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Abstract: Recently, the phenomenology of f(R) gravity has been scrutinized. This scrutiny
has been motivated by the possibility to account for the self-accelerated cosmic expansion
without invoking dark energy sources. Besides, this kind of modified gravity is capable
of addressing the dynamics of several self-gravitating systems alternatively to the presence
of dark matter. It has been established that both metric and Palatini versions of these
theories have interesting features but also manifest severe and different downsides. A hybrid
combination of theories, containing elements from both these two formalisms, turns out to
be also very successful accounting for the observed phenomenology and is able to avoid
some drawbacks of the original approaches. This article reviews the formulation of this
hybrid metric-Palatini approach and its main achievements in passing the local tests and
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in applications to astrophysical and cosmological scenarios, where it provides a unified
approach to the problems of dark energy and dark matter.

Keywords: modified gravity; late-time cosmic acceleration; dark matter; Solar System tests

1. Introduction

One hundred years ago, Albert Einstein completed the mathematical formulation of his revolutionary
view of the gravitational interactions in terms of curved space-time. The spirit, elegance, and
experimental successes of the original theory has captivated the international scientific community
and the theory has been accepted as the standard model for gravity [1]. At its centennial, pushed by
new observational evidences, the theory is at a dramatic crossroad. Its continuation as the reference
gravitational framework will imply that the universe is mainly composed by exotic sources of matter
and energy whose existence is purely inferred from their gravitational effects at the largest astrophysical
and cosmological scales [2-8]. However, if such sources are not detected in any direct way, then we
might be facing a failure of one of the most original theories of the twentieth century. The important
implications of the two opposed alternatives, i.e., the search for unknown dark side constituents or the
revision of gravitational theory, demand a careful scrutiny of the different possible scenarios. In this
work, we consider the second case, namely, the situation in which the gravitational dynamics may depart
from that predicted by Einstein’s theory of General Relativity (GR) at ultraviolet and infrared scales.
We mainly focus on the latter regime.

Given the success of GR at relatively short scales (such as the Solar System, stellar models, or compact
binary systems), the idea that modified dynamics could arise at larger scales has been investigated in
much detail over the last years. Theories in which the gravitational action consists of more general
combinations of curvature invariants than the pure Einstein-Hilbert term have been investigated with
special emphasis [9-17]. From these investigations it was soon noticed that the usual metric formulation
of alternative theories of gravity is generically different from its Palatini (or metric-affine) counterpart
(see [18] for a recent review on the Palatini approach). Whereas the metric approach typically leads
to higher-order derivative equations, in the Palatini formulation the resulting field equations are always
second-order. The appealing character of the second-order equations of the Palatini formalism, however,
is accompanied by certain algebraic relations between the matter fields and the affine connection, which
is now determined by a set of equations coupled to the matter fields and the metric. The case of f(R)
theories is particularly useful to illustrate the differences between these two approaches. In the metric
formulation, the object ¢ = df/dR behaves as a dynamical scalar field, which satisfies a second-order
equation with self-interactions that depend on the form of the Lagrangian f(R). In order to have an
impact at large astrophysical and cosmological scales, the scalar field ¢ should have a very low mass,
implying a long interaction range. It is well known, however, that light scalars do have an impact at
shorter scales, where their presence is strongly constrained by laboratory and Solar System observations
unless some kind of screening mechanism is invoked [19-23]. In the Palatini case, a scalar-tensor
representation is also possible, but with the scalar field satisfying an algebraic rather than a differential
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equation. One then finds that the scalar ¢ turns out to be an algebraic function of the trace of the
stress-energy tensor of the matter, ¢ = ¢(7"), which may lead, in models of late-time cosmic speed-up,
to undesired gradient instabilities at various contexts, as has been shown by studies of cosmological
perturbations [24,25] and atomic physics [26,27].

In this article we will review the hybrid variation of these theories, in which the (purely
metric) Einstein-Hilbert action is supplemented with (metric-affine) correction terms constructed a la
Palatini [28,29]. Given that metric and Palatini f(R) theories allow the construction of simple extensions
of GR with interesting properties and, at the same time, suffer from different types of drawbacks, we
initiated a program to establish bridges between these two seemingly disparate approaches hoping to
find ways to cure or improve their individual deficiencies. For that purpose, in a number of works we
considered a hybrid combination of metric and Palatini elements to construct the gravity Lagrangian and
found that viable models sharing properties of both formalisms are possible. An interesting aspect of
these theories is the possibility to generate long-range forces without entering into conflict with local
tests of gravity and without invoking any kind of screening mechanism (which would however require
that at the present time the cosmological evolution reduces to GR). The possibility of expressing these
hybrid f(R) metric-Palatini theories using a scalar-tensor representation simplifies the analysis of the
field equations and the construction of solutions. In some sense, considering a theory like R + f(R)
means that we retain all the positive results of GR, represented by the Einstein-Hilbert part of the
action R, while the further “gravitational budget” is endowed in the metric-affine f(R) component.
In fact it is well known that metric-affine and purely metric formalisms coincide in GR, i.e., considering
the action R. On the contrary, the two formalisms lead to different results considering more generic
functions f(R) [18].

A related approach to study f(R) theories that interpolate between the metric and Palatini families
is that of the so-called C-theories proposed in [30,31]. There the spacetime connection is associated to
the metric g,, = C(R)g,, that is conformally related to the spacetime metric g,,,, but the relation may
depend upon the a scalar curvature R. This framework contains the metric, C(R) = 1, and the Palatini,
C(R) = f'(R), formalisms as special limits, and one also finds that even when f(R) = R physically
distinct theories are possible. For further studies on variations of variational principles see e.g., [32—-38].

Other extensions of the f(R) framework modify the coupling of matter to gravity by defining an action
which depends linearly [39] or nonlinearly upon the matter Lagrangian [40—47], or its trace [48-50].
The new couplings generally induce non-geodesic motion mediated by an extra force orthogonal to
the four-velocity [51], which may have nontrivial effects already in flat Minkowski space. Instabilities
due to new nonlinear interactions within the matter sector are thus common in these theories [52,53].
We note, from this perspective, that in the hybrid metric-Palatini approach, considered in this article, it
can be expected that such instabilities in the matter sector are absent, because the usual conservation
laws are satisfied.

In this paper, we review the formulation and the main applications of hybrid gravity models in
late-time cosmological and astrophysical scenarios. The article is organized in three main parts
considering the general formalism, the cosmology and the astrophysical applications. In Section 2, we
start the discussion considering the action and the field equations of the hybrid metric-Palatini formalism.
In particular, we discuss the scalar-tensor representation, the Cauchy problem, and more general hybrid
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theories than R + f(R). Section 3 is devoted to hybrid-gravity cosmology. We derive the Friedmann
equations, construct the related dynamical system, and briefly consider some solutions. Furthermore,
we analyse the cosmological perturbations in order to understand structure formation in these theories.
We focus on the evolution of perturbations in the matter dominated era and vacuum fluctuations relevant
to inflation. The weak field behaviour that is crucial for the Solar system precision tests of gravity
is considered in Section 4, where we also discuss the galactic phenomenology and the astrophysical
applications of hybrid gravity as an alternative to dark matter. In particular, we study the stellar dynamics
and the theory of orbits, the generalization of virial theorem, the flat rotation curves of spiral galaxies,
and the galactic clusters starting from the relativistic Boltzmann equation for collisionless systems of
particles. The conclusions are drawn in Section 5.

2. Hybrid Metric-Palatini Gravity: The General Formalism

Let us start our considerations by giving the basic features of the theory. In particular, we discuss the
action and the field equations both in the so called f(X) and its equivalent scalar-tensor representations
in both the Jordan and the Einstein frames. Next, the well-formulation and well-posedness of the Cauchy
problem is considered. Finally, arbitrary hybrid gravity theories constructed from the metric and an
independent connection are explored and it is shown that the special f(X) models avoid otherwise

generic pathologies.

2.1. Action and Gravitational Field Equations

The action is specified as [28,54]

S =5 | AoV R+ FR) + S m

where S,,, is the matter action, x?> = 87, R is the Einstein-Hilbert term, R = g""'R . 1s the Palatini

curvature, defined in terms of an independent connection Ffjl, as

R = 0" Ry = g (T~ T + T, — TI,) )

uv,o po,v

that generates the Ricci curvature tensor R, as

Ruw =19, —T9,, +To0, =I5, . (3)

Qo po,v

Varying the action given by Equation (1) with respect to the metric, one obtains the following

gravitational field equation
1
GMV + F(R)R/W - §f(R)g;u/ = HzTul/? (4)

where the matter stress-energy tensor is defined as usual,

v .

STV ) >
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the resulting equation of motion that fgy is compatible with the metric #'(R)g,,,, conformally related to
the physical metric g,,,, with the conformal factor given by F'(R) = df (R)/dR. This implies that

Varying the action with respect to the independent connection '@ . one then finds as the solution to

3 1 1 11
Ry = Ry +-——F(R

2 F2(R) (R)uF(R)w — WVMF( Yo — §Wngavap(7z) . (®)

The Palatini curvature, R, can be obtained from the trace of the field Equation (4), which yields
FRR-2f(R)=x*T+R=X. (7

Note that we can express R algebraically in terms of X if the form of f(R) allows analytic solutions.
The variable X measures how much the theory deviates from the general relativity trace equation
R = —k?T. These two observations shed light upon the structure of the theory and the central part
that the “trace deviation” X plays in it. It is for this reason the R + f(R) hybrid metric-Palatini theories
have also been called simply the “f(X) theories”.

Indeed, we can express the field Equation (4) solely in terms of the metric and X as

1 / 1 / « /!
G = SFX)gu = FOX) Ry + F(X)V, X, + 5 [F(X)VaVX + F(X) (0X)"] g

Py - BE )

X, X, + K*T,, .
2 F(X) X KLy ®)

+

Note that (0X)? = X , X *. The trace of the field equations is now

FI(X)V.VoX +

F'"(X) — %%] (0X)* + % (X +2f(X) — F(X)R] =0, 9)

while the relation between the metric scalar curvature R and the Palatini scalar curvature R is

(F’(X))2 G VaVUF(X)

3
RX)=E+5 1\ Fx) F(X)

; (10)

which can be obtained by contracting Equation (6).

