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ABSTRACT:  
We study the properties of the chaotic wave fields generated in the frame of the Sasa-
Satsuma equation when a plane wave solution is randomly perturbed with a white noise. 
We have found that plane waves with different propagation constant splits into self-
focused filaments, that  propagate with a velocity which is well approximately given by 
the group velocity calculated from the dispersion relation for the plane wave solution.  
Different propagation constants are considered and a good agreement is obtained with the 
numerical solution.  We have also calculated the density of probability of having a wave 
of given amplitude, therefore determining the probability of appearance of rogue waves. 
Their spectra are also  analized. 
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1.- Introduction 
Studies of rogue waves in recent years are 
becoming extensive[1-3].  It is an interesting 
object of study in physics and mathematics[4-

7] . Recently is getting a high interest in optics 
[8-10] . The research naturally started with the 
simplest mathematical model, which is the 
nonlinear Schrödinger equation (NLSE) [11-

13]. However, the NLSE has limitations re-
lated to the approximations taken into ac-
count when it was first derived. Extending 
this technique and finding more general 
models must be the next step in the rogue 
wave research. 
 
The Sasa-Satsuma  equation (SSE) is one of 
the known integrable extensions of the 
NLSE[14] . It contains the most essential con-
tributions often found in important physical 
applications, such as dynamics of deep water  

pulse propagation in optical fibers and gener-
ally in dispersive nonlinear media. Namely, it 
contains the terms describing third order 
dispersion, self-frequency shift and self-
steepening in fixed proportions that  make it 
integrable. It reads: 

 
This equation admits plane-wave solutions 
given by: 

 
 
where 	  ω	  = k3+k2-6c2k-2c2	  .	  
 
The plane wave serves as a background for 
rogue waves. The exact rogue wave solution 
of the SSE has been presented for the first 
time in Ref. [15]. The solution is cumber-
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some and will not be reproduced here.  Re-
markably, it contains the same two free pa-
rameters (k,c) as for the plane wave on which 
it resides. The third parameter is  ε, which is 
the parameter of the equation.	  

2.- Rogue wave solutions 
Three examples of rogue wave solutions are 
shown in figures 1,2 and 3. They are typical 
examples of the three different kind of solu-
tions obtained for this equation in Ref.15. 
 
 

 
Fig. 1: Rogue wave solution for k=2.  
 

 
Fig. 2: Rogue wave solution for k=0.8.  
 

 
Fig. 3: Rogue wave solution for k=025.  

 
When the parameter k changes, the profile of 
the rogue wave also changes, and so does its 
orientation in the (x, τ )-plane. As we can see 

from the above figures, the solutions are 
tilted with respect to the τ -axis. When k = 2, 
the solution is tilted to the right while in the 
other two cases k = 0.8 and k = 0.25, the 
rogue wave is tilted to the left. This tilt can 
be understood by noticing that the group 
velocity is given by: 

 
 

3.- Chaotic wave fields 
 
Processes described by a dynamical system 
such as the SSE can be highly complicated. 
However, they are still governed by a partial 
differential equation and can be predicted 
once the initial condition is given. Thus, in 
contrast to true stochastic processes, which 
are completely unpredictable, the processes 
in our system are “chaotic.”  
 
We have numerically solved the SSE, taking 
as initial condition the plane-wave solution 
perturbed with white noise of small ampli-
tude. For the numerical simulations, we used 
a split-step Fourier technique, solving the 
linear part in Fourier space and the nonlinear 
part with a fourth-order Runge-Kutta 
method. The mesh size in x axis varied from 
0.005 to 0.01, depending on the total size of 
the x interval, while the step size in τ axis 
was fixed and equal to 0.00001. This choice 
provided stability of the scheme for all nu-
merical runs. Modulation instability seeded 
by the above noise creates a chaotic wave 
field that starts from this initial plane wave. 
An example of a wave field generated this 
way is shown in Fig.4 for k = 2. The figure 
shows in a color code the field amplitude 
versus x and τ . The initial part (0 < τ < 0.5) 
is not shown in the figure as the deviations 
from the plane-wave solution are small and 
the field amplitude is very close to 1 for all x. 
As expected, the spectral component of the 
noise with the highest growth rate dominates 
and splits the plane wave into filaments. The 
presence of other frequencies ensures that the 
filaments evolve chaotically. Figures 4, 5 and 
6 show three typical realizations of many 
thousands that we conducted in our work.  
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Fig. 4: Typical example od a chaotic wave 
field created by the SSE that starts with 
modulation instability. k=2.  

  
Fig. 5: Same as figure 4 for k=0.8. 
 

 
Fig. 6: Same as figure 4 for k=0.25. 
 

In contrast to the NLSE case, the filaments 
here have a preferential direction of propaga-
tion with nonzero velocity, which changes 
with k. This happens because the group ve-
locity of the waves is different from the 
phase velocity. The velocity of these fila-
ments can be estimated from the expression 
for the group velocity. The patterns we ob-
serve in these figures resemble a set of rogue 

wave solutions chaotically interfering. 

