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We investigate the effect of controllably induced tapering on the resonant vibrations and sensing

performance of silicon nanowires. Simple analytical expressions for the resonance frequencies of

the first two flexural modes as a function of the tapering degree are presented. Experimental

measurements of the resonance frequencies of singly clamped nanowires are compared with the

theory. Our model is valid for any nanostructure with tapered geometry, and it predicts a reduction

beyond two orders of magnitude of the mass detection limit for conical resonators as compared to

uniform beams with the same length and diameter at the clamp. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4813819]

Resonant beams with their thickness or diameter in the

nanometer scale are essential components of nanoelectrome-

chanical systems (NEMS).1 The singular properties of

bottom-up synthesized nanostructures, such as Si nanowires

(NWs) obtained by vapor-liquid-solid (VLS) growth,2 offer

unique opportunities to investigate on NEMS functionalities.

In particular, the exceptional performance of VLS Si NW

resonators3–5 has been demonstrated to provide unprece-

dented functional features as nanomechanical sensors, such

as highly efficient transduction mechanisms,6–9 ultra-

sensitive physical sensing,10,11 and complex actuation

schemes such as self-excitation12 or parametric amplifica-

tion.13 One particular singular feature of Si NWs is that the

VLS growth mechanism can produce a tapered cross-section.

Tapered Si NWs have, indeed, been usually considered

undesirable for most applications, and many efforts regard-

ing growth optimization have focused on obtaining uniform

NWs with negligible diameter variation. However, this effect

offers exceptional opportunities for obtaining devices with

matchless performance characteristics. For instance, excel-

lent field-emission characteristics have been attributed to Si

NWs with taper-like geometry;14 conically shaped Si NWs

produced with engineered apex angles have been suggested

for rational design of functional nanostructures with control

of the spectral and spatial electromagnetic scattering signa-

tures;15 also, the enhanced light absorption observed in verti-

cal arrays of Si nanocones has revealed a promising

approach to enhance the solar cell energy conversion effi-

ciency in photovoltaic applications.16

In the context of nanomechanical devices, the flexural

vibration modes of beams with a tapered geometry present

significantly different resonance frequencies, mode shapes,

and effective masses as compared to uniform beams. These

differences have been widely neglected so far in the develop-

ment of nanomechanical devices based on NWs, thus limit-

ing their truthful practical application. In this work, we

analyze the effect of a taper-like geometry on the mechanical

resonances of singly clamped beams based on Si NWs. We

present experimental measurements of the resonance fre-

quencies of the first and second order flexural modes of

tapered Si NWs that do not match elastic beam theory for a

uniform cross-section. Then we provide a theoretical model

that accounts for the tapered geometry so that it reproduces

the experimental results. Our model is further validated by fi-

nite element method (FEM) simulation and analysis of the

mode shape profiles and then used to discuss the perform-

ance of tapered resonators as nanomechanical mass sensors.

The Si NWs used in this study were grown via the VLS

mechanism in a chemical vapor deposition system using

SiCl4 as precursor. Au colloidal nanoparticles (NP) were

used as metal catalyst. In VLS growth, the NP diameter

determines the NW diameter at the base. Then, tapering dur-

ing growth occurs via two possible mechanisms: on one

hand, gradual size reduction of the catalyst NP during growth

by either diffusion, evaporation, or chemical reactions results

in a time-varying NW diameter;17 on the other hand, disso-

ciative adsorption of the precursor gas on the gas/solid inter-

face produces a progressive increase of the NW diameter.18

The simultaneous presence of both effects is possible,19 and

either mechanism dominates depending on the growth condi-

tions. Precise control of the growth conditions has indeed

been demonstrated to enable either extremely long NWs

with uniform diameter20 or tapered NWs with precise control

of their geometry.21 A recent study demonstrates that accu-

rate tapering control can be achieved by proper setting of the

SiCl4/H2 molar ratio, because this factor governs the inter-

play between the catalyzed VLS growth at the NW end and

the uncatalyzed Si deposition at the NW sidewalls.21 In our

case, slight variations in the carrier gas flow rate were intro-

duced in order to obtain NWs with different degree of taper-

ing (see supplemental material32). The NWs were

horizontally grown at the vertical sidewalls of prefabricated

Si microstructures in a silicon-on-insulator (SOI) substrate

[Figs. 1(a) and 1(b)].22 The NWs’ length L ranges from 5 to

25 lm, and their radius at the base R0 ranges from 40 to

150 nm. The distance between the NWs and the substrate dS

lies in the 1–2 lm range. The experimental measurements of
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the NW resonance frequencies were performed with a home-