2.2. Scalar-Tensor Representation

Like in the pure metric and Palatini cases [55,56], the Action (1) for the hybrid metric-Palatini theory

can be turned into that of a scalar-tensor theory by introducing an auxiliary field A such that

1
S=53 d'2/=g[QaR + f(A) + fa(R — A)] + S, (11)
where f4 = df/dA and we have included a coupling constant 24 for generality. Note that

Q24 = 1 for the original hybrid metric-Palatini theory [28]. Rearranging the terms and defining
¢ = fa, V(6) = Afa — f(A), Equation (11) becomes

1
S = ﬁ/d%\/_—g[mpbmn— V()] + Sy (12)
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It is easy to see that this action is equivalent to our original starting point Equation (1). Variation of
the above action with respect to the metric, the scalar ¢ and the connection leads to the field equations

1
QAR;W + gbRMV - 5 (QAR + ¢R - V) G = /{2Tuu ) (13)
R—-V, = 0, (14)
va (\/ _g¢gNV) = Oa (15)

respectively.
The solution of Equation (15) implies that the independent connection is the Levi-Civita connection
of a metric h,,, = ¢g,,. This means that the relation Equation (6) between the tensors R, and 1z, can

be now rewritten as

1
Ru R;w + -5 2¢2 u¢au¢ (vuvl/gb + Eg;wvozvaqb) ) (16)

¢

which can be used in the Action (12) to get rid of the independent connection and to obtain the following
scalar-tensor representation that belongs to the “Algebraic Family of Scalar-Tensor Theories” [57], so
that one finally arrives at the following action

3
S = 5 2/d4:1:\/_ [(QA+¢)R+—¢ GO P — V(M + S, . (17)

It is interesting to point out that, by the substitution ¢ — —(k¢)?/6, the Action (17) reduces to the
well-known case of a conformally coupled scalar field with a self-interaction potential. Namely, this
redefinition makes the kinetic term in the Action (17) the standard one, and the action itself becomes that
of a massive scalar-field conformally coupled to the Einstein gravity. Of course, it is not the Brans-Dicke
gravity where the scalar field is massless but now we have a nonzero V' (¢) as given in Equation (12).

In the limit 24 — 0, the theory Equation (17) presents the Palatini- f(R) gravity, and in the limit
24 — oo the metric f(R) gravity [57]. Apart from these singular cases, the more generic theories with
a finite {24 thus lie in the “hybrid” regime, which from this perspective provides a unique interpolation
between the two a priori completely distinct classes of gravity theories. In fact, we have arrived at

Brans-Dicke type of theories specified by the non-trivial coupling function

3¢
e S 18
WBD 5 gb 20, ) (18)
that generalises the wpp = 0 and wpp = —3/2 cases, which correspond to the scalar-tensor

representations of the metric f(R) and the Palatini- f(R) gravities [14], respectively.
Using Equations (16) and (14) in (13), the metric field equation can be written as

1 1
(QA + ¢)Ruzx = 52 (T;w - §guuT> + 59#1/ (V + Vava¢) + vuvu¢ (b u¢au¢ ) (19)

or equivalently as

3 1
(QA + gb)Guu = /12T;w + v,uvugb - vava¢guu - ﬂvugbvugb + 4 VA¢V ng,w - §VguV7 (20)

¢
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from which it is seen that the spacetime curvature is generated by both the matter and the scalar field.
The scalar field equation can be manipulated in two different ways that illustrate further how the hybrid
models combine physical features of the wgp = 0 and wpp = —3/2 scalar-tensor models.
First, tracing Equation (13) with g*/, we find —QR — ¢R + 2V = x*T, and using Equation (14),
it takes the following form:
2V — ¢V = kT + QuR. 1)

Similarly as in the Palatini (wgp = —3/2) case, this equation tells us that the field ¢ can be expressed
as an algebraic function of the scalar X = k2T + QuR, ie., ¢ = ¢(X). In the pure Palatini case,
however, ¢ is just a function of 7'. The right-hand side of Equation (19), therefore, besides containing
new matter terms associated with the trace 71" and its derivatives, also contains the curvature R and its
derivatives. Thus, this theory can be seen as a higher-derivative theory in both matter and metric fields.

However, such an interpretation can be avoided if R is replaced in Equation (21) with the relation

3 3
SV o

together with R = V;,. One then finds that the scalar field is governed by the second-order evolution

R=TR+ R (22)

equation that becomes, when 24 = 1,

— 2
ok Lgeg B U] oy, o)

which is an effective Klein-Gordon equation. This last expression shows that, unlike in the Palatini

(wpp = —3/2) case, the scalar field is dynamical. The theory is therefore not affected by the microscopic
instabilities that arise in Palatini models with infrared corrections [18].
Finally, we can make a conformal transformation into the Einstein frame of these theories.

The conformal rescaling we need to achieve this is given by
g;u/ = (¢ + QA) Guv (24)
and the Einstein frame Lagrangian then becomes

304 §P0ads  VI(9)
20 (¢+Qa)?  (p+Qu)?

N

L=R+

(25)
This can be further put into its canonical form by introducing the rescaled field ¢ as

_ 2 (Y
¢ = Q4 tan <2\/§) (26)

The vacuum theory then becomes a canonical scalar theory with a very specific potential (stemming

of course from the original function f(R)) in the Einstein frame.

2.3. The Cauchy Problem

The dynamical equivalence with scalar-tensor theories shown above is useful to discuss the
well-posedness of the Cauchy problem for hybrid f(X)-gravity in vacuo and coupled to standard
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matter sources. For previous studies of the Cauchy problem in different formulations of f(R) theories,
see [58-62].

We begin by proving the well-posedness of the Cauchy problem in vacuo, making use of the
equivalent Formulations (20) and (23). As we shall argue, the same conclusions hold in the presence
of standard matter sources satisfying the usual conservation laws V#T,,,, = 0.

Borrowing definitions and notations from [63], the key point of our discussion is the introduction of
suitable generalized harmonic coordinates, defined by the conditions

1
Fl''=Fr—H"=0  with  Fr.=g*r", H':.=
¢ ’ (1+¢)

As we shall see, the gauge Equation (27) allows us to develop a second order analysis very similar to

Ve . (27)

the one used in GR [63]. We notice that the generalized harmonic gauge Equation (27) is a particular
case of the one introduced in [64] to prove the well-posedness of the Cauchy problem for a certain class
of scalar-tensor theories of gravity.

Let us start with rewriting Equation (20) in the form [65]

1 1
= — | X, — =X 2
R, 0+ { w3y guy] ; (28)
where 3 3 )
E,uz/ = Vuvu¢ - Vava¢g;w - 2_¢V,u¢vu¢ + 4_¢v/\¢v/\¢ - ivgw/ ) (29)

plays the role of an effective energy—momentum tensor. We recall that the Ricci tensor can be expressed
as [63]

1
R, =R}, + 3 (94000 (F§ + H?) + 6,00, (F§ + H)] , (30)

with )
Rj, = =560 59 + Awl(9,09). (31)

where only first order derivatives appear in the functions A,,. Due to the assumed gauge condition Fg =0
and the explicit expression of /#, from Equations (30) and (31), we get the following representation

1 1
— __aB52 -
RMV 29 aaﬁgHV + (1 + ¢) aﬂyqs + B/JJ/(Q? ¢7 8g’ a¢) I (32)

where the functions B, depend on the metric g, the scalar field ¢ and their first order derivatives. At the
same time, using Equation (23) to replace all terms depending on the divergence g*’V,V 3¢, the right
hand side of Equation (28) can be expressed as

1 1 1
m {EMV - izg/ﬂ/:| = (1 + ¢) a?w¢ + CMV(ga ¢7 aga a¢> ) (33)

where, again, the functions C), depend only on first order derivatives. A direct comparison of
Equations (32) with (33) shows that, in the considered gauge, Equation (28) assumes the form

gaﬁaiﬁg/w = D,LW(g7 ¢,0g,00) . (34)

The conclusion follows that Equations (23) together with (34), form a quasi-diagonal, quasi-linear

second-order system of partial differential equations, for which well known theorems by Leray [63,66,67]
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hold. Given initial data on a space-like surface, the associated Cauchy problem is then well-posed in
suitable Sobolev spaces [63]. Of course, the initial data have to satisfy the gauge conditions F(; =0 as
well as the Hamiltonian and momentum constraints

1
(1+0¢)

on the initial space-like surface. In connection with this, we notice that, from Equation (23), we can

Ou:

o 4 =0,...,3, (35)

derive the expression of the second partial derivative 93¢ and replace it on the right hand side of
Equation (35), and thus obtaining constraints involving no higher than first order partial derivatives with

respect to the time variable z°.

To conclude, we have to prove that the gauge conditions F 5 =0
are preserved in a neighbourhood of the initial space-like surface. To this end, we first verify that the

divergence of the gravitational field Equation (20) vanishes, namely
VHI(L+¢)Gu — Zw] = 0. (36)

Taking into account the identities V/*G,, = 0 and (V*¢)R,, = (V*V,V,—-V,V*V,)0o,
automatically satisfied by the Einstein and Ricci tensors, we have
VH[(1 4 6)Gpu — Bl = ~ 3RV, + V* (

20 4¢

On the other hand, inserting the content of Equation (21) (in this case, with 7" = 0) into the trace of
the field Equation (20), we end up with the identity

AV 3_ _,, 3
R=5+ oWV 55

The identities Equation (36) follow then from a direct comparison of Equations (37) with (38).
Now, if g,, and ¢ solve the reduced field Equation (34) and the scalar field Equation (23), then

we have
(1+9)
—

SVApVAg. (38)

(14 @¢)GH — T = — 9" 0, Fy + " 0, Ff — g" 0, F]) . (39)

Identities Equation (36) imply then that the functions ij satisfy necessarily a linear homogeneous
system of wave equations of the form

grI0s Fl + B0, FY =0, (40)

pg— @

where E;q are known functions on the space-time. Since the constraints Equation (35) amount to the
condition GOF; = 0 on the initial space-like surface, a well known uniqueness theorem for differential
systems such as Equation (40) assures that F; = 0 in the region where solutions of Equations (23)
and (34) exist (see also [63]).

