theoretical model
and that there are some uncertainties in the method of τe estimation
from the simulation, these two values of entanglement time are in a
relatively good agreement.

The most noticeable feature in Fig. 3.6 is that at times significantly
beyond τe (i.e. times greater than 104), the MD data continue to rise
whilst the theoretical MSD forms a clear plateau. The plateau in the
theory is fully expected since no other relaxation mechanism, except
internal Rouse motion, is included [85]. In contrast, the MD data clearly
indicate that, even if the arm ends are fixed, branch points remain free
and it seems they can experience some relaxation of the entanglement
constraints. This relaxation occurs after the branch point has explored
its initial entanglement cage at the timescale τe.

A possible interpretation of this observation is that there is some
process occurring after τe, giving rise to an apparent slow relaxation of
the branchpoint localization. We refer to this process as a ‘tube dila-
tion’, as it shares some features with the processes softening the tube.
However, we should bear in mind, that this process is not a dilution in a
sense of widening of the tube due to ‘standard’ constraint release from
arm retraction and removal of entanglements of surrounding chains,
because this relaxation mechanism is absent in this simulation. Indeed
the mean path cannot relax since the arm ends are fixed and progres-
sive dilution of the entanglement network mediated by the retraction
of the arms is not possible. We can only speculate as to the mecha-
nisms involved in this early ‘tube dilation’ process. It could be due to
tension equilibration along the constraining chains, which might relax
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some of the localizing potential and would occur at the Rouse time of
the arms. In an earlier work Zhou and Larson [86] investigated, by MD
of a similar bead-spring model, melts of linear chains with fixed chain
ends. They also reported tube dilation and attributed it to a new type
of constraint release (see Fig. 7 in Ref. [86]), called ‘end looping’ con-
straint release (ELCR), which occurred through Rouse motion. ELCR
in melts of linear chains has also been studied at the level of primitive
paths [21]. However, for strongly entangled chains this process is only
effective near the chain ends [86], and we do not expect it to be relevant
for relaxation of the branch point in the systems investigated here.

Figure 3.7: For a selected star in the simulations with fixed ends, tra-
jectory of the branch point (orange dots) and mean paths of the three
arms (black, blue and green). Perspective depth is used. A deep fluc-
tuation of the branch point along the green arm is clearly observed.

An alternative possibility is that the branch point makes short ex-
cursions along the tubes of each arm (‘diving modes’ [87]), which in
entropic terms are not so unfavourable as end looping. A precise char-
acterization of the microscopic mechanisms involved in the early tube
dilation process is beyond the scope of this thesis. Still, it is worth
mentioning that visual inspection of branch point trajectories, in the
MD simulations with fixed ends, gives some indications of the diving
modes. Concretely, the branch point diving can be seen in roughly half
of the branch point trajectories of Cayley tree and symmetric stars.
Fig. 3.7 shows an example for a selected star. Orange dots represent
the trajectory of the branch point (plotted at intervals of t ∼ 0.1τe).
The three curves formed by the black, blue and green lines are the
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‘mean paths’ of the three arms. These have been obtained by averaging
the monomer positions over the whole trajectory of the simulation with
fixed arms, and provide an estimation of the tube contour. The shape
of the trajectory in the figure is not spherical and reveals a deep explo-
ration of one of the tubes (green arm) by the branch point. Such a deep
withdraw of the branch point in only one particular direction occurs
rarely, in the most cases the trajectory has an elliptical or triangular
shape, indicating much milder branch point excursions in two or three
arm tubes.

Irrespective of its origin, we wish to quantify the magnitude of this
apparent ‘tube dilation’ process. This is so that when we (later) con-
sider simulations in which the arm ends are not fixed, and constraint
release is active, we can consider the additional, and much stronger,
rescaling of the tube diameter due to constraint release, assuming that
this acts as an independent process. We assume that the tube enlarge-
ment depends weakly on time so there is a separation of timescale
between fast Rouse motion within the tube and a slower ’tube en-
largement’ process. Therefore, the expression for 〈(rα,s,t − rα,s,t′)

2〉 in
Table 3.2 may still be used after rescaling appropriately the model
parameters as

a2(∆t) =
a2

g(∆t)
, τe(∆t) =

τe
g2(∆t)

, s(∆t) = s0g(∆t) (3.7)

where ∆t = |t− t′|. Under this renormalisation the early Rouse-in-tube
behaviour remains unchanged. The term g(∆t) is a slowly varying tube
dilation function which is obtained by minimising the error between
the theory and the averaged branch point MD data (i.e. the small
close triangles of Fig. 3.6) using trial values in the range [0, 1]. The
so-obtained function g(∆t) can be fitted to

g(∆t) =

{
g0 + g1, if ∆t ≤ t0

g0 + g1 exp
(
− (∆t− t0)/τg

)
, if ∆t > t0

(3.8)

with g0 ≈ 0.75, g1 ≈ 0.25, τg ≈ 22600.0, and t0 = 5010.0 for both
stars and Cayley trees (since the respective MSD from simulations are
identical within statistics). The black line in Fig. 3.6 represents the
theoretical MSD of the branch point after incorporating the effect of
tube dilation as described above. It is worth mentioning that g(∆t) at
the longest MD time approaches a value of 0.75, which can be inter-
preted as an increase of the original tube diameter a of the order of
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15%. The effective relaxation time τg for the tube dilation is about five
times smaller than the Rouse relaxation time of an arm.

Having analyzed the mean square displacement for the branch point
in the MD with fixed arm ends, we can move on to assess the effects of
constraint release in the case of the free ends. We present our findings
in the following subsection.

3.3.2 Simulations with free chain ends

Now we turn our attention to simulations with free ends (i.e. the
‘standard’ constraint release is now active). As aforementioned, it is well
established that relaxation in symmetric star-like architectures does
not occur by reptation, but via activated contour length fluctuations
(CLF), also referred to as arm retraction [15]. When these fluctuations
are deeper than an entanglement spacing the chain has to manoeuvre
around the entanglements in order to fluctuate. This process is associ-
ated with an entropic penalty. As the CLF from the arm tip towards
the branch point become deeper, the conformation that the chain has
to adopt becomes entropically more unfavorable. This leads to a very
broad distribution of relaxation times, as demonstrated in Figs. 3.1 to
3.4. In particular, the separation of relaxation timescales along a star
arm is exponential [15]. During arm retraction constraint release is also
occurring. When chains escape from their original tubes (by arm re-
traction), they induce constraint release events on other chains. Thus,
the molecular strands of the arms that are still unrelaxed (entangled)
after a waiting time t, are able to explore a wider tube than the origi-
nal one. Because of the broad spectrum of relaxation times, this tube
dilation process due to CR is typically modeled as an effective dilu-
tion of the entanglement network (see section 4.3.2 of Ref. [15]). This
approach is referred to as the ‘dynamic dilution hypothesis’ [15]. Our
present simulations represent an opportunity to test this hypothesis.

For both studied systems the time τa taken for a complete retraction
of the long arm (Z = 8) is not reached within the MD window. Thus, at
the upper limit (2×107) of the simulation time window there is an arm
fraction of ≈ 0.3 and ≈ 0.4 in the star and the Cayley tree, respectively,
that is still unrelaxed (see below). We take this fact into consideration
and assume that branch point dynamics is still governed by chain mo-
tion within a localizing potential at the end of the MD. If we make use
of the dynamic dilution hypothesis, and assume that constraint release
provides an additional rescaling of the tube diameter over and above
the early tube dilation process discussed in subsection 3.3.1, we expect
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that the model parameters can be renormalized in this case as

a2(∆t) =
a2

g(∆t)ψαd(∆t)
,

τe(∆t) =
τe

g(∆t)2ψ2αd(∆t)
,

s(∆t) = s0g(∆t)ψ
αd(∆t), (3.9)

where ψ(∆t) is the fraction of material that is still entangled (un-
relaxed) after a waiting time (∆t). The exponent αd is the so-called
dilution exponent, often assumed to be 1 or 4/3. In our calculations we
have investigated both values of αd (see Fig. 3.13). The factor g(∆t) is
the function obtained in the previous section (eq. 3.8) describing the
early tube dilation process. The dilution function ψ(∆t) corresponds
to the tube survival probability [15]. We can estimate it directly from
the simulations as follows. Following the original work of Doi and Ed-
wards [25], we formulate the tube survival probability in terms of the
tangent correlation function and specify it for the case of a three-arm
symmetric star:

ψℓ(t) = 〈uα,ℓ,0 · (Re
α,t +B′Re

β,t + C ′Re
γ,t)〉. (3.10)

In this equation uα,ℓ,0 = ∂rα,ℓ,0/∂ℓ represents the tangent vector at the
ℓth segment in the arm α at time 0. Re

α,t = rα,Na,t− rα,0,t is the end-to-
end vector of the arm α at time t. The three indices α, β, γ ∈ {1, 2, 3}
are different and denote the three arms of the star. The numerical
coefficients B′ and C ′ provide the weight of the correlations between
the arm α and the other two arms β and γ.

Equations similar to eq 3.10 have been proposed [88, 89], but us-
ing the mean path rather than the chain coordinates. The difference
between these two approaches is that the mean path includes an aver-
age over short-time internal modes of the chain. With suitably chosen
coefficients B′ and C ′, eq. 3.10 does not decay due to local Rouse mo-
tion of the chain within the tube, and so it is not necessary to use the
mean path. We demonstrate this by evaluating eq. 3.10 for unentangled
three-arm symmetric stars. To do so, the tangent vector uα,ℓ,0 and the
end-to-end vectors Re

α,t, R
e
β,t, R

e
γ,t should be expressed in terms of the

Rouse modes [85]. Regarding the coefficients B′, C ′, we consider first
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the case B′ = C ′ = −1/2 (‘half-correlation’). The final expression reads

ψℓ(t) =
4b2

π

∑
p

1
2p−1

×
[
cos

(
(2p−1)πsℓ

2

)
sin

(
(2p−1)π

2

)
exp

(
−t̃Ra

(2p−1)2

4

)]
,

(3.11)

where sℓ = ℓ/Na and t̃Ra
= t/τRa

. In Fig. 3.8 eq. 3.11 is plotted (solid
lines) as a function of the normalized time t̃Ra

for different values of sℓ.
In the usual continuous approximation, the sum in the former equation
extends from p = 1 to p = pmax → ∞. For the numerical calcula-
tion performed by Laurence Hawke pmax = 1000 was used. Results for
larger pmax were indistinguishable from those of Fig. 3.8. The figure
demonstrates that, for inner sections of the chain, the ‘half-correlation’
function starts to decay at around τRa

indicating that it is insensitive to
higher order Rouse modes. For sections of chain close to chain ends, the
initial decay is seen at a timescale set by the Rouse time of the (1-sℓ)
section of the chain (i.e. by τRsℓ

= τmonN
2
a (1− sℓ)

2). Short lengthscale
Rouse modes never lead to decay of the function. Therefore the use
of chain coordinates instead of the mean path has no significant effect
on our calculations. The same applies when tube dilation is present.
This is because tube dilation will not affect the decay of ψℓ(t), as it
simply introduces a few more fast Rouse modes to average over. Thus
the dominant mechanism for relaxation of ψℓ(t) is tube escape.