made interferometry system as described elsewhere.10

Figures 1(c) and 1(d) show a representative example of

the measured thermomechanical spectra of a tapered NW

around the resonance frequencies of the first and second flex-

ural modes, respectively. The two peaks observed for each

mode are the result of two orthogonal vibrations of the NW

in perpendicular planes. This mode splitting effect can occur

in any nanowire-like beam resonator, regardless of having a

tapered or a uniform geometry, and it is a consequence of

structural defects such small asymmetries in the cross-

section or the clamp.23 The peak separation is very similar

for both modes, i.e., 0.57% for the first mode and 0.51% for

the second mode. Using the higher amplitude peak as a refer-

ence, we find that the ratio between the resonance frequen-

cies f1 and f2 of the first and second modes is far from the

expected value of f2/f1¼ 6.267 for beams with uniform

section.24 For the case shown in Figure 1, we obtain

f2/f1¼ 3.960.

We describe the tapering degree by a parameter a that

we define as

a ¼ R0 � RF

R0

; (1)

where R0 and RF are the values of the NW radius at the

clamp and at the free-end, respectively. Therefore, a¼ 0 cor-

responds to a uniform cross-section and a¼ 1 represents a

conical NW. Fig. 2 summarizes several measurements of f1
and f2 obtained for NWs with different degree of tapering.

The tapering parameter was determined from SEM measure-

ments. In Fig. 2(a), we plot the experimental values of f1 and

f2 divided by the theoretical values for a uniform cross-

section, fU1 and fU2. These were calculated from Euler-

Bernoulli theory for NWs with the same length and a uni-

form cross-section with a radius corresponding to the meas-

ured radius at the clamp, according to the expression

fUn ¼
1

2p
kn

L

� �2
ffiffiffiffiffiffiffi
EI0

qS0

s
; (2)

where n indicates the mode order, L is the length, E is the

Young’s modulus, q is the density, I0 is the second moment

of area, and S0 is the cross-section area. We consider a circu-

lar cross-section so that S0¼pR0
2 and I0¼ pR0

4/4. The pa-

rameter kn depends on the mode order, and it takes the

values k1¼ 1.875 and k2¼ 4.694. Fig. 2(a) shows that for a
close to 0, the experimental values of f1 and f2 approach the

theoretical values for a uniform cross-section, so that both

ratios f1/fU1 and f2/fU2 are close to 1. However, for increasing

a, f1/fU1 increases and reaches values around 1.5 for a around

0.65, whereas f2/fU2 decreases to values around 0.9. Fig. 2(b)

displays the experimental values of the ratio f2/f1 for differ-

ent NWs as a function of a. The ratio f2/f1 differs increas-

ingly from the theoretical value of 6.267 for increasing a.

FIG. 1. (a) SEM image and schematic diagram showing the location of a

NW at the vertical sidewall of a step fabricated in a SOI substrate. (b) SEM

image of a highly tapered NW with a length of 7.5 lm, a radius of 50 nm at

the clamp, and a radius of 20 nm at the free end. (c), (d) Measured mechani-

cal resonances of a tapered NW around the first and second modes,

respectively.

FIG. 2. (a) Ratio of the resonance frequencies of tapered Si NWs to that of

uniform ones with the same length and radius at the base vs. the tapering pa-

rameter a (symbols: experimental data; lines: analytical theory). (b) Ratio of

the resonance frequencies of the first and second modes vs. the tapering pa-

rameter a (symbols, experimental data; line, analytical theory).
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In order to provide a theoretical description of tapered