The illustrated analysis also applies in the case of couplings to standard matter sources such as
electromagnetic or Yang-Mills fields, (charged) perfect fluid, (charged) dust, Klein-Gordon scalar
fields [61], so showing the well-posedness of the Cauchy problem for f(X)-gravity in presence of
standard matter fields. Indeed, when matter sources are present, Equations (23) and (34) have to be
coupled with the matter field equations. Applying the same arguments developed for GR [63,68,69],
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it is easily seen that, in the generalized harmonic gauge (27), the matter field equations together with
Equations (23) and (34) form a Leray hyperbolic and a causal differential system admitting a well-posed
Cauchy problem [67]. In addition to the well-known results by Bruhat, the crucial point is again that the
field equations of matter field imply the standard conservation laws V#T,,,, = 0 [39]. In summary, the
hybrid metric-Palatini gravity satisfies the well-formulation and well-posedness of Cauchy problem for

standard forms of matter and then, in this sense, it is a viable theory.

2.4. More General Hybrid Metric-Palatini Theories

The “hybrid” theory space is a priori large. In addition to the metric and its Levi-Civita connection,
one also has an additional independent connection as a building block to construct curvature invariants
from. Thus one can consider various new terms such as

R"R,,, R"R,, R"R..;, R"“Ru.;, RR, erc. (41)

Though an exhaustive analysis of such hybrid theories has not been performed, there is some evidence
that the so called f(X) class of theories we are focusing our attention upon here is a unique class of viable
higher order hybrid gravity theories. In the more restricted framework of purely metric theories, it is
well known that the f(R) class of theories is exceptional by avoiding the otherwise generic Ostrogradski
instabilities by allowing a separation of the additional degrees of freedom into a harmless scalar degree of
freedom [70]: as we have already seen, such a separation is possible also for our hybrid- f(X') theories.
Furthermore, it turns out that this feature is a similar exception in the larger space of metric-affine
theories, since a generic theory there is inhabited by ghosts, superluminalities or other unphysical degrees
of freedom.

As a representative class of more general theories, actions of the form

1 N A .
S = 22 /d4$v —g[(R.R,Qu), Qu = R"R,, (42)

were studied by Tamanini [71], who determined the precise field content of this action in the weak-field
limit. Variation of Equation (42) with respect to the metric produces the following field equations:

1 R .
f,RR/w - Eg;wf + guVDf,R - V,uvuf,R + ﬁRR/w + 2f7QR2RVA
1 ~ 1 A A
+§D (f’QR,u,y> + ig,u,uvavﬁ <f7QRaﬁ) - V)\V(y (f:QRI)J\«)) = KZQTMV, (43)

where f g, fr and [ ; are the derivatives of f with respect to R, R and Qu respectively. The solution to
the equation of motion for the connection on the other hand dictates that it is the Levi-Civita connection

of the metric g, given by

. V-r
g = ™,

V=9
Using this one can eliminate the auxiliary metric g, in terms of the physical metric g, .

where 7" = frg" + f7QR“”. (44)

Considering perturbations h,, = g,, — 1,,, around Minkowski space g,, = 7)., and inverting the
linearised field equations for the physical metric then gives us the propagators for the graviton and the

additional degrees of freedom that may be present in h,,,,. The propagator I1°#7 is defined by

H;gwshwg = IQQTOCB s (45)
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where 7, represents the linearised stress energy source. In the formalism of the spin-projector operators
employed in Reference [72] and more pedagogically reviewed in Reference [73], the result can be given
in Fourier space (where basically [J — —k?) in terms of two functions a and c as

730
k11, g _ Skl 46
PO AR (k) — 3R e
where P2 w36 Picks up the spin-2 and PO w36 the scalar modes of the fluctuations, see References [71-73]
for details. The functions a and ¢ can be determined immediately given a theory of the form
Equation (42). They depend upon the combinations

6/ + f FO
=59 ad B="2 (47)
2[R Iz
in the following way:
B
a0) = fR+1% - 1970, (48)

B
(@ = JQ+ R =2 (St 4 e+ 1Y) O+ { [ 64+ B) + £ (2A + Z)] [ (49)
Let us then enumerate some special cases. To simplify things we assume fg}z =0.
2.4.1. Metric f(R) Models
(0)

In the pure metric f(R) case, f pr = A = 0 and we have

1
HOCBWS Haﬁ"/ﬁ +

GR
> (4 37

Thus we have an extra scalar degree of freedom, as we expect since the f(R) models are known to be

Poane, (50)

equivalent to Brans-Dicke theories with a vanishing parameter wzp = 0. The mass of the “scalaron” is
m? = (3 f’(g%)_l, and as long as f”(R) > 0 the theory is stable, otherwise a tachyonic mass spoils the
stability around Minkowski space.

2.4.2. Palatini f(R) Models

As already discussed, the Palatini-type f(R) models are equivalent to Brans-Dicke theories with
the parameter wpp = —3/2. This particular value corresponds to vanishing kinetic term of the field,
which thus is nondynamical. Therefore we expect that no additional scalar degree of freedom should
appear. For a proper normalisation we may assume that f}gg) = 1, and we have now of course that
f(o) = ['rr 0 = f’g) = 0. Hence,

S0 = TR’ (51)

confirming our expectation.
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2.4.3. Hybrid f(X) Models

It was already remarked in [57], in Ricci-flat spacetimes the f(X) theories share the properties
of Palatini-f(R) theories, which in vacuum reduce to GR with a possible cosmological constant.
Therefore it is not a surprise that we find no new propagating degrees of freedom in Minkowski vacuum,

S0y = Tes” (52)

Interestingly though, this class of theories is not equivalent to either of the previous two cases, since
when one considers curved spacetimes, a new scalar degree of freedom appears. In this sense, the f(X)
gravity is a quite minimalistic scalar-tensor extension of GR, as the scalar propagates only in the presence

of background curvature.
2.4.4. The Hybrid f(R,R) Models

The generalized hybrid Ricci scalar theories were introduced in [74,75] and found to have
qualitatively different properties compared to the more restricted class of f(X) models described
above. In particular, the f(R,R) were shown to be equivalent to a class of biscalar-tensor theories.
These theories have an extra P°* spin-0 propagator with a double pole, corresponding to two
propagating scalar degrees of freedom. We can easily deduce the masses of these scalar fields. We get

f(O)
mi= (£ + 47 +5) . (53)
18 (%)
where we have defined for convenience
7O 2

0) OR% RR
s =\ (fS+ %) - 1225 (54)

R

2

We note that the scalar particle with mass squared m~ corresponds to the scalaron appearing in
Equation (50) in the limit of pure f(R) gravity, but in general now has a shifted mass. The other scalar is
a new particle that occurs due to nontrivial dependence upon R, and unlike in the case of f(.X) gravity, it
propagates also in Ricci-flat spaces. The condition that neither of the scalars has a tachyonic instability,
is given by

fR >0, and fRp+4f%, —S>0. (55)

The residues at the two poles corresponding to these masses are
S (1 +41%%)

In order for neither of these scalars to be a ghost, we should have both . > 0 and r_ > 0. The second

condition would require that
fien +4f R =5 < 0. (57)

in contradiction with Equation (55). It seems then that we cannot avoid both tachyons and ghosts in

this theory.
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2.4.5. The hybrid Ricci-Squared f(R, Q) Theories

Let us finally consider the Q g-invariant. For simplicity, we restrict to models here without nonlinear
dependence on the metric Ricci scalar; it is easy to see that this does not affect our conclusions essentially.
Basically the graviton propagator acquires its structure from the function a(0J) in (48), and now only the
higher-derivative term Q g modifies it. We can arrange the result for the propagator in the form

(0) 3 £(0)7.2
s 3£ (1 + 31O )
afyd I_IG’FL:y va 4f7Q POaB'yJ' (58)

Ve = (1 1 (f7£))2k4> °, (1 1 (f,g)?m) (1 +35 0k 42 (fg))Qk‘*)

The sixth order theory we have at hand has a modulated graviton propagator which adds two extra

poles. In addition, there appears a scalar propagator that has five poles. This is in a quite drastic contrast
with respect to the metric ()-theory which contains only one additional spin-2 particle and features fourth
order field equations. We need not analyze in detail the properties of the new degrees of freedom here,
since it is obvious the theory as such is seriously haunted by ghosts and thus not physical. It is easy to
convince oneself that this occurs very generically once one builds the action from any hybrid curvature
invariant — with the exception of R in the specific case of separable functional dependence R + f(R).
These considerations corroborate our claim that the f(X) theories are of special theoretical interest.

In the rest of the review, we shall discuss their phenomenology.

3. Hybrid-Gravity Cosmology

In order to study the cosmology of the metric-Palatini theories, we choose in this section to employ

the scalar-tensor formulation derived above Equation (17):

5= [devs [(QA FORT 2 (06— 22V(6)] + S, (59)

T 22 2
where 1
RV (0) = 5 [r(@)6 — fr(@)]. (@) =1""(9). (60)
Cosmology of the equivalent theories has been investigated also using the f(X') formulation in terms
of the purely metric quantities, and we refer the reader to the recent phase space analysis for the most
complete global analysis of the cosmological dynamics of these theories [76]. Here we will first write
down the cosmological equations in the Formulation (59) and then have a brief look at the phase space
of exact solutions for these equations. Then we will analyse the formation of cosmological large-scale
structure in these models.