We also considered the option B′ = C ′ = −1 (‘full-correlation’). As
seen from the dashed lines in Fig. 3.8, by including the full correlations
between the star arms, the obtained function ψℓ(t) exceeds the maxi-
mum expected value, i.e., ψℓ(t) > 1.0 and gives undesirable peaks for
segments close to the branch point (sℓ = 0.15, 0.3). To avoid this effect,
we take into consideration only the half correlation (B′ = C ′ = −1/2)
when we calculate eq. 3.10, for entangled stars, using the simulation
data (see below). The final choice of the prefactors B′ and C ′ for par-
ticular segments of the star and Cayley tree is illustrated in Fig. 4.5.
Note that each arm of the Cayley tree is divided into three different
parts (outer segments, inner segments, short arm), so there are more
terms on the right side of eq. 3.10 (and more than two prefactors B′, C ′

are needed, see Fig. 4.5 b.)). For the Cayley tree and the star arm in-
dices α, β, γ denote in this case different parts of the molecule (e.g. in
Fig. 4.5 b.), α refers to the inner arm, β and γ would refer to the two
other inner arms, with prefactors of −1/2 each, and a fourth symbol is
required for the outer arm, with prefactor −1.
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Figure 3.8: Tangent correlation function (eq. 3.10) for unentangled
stars. The solid lines refer to ‘half-correlation’ (i.e. B′ = C ′ = −1/2)
while the dashed lines to ‘full-correlation’ (i.e. B′ = C ′ = −1). Dif-
ferent colours correspond to different Rouse segments along the arm,
sl = 0.15 (black), 0.3 (magenta), 0.5 (red), 0.7 (green), and 0.85 (blue).
The figure was made by Laurence Hawke and was included in this thesis
with his permission.

We move on to the entangled systems. We calculated the tangent
correlation function (eq. 3.10) by using the simulation data. Thus, the
tangent vector in eq. 3.10 was approximated by the end-to-end vec-
tor of an arm segment of length equal to ten monomeric units. This
segment size was chosen as a compromise to both achieving good statis-
tics and averaging fast monomer fluctuations (not captured within the
coarse-grained tube model). In Fig. 3.10 we show the time evolution
of the so-obtained correlation functions for different segments sℓ of the
symmetric stars and Cayley trees. It is clear that not all the functions
fully relax within the MD time window. In particular, inner segments
remain, on average, confined in their tubes — e.g., for sℓ = 0.3 the tube
survival probability barely drops to the value ψℓ(t)=0.8 at the end of
the simulation. The tangent correlators ψℓ(t) were fitted to stretched
exponential (Kohlraus-William-Watts, KWW) functions:

ψℓ(t) = exp(−(t/τℓ)
βK ) (3.12)

where βK is the stretching exponent and τℓ is the relaxation time of
the ℓth-segment. The stretching exponent βK varies with ℓ and reaches
the lowest values for segments close to the arm ends. From the fitting
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Figure 3.9: Schematic representation of the correlations used for the
correlator ψℓ(t). Numbers labeling particular segments are the pref-
actors B′ and C ′ used in equation 3.10 and red colour highlights the
segment ℓ on the arm/part α. Figure a.) and b.) show the correlations
of the outer and inner segments of the long arm of the Cayley tree.
Figure c.) illustrates the correlations of the short arm segments of the
Cayley tree.

procedure we get a set of points [sℓ; τℓ], that provides us the information
about the consecutive relaxation of the segments along the arms. We
can use this information to construct functions Ξα,β,γ(t) that represent
the fraction of unrelaxed material of the star arms or Cayley tree’s
parts α, β, γ. The function is normalized so that Ξα,β,γ(0) = 1 (all
the material is unrelaxed at t = 0), and it decays with time in an
exponential-like fashion, until all the material is relaxed, Ξα,β,γ(τNa

) =
0.

The procedure for obtaining the function Ξα(t) is illustrated in
Fig. 3.11 for the case of the stars (obviously the function is identical
for the three arms α, β, γ). There we show the coordinates sℓ versus the
respective KWW times τℓ, obtained from fitting the tangent correlators
ψℓ(t) as described above. This gives us a ‘discrete’ representation of the
time elapsed for relaxing the fraction of the arm tube extending from
s = 1 (arm tip) to s = sℓ. Likewise, the fraction from s = sℓ to s = 0
(branch point) will be the fraction of unrelaxed tube at time t = τℓ. By
fitting the discrete set of points in Fig. 3.11 to some model function, we
will obtain the continuous functions Ξα,β,γ(t) describing the tube sur-
vival probability of each arm {α, β, γ}. Two model functions have been
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Figure 3.10: Tangent correlation functions for the segments of sym-
metric star (squares) and Cayley tree (circles) with the fitting KWW
functions.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1000  10000  100000  1e+06  1e+07

s l

τl

data
KWW fit, Ξα

exponential fit

Figure 3.11: Symbols: for the stars, KWW times of the tangent corre-
lators ψℓ(t) versus the respective coordinates sℓ. Curves: fits to expo-
nential (blue) and KWW behavior (green).

used in the fit, namely an exponential (blue curve in Fig. 3.11) and
a KWW function (green line). The data show strong deviations from
pure exponential behaviour and are much better described by a KWW
function (βK ≈ 0.4). As aforementioned, in the star Ξα(t) is identical
for the three arms. In the case of the Cayley tree, we have three sets
of points [sℓ; τℓ] for each arm, since this consists of three parts: outer
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segments, inner segments, and short side branch. Thus, we performed
fits for the three sets of data to obtain their (non-identical) functions
Ξα(t).
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Figure 3.12: Tube survival probability of the symmetric star and the
Cayley tree, obtained from the simulations.

Then, having the full description of the time evolution of the re-
laxation of the star arms and Cayley tree’s parts, there is just a small
step from the functions Ξα(t),Ξβ(t),Ξγ(t) to the total tube survival
probability ψ(t) of the star and Cayley tree. The total tube survival
probability can be calculated as:

ψ(t) =
ZαΞα + ZβΞβ + ZγΞγ

Zα + Zβ + Zγ
(3.13)

where Zα is the number of entanglements per star arm or Cayley tree’s
part α. The functions ψ(t) for the symmetric star and Cayley tree
are shown in Fig. 3.12. Note that these model functions, constructed
by following the fitting procedure described above, extend beyond the
MD time window (t & 107), and fully decay at t ∼ 109 but we note
this is simply a possible extrapolation of the data. Nothing that follows
depends on this. At the end of the MD, the decay is ψ(t) ≈ 0.3 and
0.4 for the star and Cayley tree, respectively. Interestingly, the fraction
of unrelaxed material is larger in the star than in the Cayley tree up
to time scales of t ≈ 7 × 106. Then the two curves ψ(t) cross each
other, and at longer times tube relaxation is much faster in the stars.
The observed behavior seems consistent with an initially stronger tube
dilution in the Cayley trees, being facilitated by the presence of the
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weakly entangled side branches. Indeed these relax in a time scale of
about t ≈ 106, i.e, roughly in the time window for which the stars
show a higher ψ(t). In hierarchical models, after their full relaxation
the side branches act as friction points, and the Cayley tree reduces to a
star containing ‘fat beads’ originating from the relaxed side branches.
This additional friction slows down the retraction of the long arms,
and relaxation of the Cayley tree at long times becomes slower than
in the stars. This picture seems consistent with the trends observed in
Fig. 3.12.

Finally, we use the tube survival probability estimated from the
simulations (through eq. 3.13) to obtain the theoretical MSD of the
branch point. The latter, as predicted by 〈(rα,s,t−rα,s,t′)

2〉 of Table 3.2,
and using the rescaling parameters of eq. 3.9, is represented in Fig. 3.13
with solid cyan lines and solid magenta lines for αd =1 and αd = 4/3,
respectively. In the same figure the simulation data with free ends are
depicted with open black circles together with their respective error
bars. Note that in the majority of cases the width of the error bar is
of a similar size to the width of the black open circle. The top panel
refers to the symmetric star while the bottom panel to the Cayley tree.
For comparison we include the data of the simulation with fixed ends
(small red and small blue circles), previously presented in Fig. 3.6.
Since constraint release is now active, the MSD of the branch point is
larger than its counterpart in the MD with fixed ends (compare the
open black circles with the small close circles at timescales bigger than
t ∼ 105). Moreover, in the time window 103 . t . 5 × 106 the branch
point in the star is more localized than in the Cayley tree, since at
these timescales ψ(t) of the star is bigger than ψ(t) of the Cayley tree
(see Fig. 3.12).

From Fig. 3.13 it is clear that the theoretical prediction agrees very
well with the MD data for the case αd = 1. The results demonstrate
that one can use the tube survival probability, parameterised by ψ(t),
to predict the effective dilution of the tube diameter, measured from
the mean square displacement of the branch point. This observation is
a strong confirmation of the ‘dynamic dilution’ hypothesis. It remains
possible that a higher value of the dilution exponent, such as 4/3, could
be used, but this would require some form of partial tube dilation, as
(for example) suggested by Watanabe et al. [40].
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Figure 3.13: MSD of the branch point of the symmetric stars (top)
and Cayley trees (bottom) with free ends. MD data are shown as open
black circles. Their error is also shown with black bars. The solid cyan
(magenta) curve corresponds to the theoretical MSD (author Laurence
Hawke) using αd = 1 (αd = 4/3) and accounts for CR events and the
early tube dilation process. For comparison we also include the MD
data for fixed arm ends (small close circles with their error bars).
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4. Dynamics of asymmetric

systems

In this chapter we investigate the dynamic behaviour of asym-
metric systems, in particular T-shaped asymmetric stars, Y-shaped
stars, combs and mixtures of asymmetric stars with linear chains (see
Fig. 2.3). We focus on the branchpoint diffusion and we use the sim-
ulation data to resolve some open questions related to the relaxation
mechanisms of the asymmetric architectures. Namely, we determine
hopping parameters from simulation data and critically discuss specific
theoretical assumptions for branchpoint hopping.

4.1 Diffusion of the branchpoint: theoret-

ical background

Figure 4.1: Schematic representation of the relaxation mechanisms in
asymmetric stars. Left: Retraction mechanism, red arrows indicate the
movements of the star arms. Middle: Relaxed arm acting as a friction
bead. Right: Reptation of the ‘effective linear chain’.

After the relaxation of the short arms, they effectively act as sources
of additional friction, i.e., as frictional ‘fat beads’ (see Fig. 4.1). The
branchpoint at these time scales probes the space liberated by the re-
moved constraints of the arm, and performs diffusive steps (hops) along
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the tube contour with a diffusivity given by:

D =
p2a2

2τa
(4.1)

where τa is the longest relaxation time of the arm and a is the tube
diameter.

Consequently the backbone, which in the case of the asymmetric
stars is formed by the two long arms, is able to reptate. The branch
point motion at these time scales can be seen as a curvilinear diffu-
sion along a tube of diameter a. The trajectory of the branch point is
assumed to be a random walk,

〈r2〉 = |L|a, (4.2)

where 〈r2〉 is the mean square distance between the start and end points
of the trajectory, and |L| is the length of the primitive path that is
explored by the branch point in this trajectory. A Gaussian distribution
is assumed for the diffusion length L. Therefore, eq. 4.2 can be expressed
as

〈r2〉 = 2a√
2π〈L2〉

∫ ∞

0

L exp

( −L2

2〈L2〉

)
dL, (4.3)

which leads to the relation:

〈r2〉 = a
√

2〈L2〉/π. (4.4)

Since we have assumed a diffusive motion of the branch point along the
primitive path, we can relate 〈L2〉 and the diffusivity D as

〈L2〉 = 2Dt (4.5)

where the factor 2 results from the one-dimensional character of the
curvilinear diffusion. From eq. 4.4 and eq. 4.5 we find:

D =
π

4a2

(〈r2〉
t1/2

)2

. (4.6)

Eq. 4.6 provides a direct way of obtaining the diffusivity for the curvi-
linear, reptative motion of the branchpoint. In the reptative regime the
mean squared displacement will scale as [25] 〈r2〉 ∝ t1/2. Therefore, by
obtaining from the simulations the corresponding plateau value of the
ratio 〈r2〉/t1/2, the diffusivity can be easily calculated. We note here
that when dynamic tube dilution is included, there are different tube
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diameters that could be considered. There are a set of nested tubes,
each of which is parameterised by its tube diameter, a. As written,
eq. 4.6 gives the effective diffusion constant for the random motion
of the branchpoint, when this motion is mapped onto the path for
the tube with diameter a. Thus a particular motion (giving rise to a
plateau value of 〈r2〉/t1/2) can be construed either as rapid diffusion
along a tube path with a small tube diameter, or as slower motion
along a shorter tube path with a larger tube diameter.

