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Abstract

We show that the full version of the so-called ‘rural hospital theorem’ generalizes

to many-to-many matching problems where agents on both sides of the problem

have substitutable and weakly separable preferences. We also show that when

agents’ preferences satisfy substitutability, the domain of weakly separable pref-

erences is maximal.
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1 Introduction

We study two-sided matching problems. ‘Stability’ of outcomes in these problems is

considered to be the main property that accounts for the success of matching rules. We
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identify a large and maximal preference domain for which ‘underdemanded’ institutions

(or agents) have the same partners at each stable outcome. Consequently, no stable

rule can implement possibly desirable changes in the set of partners assigned to such

institutions. A prominent example is the assignment of medical graduates to residency

programs in the US. Hospitals in rural areas are typically less preferred than those

in urban areas by medical graduates, i.e., they are ranked below urban hospitals in a

typical student’s preference list. Also, graduates from relatively successful programs

are more popular among hospitals, i.e., as above they are ranked below other students

in a hospital’s preference list. Rural hospitals complain that their positions may not

be filled by the stable matching rule in use and that they may not be assigned popular

graduates. The ‘rural hospital theorem’ established in several matching models states

that the number of medical graduates assigned to a hospital and the set of graduates

assigned to a hospital in a rural area do not vary across stable outcomes.

Next, we describe in more detail the model we study, the existing literature, and our

results. In a ‘two-sided many-to-many matching problem’ there are two disjoint sets of

agents, which we call ‘firms’ and ‘workers’. Each agent in a set is assigned a subset of

members in the other set. For each agent, there is a maximal number of partnerships

that this agent can be involved in. Each agent in a set has a preference order over

subsets of agents in the other set. An outcome of this problem is a ‘match’ in which

each firm is assigned a subset of workers and each worker is assigned a subset of firms.

A match is ‘stable’ if no agent prefers to be matched to a proper subset of its current

partners, and no firm-worker pair who are not partners would prefer to be matched to

each other, possibly replacing some of their current partners. At first glance, allowing

only individuals and firm-worker pairs to block a match may seem a weak requirement.

However, stability proved to be an essential property in several real-life situations. For

instance, in many entry-level labor markets, workers are matched to firms through a

clearinghouse. It has been shown that clearinghouses that use stable rules often perform

better than those that use rules that do not necessarily produce stable matches.1

1See, for instance, Roth (1991).
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There are many-to-many problems for which stable matches do not exist. Certain

assumptions on preferences have been identified to guarantee that they do. A firm’s

preferences satisfy ‘substitutability’ if, a worker is chosen from a group of workers

by this firm, she is also chosen from any of its subsets to which she also belongs.

Substitutability of workers’ preferences is defined similarly. Substitutable preferences

are the most general class of preferences for which the existence of stable matches has

been proved so far.2 The existence of a stable match can been shown via an algorithm

for strict preferences (Roth, 1984a) and via a non-constructive proof for non-necessarily

strict preferences (Sotomayor, 1999).

Taking the requirement of stability as granted, a question is whether the choice

of a particular stable rule affects the numerical distribution of workers; and if not,

whether different matches assign different sets of workers to a firm that does not fill

all its positions. In the context of the assignment of medical graduates in the US, the

National Resident Matching Program (NRMP) failed to fill the posts of many hospitals

in (typically less preferred) rural areas (Sudarshan and Zisook, 1981). However, the

problem of the rural hospitals cannot be attributed to the particular stable rule used

by the NRMP (Gale and Sotomayor 1985, Roth 1984b, 1986). Precisely, any other

stable rule would yield (R1) the same numerical distribution of medical interns and

would assign (R2) the same interns to each rural hospital that does not fill all its posts.

The two results are now known as the ‘rural hospital theorem.’

In a many-to-one matching problem, each firm can be assigned multiple workers but

each worker can be assigned at most one firm. A well studied preference domain in the

matching literature is responsiveness (Gale and Sotomayor 1985, Roth 1984b, 1986). A

firm’s (or hospital’s) preferences over subsets of workers (or doctors) are ‘responsive’ to

its preferences over individual workers, i.e., for each two subsets that differ in only one

worker, the firm prefers the one that contains the preferred worker. R1 and R2 hold

in a many-to-one matching problem where agents have responsive preferences (Roth

and Sotomayor, 1990). Several papers have extended both parts of the theorem to

2Substitutability is an adaptation of the gross substitutability property (Kelso and Crawford, 1982)
by Roth (1984a) and Roth and Sotomayor (1990) to matching problems with no money transfer.
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more general domains of preferences. A firm’s preferences over subsets of workers is

‘separable’ if adding an acceptable worker to a subset of workers that does not fill its

quota makes it better and if adding an unacceptable worker makes it worse. R1 and R2

hold for substitutable and separable preferences (Mart́ınez et al., 2000) 3. R1 does not

necessarily hold if one agent has substitutable preferences that do not satisfy separable

preferences (Mart́ınez et al. 2000, Example 5).