NW vibrations we have solved the Euler-Bernoulli equation

for the general case of beams with non-uniform cross-section25

qSðxÞ @
2wnðx; tÞ
@t2

þ @2

@x2

EIðxÞ
L4

@2wnðx; tÞ
@x2

� �
¼ 0; (3)

where wn is the nth order mode contribution to the beam dis-

placement at the dimensionless (normalized to length) longitu-

dinal position x and time t. The cross-section area S(x) and

area moment I(x) depend on the position x in order to account

for the tapered geometry. The solution to Eq. (3) can be

expressed in terms of Bessel functions (see supplemental ma-

terial32), and the resonance frequencies can be written in terms

of a parameter kn that now depends on the tapering degree a

fn ¼
1

2p
knðaÞ

L

� �2
ffiffiffiffiffiffiffi
EI0

qS0

s
: (4)

The application of the corresponding boundary conditions

for a singly clamped beam leads to calculate the resonance

frequencies fn. Unfortunately, it is not possible to reach an

exact analytical expression for kn(a), and the resonance fre-

quencies have to be determined numerically. However, we

can provide a good approximation of a simple form if we

write kn(a) as

knðaÞ �
X

i

an;i � ai: (5)

The coefficients an,i can then be obtained by numerical fitting

to the exact numerical solutions (see supplemental mate-

rial32). Figure 2(a) represents (lines) the solutions given by

the analytical approximation for f1 and f2, divided by the

expected theoretical values for a uniform cross-section, fU1

and fU2. The graph shows a noticeable good agreement

between the experimental measurements and the theoretical

calculations.

We can also calculate the ratio f2/f1 as a function of a.

The result can be accurately approximated in the range

0� a� 0.9 by the simple expression (see supplemental

material32)

f2
f1
� 6:267� 4:103a: (6)

This result is compared in Fig. 2(b) to the experimental val-

ues of the ratio f2/f1. The agreement is clearly noticeable.

Remarkably, this result implies that the effect of tapering on

the ratio f2/f1 is independent on the NW length and material

properties, and it only depends on the amount of tapering as

given by the parameter a. Figure 2(b) also suggests that this

expression could be used to determine the tapering parameter

from the measurement of f2/f1 without the need of high-

resolution electron microscopy imaging.

The application of boundary conditions also allows to

analyze the effects of tapering on the mode shape and curva-

ture profiles. This is shown, respectively, in Figures 3(a) and

3(c) for the first mode and in Figs. 3(b) and 3(d) for the sec-

ond mode. The profiles were obtained for different values of

the tapering parameter a, and the results from the analytical

model are compared to FEM (COMSOL) simulations. The

agreement is remarkable in all cases. These calculations also

provide significant information about the effects of tapering

on the NW vibration. First, the mode shape for both modes

shows that the vibration is localized closer to the free end as

tapering increases. Second, the curvature of the first mode at

the clamp is significantly reduced as tapering increases, and

the point of maximum curvature moves from the clamp (at

x¼ 0 for a¼ 0) to an intermediate position (at x� 0.7 for

a¼ 0.8); for the second mode, the curvature at the clamp is

also reduced for increasing tapering, and the point of maxi-

mum curvature (at x� 0.5 for a¼ 0) also moves closer to the

free end (at x� 0.8 for a¼ 0.8).

The results presented in Figure 3 demonstrate important

implications of tapering for the application of resonant NWs

as nanomechanical sensors. A resonant nanobeam can be used

as a nanomechanical mass sensor by tracking the changes in

its resonance frequencies as a consequence of the adsorption

of sample material.26–30 Both the mass and elasticity

(Young’s modulus) of adsorbed material can be sensed in this

manner.10 The point along the NW of maximum mass sensi-

tivity is that of maximum vibration amplitude, whereas the

point of maximum sensitivity to elasticity corresponds to that

of maximum curvature. Considering the mode shape and cur-

vature changes induced by tapering, the point of maximum

mass sensitivity remains at the free end for both modes, while

the point of maximum sensitivity to elasticity moves from the

clamp to forward positions for the first mode, and from the

middle to also forward positions for the second mode. In all

cases, a consequence of tapering is that the overall depend-

ence of the sensitivity to both mass and elasticity on the

FIG. 3. (a) and (b) Normalized mode shape profiles of the first and second

order modes for NWs with different tapering degree (symbols: finite element

simulations; lines: analytical model; each curve normalized to maximum

displacement for each value of a). (c), (d) Curvature profiles of the first and

second order modes for NWs with varying amount of tapering (symbols: fi-

nite element simulations; lines: analytical model; each curve normalized to

maximum curvature for a¼ 0).
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position along the NW suffers important variations that should

be considered for an accurate determination of these magni-

tudes from resonance frequency shift measurements.