The branchpoint is assumed to hop in the tube every time the short
arm relaxes. This branchpoint hopping may occur in the skinny (a0) or
in the dilated (a) tube. In order to investigate both possible cases, we
modify eq. 4.1 in the way it was done in eq. 11 of Ref. [7]:

D =
p2a4h
2qτaa2

. (4.7)

The parameter ah denotes the tube diameter (a0 or a) in which the
branchpoint hopping takes place. In deriving eq. 4.7, Ref. [7] assumes
that the length ah sets both (i) the typical distance of the hops, and
(ii) the tube contour along which the hops take place. This is then
converted to an effective diffusion constant D, for motion mapped on to
the tube path set by tube diameter a. We note that, if eq. 4.6 and eq. 4.7
are equated then the factor a2 cancels: the large scale motion given by
〈r2〉/t1/2 will depend only on the tube diameter ah within which hops
take place. We equate eq. 4.6 and eq. 4.7 below if we assume that
branchpoint friction dominates the motion. This is to be contrasted
with, for example, Frischknecht et al. [49], who (when considering hops
in a skinny tube) sometimes consider the length of the hop to be set
by a0, but the path of the hop to be along the dilated tube contour.

Eq. 4.7 includes an additional factor q. The factor q is the number
of side arms attached to the main backbone (q = 1 for the stars, q = 2
for the combs), and it is introduced for accounting for all frictional
contributions from the relaxed q short arms. In the case ah = a and
q = 1, eq. 4.7 reduces to the original eq. 4.1.

As mentioned in the Introduction, the hopping parameter p2 used in
the expression for the branchpoint diffusivity was experimentally found
to be considerably smaller than unity, reflecting a stronger drag from
relaxed arms than expected. A possible explanation is that eq. 4.1 and
eq. 4.7 overestimate the diffusivity by missing the friction contribu-
tion from the chain itself. We attempt to correct this point by adding
the chain friction for the motion along the skinny tube, allowing for a
rescaling to the dilated tube in the manner of eq. 36 of Ref. [90]. The
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corresponding equation for the diffusivity reads:

D =

(
3π2τeZ

φαda20
+

2qτaa
2

p2a4h

)−1

, (4.8)

where Z is the number of entanglements along the backbone, a0 is the
undilated tube diameter, τe is the entanglement time, and φαd repre-
sents the fraction of material giving rise to slow constraints (see below).
As discussed in detail in Ref. [90] (building on the earlier work of Viovy
et. al [91]), the factor φαd in the first term on the right hand side of
eq. 4.8 arises because the ‘solvent’ (giving the dilated tube) is actually
formed by slow moving entangled chains. The fastest mode for diffu-
sion along the dilated tube is via chain motion along the skinny tube.
Motion directly along the dilated tube requires many constraint release
events and is therefore much slower. The factor φαd is due to projecting
chain motion along the skinny tube onto the shorter diluted tube path.

For the mixtures of asymmetric 883-stars (see Fig. 2.3) and linear
chains, constraint release from the solvent (the short, linear chains) is
a little faster, and we can refine equation 4.8 to allow for chain motion
along the dilated tube, mediated by this constraint release (see eq. 39
of Ref. [90]):

D =


3π2τeZ

a20

[
φαd +

(
2

3π2ντe
+

1

1− φαd

)−1
]−1

+
2τaa

2

p2a4h




−1

, (4.9)

where ν = cντ
−1
s is the constraint release rate from the linear chains in

the mixture, τs is their relaxation time and cν is the rate constant. In
eq. 4.9 we have dropped the factor q since for the 883-stars q = 1. We
note that, in the limit of extremely fast constraint release (ν → ∞) the
friction for chain motion along the dilated tube becomes independent of
φαd. In practice, even for the mixtures with short linear chains, eq. 4.9
gives only a small correction to eq. 4.8.

Again, we contrast eq. 4.8 and eq. 4.9 with the work of Frischknecht
et al. [49]. When considering reptation of the backbone along the dilated
tube, they assumed that the only friction experienced by the backbone
was the monomeric (or “Rouse”) friction. This neglects the fact that,
for chain motion along the dilated tube, constraint release events need
to occur, and these give rise to drag on the chain. Here we consider two
possibilities: that the constraint release events are so slow, the fastest
motion available to the chain is along the skinny tube, but subject to
monomeric friction - this gives eq. 4.8. For the blends, we also consider
including constraint release events approximated to be at a fixed rate -
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this gives eq. 4.9. The work of Frischknecht et al. corresponds to eq. 4.9
in the limit ν → ∞. Thus, in using eq. 4.8 and eq. 4.9, together with
hopping in a dilated tube, we are considering an option not used by
Frischknecht et al., namely branchpoint hopping in the dilated tube,
but backbone motion dominated by movement along the skinny tube.
Finally, if we know the tube diameter and use the simulation value for
the reptation plateau in 〈r2〉/t1/2, we can obtain the hopping parameter
p2 by combining eq. 4.6 with one of the eqs. 4.7, 4.8, 4.9.

The equations presented in this section establish a direct relation
between p2 and several observables that can be directly measured from
the simulation. We determine this information and use it for obtaining
the corresponding p2-values.

4.2 Analysis of the simulation data

4.2.1 Branchpoint displacement

The plateau value of 〈r2(t)〉/t1/2 for eq. 4.6 can be directly obtained
from the simulation data, by analyzing the time evolution of the mean
square displacement (MSD, 〈r2(t)〉) of the branchpoint. However, this
MSD has poor statistics because of the limited number of branchpoints
in the simulation box. In order to improve statistics considerably, we
used the same procedure as in the previous chapter (Section 3.3.1)
and we averaged the MSD of the ‘branchpoint’ over ten beads: the
actual branchpoint and the three nearest consecutive beads at each of
the three arms stemming from the branchpoint. Fig. 4.2 shows the so-
obtained values divided by t1/2, for the different investigated systems.
At long time scales, beyond t ∼ 106− 107 depending on the system, all
the data exhibit a plateau, except for the case of the symmetric stars.
This result suggests that asymmetric stars and combs relax in such time
scales by reptation, with the MSD showing the well-known power-law
behavior 〈r2(t)〉 ∝ t1/2 for reptating linear chains [25]. For symmetric
stars relaxation is exclusively mediated by arm retraction. Hence no
plateau in 〈r2(t)〉/t1/2 is expected to arise at time scales beyond the
simulation window.

In order to obtain a reliable value of the plateau for eq. 4.6, we
average the simulation data of 〈r2(t)〉/t1/2 ∝ t0 for times t > 5 × 106,
where the plateau is well resolved. The so-obtained values are indicated
as horizontal lines in Fig. 4.2, and are listed in Table 4.1.
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Figure 4.2: Symbols: MSD of the branchpoint divided by t1/2, for all
the investigated systems. The solid lines for each data set represent the
average value of 〈r2(t)〉/t1/2 over the long-time plateau.

4.2.2 Relaxation times

In this subsection we determine the longest relaxation time, τa, of
the short arm. For this, we analyze its end-to-end correlation function.
This is defined as:

C(t) =
〈Re(t) ·Re(t0)〉

〈Re(t0)2〉
, (4.10)

where Re(t),Re(t0) is the end-to-end vector of the short arm at times
t and t0 respectively. When the correlation function decays to 0 the
short arm is fully relaxed. We show the correlation functions of all the
simulated systems in Fig. 4.3. For each system we computed the end-
to-end correlator for 15 equispaced uncorrelated time origins t0. Each
data set in Fig. 4.3 is the average over the corresponding 15 correlators.
The error bars indicate, for each time t, the respective upper and lower
value obtained in the 15 correlators. In order to describe accurately
the decay of the end-to-end correlator and to get a reliable value of
τa, we fitted the simulation data of Fig. 4.3 to several empirical func-
tions. The stretched exponential Kohlrausch-William-Watts (KWW)
function, gK(t) ∝ exp(−(t/τK)

βK), where βK < 1 and τK are fit pa-
rameters, seems adequate for describing the observed nonexponential
decay of C(t). KWW fits provided a good description in most cases, but
failed for the 883-stars and for the two mixtures, which exhibit a more
complex decay. An alternative choice is to fit data to a weighted sum
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Figure 4.3: End-to-end correlators of the short arms for the different
simulated systems. Symbols with error bars are simulation data. Solid
lines are fits to a weighted sum of exponentials (eq. 4.11). The dotted
line indicates the upper level of noise.

of exponential functions. Excellent fits (lines in Fig. 4.3) were obtained
with five exponentials:

f(t) =
5∑

i=1

Bi exp(−t/τi), (4.11)

Even if the fitting function provides a very good description of our
data, the strong noise in the final decay of the correlation function
makes the estimation of τa rather tricky. However, it is evident that
the error bars in Fig. 4.3 do not exceed the value C(t) = 0.1. We
define the longest relaxation time of the short arm τa as the time at
which the obtained fitting function drops to C(τa) = 0.1. This value
of C(t) is rather small and at the same time, the noise at that level
does not influence significantly the estimated value of τa. The average
values of τa with corresponding errors for the simulated systems are
listed in Table 4.1. In order to quantify the error of our estimation of
τa, we fitted to eq. 4.11 the 15 correlators computed for the different
time origins. For each correlator we obtained a relaxation time from
the condition C(τa) = 0.1, and we calculated the standard deviation of
the so-obtained 15 values of τa.

At this point it is worth studying the possible effect of the chosen
method on the final value of p2, namely by discussing other suggested
approaches for obtaining τa from the simulation data. There have been
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Figure 4.4: Ratio of the MSD of the T/Y-shaped asymmetric stars to
the MSD of the reference symmetric stars as a function of time. The
arrows are placed at the short arm relaxation times τa obtained by our
method (see Table 4.1).

some attempts to determine the longest relaxation time of the short
arm, τa, from slip-link [55] and molecular dynamics simulations [47].
In the slip-link simulations τa was defined as the time when the short
arm loses all its entanglements [55]. In the MD simulations [47] τa was
determined as the time at which the MSD of the branchpoint of the
asymmetric stars deviates from the corresponding data of the sym-
metric stars. This estimation is based on the assumption that, after
the short arm relaxation, the branchpoint is allowed to take a random
hop along the confining tube. This change in the branchpoint dynam-
ics leads to a change in the slope of the MSD. Zhou and Larson ob-
served [47] that this change occurred at the time when the end-to-end
correlation functions of the short arms decayed to C(t) ≈ 0.2. How-
ever, there is no systematic method to find an accurate time, where
the MSD curves for asymmetric and symmetric stars split up, so the
values of τa estimated by the naked eye have a significant uncertainty
(up to one time decade). Moreover, in order to obtain the τa for the
mixtures we would need a reference system consisting of a mixture of
symmetric stars and linear chains. In Fig. 4.4 we show the results (ar-
rows) obtained by our method (see above) together with MSD data of
the branchpoint (〈r2i 〉) for different architectures. The latter are divided
by the branchpoint MSD of the reference symmetric stars (〈r2888〉). In
this representation, deviations from the branchpoint motion of the ref-
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erence symmetric stars are reflected by deviations above the horizontal
level 〈r2i 〉/〈r2888〉 = 1. By direct inspection of Fig. 4.4 it seems that the
precise point at which deviations arise is ill-defined (note the scatter
in the data). Still, it is clear that the so-defined relaxation times are
systematically smaller than those estimated by our method (arrows).
As stated in Ref. [47], the time at which the branchpoint MSD deviates
from that of the reference symmetric stars is in very good agreement
with the time at which the short arm correlation function decays to
C(t) = 0.2. Obviously this corresponds to a shorter time scale that
the relaxation time used by us, obtained as C(τa) = 0.1 (see above).
Namely, the former is about a 50 % smaller than our corresponding
value for τa, which affects significantly the final value of p2.