A firm’s preferences over subsets of workers is ‘cardinally monotonic’ if it chooses

at least as many workers when the set of workers available to the firm expands. Con-

cerning the many-to-many framework, R1 and R2 hold for substitutable and cardinally

monotonic preferences (Alkan, 2002). In the many-to-many framework, R1 still holds

on the domain of substitutable and cardinally monotonic preferences (Alkan, 2002).

On the other hand, R2 holds for responsive preferences (Alkan, 1999, Proposition 2(i))

and for quota-filling preferences (Alkan, 2001, Corollary 1). R2 does not hold if one

agent has substitutable preferences that do not satisfy cardinally monotonic preferences

(Kojima 2012, Example 1).

In this paper, we show that R2 holds on the entire domain of substitutable and

weakly separable preferences (Theorem 3). Our short proof is based on a strong struc-

tural result regarding the set of stable matches due to Roth (1984a).

We complement Alkan’s (2002) result regarding R1 and our result regarding R2 with

two ‘maximality results’: if some agent does not have cardinally monotonic preferences

then there are substitutable and cardinally monotonic preferences for the other agents

such that R1 fails (Proposition 1). Similarly, if some agent has substitutable prefer-

ences that are not weakly separable, then there are substitutable and weakly separable

preferences for the other agents such that R2 fails (Proposition 2).

In Section 2, we present the model and the preference domains. In Section 3, we

discuss the literature on the rural hospital theorem and prove our results.

3Kojima (2012) also introduced the domain of separable preferences with so-called affirmative action
constraints. This domain is a strict superset of the domain of separable preferences but a strict subset
of the domain of cardinally monotonic preferences. Kojima (2012) showed that on his domain an
appropriately adjusted version of R2 holds.
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2 Model

There are two disjoint and finite sets of agents: a set of firms F and a set of workers W .

Let A = F ∪ W denote the set of agents. Generic elements of F and W are denoted

by f and w respectively, while the generic element of A is denoted by a. The set of

(possible) partners of agent a is Sa ≡ W if a ∈ F , and Sa ≡ F if a ∈ W . The

preferences of agent a are given by a linear order Pa over 2Sa.4 Let Pa denote the set

all such preferences for a. For each agent a ∈ A, let its ‘quota’ be the smallest positive

integer qa ≥ 1 such that for each S ⊆ Sa with |S| > qa, ∅Pa S.5 A preference profile

is a tuple P = (Pa)a∈A. For each a ∈ A, let Ra denote the at least as desirable as

relation associated with Pa. For each pair b, c ∈ Sa, b Ra c means that either b = c or

b Pa c. For each S ⊆ Sa, let Ch(S, Pa) denote agent a’s most preferred subset of S

according to Pa. One easily verifies that for each pair S, T ⊆ Sa,

Ch(S, Pa) ⊆ T ⊆ S =⇒ Ch(T, Pa) = Ch(S, Pa). (1)

A match µ is a mapping from A into 2F ∪ 2W such that for each pair a, a′ ∈ A,

µ(a) ∈ 2Sa and [a ∈ µ(a′) ⇔ a′ ∈ µ(a)]. Let M denote the set of all matches. Let a ∈ A.

A set of agents S ⊆ Sa is acceptable to agent a at P if S Ra ∅. Match µ is blocked

by agent a at P if Ch(µ(a), Pa) 6= µ(a). Match µ is blocked by a firm-worker

pair (f, w) at P if w 6∈ µ(f), w ∈ Ch(µ(f) ∪ {w}, Pf), and f ∈ Ch(µ(w) ∪ {f}, Pw).

A match is (pairwise-)stable at P if it is not blocked by any agent or any worker-firm

pair at P . Let S(P ) denote the set of stable matches at P .