We have analyzed the particular effect of tapering on

the mass sensitivity of Si NW resonators at the free end.

The minimum detectable mass change dM of the system is

given by31

dM ¼ � 2mn

fn
df ¼ R�1

n df ; (7)

where mn is the effective mass of the nth mode and df is the

minimum detectable frequency shift. Rn is referred to as

responsivity. According to this expression, the minimum de-

tectable mass change with a tapered NW will differ from

that of a uniform NW due to both the changes in resonance

frequencies and effective masses of the resonant modes. In

order to obtain the effective masses of each mode for a

tapered NW we apply the Rayleight method

mn ¼
ð1

0

qSðxÞwnðxÞ2dx: (8)

The effect of tapering on the effective mass is actually

two-fold: on one hand, it modifies the inertial mass M by the

reduction of volume produced by the non-uniform cross-

section; on the other hand, the modification of the mode-

shape profile provides an additional and actually larger

reduction of the effective mass. Figure 4(a) shows the calcu-

lation of the effective masses of the first two order modes.

In order to compare with the case of uniform cross-section,

the graph represents the ratio of the effective mass of the

first two modes of a tapered NW to that of a uniform NW

with the same length and same radius at the clamp, as a

function of the tapering parameter a. The figure also

displays the ratio of the inertial mass of a tapered NW to

that of a uniform one with the same length and same radius

at the clamp. The results show that the effective masses of

both modes drop quickly for increasing tapering. This sig-

nificant reduction of the effective masses has a remarkable

effect on the sensor’s responsivity. Figure 4(b) shows the

responsivity calculated for the first two modes. Again, we

plot the ratio of the responsivity of the first two modes of a

tapered NW to that of a uniform NW with the same length

and same radius at the clamp. Remarkably, the responsivity

for both modes increases by a factor of more than 20 for

a> 0.8.

Finally, we estimate the minimum detectable mass

change with a tapered NW. If we consider the minimum de-

tectable frequency shift limited by thermomechanical fluctu-

ations of a resonator driven at constant mean square

amplitude, then dM can be written as31

dM ¼ mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eth

Ec

2B

pfnQn

s
; (9)

where B is the measurement bandwidth, Qn is the mode qual-

ity factor, Eth¼ kBT is the thermal energy and Ec is the drive

energy. Figure 4(c) shows the calculation of the ratio of the

minimum detectable mass with a tapered NW to that of a

uniform NW with the same length and same radius at the

clamp. The temperature, bandwidth, quality factor, and drive

energy are considered to be equal for the two cases. The

graph indicates that the minimum detectable mass by a

tapered NW with a> 0.8 is more than one order of magni-

tude smaller for both modes. Remarkably, the ratio exceeds

two orders of magnitude for the second mode and a> 0.9.

We emphasize here that the physical origin of this sensitivity

enhancement is not given simply by the reduction in size of

a tapered NW as compared to a uniform NW. In the limit

case of a conical NW with a� 1, the inertial mass is reduced

by a factor of 1/3. However, the minimum detectable mass

decreases by almost three orders of magnitude.

In conclusion, we have derived theoretical expressions

for the resonance frequencies of singly clamped beam-like

nanostructures as a function of their tapering degree. The

theory reproduces the experimental measurements for

tapered Si NWs, and it provides a general framework for the

precise determination of mass and elasticity of sample adsor-

bates from resonance frequency shift measurements.

Tapering results in localization of the vibration towards the

free end, which reduces the minimum detectable mass by a

conical beam-like resonator by almost two orders of magni-

tude for the first mode and almost tree orders of magnitude

for the second mode.

This work was partially funded by projects MAT2012-

36197, IPT-2011-0821-010000, CSD2010-00024, IOF-2009-

254996, and ERC-StG-2011-278860.

FIG. 4. (a) Ratio of the inertial mass (dashed line) and effective masses

(solid lines) of the resonant modes of a tapered NW to those of a uniform

one with the same length and radius at the base. (b) Ratio of the responsivity

of a tapered NW to that of a uniform one with the same length and radius at

the base. (c) Ratio of the minimum detectable mass with a tapered NW to

that of a uniform one with the same length and radius at the base.
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