In the case of the mixtures of asymmetric stars and linear chains,
p2 is obtained from eq. 4.9, which contains as additional parameter
the relaxation time τs of the short linear chains in the mixture. We
proceeded in a similar manner as for the short arms in the branched
polymers, by analyzing the end-to-end correlator of the linear chains.
However, the relaxation time of the linear chains is obtained in the
usual way, as C(τs) = e−1, unlike the condition C(τa) = 0.1 used for
the longest relaxation time of the short arms. We find τs = 19000.

4.2.3 Tube diameter and tube survival probability

As mentioned in the Introduction, one of the open questions regard-
ing branchpoint dynamics is whether hopping takes place in the skinny
(undilated) or in the fat (dilated) tube. In this subsection we inves-
tigate both cases and estimate from the simulation the corresponding
values for the tube diameter. First we calculate the original skinny tube
diameter, a0, in our bead-spring polymers as:

a20 = NPP
e C∞l

2
0, (4.12)

where C∞ is the characteristic ratio, l0 is the average bond length
(l0 = 0.97, Section 2.1), and NPP

e is the entanglement length estimated
by primitive path analysis. By analyzing the asymptotic behavior of
intramolecular distances between distant beads (see Fig. 2.5), we ob-
tain C∞l

2
0 = 3.46 ± 0.10 for all systems. We use the value NPP

e = 23
reported by Everaers et al. [72], which was obtained for a melt of bead-
spring chains at the same density and temperature, and with identical
interactions as those used in our work. By inserting the former values
in eq. 4.12, we obtain a diameter a0 = 8.92± 0.13 for the skinny tube.
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In order to quantify the diameter of the fat tube for each investi-
gated system, we first need to analyze the corresponding tube survival
probability ψ(t) [85]. The procedure for obtaining ψ(t) involves the
calculation of the tangent correlation functions of polymer segments
placed on the different parts (labelled α, β and γ) of the given archi-
tecture (eq. 3.10). These provide information on the relaxation times
of the primitive path coordinates, which can be used to determine the
time dependence of the tube survival probability. The procedure for
obtaining the ψ(t) from the simulation data has been introduced in the
previous chapter for the symmetric stars and Cayley trees. There are
some modifications regarding the prefactors B′ and C ′ of eq. 3.10 for the
case of some asymmetric architectures. We consider three possible val-
ues of the coefficients B′ and C ′: 0 (no correlation), -1 (full correlation)
or -1/2 (half correlation). In the case of the 3-arm symmetric stars two
neighboring arms contribute equally with a prefactor -1/2 to the corre-
lation with the third arm (see Section 3.3.2 for the explanation). The
introduction of the full correlation (B′ = C ′ = −1) leads to artificial
peaks in the correlation function of the segments close to the branch
point (Fig. 3.8). Following this argument, we use B′ = C ′ = −1/2 for
the arms of the Y-shaped stars. However, the situation is a bit different
in the case of T-shaped stars, where there are two equally long arms
and one short arm. The tangent correlator of each of the long arms
is largely dominated by correlations with the segments of both long
arms. Hence, we can omit the correlations with the short arm in the
tangent correlators of the long arms, taking the corresponding coeffi-
cient as zero. We treat the linear chains in the star/linear mixtures
as 2-arm stars, and we use the same coefficients as in the case of the
T-shaped stars (Fig. 4.5a). In the case of the comb we use a similar
procedure based on the decomposition of the molecule into symmet-
ric and asymmetric regions. Fig. 4.5 shows a schematic representation
of all the correlations and corresponding coefficients for the T-shaped
stars and comb.

Now we proceed in the same manner as in the case of symmetric
systems. We calculate the tangent correlation function ψℓ according
to 3.10. uα,ℓ,0 figuring in this equation represents the end-to-end vector
of finite segment ℓ of length of ten beads. Few examples of tangent
correlation functions for selected segments of 882 and Y4212 stars are
presented in Fig. 4.6. The decay of ψℓ for every segment ℓ can be
described by the KWW function (eq. 3.12).

The relaxation times τℓ obtained from these KWW fits are plotted
in Fig. 4.7 as a function of the coordinate sℓ = ℓ/Na along the arm. The
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Figure 4.5: Schematic representation of the weight of the correlations
used for the tangent correlator: a) T -stars, b) and c) comb. Numbers
labelling particular segments are the prefactors used in 3.10. The part
α containing the ℓth segment in this equation is represented with red
color.
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Figure 4.6: Symbols: tangent correlation functions of three segments
sℓ = 0.4 (red), sℓ = 0.6 (green) and sℓ = 0.8 (blue) in the long arms of
the 882 T-shaped (squares) and Y-shaped Y4212 (circles) asymmetric
stars. Lines are two representative KWW fits.
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Figure 4.7: Illustration of the procedure for obtaining the tube survival
probability in the 883-star. The data [sℓ; τℓ] for the long (red symbols)
and short (green symbols) arms are fitted to KWW functions. The
dashed line represents a single exponential function. The final tube
survival probability, calculated according to 3.13, is given by the blue
line.

discrete set of data [sℓ, τℓ] for each arm can be described by an empirical
function, which allows us to assign, in a continuous way, a fraction of
unrelaxed arm to every time t. Stretched exponential functions Ξα,β,γ(t)
are the best choice for the sought empirical function (see Fig 4.7). Con-
tinuous functions Ξα,β,γ(t) correspond to the tube survival probability
of each arm α,β,γ and are the basic elements of the expression for the
total tube survival probability (eq. 3.13). In Fig. 4.8 we demonstrate
the effect of the dilution caused by the linear chains on the relaxation
of the star segments in the mixtures. The data [sℓ; τℓ] for the long and
short arms of the 883-stars in the mixtures decay faster than the data
for the pure 883-stars. As a consequence, the functions Ξα,β,γ(t) for the
star arms in the mixture contribute to the altered shape of the final
tube survival probability of the mixtures in comparison to the pure
melts (see below).

The obtained results for the tube survival probabilities are repre-
sented in Fig. 4.9. The dilated tube diameter at the relaxation time τa
of the short arm can be obtained as [15, 31]:

a2 =
a20

ψαd(τa)
(4.13)
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Figure 4.8: The data [sℓ; τℓ] for the long (circles) and short (squares)
arms of 883 star in pure melt and in mixtures. Similarly to Fig. 4.7,
data for pure melt of 883 stars are fitted to KWW functions.

where ψ(τa) is the value of the tube survival probability at the
average time τa (see above), and αd is the dilution exponent. In the
analysis of the hopping parameter p2 (see below) we will consider the
two suggested values of the dilution exponent [31], αd = 1 and αd = 4/3.
As we discussed in the previous subsection, for each simulated system
we use a set of 15 end-to-end correlators (computed at distinct time
origins), yielding their respective values of τa. Accordingly, we have a
corresponding set of 15 values for ψ(τa). We use these for computing
the standard deviations of ψ(τa) (see below).

The calculated tube survival probability is directly related to the
parameter φαd in eqs. 4.8-4.9 via:

φαd = ψαd(τa). (4.14)

This parameter represents the fraction of the material that is respon-
sible for the slow constraints in the system. After the relaxation of the
fastest parts in our systems (short arms, and linear chains in the mix-
tures), the only slow components to relax are the long arms or main
backbone. This information is contained in ψ(τa), which measures the
unrelaxed tube fraction at τa, i.e., at the time scale of the relaxation
of the short arm. This is also the case for the investigated star/linear
mixtures. Indeed the relaxation time for the linear chains is, at most,
that of the short arms, since both have the same length (three entan-
glements, see Fig. 2.3), but the short arms have only one free end.
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Figure 4.9: Tube survival probability obtained from the simulations for
all the investigated systems.

Some general trends are inferred from simulation data in Fig. 4.9.
The two mixtures exhibit an abrupt decay in the range 104 . t . 105.
The beginning of this decay is consistent with the estimated relaxation
time of the linear chains (τs = 19000, see above). Thus, completion
of the relaxation of the short linear chains leads to a sharp removal
of constraints. As expected, the larger fraction of linear chains in the
mixture 1:1 produces a stronger decay of ψ(t) than in the mixture 2:1.
Differences in the tube survival probabilities of the T-shaped stars (881,
882, and 883) and the Y4212-stars are small at all time scales, which
suggests a relatively small role of the relaxation of the short arms in
the total ψ(t) of these systems, and once the short arms are relaxed,
a similar amount of constraints are removed by reptation. The tube
survival probability of combs is markedly different from that of the T-
and Y-stars. It shows a faster decay up to time scales of about τa. This
is consistent with a stronger role of dynamic tube dilution in combs,
due to their higher volume fraction of short arms than in the T- and
Y-stars. However, after relaxation of the short arms, the combs contain
two frictional fat beads close to the both ends of the linear backbone.
This strongly hinders relaxation and ψ(t) exhibits a very slow decay
over the following time decades, prior to the late decay by reptation.

The tube survival probabilities obtained from the simulations can be
directly compared with theoretical predictions from hierarchical mod-
els. Here we compare our results with those from the branch-on-branch
(BoB) model developed by Das et al. (see Ref. [7] for details). The BoB
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Figure 4.10: Comparison between the tube survival probabilities ob-
tained from the simulations (solid line) and from the BoB model
with choice of parameters p2 = 1, αd = 4/3 (dashed line) and p2 =
1/60, αd = 1 (dash-dot line).

model makes detailed predictions for linear rheological data of non-
looped branched architectures of arbitrary complexity, by using the
entanglement length and entanglement time as external inputs. Out-
put of the BoB calculation includes the tube survival probability ψ(t).
Fig. 4.10 compares BoB and simulation results of ψ(t) for some rep-
resentative cases (882-stars and star/linear mixture 1:1). BoB assumes
a priori values for αd and p2. The results in Fig. 4.10 are obtained
for two limit cases p2 = 1/60, αd = 1 (dash-dot lines), and p2 = 1,
αd = 4/3 (dashed lines). These include the two values used for the
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scaling exponent αd and the lowest and highest value of p2 reported
in the literature [49]. Both the hopping parameter p2 and the scaling
exponent (through the factor ψ−αd(τa)) determine the friction constant
for the final reptation of the system. Therefore, in systems where final
relaxation is mediated by reptation, decreasing the values of p2 and
αd moves the reptative regime to longer timescales. Thus, the cases
p2 = 1/60, αd = 1 and p2 = 1, αd = 4/3 provide an upper and lower
bound for the onset of reptation predicted by BoB. Relaxation by rep-
tation in the BoB curves of Fig. 4.10 corresponds to the final sharp drop
to zero [7]. This time scale can change by even one decade according
to the specific choice of p2 and αd.