Pairwise-stability does not take into account possibly larger blocking coalitions. We

next define a stronger stability notion that does so. Precisely, no group of agents can

obtain a better set of partners by forming new partnerships only among themselves,

keeping some existing partnerships and dissolving some others to obey the quota re-

4In other words, Pa is transitive, antisymmetric (strict) and total.
5The interpretation is that agent a can definitely not work for/hire more than qa agents from the

other side of the problem. Note that for each q′a ≥ |Sa|, [S ⊆ Sa with |S| > q′a implies ∅Pa S] is
vacuously true. Hence, qa ≤ |Sa|.
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strictions (Sotomayor, 1999). Formally, match µ is setwise-stable at P if there are

no match µ′ and coalitions F ′ ⊆ F and W ′ ⊆ W with F ′ ∪ W ′ 6= ∅ such that for each

a ∈ F ∪ W ,

• µ′(a) \µ(a) ⊆ F ′ ∪ W ′;

• µ′(a) Pa µ(a);

• µ′(a) = Ch(µ′(a), Pa).

Unlike in a many-to-one matching problem with substitutable preferences, the set of

pairwise-stable matches does not necessarily coincide with the core6 or the set of setwise-

stable matches in a many-to-many matching problem (Sotomayor, 1999). However, for

certain many-to-many matching markets, pairwise-stability is still of primary impor-

tance (Roth and Sotomayor, 1990, page 157). Also, the set of setwise-stable matches

is a (possibly empty) subset of the set of pairwise-stable matches for which our result

still holds.

Since unacceptable sets of partners cannot be part of a stable match, it is sufficient

to describe each agent’s ranking of acceptable sets of possible partners. For instance,

Pf1
: {w1, w2}, {w1}, {w3}, {w2}, ∅

indicates that {w1, w2} Pf1
{w1} Pf1

{w3} Pf1
{w2} Pf1

∅ and that all other sets of

possible partners are not acceptable to f1.

Throughout, we make the following (standard) assumption on each agent a’s pref-

erences Pa.

Substitutability:

For each b, c ∈ S ⊆ Sa with b 6= c, [ b ∈ Ch(S, Pa) =⇒ b ∈ Ch(S\{c}, Pa) ].

For each profile of substitutable preferences P , the set of stable matches S(P ) is non-

empty. Furthermore, there is a firm-optimal stable match µF (which all firms find

6A match µ′ dominates another match µ if there is a coalition C ⊆ F ∪W such that for each agent
a ∈ C, [a′ ∈ µ′(a) =⇒ a′ ∈ C] and µ′(a)Pa µ(a). The core is the set of matches that are not dominated
by any other match.
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at least as desirable as any other stable match), and likewise a worker-optimal stable

match µW (Roth, 1984a, Theorem 2). In fact, the set of stable matches satisfies the

following properties (which will be key in the proof of our result).

Theorem 1 (Roth, 1984a, Theorem 2). Let P be substitutable. Let µ ∈ S(P ). For

each f ∈ F and each w ∈ W ,

(i). Ch(µF (f) ∪ µ(f), Pf) = µF (f);

(ii). Ch(µW (w) ∪ µ(w), Pw) = µW (w).

The matching literature has studied the following preferences. Let a ∈ A.

Responsiveness:7,8

For each S ⊆ Sa with |S| < qa and for each b, c ∈ (Sa\S) ∪ {∅},

[ (S ∪ {b}) Pa (S ∪ {c}) ⇐⇒ b Pa c ].

Quota-filling:9

Pa is substitutable and for each S ⊆ Sa with |S| ≥ ka ≡ max{|Ch(T, Pa)| : T ⊆ Sa},

|Ch(S, Pa)| = ka.

Separability:10

For each S ⊆ Sa with |S| < qa and for each b ∈ Sa\S, [b Pa ∅ ⇔ (S ∪ {b}) Pa S].

Weak separability:

For each S ⊆ Sa with |S| < qa and Ch(S, Pa) = S, and for each b ∈ Sa\S,

[ b Pa ∅ =⇒ (S ∪ {b}) Pa S ].

Cardinal monotonicity:11

For each pair S ′, S ⊆ Sa, [ S ′ ⊆ S =⇒ |Ch(S ′, Pa)| ≤ |Ch(S, Pa)| ].