3.1. Background Expansion
The flat Friedmann-Robertson-Walker metric is defined as
ds? = —dt* + a*(t) (dz? + dy® + dz?) | (61)

where the rate of time-evolution of the scale factor a(t) is conveniently parameterised by the Hubble

rate H(t) = (da(t)/dt)/a(t). In the following we will not write explicitly the time dependence of the
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cosmological background quantities, and denote time derivative by an overdot. This eases the notation
and we can write for example H = a/a. In the following we will mainly be interested in accelerating

dark energy -like dynamics; for a study of Einstein static spaces, see Reference [77].
3.1.1. The Friedmann Equations

The Friedmann equations that govern the evolution of /' can always be written in terms of the effective

energy density and pressure, respectively defined as

3H? = K’pest, (62)
. /{2
H = _? (peff +peff) ) (63)

where for the theory defined by the Action (59) we obtain the following effective source terms

3 . .
Qa+ @) = =20 +KV(0) = 3HO+ K, (64)
3 . . .
Qa+ @) wper = — 50" —KV(9) + 6+ 2Ho + K, (65)
respectively. The conservation equations for the matter component and the scalar field are
¢+ 3Ho ¢2+1w% 220V(6) = 0 (67)
—— 4+ -¢oR— -k = 0.
20 3 3

Recalling that R = 6(2H> + H ) and using Equations (62) and (63), we can rewrite the Klein-Gordon
equation as

12 2
b13H)— L yUg)+ 2

where for notational simplicity, U’(¢) is defined by
!/ 2'%2925 !/
U'(9) = 552 [2V(8) — (94 +6)VI(6)] (69)
A

As a consistency check one can verify that the Klein-Gordon equation together with the matter
conservation allows to derive Equations (63) from (62). By combining Equations (67) and (68), we
find that

szyww@¢=%@MR+ﬁngzéx. (70)

The solution for ¢ = ¢(X = 0) gives us the natural initial condition for the field in the early universe.
The asymptotic value of the field in the far future may then be deduced by studying the minima of the
function U(¢) defined by Equation (69).

3.1.2. Dynamical System Analysis

Cosmological dynamics can be addressed by taking into account a suitable dynamical system. Let us
introduce the dimensionless variables

K2p K2V
Qm = - = ) = ) = 57179
V=0, Yy=TN 2=

=372 (71)
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where N = log a is the e-folding time. The Friedmann Equation (62) can then be rewritten as

2
Oatarty—z+2 =, (72)
4z

Due to this constraint, the number of independent degrees of freedom is three instead of four. We

choose to span our phase space by the triplet {x,y, z}. The autonomous system of equations for them

reads as
IN = VY, (73)
B 20 +vy _ 2 . .
N o= S0 { (3w — 1)y + 42 (3w, — 1)y — 3(1 + wp) 2]
—4a? (1 = 3wy, — 2u(x)2) + 4Q4 [32 (W, — 1)y +y° — 27 (2 — 6w, — 4u(z)2)] } 74)
ZN = mﬁ{ (3w — 1) 9% + 42 (3w — 1)y — 3 (1 + wy,) 2]
+4Q42 (3 4w, + u(w)y) + 427 3wy — 1+ 2u(z)2) } : (75)

We have defined u(z) = V'(¢)/V(¢), that becomes a constant iff the potential is exponential.
The relevant fixed points appear in this system. In particular, we have the matter dominated fixed point
where x = y = 2z = 0 and weg = w,,, and the de Sitter fixed point (in addition, there exists the fixed

point x = —{)4 corresponding to some kind of singular evolution) that is described by w.g = —1 and
e = (2= Qqu) /ux, y. =0, z,=2/u,. (76)

We denote the asymptotic values corresponding to this fixed point by a subscript star. In particular,
the asymptotic value of the field x, is solved from the first equation in Equation (76) once the form
of the potential is given. As expected, this value corresponds to minimum of the effective potential
Equation (69), U’(x.) = 0. To construct a viable model, the potential should be such that we meet the
two requirements:

e The matter dominated fixed point should be a saddle point, the de Sitter fixed point an attractor.

Then we naturally obtain a transition to acceleration following standard cosmological evolution.

e At the present epoch the field value should be sufficiently close to zero. Then we avoid conflict
with the Solar System tests of gravity (this will be clarified in Section 4.1).

Note that the simplest metric f(R) theories that provide acceleration fail in both predicting a viable
structure formation era and the Solar system as we observe it. The Palatini- f(R) models on the other
hand can be ruled out as dark energy alternative by considering their structure formation or implications
to microphysics, if such a theory is regarded consistent in the first place. As shown here and explored
further below, f(X) gravity models exist that are free of these problems.

To summarize: the field goes from ¢; to ¢., where the former is given by 2V (¢;) = V'(¢;)¢; and the
latter by 2V (¢.) = (24 + ¢.)V'(¢.). We just need a suitable function V' (¢), i.e., f(R) in such a way
that the slope will be downwards and ¢, near the origin.

We refer the reader to [76] for a more complete and detailed phase space analysis of the cosmological

background dynamics.
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3.1.3. On Cosmological Solutions

As a specific simple example, let us consider in more detail the specific case of de Sitter solution in

vacuum when €24 = 1. Then the modified Friedmann equations take the form

S B P Y T
3H” = 1o l€p+2 3¢<H+4¢> , (77)
- 1 __2 ) §¢_2_
20 = T+6 _ '<6(perpm)+H¢+2gZS ¢], (78)
and the scalar field Equation (23) becomes
g OO _ o
o+ 3Hp — Zﬁ + §[2V —(1+¢)Vy] = —T(pm — 3pm)- (79)

To further specify the set-up, consider a model that arises by demanding that matter and curvature

satisfy the same relation as in GR. Taking
V(g) = Vo +Vie?, (80)

the trace equation automatically implies R = —x2T + 2V, [28,54]. As T' — 0 with the cosmic
expansion, this model naturally evolves into a de Sitter phase, which requires V; ~ A for consistency
with observations. If Vj is positive, the de Sitter regime represents the minimum of the potential.
The effective mass for local experiments, mfo = 2(Vh — 2V1¢)/3, is then positive and small as long as
¢ < Vu/Vi. For sufficiently large V; one can make the field amplitude small enough to be in agreement
with Solar System tests. It is interesting that the exact de Sitter solution is compatible with dynamics of
the scalar field in this model.

The accelerating dynamics that drive the f(X) theory towards its general relativistic limits today have
indeed been realised in several specific models [28,54,78,79]. Our preliminary phase space analysis
confirmed the existence of de Sitter attractor solutions, and the recent study of cosmology in terms of
dynamical system analysis extends this result to more general models [76]. Analytic solutions were
presented also in Reference [54] as well as in Reference [80], there using a Nother symmetry technique.
A designer approach was deviced by Lima [78] to reconstruct precisely the standard ACDM expansion
history by a nontrivial f(X') model, and finally, two families of models were constrained by confronting
their predictions with a combination of cosmic microwave background, supernovae Ia and baryonic

acoustic oscillations background data [79].

3.2. Cosmological Perturbations

To understand the implications of these models to the cosmological structure formation, we will derive
the perturbation equations and analyse them in some specific cases of interest. This paves the way for a
detailed comparison of the predictions with the cosmological data on large scale structure and the cosmic
microwave background. For generality, we will keep the parameter €2 4 in the formulas in this section.
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3.2.1. Field Equations and Conservation Laws

We work in the Newtonian gauge [81], which can be parameterized by the two gravitational potentials
d and U,
ds? = — (14 20) dt* + a®(t) (1 + 20) d7F*. (81)

As matter source we consider a perfect fluid, with the background equation of state w and with density
perturbation § = 8, / pm, pressure perturbation dp,, = c2dp,, and velocity perturbation v.
The 0-0 part of the field equations is

k2 é : , Ho ¢

?®+3<H_2MA+@>¢_3<H*Xu+¢_4¢mA+@>m
B 1
204 + ¢

2¢

2 3 12 / 2 k2 (b .

where we have denoted ¢ = d¢. The Raychaudhuri equation for the perturbations reads

[6<H2+2H>—2k_2+ 6 (¢—£+H¢6) \P+3<2H—QA¢+¢)<¢>_\1;)_6(15:

a? Qa+¢ ¢?
L K2 (0pm + 30pm) + 6H2+6H+3é—2v’(¢)+k—2 ©+3 H—2—¢ O+ 35| .(83)
Qa+9¢ " " ¢? a? ¢ '
The 0-¢ equation is
0 : 1 ) 3¢ .
-\ H+—¢—— |2+ = ——— | (pm+ D) vy + | H+ — + (84)
( 2(Q 1 9) 2@t o) | Pm ) 20 )77
Note that the set of perturbed field equations is completed by the off-diagonal spatial piece:
¥
U+ ¢=— . 85
Qa+¢ (83)
Assuming a perfect fluid, the continuity and Euler equations for the matter component are
. . k2
0+3H (2 —w)d = —(1+w)(3<1>——v), (86)
a
o+ (1—3c))Hv = Yowy ‘ ) (87)
¢ a 1+w )’

respectively. The linear part of the Klein-Gordon equation is then compatible with the above system.

For completeness, it is

¢

— —0R.
3R

. . (B & 2, . . 3.
¢+<3H+q—b>go+<§+———‘/ (¢)>¢ = (2¢+6H¢—%¢2)\IJ+¢(\P—3@>

This completes the presentation of the field equations and the conservation laws. For the equations in

the synchronous gauge, see [78].
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3.2.2. Matter Dominated Cosmology

Let us consider the formation of structure in the matter-dominated universe, where w = ¢ = 0.
In this subsection, we shall consider scales deep inside the Hubble radius. This so called quasi-static
approximation is well known in the literature and indeed we will arrive at a similar result as have
been known to apply for scalar-tensor theories since early studies [82] that have been more recently
generalised to wide a variety of coupled dark sector models [83]. The approximation neglects a
fluctuating degree of freedom that is expected to be insignificant at small enough scales. For analyses
of the applicability of the approximation with different assumptions on the cosmological models,
see [83-87].

In the quasi-static subhorison limit the spatial gradients are more important than the time derivatives
and, consequently, the matter density perturbations are much stronger than the gravitational potentials.