Having noted this, the chosen values of p2 and αd do not signif-
icantly affect the obtained BoB curves in the time window, t ≤ τa
relevant for our estimations of p2 (relaxation before arm retraction is
independent of p2 and changing αd from 1 to 4/3 introduces less than
0.1% difference in ψ(t) at τa for the molecules investigated). Indeed, we
estimate p2 from the simulations by using information on ψ(t) at the
relaxation time of the short arms τa (through equations for the diffu-
sivity in Section 4.1 and 4.14), i.e., much before the onset of reptation.
As shown in Fig. 4.10 the two limit cases of p2 and αd used to generate
the BoB curves lead to essentially the same results in the former time
window, differences only arising at much longer times. Still, it must be
noted that αd should have a significant effect in that window for long
side arms. In the cases investigated here the effect is negligible because
the side arms are weakly entangled and stay in the early fluctuation
regime.

In general, the simulation results for the tube survival probability
are in qualitative agreement with the corresponding BoB results. The
agreement is even semiquantitative in the case of the pure T-stars.
The BoB model captures the trends observed by simulations, including
the crossover between fast dynamics of the short linear chains/side
branches and slow relaxation of the long backbone. Having said this,
it must be noted that for some systems (Y4212-stars and combs) a
significant part of the final relaxation of the backbone occurs at times
beyond the simulation window (t & 4× 107), so conclusions about the
comparison at such time scales must be taken with care.

Once the reptation plateau in 〈r2〉/t1/2, as well as τa and ψ(τa)
have been determined from the simulations, we can directly obtain the
actual value of p2 (see Section 4.3). According to the discussion in Sec-
tion 4.1, different expressions will be used for p2. These will depend
on the specific architectures and compositions (pure or mixture), as
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Figure 4.11: Comparison of the simulation results of τa and τaψ
2αd(τa)

with BoB predictions for the dilution exponent αd = 4/3.

well as on the choice of hopping in the dilated or in the skinny tube.
In the different expressions of p2, the values of τa and ψ(τa) will en-
ter separately and/or through the product τaψ

2αd(τa) (see Section 4.3).
Fig. 4.11 shows simulation results of τa and the product τaψ

2αd(τa),
for the case of dilution exponent αd = 4/3, in comparison with the
corresponding results obtained from the BoB model. A good agree-
ment is again found, with some tendency for overestimation by BoB.
Similar agreement is observed for the case αd = 1. With all this, we
conclude that our procedure provides a robust estimation of tube sur-
vival probabilities and relaxation times of the short arms, allowing for
a reliable estimation of the hopping parameter p2, as will be discussed
in Section 4.3.

4.2.4 Branchpoint trajectories

A further test of consistency for the estimated arm relaxation times
can be obtained by analyzing the real-space trajectories of the branch-
points. Hierarchical models postulate branchpoint diffusion after re-
laxation of the short side arms. Prior to this, the branchpoint remains
strongly localized. In order to test this hypothesis we have analyzed the
shape of the trajectories at different time scales. Thus, for times t > 105

we have saved the coordinates of the branchpoint every τ = 2000 time
units. This roughly corresponds to one entanglement time (τe = 1800).
At earlier times we have used shorter intervals for saving the branch-
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Figure 4.12: Time dependence of the asphericity of the branchpoint tra-
jectory for all the simulated systems. The horizontal line represents the
limit case of a random walk. The arrows indicate the relaxation times
τa of the short arms, as determined independently from the analysis of
their end-to-end correlators (see text).

point positions. Namely we have used τ = 2×10n−2 for the time decade
10n < t ≤ 10n+1, with 2 ≤ n ≤ 4. With this, we use a large number
of points (at least 50) to characterize the shape of the branchpoint
trajectory at any relevant time. This characterization can be made by
computing the asphericity parameter, defined as:

A =
(I2 − I1)

2 + (I3 − I1)
2 + (I3 − I2)

2

2(I1 + I2 + I3)2
(4.15)

where I1, I2, I3 are the semiaxes of the inertia ellipsoid of the trajectory.
Thus, at each selected time t, we compute the asphericity A(t) of the set
of points consisting of the saved branchpoint positions at times t′ ≤ t.
More precisely, for the time t we only use the points t′ ≤ t saved every
τ time units, with τ the interval for saving used in the time decade
which t belongs to (see above). For example, for t = 4 × 103, we use
the branchpoint positions at t′ ≤ t saved every 20 time units. For any
time t > 105 we use those saved every 2000 time units. In this way
we get a fair characterization of the asphericity at any time, by always
analyzing a set of points equispaced in time, and preventing ‘crowding’
in the regions visited by the branchpoint during the early time decades.

Fig. 4.12 shows the time dependence of the asphericity of the branch-
point trajectory for all the investigated systems. For comparison we
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include the value A ≈ 0.15 obtained for a particle performing a three-
dimensional random walk. The evolution of the asphericity with time
reveals interesting features. In the early stage of the simulation, the
asphericity diminishes by increasing time. This means that new posi-
tions of the branchpoint become localized in a limited region of the
space, forming a trajectory that becomes closer and closer to the ideal
spherical shape (A = 0). The asphericity reaches a minimum and then
increases with time during the rest of the simulation, i.e., the branch-
point trajectory becomes progressively unlocalized. The random-walk
limit is not reached at the end of the simulation. This will happen
at much longer time scales, in the three-dimensional isotropic diffusive
regime, 〈r2(t)〉 ∝ t. Note that for the asymmetric systems, only one-
dimensional curvilinear diffusion (reptation), 〈r2(t)〉 ∝ t1/2, has been
reached within the simulation window.

The minimum in the asphericity seems to follow several trends.
For the three investigated T-shaped stars, it becomes deeper, i.e., the
branchpoint becomes more localized, by increasing the length of the
short arm. As expected, the strongest localization is found for the sym-
metric 888-stars. Localization in the 883-stars becomes weaker by mix-
ing with short linear chains. In Fig. 4.12 we have indicated (arrows) the
relaxation times τa of the short arms, as obtained by the method pre-
sented in Section 4.2. Within statistical error, there is a clear correlation
between these time scales and the beginning of the delocalization of the
branchpoint and later increase of the asphericity from the minimum.

4.3 Calculation of the hopping parameter

Now we use the information obtained from the analysis in Sec-
tion 4.2 as input for obtaining the numerical values of p2 for each of
the investigated systems. The values of the observables estimated from
simulations — reptation plateau in MSD (〈r2〉/t1/2 ∼ t0) longest re-
laxation time of the short arm (τa), and tube survival probability at
the time τa (ψ(τa)) — are summarized in Table 4.1. By inserting these
values, together with the tube diameter, into the equations presented
in Section 4.1, we can calculate the hopping parameter p2. If the back-
bone friction is not considered, by combining eq. 4.6 and eq. 4.7 for the
diffusivity we obtain:

p2 =
qπτa
2a4h

(〈r2〉
t1/2

)2

. (4.16)
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system 〈r2〉/t1/2 τa ψ(τa)
881 0.066±0.003 37000±9000 0.849±0.011
882 0.031±0.001 439000±65000 0.685±0.013
883 0.023±0.001 2133000±507000 0.500±0.023

Y4212 0.036±0.001 349000±80000 0.678±0.009
mix11 0.064±0.004 962000±265000 0.278±0.021
mix21 0.045±0.002 1193000±221000 0.373±0.014
comb 0.036±0.002 401000±57000 0.593±0.010

Table 4.1: Summary of the variables obtained from the simulations:
reptation plateau in MSD (〈r2〉/t1/2 ∼ t0), longest relaxation time of
the short arm (τa), and tube survival probability at the time τa (ψ(τa)).

In this equation we use a4h = a40 if hopping is assumed to occur in
the skinny undilated tube. In the case of hopping in the dilated tube,
according to eq. 4.13 we use a4h = a40/ψ

2αd(τa).
If we consider the backbone friction, then we make use of eq. 4.8

for the pure branched systems and eq. 4.9 for the star/linear mixtures.
By combining each of these cases with eq. 4.6 we obtain the general
expression for the hopping parameter:

p2 =
2qa40πτa
a4h

[
(〈r2〉/t1/2)2

4a40 − 3π3τeZQ(〈r2〉/t1/2)2
]
. (4.17)

Again, a4h = a40 or a
4
h = a40/ψ

2αd(τa) if hopping takes place in the skinny
or dilated tube, respectively. The number of entanglements along the
backbone is Z = 16 for all the simulated systems (see Fig. 2.3). The
number of side arms is q = 1 in star-like structures and q = 2 in the
case of combs. The factorQ is equal to 1 in the case of the pure systems,
whereas for the mixtures it stands for:

Q = ψαd
2τs(1− ψαd) + 3π2cντe

2τsψαd(1− ψαd) + 3π2cντe
. (4.18)

We assume a constraint-release rate constant [90] cν = 0.1 in the two
investigated mixtures of T-stars and short linear chains.

The reciprocal values of the hopping parameter 1/p2 for the simu-
lated systems, calculated by using eq. 4.16 (no backbone friction) and
eq. 4.17 (including backbone friction) are summarized in Table 4.2 and
Table 4.3 respectively, for both dilution exponents αd = 1 and 4/3. In
both Tables we just give the minimum and maximum possible values
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αd 1 4/3 1 4/3
1/p2 ah = a0 ah = a0 ah = a ah = a
881 17-38 17-38 25-51 28-56
882 7-13 7-13 16-27 21-35
883 3-5 3-5 11-20 18-30

Y4212 6-13 6-13 14-28 19-36
mix11 1-2 1-2 10-19 25-42
mix21 1-2 1-2 9-16 19-31
comb 3-5 3-5 9-15 12-20

Table 4.2: Results of the calculation of 1/p2 in the simulated systems
without considering additional friction of the backbone (i.e., by using
eq. 4.16). First column: simulated systems. Second to fourth columns:
values of 1/p2. In the first two lines we indicate the used values of the
dilution exponent (αd = 1 or 4/3), and whether hopping occurs in the
skinny tube (ah = a0) or in the dilated one (ah = a).

of p2 in each system. For getting these values, we have made the cor-
responding combinations of the upper and lower values (given by their
respective error bars, see Section 4.2) of the parameters entering in
the former equations for p2, and have selected the minimum and max-
imum output of such equations. This allows us to estimate p2 within
an uncertainty of typically about a factor 2.

The values of 1/p2 calculated from the simulation results are plotted
in Fig. 4.13. There is a big gap between the values obtained by assuming
hopping in the skinny or in the dilated tube. The gap in the 1/p2-values
is indeed proportional to the factor 1/ψ2αd(τa) arising from assuming
a4h = a40 or a4h = a40/ψ

2αd(τa) in eq. 4.16 and eq. 4.17. The effect of
the tube widening on the former gap is, therefore, more pronounced in
the systems where a significant part of the molecule has been relaxed
at the time τa. One clear example is the mixture 1:1. In this system,
and for dilution exponent αd = 1, the value of 1/p2 for hopping in the
dilated tube is about 10 times bigger than the corresponding value for
hopping in the skinny tube.