Figure 1 depicts all inclusion relations among the preference domains. In particular,

responsiveness implies weak separability, cardinal monotonicity, and substitutability,

7Responsiveness is introduced by Roth (1985).
8With a slight abuse of notation we sometimes write x for a singleton {x}.
9Quota-filling is introduced by Alkan (2001). Note that here we do explicitly mention substitutabil-

ity, since unlike the other preference domains mentioned in this section, it is an integral part of the
definition. Also note that ka ≤ qa and possibly ka 6= qa.

10Separability is introduced by Mart́ınez et al. (2000). Separability alone (i.e., without substitutabil-
ity) does not guarantee the existence of a stable match (Mart́ınez et al. 2000, Example 1).

11Cardinal monotonicity is introduced by Alkan (2002).
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but not quota-filling.12 The references to R2 in the caption of Figure 1 are discussed in

the next section.

The following lemma will be useful to prove our main result in Section 3.

Lemma 1. Let a ∈ A. If Pa is substitutable and weakly separable, then it is cardinally

monotonic.13

Proof. Let S ′, S ⊆ Sa be such that S ′ ⊆ S. Suppose that |Ch(S ′, Pa)| > |Ch(S, Pa)|.

Then, Ch(S ′, Pa) \Ch(S, Pa) 6= ∅. Let s′ ∈ Ch(S ′, Pa) \Ch(S, Pa). By substitutability,

Ch({s′}, Pa) = {s′}. Hence, s′ Pa ∅. Since s′ ∈ Ch(S ′, Pa) ⊆ S ′ ⊆ S, it follows from the

definition of Ch that Ch(S, Pa) Pa (Ch(S, Pa) ∪ {s′}). Then, from (i) |Ch(S, Pa)| <

|Ch(S ′, Pa)| ≤ qa, (ii) Ch(Ch(S, Pa), Pa) = Ch(S, Pa), and (iii) weak separability, it

follows that ∅ Pa s′. This contradicts s′ Pa ∅.

substitutable

quota

filling
responsive

weakly

separable

cardinally

monotonic

Figure 1: Inclusion relations among preference domains. R2 holds for respon-
sive preferences (Alkan, 1999) and for preferences that are quota-filling and weakly
separable (Alkan, 2001). This paper proves R2 for the additional substitutable and
weakly separable preferences shown by the shaded area.

12For instance, Pf : {w1}, ∅, {w1, w2}, {w2} is responsive but not quota-filling.
13Substitutability cannot be omitted here: the linear order Pf : {w3}, {w1, w2, w3}, {w1, w2},

{w1, w3}, {w2, w3}, ∅, {w1}, {w2} satisfies weak separability but not substitutability nor cardinal mono-
tonicity.
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3 Results

The matching literature established the next two results for different domains of sub-

stitutable preferences in different models (one-to-one, many-to-one, and many-to-many

matching).

Rural Hospital Theorem. For each pair µ, µ′ ∈ S(P ) and each a ∈ A,

R1. |µ(a)| = |µ′(a)|;

R2. |µ(a)| < qa =⇒ µ(a) = µ′(a).

It is easy to verify that R2 implies R1. For many-to-many matching, R1 holds for

substitutable and cardinally monotonic preferences.

Theorem 2 (Alkan, 2002, Proposition 6). For each profile P of substitutable and cardi-

nally monotonic preferences, each agent is assigned the same number of partners across

stable matches at P .

From Theorem 2 and Lemma 1 it follows that R1 also holds for substitutable and

weakly separable preferences.14 On the other hand, R2 holds for responsive preferences

(Alkan, 1999, Proposition 2(i)) and for quota-filling preferences (Alkan, 2001, Corol-

lary 1). Precisely, Alkan’s (2001, Corollary 1) result implies R2 for preferences that

are weakly separable and quota-filling. However, since the quota of an agent is derived

differently from the agent’s preference ordering in his paper, his result has no logical

relation with ours (see Remark 1).

Our first main result is that R2 holds for the whole domain of substitutable and

weakly separable preferences. The proof uses the structural result stated as Theorem 1.

Theorem 3. For each profile P of substitutable and weakly separable preferences and

each pair µ, µ′ ∈ S(P ), if an agent does not fill her/its quota at µ, then she/it is assigned

to the same set of partners at µ and µ′.