Combining the continuity and the Euler equation in this approximation, one obtains

. I
b= —2H5~ V. (88)

We need then to solve the gravitational potential. Let us define IT = a?p,,0/k* and write the field
equations and the Klein-Gordon equation at this limit in a very simple way as

Qa+¢)® = H-p, (89)
Qu+0)(T+d) = —p, (90)
2(Qu+¢)T = I+, 91)
3p = —20(¥+20). (92)

We immediately see that one of the equations is (as expected) redundant, and that the W is (as usual)

proportional to II, where now the proportionality is given as a function of the field ¢. Our result is
6+ 2H6 = A7 Gegr pmd (93)

with )

o a0
Q4 (Q4+90)

This shows that instabilities can be avoided in the evolution of the matter inhomogeneities, in contrast

G G. (94)

to the Palatini- f(R) models and some matter-coupled scalar field models (recall our theory can be
mapped into such in the Einstein frame). Equation (93) provides a very simple approximation to
track the growth of structure accurately within the linear regime during matter dominated cosmology.
Confrontations of specific model predictions with the present large scale structure data and forecasts
for the constraints from future experiments, in particular the Euclid mission [110], is interesting work
to be done.

3.2.3. Vacuum Fluctuations

The propagation of our scalar degree of freedom in vacuum is also a crucial consistency check on
the theory. Let us set p,, = 0. Let us consider the curvature perturbation in the uniform-field gauge (.

In terms of the Newtonian gauge perturbations this is
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H
(== (95)

After somewhat more tedious algebra than in the previous case, we obtain the exact (linear)

evolution equation

i e .. 2 )
¢+ 2H (Qa + ¢) QA+¢+¢(QA+¢) <¢(2¢>¢ + P*(Qa+0) ¢ )]ng@ (96)

C+ |3H —2 . :
¢t b+ 2H (4 + ¢) »? Qa+0¢)  1—¢3Qa+0)°

The friction term depends on the perturbation variable we consider, but the perturbations at small
scales still propagate with the speed of light, as in canonical scalar field theory. This excludes also
gradient and tachyon instabilities in the graviscalar sector. Now Equation (96) can be used to study
generation of fluctuations in f(X)-inflation. Construction of specific models and their observational
tests are left for forthcoming studies; the Einstein-frame Formulation (25) might present a convenient
starting point for that as it, given the function f(R), presents directly the relevant inflationary potential

in terms of the canonic field.

4. Astrophysical Applications

In this Section we develop methods to study dark matter phenomenology in the hybrid models; for
studies of dark matter generated by metric f(R) modification, see e.g., [88,89].

Hybrid gravity allows to address several issues related to dark matter dynamics ranging from galaxies
to galaxy clusters. These self-gravitating structures can be probed by studying the motion of test particles
(stars for galaxies and galaxies themselves for galaxy clusters) moving into a gravitational potential.
The behaviour of rotational and dispersion velocities of such test particles can be explained within the
framework of the gravitational potential derived from the theory. For example, the tangential velocity
can be explicitly obtained as a function of the scalar field of the equivalent scalar-tensor description.
The model predictions can be compared with samples of rotation curves of spiral galaxies and galaxy
clusters, respectively. The possibility of constraining the form of the scalar field and the parameters
of the model by using the stellar velocity dispersions is also analysed. Furthermore, the Doppler
velocity shifts are also obtained in terms of the scalar field. Finally suitable generalizations of the virial
theorem and the relativistic Boltzmann equation allow to construct a self-consistent theory for galaxy
clusters. In conclusion, all the physical and geometrical quantities and the numerical parameters in the
hybrid metric-Palatini model can be expressed in terms of observable/measurable quantities, such as the
tangential velocity, the baryonic mass of the galaxy, the Doppler frequency shifts, the dispersion velocity,
the geometrical quantities characterizing the clusters of galaxies respectively. These results open the
possibility of testing the hybrid metric-Palatini gravitational models at the galactic or extra-galactic scale
by using direct astronomical and astrophysical observations.

Let us start our considerations by dealing with the weak field limit of the theory.

4.1. The Weak Field Limit

It is of paramount importance to determine the post-Newtonian parameters of the theory as they
determine the compatibility of the theory with the local precision gravity tests. For post-Newtonian
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analysis of the metric and Palatini f(R) theories, see e.g., References [55,56], and for a unified analysis
Reference [90]. Here, in particular, we are interested in the parameter v that is basically the fractional
difference of the Newtonian potentials in Equation (81) in the limit where the cosmological expansion
can be neglected, a = 1.

To this end, we need to consider the perturbations of Equations (19) and (23) in a Minkowskian
background. The usual procedure is to assume ¢ = ¢y + ¢(x), where ¢y is the asymptotic value of the
field far away from the local system (and should be given by the cosmological background solution), and
to take a quasi-Minkowskian coordinate system in which g, ~ 7, + h,,, with |h,, | < 1. Then it is
easy to see that the quadratic terms 0,,¢0, ¢ and 0,,¢0" ¢ in Equations (19) and (23) do not contribute to
the linear order. The potential terms in Equation (23) can be linearized as follows (in this subsection we
denote V,, = V'(¢)):

LV — (1 4+ 0Vl = 202 — (14 60)Vaul = £ [00l1 + 60)Vishy + Vio =2 . 97)

The zeroth-order term in this equation is due to the background, and can be absorbed into a coordinate
redefinition. The coefficient of the first-order term can be interpreted as a mass squared. The linearized
scalar field equation is thus given by

o ¢0/€2
3

where, as usual, in this order of approximation we have neglected the time derivatives and the

(V2 —m2)p =

P, (98)

pressure terms.
The linearization of the metric field equations is a bit more complicated because we need to establish

suitable gauge conditions. Since the background is Minkowskian, the perturbed Ricci tensor is given by
_1 oy ) le
O = 5 (00a2 + 0,0:) — 5V (99)

where 7} = h) — (1/2)0}h2. The term V . V¢ on the righthand side of Equation (19) can be combined

with the terms E)Hf),\ﬁﬁ to give the following gauge conditions

~ 1
hh) — ——09,0=0. 100
With this choice, the linearized equations for the metric become
1= 1 1 Vo + V20
- V?h, = — (T —=-Tn. —_— . 101
2 " 1+¢0(“ 2 77u>+2(1+¢0)77u (10D
For consistency, to this order Tog = p, 1;; = 0, T' = —p, which leads to
- 2 1
V(2 - % ) S VAN 102
(oo 1+ o0 1+¢0(P 0) (102)
- (2) S
V(D P = -2 (p ). 103
(’L] 1_’_¢0] 1+¢0<p 0) ( )

Before solving Equations (98), (102), and (103), it is worth noting that while the connection
Equation (14) is invariant under constant rescalings of the field ¢ — c¢, the other field equations do not

share this invariance. This is manifest in the combinations (1 + ¢) in the above perturbation equations.
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Using the generic solution

- 1 t, o
(V2 =m®)f==p = = / @i L) iz, (104)
4 |7 — 2|
we find that
(2
(2) L7 = (Z)O /dS — p(t .Z') —m|T—T| 105
A7) = T [ (105)
’ t, ') Po / Vo |T-3
KAz = “—/di”f’ oLt <1+ 20 g=mipli- I') + . (106)
oo (¢:7) Am(1 + ¢o) 7 — 7| (1+¢o) 6
2 / m) B0 i Vo |Z—3)
PO = K /dgﬁ, PT) (P e _ 5;;.(107
In spherical symmetry and far from the sources, the above equations become
I€2¢0 M
— T —mer 1
) 127 5 (108)
2G ffM VE) T
hig(r)y = =° — 109
00 (T) r + (1 + (b()) 6 ) ( )
27Geg M Vo 1r?
p? — — — ) 6 110
(3] (T> < r (1 +¢0) 6 7 ( )
where we have denoted
K2 ®o
Gog = —— |1+ —e ™" |, 111
o = i (F5) i
1 _
o= [ +¢0 eXp( mtpr) /3}’ (112)
[1 = ¢oexp (—myr) /3]
2V =V, — (1
’ 3 d=do

These results represent the standard post-Newtonian metric up to second order for this class
of theories.

We emphasize a striking feature of f(X) gravity. Note that in f(R) gravity, to obtain v ~ 1 from
Equation (112), there is only one possibility [55,56], namely, m,r > 1 from millimetres to astronomical
scales, i.e., the range of the scalar interaction, 1/m,,, should be smaller than a few millimetres. In the
current case, however, there are two possibilities to obtain v ~ 1. The first one is the same as in
f(R) theories and involves a very massive scalar field. The second possibility implies a small value
¢o. If 9 < 1, then the Yukawa-type corrections are very small regardless of the magnitude of m,.
This could allow for the existence of a long-range scalar field able to modify the cosmological and
galactic dynamics, but leaving unaffected the Solar System. Subtle modifications could in the most
optimistic case be detected as anomalies in the local gravitational field [91].

4.2. Galactic Phenomenology: Stable Circular Orbits of Test Particles around Galaxies

The most direct method for studying the gravitational field inside a spiral galaxy is provided by

the galactic rotation curves. They are obtained by measuring the frequency shifts z of the 21-cm
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radiation emission from the neutral hydrogen gas clouds. The 21-cm radiation also originates from stars.
The 21-cm background from the epoch of reionization is a promising cosmological probe: line-of-sight
velocity fluctuations distort redshift, so brightness fluctuations in Fourier space depend upon angle,
which linear theory shows can separate cosmological from astrophysical information (for a recent review
see [92]). Instead of using z the resulting redshift is presented by astronomers in terms of a velocity
field vy, [93,94].

In the following, we will assume that the gas clouds behave like test particles, moving in the static
and spherically symmetric geometry around the galaxy. Without a significant loss of generality, we
assume that the gas clouds move in the galactic plane §# = /2, so that their four-velocity is given by
ut = (zf, 7,0, ¢), where the overdot stands for derivation with respect to the affine parameter s. In this
subsection we find it illustrative to restore the units of c.

The static spherically symmetric metric outside the galactic baryonic mass distribution is given by the
following line element

ds? = —e"Mc2dt? 4+ Odr? + 12 (d6? + sin? 0de?) (114)

where the metric coefficients v(r) and \(r) are functions of the radial coordinate r only. The motion
of a test particle in the gravitational field with the metric given by Equation (114), is described by the

Lagrangian [95,96]
L o (AN e (N (42N
ds ds ds

where dQ? = d#? + sin? 0d¢?, which simplifies to dQ)?> = d¢? along the galactic plane 6 = /2.