The question of the apparent high friction exerted by the slightly
entangled short arms seems to be rationalized if one accounts for the
effect of the backbone friction on the branchpoint diffusivity. This effect
is nicely illustrated in the case of the 881-stars, where the short arm
is only one entanglement long, and therefore the contribution of the
backbone friction is expected to play a relevant role in the diffusion of
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αd 1 4/3 1 4/3
1/p2 ah = a0 ah = a0 ah = a ah = a
881 8-23 8-23 11-30 13-34
882 7-12 7-12 14-25 19-32
883 2-5 2-5 11-19 17-29

Y4212 5-12 5-12 12-25 16-32
mix11 1-2 1-2 9-18 25-41
mix21 1-2 1-2 9-16 18-30
comb 2-5 2-5 7-13 10-18

Table 4.3: As in Table 4.2, but considering the additional friction of
the backbone (i.e., by using eq. 4.17).

 1

 10

 100

881 882 883 Y4212 mix11 mix21 comb

1/
p2

data without backbone friction, skinny tube, α=1
data without backbone friction, dilated tube, α=1

data with backbone friction, skinny tube, α=1
data with backbone friction, dilated tube, α=1

Figure 4.13: Representation of the results of Table 4.2 and Table 4.3
for αd = 1. Symbols are the averages of the respective upper and lower
values of 1/p2.

the branchpoint along the tube. For the case of αd = 1 and hopping in
the dilated tube, the value of 1/p2 for the 881-stars without including
the backbone friction is about 40. If we include the backbone friction
in the diffusion constant the value of 1/p2 is lowered to approximately
20, which is much closer to the respective values obtained for the other
systems.

We now restate our criterion, presented in the Introduction, for what
constitutes a good set of assumptions about branch-point hopping: a
good set of assumptions should result in broadly similar values of p2

across the different systems studied. By inspection of Tables 4.2 and 4.3
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and Fig. 4.13, we conclude that a comparatively low dispersion in the
values of 1/p2 is found only if the backbone friction is included in the
diffusivity and hopping is assumed to occur in the dilated tube. This
set of assumptions leads to roughly a factor 2 variation in the value
of 1/p2 across the systems studied, which is within the error bounds
of our analysis. As is emphasized by the logarithmic axis in Fig. 4.13,
results for other combinations of specific assumptions for branchpoint
hopping are very disperse, suggesting that they are inconsistent and can
be ruled out in models. For example, setting the length scale associated
with the hops to the bare (skinny) tube diameter leads to a very wide
range of the p2 values for different branched structures (variation by
a factor of 10, which is significantly beyond the error bounds of our
analysis).

With the assumptions of both inclusion of backbone friction and
hopping in the dilated tube, the mean values of 1/p2 (defined for each
system as the mean of the upper and lower bound) fluctuate between
10 and 20.5 if we use the dilution exponent αd = 1, and between 14 and
33 if we use αd = 4/3. Thus, the diffusion of the branch point in the
dilated tube with incorporated backbone friction points to an univer-
sal behavior described in many experimental studies with parameter
1/p2 = 12 [92, 32, 51].

Finally it is worth mentioning that our results for p2 are consistent
with these obtained (within the assumption of hopping in the dilated
tube) from linear rheology data of multiarm comb polymers (backbone
friction is not relevant here). The experimental analysis is part of the
thesis of Helen Lentzakis (FORTH, Crete) and has been presented, as
a collaborative work, in Ref. [19].
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5. Real-Space Analysis of

Branchpoint Motion

In this chapter we inspect the branchpoint motion by performing
a, purely geometrical, density-based cluster analysis of the branchpoint
trajectories. We include in our analysis all branchpoints of the systems
that reach the reptation regime within the simulation time window.
Namely: the asymmetric stars 881 and 882, Y-shaped asymmetric stars
Y2214 and Y4212, mixtures mix11 and mix21, H-polymer and comb
(more details about the architectures can be found in Fig. 2.3). We
also analyze the trajectories of the outer branchpoints of the Cayley
tree and the central bead of the linear chain. We identify regions of
strong localization (‘traps’) in the trajectories and provide evidence of
branchpoint diffusion between these traps. We present a density-based
method for the analysis of clusters (traps). This purely geometrical
method allows us to compute time and length scales related to the
branchpoint diffusion along the tube from the simulation data, without
invoking tube-based model assumptions.

5.1 Heterogeneous branchpoint dynamics

First we examine heterogeneous dynamics and deviations from Gaus-
sian behavior of the branchpoint motion. The main panel of Fig. 5.1
shows the normalized van Hove self-correlation function, 4πr2Gs(r, t),
of the branchpoint at a fixed time close to the end of the simulation
(t = 2×107). The inset shows the time-dependence of the non-Gaussian
parameter, α2(t) = 3〈∆r4(t)〉/5〈∆r2(t)〉2 − 1 (this becomes zero in the
limit of Gaussian behavior), where ∆r(t) is the displacement of the
branchpoint at time t. To improve statistics, the former functions have
been averaged over ten monomers, namely the branchpoint and the
three nearest monomers in each of the three arms stemming from the
branchpoint. In the case of the linear chain the average was performed
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over seven beads, i.e. the central bead and the three nearest beads at
both sides of the chain. Though, within statistics, the non-Gaussian
parameter seems to increase at times t > 103, this remains well below
unity at the end of the simulation time window. This finding is rather
different from the behavior α2(t) > 1 observed in strongly heteroge-
neous dynamic regimes, as e.g., the decaging regime in the vicinity of
a glass transition [93]. The low values found for the non-Gaussian pa-
rameter of the branchpoints are consistent with the smooth shape of
the van Hove functions, which do not exhibit neither secondary peaks
nor long tails. These are also absent at other time scales within the
simulation window.
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Figure 5.1: Normalized van Hove self-correlations functions for the
branchpoints in the investigated systems, at the time t = 2×107 close to
the end of the simulation. Inset: time-dependence of the non-Gaussian
parameter of the branchpoints. Data sets for the same system are plot-
ted with identical colors in the main panel and inset (see legend).

The former features suggest that there is not a well-defined, sin-
gle length and/or time scale for branchpoint hopping (which otherwise
would lead to a secondary peak in the van Hove function). Still, vi-
sual inspection of typical branchpoint trajectories gives evidence of
strong localization of the branchpoint in certain regions of the space
(‘traps’). The left frame (grey points) of Fig. 5.2 shows a representative
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‘smoothed’ trajectory of the branchpoint in the H-polymer. Smoothed
trajectories are obtained as follows. In all of the simulated systems the
branchpoints are regularly saved at every time interval of ∆t = 200.
Then each consecutive block of 10 positions is replaced by its aver-
aged position rav. The latter represents the average over a time inter-
val ∆t = 2000, which corresponds approximately to the entanglement
time (τe = 1800) [47]. The smoothed trajectory is constructed by tak-
ing all the averaged positions {rav}, i.e, it represents the branchpoint
trajectory averaged over the local, fast Rouse-like vibrations occurring
within the entanglement time. In the case of the linear chain the tra-
jectory of the central bead is a set of its coordinates saved every time
interval ∆t = 10000, i.e ∆t = 5τe. The total number of positions in the
smoothed trajectory is of the order of 104 which, as mentioned above,
covers a simulation time scale of t ∼ 2× 107.

As can be seen in the figure, the trajectory reflects the motion of
the branchpoint over a collection of traps. This is consistent with early
results by Zhou and Larson [47] for asymmetric stars in a shorter time
window. There is not a clear separation between different traps, which
makes the analysis of the data extremely complicated. Moreover, we
find that the character of the traps (dense or diffuse) and the shape
of the trajectories change significantly between different systems and
even within the same system. No quantitative characterization of the
traps was provided in Ref. [47]. In next sections we present a robust,
purely geometrical method for such a characterization.

5.2 Density-based cluster approach

Despite the fact that different traps are separated by ill-defined,
diffuse interfaces, it is still possible to identify the centers of the traps.
The problem of detecting clusters of points in large databases arises in
many applications, e.g. minefield detection [94]. We solved this prob-
lem by using an algorithm based on the approach of Xu et al. [95]. The
underlying idea of this procedure is to find regions of very high density
of branchpoint positions, i.e, the regions in the trajectory that are more
frequently visited by the branchpoint. Branchpoint performs vibrations
around the center of the trap, and occasionally jumps to another trap,
where it is localized until it comes back to the original trap or moves
to a new one. These wide vibrations and jumps lead to the diffuse, ill-
defined interfaces separating the traps. The density-based cluster anal-
ysis identifies clusters of branchpoint positions at high-density regions
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Figure 5.2: Illustration of the procedure for identification of the local-
ization traps. Left frame: representative smoothed trajectory (see text)
of the branchpoint of an H-polymer. Middle frame: the same trajec-
tory after dividing the points into cells with different density of points
ρp, and removing the low-density cells. Different intervals of density are
represented with different colors. Yellow: 1 ≤ ρp < 3; green: 3 ≤ ρp < 4;
cyan: 4 ≤ ρp < 6; blue: 6 ≤ ρp < 8; red: ρp ≥ 8. The red points corre-
spond to cells of density equal to or above the threshold value ρth = 8,
and are used to construct the clusters (right frame) representing the
centers of the localization traps. The same representation scale is used
in the three panels.

of the trajectory, and removes the irrelevant low-density interfacial re-
gions.

We performed the density-based cluster analysis of each trajectory.
For every point in the trajectory we calculate the distance rnn to its
nearest neighbor point in the same trajectory. Then we construct a 3d-
grid with bin size, rb, identical to the maximum of all the rnn-values
obtained within the trajectory. Even for trajectories of the same system,
the set of rnn-values, and therefore also the value rb of the bin size, will
depend on each specific trajectory. The distribution of the rb values for
all simulated systems is plotted in Fig. 5.3. The specific value of the bin
size rb represents the size of the largest ‘hole’ that can be found within
the considered trajectory. Thus, the whole trajectory can be mapped to
a set of cells filled by points representing the branchpoint positions, and
the empty cells do not form part of the trajectory. This is consistent
with the fact that the maxima of the distributions of the rb values in
Fig. 5.3, for all the simulated systems, are placed at a distance a bit
longer than the average absolute value of the branchpoint displacement
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Figure 5.3: Distribution of the grid size rb for the simulated systems.

at the entanglement time (|r(τe)| ≈ 2.1 for the H-polymer, |r(τe)| ≈ 1.9
for the 881-star).

Each point of the trajectory is assigned to the cell of the 3d-grid
that contains its position. For each cell, of volume r3b, in the 3d-grid of
a given trajectory, we define the local density of points, ρp = npr

−3
b ,

with np the number of trajectory points within the cell. We find that
the local density of points is not homogeneously distributed along the
trajectory. There are regions dominated by high-density cells separated
by regions of low-density cells, the first ones corresponding to the cores
of the traps. This feature is illustrated in the middle frame of Fig. 5.2,
which shows, for the same trajectory of the left frame and in the same
representation scale, branchpoint positions belonging to cells with den-
sity ρp ≥ 1. Different colors correspond to different ranges of density
of the cells (see caption). The red points are located in the most dense
cells, with ρp ≥ 8. The middle frame of Fig. 5.2, by removing points in
the low-density cells (ρp < 1) that are visited by fast large-amplitude
vibrations, nicely illustrates the formation of localization traps. It also
demonstrates that points in the cells of high density are not randomly
distributed over the trajectory, but are organized into clusters.