4.- Probability density functions 
 
The probability of having a wave of certain 
peak amplitude(A) in the chaotic wave field 
provides us with important information about 
the field itself and the rogue waves in par-
ticular. We constructed these probabilities 
based on the total wave field using as many 
numerical data as possible. Namely, we 
counted all local maxima of the chaotic wave 
fields generated as described above. The 
probability density functions (PDFs) pre-
sented below are based on significantly 
larger data sets than shown above. For each 
value of k under consideration, we used sev-
eral thousands of independent realizations. In 
order to increase the number of maxima we 
considered the field at a discrete number of 
values of τ for each realization and found all 
local maxima of the field amplitude varying 
just x. In all these cases we discarded the 
initial MI stages of evolution. Besides, we 
did not count small-amplitude waves and 
discarded all maxima with amplitude below 
0.1. The amplitude of the initial plane wave 
is one and all amplitudes are relative to this 
reference. Typically, for each plot, the data 
we dealt with consisted of several tens of 
millions of maxima, which allowed us to 
obtain relatively smooth statistical curves. 
An example of PDF constructed this way is 
shown in Fig. 7. 

 
Fig. 7: Probability density function for the 
case k=2. The peak amplitude of the rogue 
wave solurion presented in fig.1 is marked 
here by the dotted vertical line.  

 
Here, we used k = 2. The red curve shows the 
probability, in logarithmic scale, of having a 
wave with a given peak amplitude in the 
chaotic wave field. The low-amplitude part 
of the curve is neglected as explained above. 
The high-amplitude part of the curve still has 
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a random component due to the insufficient 
data. However, by averaging this part we can 
estimate that it can be approximated by a 
smooth exponentially decaying tail. The am-
plitude of the exact rogue-wave solution for 
the same value of k is shown in the plot by 
the vertical line.  

 
Fig. 8: Same as figure 7 for k=0.8. 
 

 
Fig. 9: Same as figure 7 for k=0.25. 
 
Similar PDF is obtained for the case k = 0.8. 
It is shown in Fig. 8. Qualitatively, it has a 
shape very similar to the one for k = 2. A 
noticeable difference is the slightly elevated 
number of events above the theoretical 
rogue-wave amplitude shown by the vertical 
dotted line.  
 
Significant differences appear at lower val-
ues of k. The PDF for k = 0.25 is shown in 
Fig. 9. The shape of this PDF cannot be de-
scribed by any known statistical functions. 
Instead of a single maximum probability for 
a certain peak amplitude, it has an almost flat 
top in the interval [0.8,2.6], below the rogue-
wave threshold. Despite the fact that the cor-
responding rogue-wave amplitude (2.8) is 
now higher than in the two previous cases 
(≈2.5), a significant number of waves have 
even higher amplitudes. The whole tail of 
this PDF is elevated and the maximal pre-
sented peak-amplitude goes up to 4.4 while 

in the previous cases this value was below 4. 
For the sake of comparison we used the same 
horizontal and vertical scales in all three 
figures. All PDFs can be approximated by an 
exponential tail that does not prevent appear-
ance of waves with even higher amplitudes 
than in the three plots shown above. Indeed, 
in one of our simulations with k = 0.25, we 
observed the highest amplitude, which was 
slightly higher than 5, i.e., well beyond the 
scale of Fig. 9.  This case is shown in figure 
10. 
 

 
Fig.10: An example of a wave with extremely 
large amplitude obtained in our simulations. The 
amplitude of this wave exceeds 5.  
 

 
Fig.11. Spectrum evolution of the wave in Fig.10. 
 
 The spectrum of the chaotic wave field con-
taining this extreme wave is shown in Fig. 
11.  For the sake of clarity in this figure,  
spectral values whose decimal logarithm is 
below −5 are not shown and are set to this 
minimum value in the figure. The whole 
spectrum, in average, has a triangular shape 
which is a universal feature of the fields re-
sulted from modulation instability [16]. The 
highest peak of the chaotic field creates the 
smooth part of the spectrum which is consid-
erably wider than the average spectrum. This 
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is a prominent feature of an extreme wave in 
an otherwise regular spectrum of a chaotic 
field. The main hallmark of the spectrum is 
the significantly widened and smoother tri-
angular expansion that is the main signature 
of the extreme wave in its spectrum. 

5.- Conclusion 
To conclude, we studied the properties of the 
chaotic wave fields generated by the Sasa-
Satsuma equation. We have found that the 
filaments of the self-focused fields generated 
due to modulation instability propagate in the 
direction roughly defined by the group veloc-
ity calculated from the dispersion relation for 
the plane-wave solution. These results pro-
vide an explanation for the skewed shape of 
the rogue waves given by the exact solutions. 
The calculation of the probability density 
functions for various values of the initial 
wavenumber shows that smaller values of k 
result in elevated probability of high-
amplitude waves. Our results demonstrate the 
importance of the higher order terms in the 
evolution equation that may lead to higher 
probabilities of rogue waves in a chaotic 
wave field.  
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