From the Lagrange equations it follows that we have two constants of motion, namely, the energy £ per

; (115)

unit mass, and the angular momentum [ per unit mass, given by £ = e*("¢*f and [ = cro, respectively.
The normalization condition for the four-velocity utu, = —1 gives 1 = e")¢?{? — X2 — 1242, from
which, with the use of the constants of motion, we obtain the energy of the particle as
E2 ) l2
— = e <W +1). (116)
c cr
From Equation (116) it follows that the radial motion of the test particles is analogous to that of
particles in Newtonian mechanics, having a velocity 7, a position dependent effective mass meg = 2e” 1,
and an energy E. In addition to this, the test particles move in an effective potential provided by the

following relationship

l2
Vo (1) = /0 (027°2 n 1) , (117)
The conditions for circular orbits, namely, OV.¢/0r = 0 and 7 = 0 lead to
2 3.,/ EQ v
p=C Y = __ ¢ (118)
21—rv/2 A 1—-rv)2

respectively. Note that the spatial three-dimensional velocity is given by

V() = e [eA (%) o (%)

. (119)
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For a stable circular orbit dr /dt = 0, and the tangential velocity of the test particle can be expressed as

do\? dQ\? (ds”
i (r) = e 'r? (E) =er? ($> <E ) : (120)

In terms of the conserved quantities, and along the galactic plane # = 7/2, the angular velocity is
given by
2 v 12
Utg<7n) _ o€ [
T2 TS (121)
and taking into account Equation (118), we finally obtain the following relationship [95,96]
Vi(r) /!

- (122)

c? 2

Therefore, once the tangential velocity of test particles is known, the metric function v(r) outside the

2
v(r) = 2/”@_(7“)%‘ (123)

2 r

galaxy can be obtained as

The tangential velocity vy, /c of gas clouds moving like test particles around the center of a galaxy is
not directly measurable, but can be inferred from the redshift 2., observed at spatial infinity, for which
14 2o = exp (Voo — V) /2] (1 £ vyg/c) /4 /1 — v, /c? [95,96]. Due to the non-relativistic velocities
of the gas clouds, with v;,/c < (4/3) x 1073, we observe that v;,/c ~ z, as the first part of a
geometric series. The observations show that at distances large enough from the galactic center the
tangential velocities assume a constant value, i.e., v,/c /= constant [93,94]. In the latter regions of the

constant tangential velocities, Equation (123) can be readily integrated to provide the following metric

r 2%29/62 Ut2 T
v o__ ~ g

where R, is an arbitrary constant of integration. If we match the metric given by Equation (124) with

tensor component

the Schwarzschild metric on the surface of the galactic baryonic matter distribution, having a radius Rp,
¢|,_p, = 1 = 2GMp/c*Rp, we obtain the following relationship
Rp

R, = . (125)
(1—2GMp/c®Rp)" /"

An important physical requirement for the circular orbits of the test particle around galaxies is that
they must be stable. Let ry be the radius of a circular orbit and consider a perturbation of it of the form

v+

r =19+ 9, where § < 1 [97]. Taking expansions of Vg (r) and e”** about r = 7y, it follows from

Equation (116) that

.1
6+ 5&“0”“’"0%’3 (ro) 0 = 0. (126)

The condition for stability of the simple circular orbits requires V. (r9) > 0 [97]. Hence, with
the use of the condition VJ; (r9) = 0, we obtain the condition of the stability of the orbits as
3V + rv” > rv/2]|,—,,. By taking into account Equation (122), it immediately follows stable circular
orbits always exist for massive test particles.
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4.2.1. Galactic Geometry and Tangential Velocity Curves in Hybrid Metric-Palatini Gravity

The rotation curves only determine one, namely v(r), of the two unknown metric functions, v/(r)
and A(r), which are required to describe the gravitational field of the galaxy [98]. Hence, in order
to determine \(r) we proceed to solve the gravitational field equations for the hybrid metric-Palatini
gravitational theory outside the baryonic matter distribution. This allows us to take all the components
of the ordinary matter stress-energy tensor as being zero. Furthermore, our task becomes easier when
we restrict to perturbative weak-field treatment.

The weak field limit of the gravitational theories at the Solar System level is usually obtained by using
isotropic coordinates as above in Section 4.1. However, it is useful to apply Schwarzschild coordinates in
studying exact solutions and in the context of galactic dynamics, and this is what we do here. We assume
that the gravitational field inside the halo is weak, so that v(r) ~ A(r) ~ (v,/c)?, which allows us
to linearise the gravitational field equations retaining only terms linear in (vy,/c)? and again consider
the scalar field as ¢ = ¢¢ + ¢, where ¢ < 1 is a small perturbation around the background value
¢o > 0. The Klein-Gordon equation was already solved in Section 4.1 at this limit and the result was
that the interaction range is given by r, = 1/m,,, where m,, is given in Equation (113). In a spherically
symmetric configuration, the general solution then has the form

o—T/Te

o(r) = Yo—— (127)

where U is an integration constant. Comparing this expression with the results obtained in [28] for the
weak-field limit (taking into account the transformation from isotropic to Schwarzschild coordinates),

we find that )

2GM B/Te
— gy —— <0, (128)
c 3

where Mp and Rp are the mass and the radius of the galactic baryonic distribution, respectively.

Yy =

Within this linear approximation the stress-energy tensor of the scalar field is given by

1

T = = ViV + (a0 + B) gl (129)
where « and (3 are defined by
1 1 1
Q= % - §V/ (¢0) , b= —§V (¢o) - (130)

Therefore the linearized gravitational field equations take the form

1d
/
A
_i+_:<‘p/l—|—o¢g0—|—6, (132)
roor?
1 ! Y/
1 (yu” )—a<p+ﬁ. (133)
2 r
Equation (131) can be immediately integrated to provide
A 1 r A CYTZ\IJ efr/m,
/\(r)=—0+—/ (agp+ﬁ)f2df:—o+ér2—L<l+L>, (134)
roor r o3 r To
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where ) is an integration constant. Comparing again with the results obtained in [28] for the weak-field
limit, we find that \g = 2G'M/c?. The tangential velocity of the test particles in stable circular orbits
moving in the galactic halo can be derived immediately from Equation (132), and is given by

2 ! /"
CHAE 7 N a B 4
S Y R 135
22 2 "2t vl (133)
which in terms of the solutions found above becomes
2 —r/r 2
Utg Vo o GMp Ve /re r 2 r 2
@ =% Tar Ty [Ty )ren)rglten) 139
where V) = —3 = V (¢y) /2. The term proportional to r? corresponds to the cosmological background,

namely the de Sitter geometry, and we assume that it has a negligible contribution on the tangential
velocity of the test particles at the galactic level.
On the surface of the baryonic matter distribution the tangential velocity must satisfy the

boundary condition
Ut29 (RB) —~ GMB
c? 2Rp’

which, with the use of Equation (128), gives the following constraint on the parameters of the model,

(137)

1+@ (2+ar2)+R—QB(1+o¢r2)~0 (138)
Ty 14 r2 ¥ )

In order to satisfy the above condition would require that —2 < ozri < —1, or, equivalently,

Vi) >0, 2< %V’ (¢o) 77 < 3. (139)

In the regions near the galactic baryonic matter distribution, where Rg < r < r,, we have
e /"¢ ~ 1, to a very good approximation. Hence in this region the tangential velocity can be
approximated as
vz, 2GMp — AV, (ar? 4 2) arl +2 Y,

2
- o, —%(1+arw)r, Rp <r < r,.(140)

2 2¢%r
If the parameters of the model satisfy the condition
2GMp — Vo (ar? +2) = 0, (141)

the term proportional to 1/r becomes negligible, while for small values of Wy, and |ar,2| = 1, the term
proportional to 7 can also be neglected. Therefore for the tangential velocity of test particles rotating in

the galactic halo we obtain

2
@ B 0057”@-1-2 N_\IJOQTw
~~ ~~ 9
2ry, 2

Ry<r<r,. (142)

Since according to our assumptions, 7, > 1, the coefficient a can be approximated as v = —V’ (¢y) /2,
which provides for the rotation curve, in the constant velocity region, the following expression

v, WV (o) 7y

2 1 ) Rp <r <. (143)
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Since ¥, < 0, the scalar field potential must satisfy the condition V'’ (¢y) < 0. In the first order of
approximation, with exp (—r/r,) ~ 1 — r/r,, for the tangential velocity we obtain the expression

v_gq - 2GMp — 2V, (ow“z7 + 2) N Er vy (ari + 1)7”2‘ (144)

2 2 2 2
c 2cr 2% 27”(/)

Alternatively, in general we can write the tangential velocity as follows,

2 2_ 2
Utg ‘/0 2 GMB 2@50 7GMB;/C r T 2 T 2
= = ET + = 14+ ?e ” 1+ E (2 + ozrw) + %(1 + ozrw) . (145)
GIVIB/C277‘ Rp—r

As compared to our previous results, in this representation we have e "¢ instead of e "~ .
Since we are working in a regime in which Rp < r,, the choice of the constants g or Mp does not
seem very relevant, since it just amounts to a rescaling of ¢y. From now on we will also assume that
eGMp/c*ro oy 1.

From the above equation we want to find the constraints on the model parameters that arise from the
expected behavior at different scales. For that purpose, it is convenient to write the equation, equivalently,

as follows:
2
Uig GMp 2¢0 2\~
@ T ey bt ?(2 Targe
GM _~ GM _r
+— E 2+arl)e v +— B(l—l—ozri) <L)e e (146)
cr, c?ry, T

At intermediate scales, the asymptotic tangential velocity tends to a constant. If we expand the
exponential as e "¢ ~ 1 —r/r,, hen we obtain the following three constraints on the free parameters of

the model,

(a) 1+ 2%0 (24 ar?) =0, (147)

(b) (2+arl) (1 - %%) ~ C' = constant, (148)

(c) GQMB (i) <|cl. (149)
cAry, \ry

With increasing 7, and by assuming that the condition » < r,, still holds, the rotation curves will

decay, at very large distances from the galactic center, to the zero value.
4.2.2. On Astrophysical Tests of Hybrid Metric-Palatini Gravity at the Galactic Level

In [98], some observational astrophysical tests of hybrid metric-Palatini gravity at the galactic level
were discussed. More specifically, a comparison of the theoretical predictions of the model with a
sample of rotation curves of low surface brightness galaxies was analysed. Indeed, the predictions
of the theoretical model with the observational results show that the contribution of the scalar field
energy density to the tangential velocity of the test particles can explain the existence of a constant
rotational velocity region around the baryonic matter, without requiring the presence of the dark matter.