We use the highest-density clusters to identify the centers of the
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traps. First we fix a threshold density value ρth for all the branchpoint
trajectories of a given system. Points in cells with local density ρp < ρth
are discarded for the cluster analysis. To select the threshold value ρth
we first determine, for each cell in each trajectory, the integer part
of the local density ρ

(int)
p = int(ρp). Second, we determine for each

trajectory the maximum value of the former integer local densities,
ρ
(i,max)
p = max{ρ(int)p }. The obtained value of ρ

(i,max)
p , which is integer

by construction, will be degenerate, i.e, there will be several cells in the
trajectory with density ρp ≥ ρ

(i,max)
p . In order to warrant the selection

of points for all the trajectories in the system, we define the threshold
value ρth as the minimum of the ρ

(i,max)
p -values obtained for the different

trajectories. Finally, for each trajectory we select all the branchpoint
positions located at the cells with density ρp ≥ ρth. We define the
central regions of the traps as the clusters of such selected positions.
Two of these selected positions in the same trajectory are assigned to
the same cluster if they are at mutual distance r ≤ rb/2, i.e., not larger
than half the bin size of the 3d-grid of the trajectory. Likewise, two
clusters merge into a single cluster if some point of one of the two
clusters is at a distance r ≤ rb/2 from some other point of the other
cluster. The right frame of Fig. 5.2 shows the high-density clusters (ρp ≥
ρth), obtained by the former procedure, that correspond to the full
trajectory of the left frame. The density-based cluster analysis provides
well-defined separated trap centers for branchpoint localization.

5.3 Analysis of the time and length scales

Once we have indentified the high-density clusters in every trajec-
tory of the simulated systems, we analyze the motion between traps.
We consider that a point of a given trajectory is in a trap if it belongs
to one of the high-density clusters (i.e., ρp ≥ ρth) defined above. If it
is not the case, we consider that it belongs to one of the ‘transient’
intervals corresponding to the diffuse interfaces separating the traps.
In this way each trajectory can be mapped to a time-dependent dis-
continuous function K(t), where 1 ≤ K ≤ nt is an index denoting each
of the nt traps in the trajectory, and t a discrete time variable denoting
the saved points of the trajectory (see above). If the time t belongs to
one of the transient intervals, K(t) = 0. In Fig. 5.4 one simple case of
the branchpoint motion between three traps is schematically depicted.
In this scheme, the branchpoint is placed at time t1 in the first trap
(K(t1) = 1), at time t2 it moves to the second trap (K(t2) = 2), at
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Figure 5.4: Scheme of the motion of the branchpoint between traps. The
grey arrows indicate the distance between the centers-of-mass of the
traps. The red dashed line with the red circle illustrates the fluctuation
of the branchpoint out of the trap.

time t3 it escapes from the second trap (K(t3) = 0), and finally at time
t4 it is placed in the third trap (K(t4) = 3).

Fig. 5.5 represents a typical realization of K(t) for the H-polymer.
Only data withK(t) > 0 are shown, i.e., the transient intervals (K(t) =
0) appear as blank spaces blinking between the intervals in the traps
(blue symbols). During a transient interval the branchpoint makes ex-
cursions out of the current trap, finally coming back to the same trap or
moving to another one. We define a transient interval [ti, tj ], of duration
τt = tj−ti, in the discrete time sequence of a branchpoint trajectory, as
that obeying the conditions: i) K(t) = 0 for ti ≤ t ≤ tj , ii) K(ti−1) 6= 0,
and iii) K(tj+1 6= 0). We define a residence interval of a branchpoint in
a given trap k as an interval [t0, tf ], of duration τr = tf − t0, with the
conditions: i) K(t0) = K(tf) = k, ii) K(t) = k or 0 for t0 < t < tf , iii)
K(t′) 6= k at the largest t′ < t0 for which K(t′) 6= 0, and iv) K(t′′) 6= k
at the smallest t′′ > tf for which K(t′′) 6= 0. Therefore, two times ti, tj
for which the branchpoint is in the same trap k belong to different
residence intervals if there is, at least, one time ti < t < tj at which
the branchpoint visits another trap k′ 6= k. Otherwise (K(t) = k or 0
for ti < t < tj), they will belong to the same residence interval.
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Figure 5.5: Time evolution of the trap index K(t) for a typical branch-
point trajectory of the H-polymer with four different traps. Symbols
for K(t) = 0 are not shown. Thus, transient intervals appear as blank
spaces blinking within or between residence intervals. Dotted lines are
guides for the eyes. The red double-arrows indicate two residence inter-
vals in the trap K=4, separated by a visit to the trap K=1. Main panel
(a): whole trajectory. Insets (b) and (c): selected intervals, as indicated
by squares with arrows. The symbol size in the inset (c) corresponds to
the time resolution of the trajectory ∆t = 2000. To facilitate visualiza-
tion, symbols sizes in (a) and (b) are bigger than ∆t, so they frequently
hide short transient intervals, as illustrated by passing from (a) to (b)
and from (b) to (c).

Fig. 5.6 shows the distributions p(τ) of transient and residence times
for all the simulated systems. We find extremely broad distributions,
that can be approximated by power laws, p(τ) ∼ τ−2.2 and τ−1 for
the transient and residence times respectively. We estimate the average
transient time as 〈τt〉 =

∫
τtp(τt)dτt/

∫
p(τt)dτt, finding values, for all

the simulated systems, of the order of 〈τt〉 ∼ 104, i.e, about 5 entan-
glement times. The distribution of transient times shows a much faster
decay than the distribution of residence times. This indicates that most
of the transient intervals correspond to fast explorations of the inter-
facial regions, before coming back to the original trap or moving to
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Figure 5.6: Distributions of residence times (circles) and transient times
(triangles). Circles and triangles with identical colors correspond to the
same simulated system (see caption). The lines indicate approximate
power-law behavior (exponents are indicated). The black double-arrow
indicate the range of values obtained for the average transient time.
The green double-arrow indicates the approximate range for the onset
of the apparent reptative regime in the MSD of the branchpoint (see
below).

another one. Long explorations are very unfrequent events. Unfortu-
nately we cannot estimate, in a similar manner, an average residence
time, 〈τr〉, from the data in Fig. 5.6. Whereas the long-time contribu-
tion of p(τt) is already negligible at the end of the simulation window,
in the former integrals for computing 〈τt〉, it is not the case for p(τr).
Indeed, the observed power-law p(τr) ∼ τ−1

r cannot be extrapolated to
arbitrarily long times since this would lead to divergent values of 〈τr〉.
A correct estimation of 〈τr〉 would require the knowledge of p(τr) be-
yond the simulation window. Still, by integration over the simulation
window, we can determine a lower bound for 〈τr〉 of the order of 5×106.

Though the common scaling p(τr) ∼ τ−1
r is evident, the overlap

of all the distributions p(τr) is an artifact of the used normalization∫
p(τr)dτr = 1, where the integral is limited to the simulation window.

The scaling p(τr) ∼ τ−1
r will break down (changing to a steeper be-
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system ρth τa Φ(τa) a(αd = 1) a(αd = 4/3)
881 8 37000± 9000 0.849± 0.011 9.68± 0.20 9.95± 0.23
882 17 439000± 65000 0.685± 0.013 10.78± 0.26 11.48± 0.31

mix11 6 962000± 265000 0.278± 0.021 16.96± 0.89 21.02± 1.37
mix21 10 1193000± 221000 0.373± 0.014 14.62± 0.49 17.23± 0.69
Y2214 10 308000± 56000 0.692± 0.013 10.73± 0.26 11.41± 0.31
Y4212 15 349000± 80000 0.678± 0.009 10.83± 0.23 11.56± 0.27
Cayley 13 360000± 87000 0.623± 0.018 11.30± 0.33 12.23± 0.42

H 8 275000± 39000 0.632± 0.006 11.22± 0.22 12.11± 0.25
comb 14 401000± 57000 0.593± 0.010 11.59± 0.27 12.64± 0.33

Table 5.1: Values of ρth, τa, Φ(τa) and a (for αd = 1 and 4/3) ob-
tained for all the simulated systems [19]. For the linear chains, we find
ρth = 0.4, but it must be noted that the used time interval for sav-
ing trajectory points is ∆t = 5τe, i.e., five times longer than for the
branched systems. We have checked in the branched systems that at
least up to ∆t = 5τe, the threshold density ρth scales linearly with ∆t.
Then we can safely expect that, for ∆t = τe, ρth = 2.0 in the linear
chains, which is still much lower than the threshold densities of the
branched systems.

havior) at times beyond the simulation window. We expect that the
corresponding crossover will strongly depend on the system, occurring
at later times for the systems with more entangled side arms.

Fig. 5.7 shows the MSD of the branchpoint, normalized by t1/2, for
all the investigated systems. As for the van Hove function (see above),
statistics have been improved by averaging over the branchpoint and
the three nearest monomers in each of the arms stemming from the
branchpoint. At times in the range of t ∼ 6×105 to 6×106 (depending
on the system), the ratio 〈∆r2(t)〉/t1/2 shows a crossover to an appar-
ent horizontal plateau. This is consistent with reptational motion of
the main backbone (for pure reptation [25] 〈∆r2(t)〉 ∼ t1/2), which is
expected at time scales after full relaxation of the side arms. Closer
inspection for the systems with the branchpoints relatively close to
the backbone ends (Y2214 and H-polymer) suggests an slight upwards
trend over the plateau. Though, due to statistics, this observation must
be taken with care, additional contributions to reptation may be ex-
pected if the branchpoints (connected to the relaxed side arms) are
close to the free ends, where they can perform broader lateral motions
than in the center of the backbone. Having noted this, for simplicity we
will use, in what follows, the term ‘reptation’ in a broader sense than
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Figure 5.7: Mean-squared displacement of the branchpoint, divided by
t1/2, for the simulated systems.

‘pure reptation’, to refer to the dynamic regime in the apparent plateau
of 〈∆r2(t)〉/t1/2. If reptation of the branchpoint is interpreted as a dif-
fusion over a collection of traps, the time scale for the diffusive step has
an extremely broad distribution, as reflected in Fig 5.6. The beginning
of the reptation regime in the MSD of the branchpoint is dominated by
the fastest branchpoints, which have explored more traps (with shorter
residence times). However, there are branchpoints that are still residing
in their original traps over time scales longer than the onset of repta-
tion in the MSD, and obviously much longer than the relaxation time
of the side arm — the lower bound estimated for 〈τr〉 = 5 × 106 (see
above) is indeed much larger than τa (see Table 5.1). This long-lived
traps arise even in the 881-stars where the length of the side arm is
just one entanglement.

The fact that hopping between the traps may occur at times much
longer than the side arm relaxation time, even if the latter is very wekly
entangled, might question the usual interpretation of the branchpoint
diffusivity D in hierarchical tube models. Actually, this intervenes in
the model to effectively account for the friction associated to the re-
laxed side arm (see Chapter 4). Our analysis suggests that it should
be understood just in this (pragmatic) way, and not as describing a
hopping motion with a precise characteristic time scale. In the defi-
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Figure 5.8: Distribution of distances between consecutively visited traps
for all the studied systems (see legend). The vertical dashed line indi-
cates the original undilated tube diameter. The arrows comprise the
range of dilated tube diameters reported in Table 5.1 for the pure
branched systems (black arrow) and the star/linear mixtures (blue ar-
row).

nition of D (see equations in Chapter 4), hierarchical models assume
that the hopping time scale is given by τa. Our analysis shows that this
assumption is not justified and that the definition of a precise hopping
time in itself has no major physical significance.