14In fact, for substitutable and weakly separable preferences, R1 easily follows from Remark 1 in
Mart́ınez et al. (2004) which consists of Theorem 1 and two related results from Blair (1988). Details
are omitted here since R1 holds for the strictly larger domain of substitutable and cardinally monotonic
preferences Alkan (2002).
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Proof. Since R1 holds for P , it suffices to show that for each f ∈ F with |µF (f)| < qf ,

µ(f) ⊆ µF (f). (Similar arguments can be used to show that for each w ∈ W with

|µW (w)| < qw, µ(w) ⊆ µW (w).)

Let f ∈ F with |µF (f)| < qf . Suppose µ(f) 6⊆ µF (f). Then, there is w ∈ µ(f) with

w 6∈ µF (f). Since µ ∈ S(P ), Ch(µ(f), Pf) = µ(f). Since w ∈ µ(f), it follows from

substitutability that Ch({w}, Pf) = {w}. So, w Pf ∅. Hence, from (i) |µF (f)| < qf , (ii)

Ch(µF (f), Pf) = µF (f) and (iii) weak separability, it follows that

(µF (f) ∪ {w}) Pf µF (f)
Th.1(i)

= Ch(µF (f) ∪ µ(f), Pf),

which, since w ∈ µ(f), contradicts (1) where S = µF (f) ∪ µ(f) and T = µF (f) ∪ {w}.

Corollary 1. For each profile of substitutable and cardinally monotonic the counterpart

of R1 defined for the (possibly empty) set of setwise-stable matches holds. Similarly,

for each profile of substitutable and weakly separable preferences, the counterpart of R2

defined for the set of setwise-stable matches holds.

The shaded area in Figure 1 depicts the additional weakly separable preferences for

which we have shown R2 (in Theorem 3), i.e., apart from responsive preferences (as

established in Alkan, 1999, Proposition 2(i)) and preferences that are quota-filling and

weakly separable (as implied by Alkan, 2001, Corollary 1).

We complement Theorems 2 and 3 with two maximality results. Recall that we

assume throughout that preferences are substitutable. Let R be a property for pref-

erence profiles. A domain D of substitutable preferences is maximal for property R

if (i) each profile that consists of preferences in D satisfies R and (ii) whenever some

agent’s preferences are not in D, there are preferences in D for the other agents such

that the resulting preference profile does not satisfy R. Formally, a domain D of

substitutable preferences is maximal for property R if

• whenever for each a ∈ A, Pa ∈ D, preference profile (Pa)a∈A satisfies property R,

and
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• whenever for some a ∈ A, Pa 6∈ D, there are (Pb)b∈A\a such that for each b ∈ A\a,

Pb ∈ D, and preference profile (Pa)a∈A does not satisfy property R.

With respect to Theorem 2, we prove that cardinal monotonicity is maximal for

R1. In fact, we prove a slightly stronger result: if some agent has preferences that

are not cardinally monotonic,15 then there are substitutable and cardinally monotonic

preferences for the other agents such that R1 fails (Proposition 1). With respect to

Theorem 3, we prove that weak separability is maximal for R2. In other words, if

some agent has substitutable preferences that are not weakly separable, then there are

substitutable and weakly separable preferences for the other agents such that R2 fails

(Proposition 2).

Proposition 1. Suppose |F |, |W | ≥ 2. Suppose some firm or some worker has prefer-

ences that are not cardinally monotonic. Then, there are substitutable and cardinally

monotonic preferences for the other agents such that R1 fails. Hence, cardinal mono-

tonicity is maximal for R1.

Proof. Assume, without loss of generality, Pf 1 ∈ Pf1
is such that for some S ′ ⊆ S ⊆ W

with |Ch(S ′, Pf1
)| > |Ch(S, Pf1

)|. Then, Ch(S ′, Pf1
)\Ch(S, Pf1

) 6= ∅.

We first show that Ch(S, Pf1
)\Ch(S ′, Pf1

) 6= ∅. Assume otherwise. This, to-

gether with |Ch(S ′, Pf1
)| > |Ch(S, Pf1

)|, implies that Ch(S, Pf1
) ( Ch(S ′, Pf1

). Then,

Ch(S, Pf1
) ⊆ S ′ ⊆ S. Hence, from (1), Ch(S ′, Pf1

) = Ch(S, Pf1
), which contradicts

|Ch(S ′, Pf1
)| > |Ch(S, Pf1

)|. Hence, Ch(S, Pf1
)\Ch(S ′, Pf1

) 6= ∅.