The possibility of observationally determining the functional form of the scalar field ¢ by using the
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velocity dispersion of stars in galaxies, and the red and blue shifts of gas clouds moving in the galactic
halo could also be worth considering. It can be shown that one can constrain the explicit functional form
of the scalar field, and the free parameters of the model, in order to adequately fit the observational data.
We refer the reader to [98] for more details. Of course, was particle matter detected directly, we could
exclude the gravitational f(X) alternative to dark matter.

4.3. Galactic Clusters: The Generalized Virial Theorem in Hybrid Metric-Palatini Gravity

A large number of astronomical and astrophysical observations confirm that galaxies form complex
hierarchical structures, in which galaxies concentrate in large objects, called clusters of galaxies,
bounded by the gravitational interaction. The total mass of the galaxy cluster ranges from 103 M, for
the so-called groups (formed by a few hundred of galaxies) up to a few 103 M, for very large clusters,
containing thousands of galaxies. From a morphological point of view galactic clusters are usually by
a main component, which is regular and centrally peaked [99,100]. For fundamental physics research
the main importance of the galactic clusters consists in the fact that they are considered to be “dark
matter” dominated astrophysical objects. Moreover, their formation and evolution is almost entirely
controlled by the gravitational force, a property which allows the testing of different dark matter models.
On the other hand the mass distribution inside the clusters is fully determined by the initial conditions
of the mass distribution that originate in the early universe [101-103], thus allowing the use of galaxy
cluster properties to also test cosmological models. In this subsection we discuss the possibility of
observationally testing the metric-Palatini gravity theory by using observational evidence from galaxy
clusters [104].

4.3.1. Galaxy Cluster As a System of Identical and Collisionless Point Particles

As a first step necessary to obtain our main result, consisting in the generalization of the relativistic
virial theorem for galaxy clusters in the hybrid metric-Palatini gravitational we write down the
gravitational field equations and the Boltzmann for a static and spherically symmetric distribution of
matter. We adopt a simplified physical model, in which the galactic cluster consists of a self-gravitating
system of identical, collisionless point particles (the galaxies) in random dynamical motion. The metric
will thus be described by Equation (114), and the fluid by a distribution function fp that obeys the
general relativistic Boltzmann equation [105].

The energy-momentum tensor of the matter in the cluster, is thus determined by the distribution

function fz, and its components are given by the equation [106,107]

T, = /meuMuV du, (150)

where m is the mass of the particle (galaxy), u, = (u,u,,up, u,) is the corresponding galactic
four-velocity, with «, denoting the temporal component. Finally, by du = du,dugdu,/u; we denote
the invariant volume element in the velocity space. Alternatively, the energy-momentum tensor 7,
describing the matter distribution in a cluster of galaxies can be represented in terms of an effective

energy density pes, and of two effective anisotropic thermodynamic pressures, the radial pgf) and the
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(L)

tangential p;  pressure, respectively. These thermodynamic parameters of the cluster are obtained by

averaging over the matter and velocity distributions, and are given by

per = p{ui) 05 = p(u2) ,plg) = p (uf) = p (u2), (151)

where p is the mass density of the ordinary baryonic matter, and (u?), i = ¢,7,0, p denotes the average
value of u?, 1 = t, 7,0, p, representing the square of the components of the four-velocities of the galaxies
in the cluster [108]. The full field equations for the metric Equation (114) with the source Equation (151)
were listed in Reference [104], but here we shall only need their trace:

(S Y G
‘ (2+4 r ) 1—|—¢p<u>

1 t a 3 t
+ —¢ V (¢) + s (2V, V' + Vo, V) ¢ — mvtw o, (152)
where we have denoted (u?) = (u?) + (u7) + (ug) + (u?).

Since in the following we are interested only in astrophysical applications at the extra-galactic cluster
scale, we will adopt a Newtonian type approximation, which consists in assuming that the deviations
from standard general relativity (corresponding to the background value ¢ = 0) are small for the
systems we are considering. This approximation implies that ¢ < 1. Thus, Equation (152) can be

approximated as

! /2 / /\/
(Y v v VA 2 (eff)
S A ~ 4 4 1
e <2+4+r 4) 7er<u>+ mGpy (153)
where 3
4rGp! =V (¢) + 2V, V! + VaV®) ¢ — avt(/)v%p, (154)

corresponds to an effective, geometric type “energy” of the scalar field in the hybrid metric-Palatini
gravitational model.

4.3.2. The Relativistic Boltzmann Equation

Next we proceed to the second step in the derivation of the virial theorem for galaxy clusters
and determine the general relativistic Boltzmann equation that governs the evolution of the galactic
distribution function fp.

A basic result in statistical physics is the transport equation for the distribution function for a system of
particles in a curved arbitrary Riemannian space-time. This transport equation is given by the Boltzmann
equation without collision term, and which can be formulated as [106,107]

L0 0
(p ayga—pzf)Fa[s8 )fB—O (155)

where p“ is the four-momentum of the galaxy (particle), and T, 5 are the Christoffel symbols associated
to the metric. An important consequence of the collissionless Boltzmann equation is that the local phase
space density, as measured by an observer in a frame co-moving with a galaxy, is conserved.

An important simplification of the mathematical formulation of the Boltzmann equation can be
achieved by introducing an appropriately chosen orthonormal frame, or tetrad ef(x), a = 0,1,2,3.
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The tetrad fields vary smoothly over some coordinates neighborhood U, and they satisfy the general
condition g"’e%ep = 1*" for all z € U, where n** denotes the Minkowski metric tensor [106-108].
A basic property of the tetrad fields is that any tangent vector p* defined at an arbitrary point x can be
represented as p* = p“ek, a relation which defines the tetrad components p®.

For the spherically symmetric line element given by Equation (114), the frame of orthonormal vectors

can be chosen in an appropriate way as [106—-108]:
eg = el’/ng, eL = e’\/zélﬂ, ei = réz, ei = rsin (952. (156)

The tetrad components of the four velocity are u® = u¢},. In the tetrad components corresponding to
our present choices the relativistic Boltzmann equation Equation (155) is given by

a afB a ..b cafB
u eg‘% + 7 u Nl 0, (157)
where the distribution function fp = fp(z#, u*) is a function of x* and u®, respectively,

and ;.. = ez;ye‘b‘eg are the Ricci rotation coefficients [106—-108]. Due to the spherical symmetry of the
problem the distribution function depends only on the radial coordinate r, and hence Equation (157)
becomes [108]

Ofn <1 o, OV u%—l—ug)@fg 1 <%+ %)

o T \2Mar T T & o\ "0, T P g
—16)\/2@63 cot 6 U/Q% - Ug% =0. (158)
r Ous Ous

Due to the spherical symmetry of our astrophysical system the coefficient of cot # in Equation (158)
must be zero. From a mathematical point of view this implies that the distribution function fz is only a
function of r, u; and u3 + uZ. As a next steps in our analysis we multiply Equation (158) by mu,du,
and we integrate over the velocity space. Then, by taking into account that the distribution function fg

vanishes sufficiently rapidly as the velocities tend to +00, we find the equation

P ()] + 5o () + ()] P 5 — o [(a) + () 2] =0, (159)

Now we multiply Equation (159) by 4772, and by integrating over the entire cluster volume,
corresponding to a radius R, gives [108]

R R
/ amp [(ud) + (ud) + ()] rPdr — / mrp [(u) + ()] S =0, (160
0 0
4.3.3. Geometrical Quantities Characterizing Galactic Clusters

In order to obtain some analytical estimations of the main geometrical and physical quantities
characterizing the galactic clusters we introduce some approximations to the motion of both test particles
in stable circular orbits around galaxies, as well as to the motion of galaxies in galactic clusters. As a first
approximation we assume that v and \ are slowly varying functions of the radial coordinate . Then in
Equation (153) we can neglect all the quadratic terms as being negligibly small as compared to the

first order terms. Secondly, astronomical observations show that the motion of the galaxies in clusters
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is non-relativistic. Hence the galactic velocities are much smaller than the velocity of the light, that is,
(u?) ~ (u3) ~ (u3) < (u) ~ 1. Thus, Equations (153) and (160) can be written as

L 9 [ ,0v (eff)
— — | =4 4 161
212 Or (T 87") mGp - AmGp, (161)
and "
1
2K — —/ 4m«3p@dr =0, (162)
2 Jo or
respectively, where
R
K = / 2mp [<u%> + <u§> + <u§>} ridr, (163)
0

is the total kinetic energy of the galaxies in the cluster. We define the total baryonic mass Mp of the

galactic cluster as

R R
Mp = / dM(r) = / 4 pridr. (164)
0 0

We assume that the main contribution to the baryonic mass Mp is due to the presence of the
intra-cluster gas and of the stars. On the other hand we also include in Mp the mass contribution of
other particles, like, for example, massive neutrinos, which may also give a significant contribution
to Mp.