The function K(t) provides for each branchpoint the temporal se-
quence of visited traps. This allows us to compute distances between
consecutively visited traps. We define such distances as the distances
between the centers-of-mass of the corresponding high-density clusters
(see Fig. 5.4). Fig. 5.8 shows, for all the simulated systems, the dis-
tribution of distances g(d) between consecutively visited traps. The
data in Fig. 5.8 have limited statistics. This is a consequence of two
factors. First, the number of branchpoints per simulation box is rel-
atively small (a few hundreds). Second, the trajectories show a small
number of traps (less than 7 per trajectory), which unavoidingly leads
to a reduced number of distances. The distribution of the number of
traps per trajectory is shown in Fig. 5.9. Good statistics for the distri-
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Figure 5.9: Distribution of the number of traps per branchpoint trajec-
tory in the investigated systems.

butions in Fig. 5.8 would only be achieved by extending considerably
the time scale of the simulations (to increase the number of traps per
trajectory and the corresponding number of distances). However, this
would be beyond the limit of current supercomputation resources. We
have indeed employed an unusual amount of CPU time, about 3.5 mil-
lion core-hours, for the present work. In spite of their limited statistics,
the distributions for all pure branched polymer melts and star/linear
mixtures in Fig. 5.8 unambiguosly exhibit a clear, broad peak centered
at a distance d ∼ 11. The broad character of the peak is consistent
with the absence of a well-defined, single length scale for hopping, as
anticipated by inspection of the van Hove function in Fig. 5.1. The
distribution of the distances between the traps for the linear chain is
much broader and shifted to longer distances. However, we do not give
a major physical significance, in terms of ‘hopping’, to the results for
the linear chain, since traps there have very low densities (the threshold
density ρth = 2 is much lower than for the branched systems and for
the mixtures, see Table 5.1). Traps for the linear chains are also much
more sparse, as demonstrated by computing the distribution of radii
of gyrations of the traps (Fig. 5.10). Both the much lower density and
larger size of the traps in the linear chains are a consequence of the
faster and broader back-and-forth motions of the ‘branchpoint’, which
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does not have to drag a side arm during its reptative motion. Thus,
branchpoint trajectories for the linear chains are very diffuse and traps
do not reflect a real localization of the branchpoint.

As explained above, the cluster analysis is based on preselecting
branchpoint positions that are located in cells with density above a
threshold value, ρp ≥ ρth. The latter is strongly dependent on the
system. It varies from ρth = 6 in the mixture mix11 to ρth = 17 in
the 882-stars (see second column in Table 5.1). Having noted this, it
must be stressed that the obtained distributions of distances (regarding
the location of the peaks) are not affected within statistics whatever
reasonable choice of ρth is made. We find very similar results by using,
for each system, a threshold density 25 % lower than the respective
value given in Table 5.1. In the branched architectures the clusters of
points in the highest-density cells (ρp ≥ ρth) tend to be surrounded
also by dense cells. Using a lower threshold density, ρ′th < ρth, increases
the number of points per cluster. However, this rarely leads to merging
of the original clusters, provided that ρ′th is high enough to remove
the low-density cells. Thus, the original number of clusters (obtained
for ρth) is not significantly altered. Moreover, the higher population
of the clusters for ρ′th does not significantly change either the original
distribution of distances found for ρth, because the centers-of-mass of
the clusters are dominated by the contribution of the highest density
cells. This is demonstrated in Fig. 5.11, where we plot the distribution
of the distances between the traps for two threshold densities: the one
listed in Table 5.1 (ρth) and ρ

′
th that is 25% lower than ρth. In summary,

the algorithm used here provides a sound, robust method for identifying
localization traps and distances between the traps in architecturally
complex polymers.

5.4 Discussion

We confront the former characterization of the traps with predic-
tions of tube models. Within the DTD hypothesis, the diffusive step of
the branchpoint in the tube is given by the value of the dilated tube
diameter, a, at the longest relaxation time of the side arm, τa [15, 31]:

a = a0Φ
−αd/2(τa). (5.1)

In this equation a0 is the original undilated tube diameter, which takes
a value a0 = 8.92± 0.13 for the simulated model [19, 72]. The function
Φ(t) is the tube survival probability, and αd is the exponent for dilution
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Figure 5.10: Distribution of the radii of gyration of the traps in the
investigated systems.

of the entanglement network. The latter is assumed to take a value
αd = 1 or αd = 4/3 [31]. Without invoking model-dependent outputs
from tube theories, the tube survival probability can be independently
computed from the simulation data. This is obtained by analyzing the
correlation function of the tangent vectors of the chain. The relaxation
time τa is obtained by analyzing the decay of the end-to-end correlation
function of the side arm. The procedure for computing Φ(t) and τa
has been described in detail in the Chapter 4. Table 5.1 shows the
values of Φ(τa) obtained for all the simulated systems, as well as the
corresponding values at τa of the dilated tube diameter a. The latter is
obtained from eq. 5.1 for both values of the dilution exponent αd = 1
and 4/3. The dilated tube diameter for the pure branched polymers
ranges from 9.7 (for 881-stars with αd = 1) to 12.6 (for combs with
αd = 4/3). The strength of dynamic tube dilution for branchpoint
hopping is related to the fraction of relaxed material at the time τa.
As discussed in Chapter 4, and consistently with results in Table 5.1,
the former fraction grows by increasing the length and the number of
the side arms. Therefore, since the dilated tube diameter is inversely
proportional to Φαd/2(τa), dilation is stronger for the simulated stars
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with side arms of Z = 2 entanglements than for the 881-stars. Likewise,
the dilated tube is wider for the simulated combs and H-polymers than
for the stars. Because of the high concentration of short chains (of
same Z = 3 as the side arms of the stars) in the star/linear mixtures,
tube dilation is much stronger than in the pure systems. Thus, in the
mixture mix11 the dilated diameter is a = 17 and 21 for αd = 1 and
4/3, respectively.

In spite of the limited statistics of the distributions in Fig. 5.8,
the peaks are clearly centered at distances larger than the original
undilated tube diameter a0 ≈ 9. The centers of the peaks in the pure
systems are consistent with the range of values (indicated by the ar-
rows) reported in Table 5.1 for the dilated tube diameter. However, this
is not the case for the star/linear mixtures, whose distributions g(d)
are hardly distinguishable from those of the pure branched systems.
The interpretation of these results is not obvious. It might be that the
apparent agreement between the dilated tube diameter and the maxi-
mum of g(d) for the pure branched systems is fortuitous, as suggested
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by the strong disagreement in the case of the mixtures. The coinci-
dence (within statistics) of both the distributions g(d) and the scaling
of p(τr) suggest instead a common picture for all the branched polymers
in the pure state and in the mixtures. Namely, long-time reptation of
the branchpoint occurs via hopping over a network of traps with the
same static properties. Dynamic differences between the long-time dy-
namics of the different systems are related to the different frequency of
the hops. This originates from the different effective friction associated
to the side arm in each system (note that, as discussed above, the re-
spective distributions p(τt) are different since the scaling p(τt) ∼ τ−1

t

will break down at different times for each system).
In summary, the analysis of residence times and distances between

traps reveals two interesting results:

i) The absence of a characteristic time scale for branchpoint hopping,
together with the presence of long-living traps far beyond the arm relax-
ation time. Hence, the branchpoint diffusivity introduced by hierarchi-
cal models should be understood as an effective description of friction
associated to the drag of the side arms, and not as the description of a
hopping motion with a characteristic time scale. The fact that, average
residence times within the traps seem to be indeed much longer than
the time scale (τa) assumed by the hierarchical models, is compensated
by the actual values of the hopping parameter, much lower than the
naive value p2 ∼ 1 originally proposed.

ii) The apparent independence of the typical hopping distance on the
strength of dynamic tube dilution. As discussed in previous chapters,
the mechanism of DTD seems to be essential to describe localization
of the branchpoint during retraction of the side arm, and to account
for the effective friction exerted by the relaxed side arms. However,
long-time reptation seems to occur more along a partially dilated tube
(similar in all investigated systems) than along that expected from
DTD.
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6. Conclusions

We have studied relaxation mechanisms in, architecturally com-
plex, entangled polymers by means of molecular dynamics simulations.
Namely, we have performed extensive simulations of a bead-spring
model for several polymer architectures, including symmetric stars, T-
shaped and Y-shaped asymmetric stars, H-polymers, combs and Cay-
ley trees, as well as mixtures of T-shaped asymmetric stars and linear
chains. Molecular dynamics simulations of these materials have allowed
us to observe and analyze branchpoint motion on the molecular scale,
without invoking any specific theoretical model.

Symmetric systems as symmetric stars and Cayley trees relax mostly
by the retraction mechanism. Retraction of the arms is reflected in the
simulations by a wide dispersion of the curves in the time evolution of
the mean squared displacement (MSD) of the different arm segments.
The MSD of the branchpoint in these systems shows a strong local-
ization during the whole simulation window, unlike middle and outer
segments of the arm, which exhibit a much higher mobility. We de-
scribe the localized branchpoint motion by a theoretical model based
on Rouse-like stars and localizing springs describing the entanglements.
Close inspection of the branchpoint dynamics with suppresed constraint
release reveals a new relaxation mechanism called ‘early tube dilution’
(ETD), which is different from the standard (constraint-release) dy-
namic tube dilution (DTD). We quantify from the simulation data the
dilation of the tube caused by the ETD and DTD mechanisms. We
incorporate this information into the theoretical model, which leads
to a time-dependent renormalization of the tube parameters (namely
a progressive increase of the tube diameter and entanglement time).
After this renormalization the predictions of the theoretical model for
the MSD of the branchpoint in the symmetric stars, and for the central
branchpoint in the Cayley trees, are in excellent agreement with the
simulation data.

The MSD of branchpoints in asymmetric structures as asymmet-
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ric stars, H-polymers, combs and star/linear mixtures shows at long
time scales typical scaling of reptative motion. The diffusion of the
branchpoint at long times is described by a set of equations proposed
by hierarchical tube models. These include an unknown constant, the
hopping parameter, describing the effective friction of the relaxed side
arms on the long-time reptative motion of the backbone. The hop-
ping parameter can be formulated in terms of the side arm relaxation
time, reptative diffusivity and tube survival probability, which we ob-
tain independently from the simulation data. This procedure allows us
to test the consistency of several hypotheses proposed by hierarchical
tube models for branchpoint motion. The only consistent set of val-
ues for the hopping parameter is achieved by considering hopping in
the dilated tube and the additional contribution of the backbone to
the friction. This result confirms the importance of the tube dilution
mechanism and suggests the need of some modifications for the usual
expressions describing the branchpoint diffusion in hierarchical models.

Inspection of the trajectories reveals localization of the branch-
point in different regions (traps) during the simulation. We have used
a density-based cluster algorithm for identification of the traps in the
trajectories. Reptation of the branchpoint at long times can be seen as
a sucession of hops along a network of traps with the same static prop-
erties, and with time scales varying from one to other system according
to the effective friction induced by the relaxed side arms. However, the
analysis reveals some unexpected results. Residence times within the
traps are broadly distributed, even extending to times much longer (by
decades) than the side arm relaxation time. This feature is observed
even in the case of very weakly entangled side arms. The distributions of
distances between consecutively visited traps are very similar for all the
investigated branched polymers, even though tube dilation (induced by
DTD) is much stronger in the star/mixtures than in the pure branched
systems. Whether these results are compatible with the current versions
of hierarchical models is an open issue. Our analysis suggests that the
diffusivity of the branchpoint introduced by hierarchical models must
be understood as a parameter to account for the effective friction as-
sociated to the relaxed side arm, and not as a description of a hopping
process with a precise time scale (which definitely does not correspond
to the side arm relaxation time).
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P. Bačová, H. Lentzakis, D.J. Read, A.J. Moreno, D. Vlassopoulos, C.
Das
Macromolecules 47 (2014) 3362-3377

Real-Space Analysis of Branchpoint Motion in Architecturally Complex
Polymers
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