By multiplying Equation (161) by 72, and integrating from 0 to r we obtain

1 ,0v o
GMp(r) = 5r° 5 ~ GMSD (r), (165)
where we have introduced the notation
Méeff) (r) = 47r/ pé)eff) (r')r2dr’. (166)
0

It is interesting to note at this point that in hybrid metric-Palatini gravity, the quantity M q(ff D has
essentially a geometric origin. Hence it is natural to call it as the geometric mass of the galactic
cluster. In the following we introduce the gravitational potential energies of the cluster by means of
the definitions

R
M
% - - M) antpir), (167)
0
RGM(Cff)
Q7 = / e Dty (168)
0 r

where R is the cluster radius. By multiplying Equation (165) with dMpg(r), and by integrating from 0

to the cluster radius I?, we obtain the important relation

. 1 [E ov
Qp =i — 5/0 dmr®p o dr (169)
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4.3.4. The Generalized Virial Theorem in Hybrid Metric-Palatini Gravity

As a last step in our analysis, with the help of Equation (162), we obtain the generalization of the

virial theorem in hybrid metric-Palatini gravity, which can be formulated in the familiar form
2K+ Q=0. (170)
In the above equation the total gravitational potential energy of the system, €2, defined as
Q=0 -7, (171)

contains a supplementary term Qf;f 7| which has a purely geometric origin.
It is useful to represent the generalized virial theorem, given by Equation (170), in a more transparent
physical form, which can be obtained by introducing the radii Ry and Ry, defined by

R
M
Ry = Mg// E;fr) dMp(r), (172)
0
d
" (eff) win1? / [FME )
RN — | M) //0 o dMp(r), (173)

respectively. The quantity R4, having a geometric origin similarly to the geometric mass considered
above, may be called as the geometric radius of the cluster of galaxies in the hybrid metric-Palatini
gravity theory. Hence, finally we obtain the baryonic potential energy 25 and the effective scalar field

potential energy Qf;f D as given by
2
G [M(eff)]
Op = _G_]W% Qern L | (174)
B RV ; ) R((;ff) )

respectively. Another important observational quantity, the virial mass My, of the cluster of galaxies is
defined as follows
_ GMpMy

2K
Ry

(175)

Eventually, the fundamental relation between the virial and the baryonic mass of the galaxy cluster
can be obtained after substitution of Equation (175) into the virial theorem as

wy ) Ry

ki A T S SR R (176)
Mp M]%Rgfff)

If My /Mp > 3, a condition which is satisfied by the astrophysical parameters of most of the observed
galactic clusters, then from Equation (176) we obtain the virial mass of galactic clusters in hybrid

metric-Palatini gravity, which can be approximated as

(ef]?
My ~ [M¢ } fty (177)
v Mg REN-



Universe 2015, 1 230

The virial mass My is determined observationally from the study of the velocity dispersion o2 of
the stars and of the galaxies in the galactic clusters. An important consequence of the virial theorem
in hybrid metric-Palatini gravity is that in a cluster with mass M;,; most of the mass is in the form of
the geometric mass M q(ff D Hence we can use the approximation Mq(ff D M, in order to study
the cluster dynamics. A fundamental question related to the possibility of the observational testing of
the hybrid metric-Palatini gravity is to find out what astrophysical processes can detect the presence
of the geometric mass. Such an observational possibility may be provided by gravitational lensing.
Through the study of the lensing properties of the galactic clusters one can obtain direct evidence of
the existence of the geometric mass, of its distribution properties, as well as of the gravitational effects
associated to the presence of the scalar field. It is interesting to note that gravitational lensing can give
us theoretical information even at cosmical scales extending far beyond of the virial radius of the matter

distribution of the galactic cluster.
4.3.5. On Astrophysical Tests of Hybrid Metric-Palatini Gravity at the Cluster Level

In concluding, in the framework of hybrid f(X) gravity theory we have established the the existence
of a strict proportionality between the virial mass of the cluster and its baryonic mass, a relation which
can also be tested observationally. One of the important, and observationally testable, predictions of
the hybrid metric-Palatini gravitational “dark matter” model is that the geometric masses associated
to the clusters, as well as its gravitational effects, extend beyond the virial radii of the clusters.
Observationally, the virial mass My, is obtained from the study of the velocity dispersions of the stars
in the cluster. Due to the observational uncertainties, this method cannot give a reliable estimation of
the numerical value of the total mass Mg + M éff ) in the cluster. However, a much more powerful
method for the determination of the total mass distribution in clusters is the gravitational lensing of light,
which may provide direct evidence for the gravitational effects at large distances from the cluster, and
for the existence of the geometric mass. The presence of hybrid metric-Palatini modified gravity effects
at large distances from the cluster, and especially the large extension of the geometric mass, may lead
to significantly different lensing observational signatures, as compared to the standard relativistic/dark
matter model case. The bending angle in the hybrid metric-Palatini gravity models could be larger than
the one predicted by the standard dark matter models. Therefore, the detailed observational study of the
gravitational lensing could discriminate between the different theoretical models introduced to explain
the motion of galaxies (“particles”) in the clusters of galaxies, and the standard dark matter models.
We refer the reader to Reference [104] for more details.

Finally, it is worth pointing out that hybrid gravity can be precisely tested also at smaller
scales like those around the Galactic Centre. As reported in [109], the observed peculiar orbit of S2 star,
moving around the centre of our Galaxy, is theoretically reconstructed if one adopts the gravitational potential

coming from hybrid gravity. This result opens new perspectives in achieving precision tests for the theory.

5. Conclusions

In this work we have presented a hybrid metric-Palatini framework for theories of gravity, and have

tested the new theories it entails using a number of theoretical consistency checks and observational
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constraints. From the field theory perspective, we found that the f(X) class of theories, where
X = R+ x*T, enjoys a similar special status amongst the more general hybrid metric-Palatini theories
as the f(R) theories within the narrower framework of purely metric gravity [70]. This is so
because when one excludes theories inhabited by ghost-like, superluminally propagating and otherwise
pathological degrees of freedom, there is evidence, as shown in Section 2.4, that the f(X) family is
singled out as the only viable form of an action one can construct using the metric (and thus the metric
Levi-Civita connection) and an independent “Palatini connection”. The underlying reason is that in the
special case of f(X) actions the higher derivatives in the gravity sector can be separated into a scalar
mode, thus avoiding an Ostrogradskian instability. Indeed the f(X) gravity represents a generic case
within the one-parameter family of the Algebraic Scalar-Tensor theories (recall Equation (17)), at one
end of which lies the pure Palatini f(R) (wherein the scalar field is a function of the stress-energy trace 7")
and at the other end the pure metric f(R) (where the field is a function of the metric curvature R).
Furthermore, the propagating degrees of freedom have proven to be healthy also on curved backgrounds
as confirmed also by our cosmological perturbation analysis in Section 3.2. Concerning the Cauchy
problem, it was shown that in this class of theories the initial value problem can always be
well-formulated and well-posed depending on the adopted matter sources.

Having established the theoretical consistency and interest on the hybrid metric-Palatini f(X) family
of theories, we considered applications in which these theories provide gravitational alternatives to dark
energy. As shown by our post-Newtonian analysis in Section 4.1, the hybrid theories are promising
in this respect as they can avoid the local gravity constraints but modify the cosmological dynamics at
large scales. This is simply because as a scalar-tensor theory, the hybrid f(X) gravity is characterised
by an evolving Brans-Dicke coupling, which allows to introduce potentially large deviations from GR
in the past (and future) as long as the coupling at the present epoch is strong enough to hide the field
from the local gravity experiments. In contrast, in the metric f(R) models the Brans-Dicke coupling
is a finite constant and one needs to invoke some of the various “screening mechanisms” (workings of
which remain to be studied in the hybrid theories) in order to reconcile the Solar system experiments
with cosmology.

Cosmological perturbations have been also analysed in these models up to the linear order [28,54,78],
and the results imply that the formation of large-scale structure in the aforementioned accelerating
cosmologies is viable though exhibits subtle features that might be detectable in future experiments.
In Section 3.2, we derived the full perturbations equations and extracting their Newtonian limit,
describing the observable scales of the matter power spectrum, the growth of matter overdensities was
shown to be modified by a time-dependent effective fifth force that is expected to modify the redshift
evolution of the growth rate of perturbations. We also note that numerical studies of the perturbations
imply that the difference of the gravitational potentials can exhibit oscillations at higher redshifts even
when the background expansion and the full lensing potential are indistinguishable from the standard
ACDM predictions [78]. Such features could potentially be observed in cross-correlations of the matter
and lensing power spectra, but detailed calculations of the cosmic microwave background anisotropies
and other perturbation observables remain to be carried out. This is especially worthwhile in view of the
potential of the forthcoming Euclid mission to experimentally test different accelerating cosmological

models by their impact to the large-scale structure [110].
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At an effective level, the f(X') modifications involve both (the trace of) the matter stress energy and
(the Ricci scalar of) the metric curvature, and from this point of view it appears appealing to speculate on
the possible relevance of these theories to both the problems of dark energy and dark matter, in a unified
theoretical framework and without distinguishing a priori matter and geometric sources. Various aspects
of dark matter phenomenology from astronomical to galactic and extragalatic scales were discussed in
Section 4. The generalised virial theoreom can acquire, in addition to the contribution from the baryonic
masses, effective contributions of geometrical origin to the total gravitational potential energy, which
may account for the well-known virial theorem mass discrepancy in clusters of galaxies. In the context of
galactic rotation curves, the scalar-field modified relations between the various physical quantities such
as tangential velocities of test particles around galaxies, Doppler frequency shifts and stellar dispersion
velocities were derived. More recently, observational data of stellar motion near the Galactic centre was
compared with simulations of the hybrid gravity theory, which turned out particularly suitable to model
star dynamics. Yet, to promote the f(X) theory into a convincing alternative to particle dark matter, one
should produce also the cosmological successes of the ACDM model without the CDM component.

Though wormhole solutions have already been found in these theories [111], the nature of possible
black hole solutions remains an outstanding open question. Though no-hair theorems for scalar-tensor
theories exclude the simplest nontrivial solutions, their assumptions are restrictive. Another interesting
though yet unstudied issue is the strong field regime of hybrid gravity and the constraints that one can
put on the theories from astrophysical data such as measurements of binary pulsars. Finally, the possible
relevance of the hybrid gravity framework to the early universe cosmology has not been explored in any detail.
The Einstein frame formulation of the scalar-tensor description Equation (25) could provide a useful
starting point to investigate how the inflaton potential changes due to finite €2 4, in order to understand
how the “hybrid” nature of spacetime modifies the standard predictions of e.g., the R? model of inflation.

To conclude, whilst the physics of the metric and the Palatini versions of f(R) gravity have been
uncovered in exquisite detail in a great variety of different contexts [9-18], those studies largely wait to
be extended for the hybrid f(X) version of the theory. We believe the results this far, as reported in this
review, provide compelling motivation for the further exploration of these particular theories.
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