Define the following disjoint sets of workers

W A ≡ Ch(S, Pf1
) ∩ Ch(S ′, Pf1

),

W B ≡ Ch(S, Pf1
) \Ch(S ′, Pf1

) and

W C ≡ Ch(S ′, Pf1
) \Ch(S, Pf1

).

Note that while W B and W C are not empty, W A may be empty.

Let f2 ∈ F , f2 6= f1. Let (Pa)a∈A\{f1} ∈ (Pa)a∈A\{f1} be as follows.

15Note that we do not assume that this agent’s preferences satisfy substitutability.
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• Pf2
is responsive with qf2

≡ |W C | and

– for each w ∈ W C and each w′ ∈ W B, {w} Pf2
{w′} Pf2

∅,

– for each w ∈ W\(W B ∪ W C), ∅ Pf2
{w},

• For each f ∈ F\{f1, f2}, Pf : ∅,

• For each w ∈ W B, Pw : {f2}, {f1}, ∅,

• For each w ∈ W C , Pw : {f1}, {f2}, ∅,

• For each w ∈ W A, Pw : {f1}, ∅,

• For each w ∈ W\(W A ∪ W B ∪ W C), Pw : ∅.

By responsiveness and construction of Pf2
, Ch(W, Pf2

) = W C. Obviously, for each

a ∈ A\{f1}, Pa is substitutable and cardinally monotonic.

Let µ1, µ2 ∈ M be such that µ1(f1) = Ch(S, Pf1
), µ1(f2) = W C, µ2(f1) =

Ch(S ′, Pf1
), µ2(f2) = W B and for each f ∈ F\{f1, f2}, µ1(f) = µ2(f) = ∅. Since

|µ1(f1)| 6= |µ2(f1)|, we only need to prove that µ1, µ2 ∈ S(P ).

To show that µ1 ∈ S(P ), first note that no individual agent blocks µ1. Now, assume

that a firm-worker pair (f̂ , ŵ) blocks µ1. Since each f ∈ F\{f1} and each w ∈ W\(W B∪

W C) receives its/her most preferred subset of partners at µ1, it follows readily that f̂ =

f1 and ŵ ∈ W C . Then, ŵ ∈ Ch(Ch(S, Pf1
)∪{ŵ}, Pf1

). It follows from ŵ ∈ W C ⊆ S ′ ⊆

S that Ch(S, Pf1
)∪{ŵ} ⊆ S. Hence, from (1), Ch(Ch(S, Pf1

)∪{ŵ}, Pf1
) = Ch(S, Pf1

).

This, together with ŵ 6∈ Ch(S, Pf1
), contradicts ŵ ∈ Ch(Ch(S, Pf1

)∪{ŵ}, Pf1
). Hence,

µ1 ∈ S(P ).

To show that µ2 ∈ S(P ), first note that since |Ch(S, Pf1
)| < |Ch(S ′, Pf1

)|, we

have |Ch(S, Pf1
)\Ch(S ′, Pf1

)| < |Ch(S ′, Pf1
)\Ch(S, Pf1

)|. So, |µ2(f2)| = |W B| ≤

|W C| = qf2
. Therefore, µ2 is not blocked by f2. One easily verifies that no other

individual agent blocks µ2 either. In fact, since each worker receives her most pre-

ferred subset of firms at µ2, no worker can be part of a blocking pair for µ2. Hence,

µ2 ∈ S(P ).

Proposition 2. Suppose |F |, |W | ≥ 2. Suppose some firm or some worker has pref-

erences that are substitutable but not weakly separable. Then, there are substitutable
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and weakly separable preferences for the other agents such that R2 fails. Hence, weak

separability is maximal for R2.

Proof. Assume, without loss of generality, Pf 1 ∈ Pf1
satisfies substitutability but vio-

lates weak separability. Assume Pf 1 violates cardinal monotonicity. Then, by the proof

of Proposition 1, there is a profile of substitutable and weakly separable preferences for

the other agents such that R1 fails. Since R2 implies R1, R2 fails too.

Now assume Pf 1 satisfies cardinal monotonicity. Since Pf 1 violates weak separabil-

ity, there is S ⊆ W with |S| < qf1
, Ch(S, Pf1

) = S and w1 /∈ S such that w1 Pf1
∅ and

S Pf1
(S ∪ {w1}).

Case 1: w1 ∈ Ch(S ∪ {w1}, Pf1
).

Since S Pf1
(S ∪ {w1}), Ch(S ∪ {w1}, Pf1

) ( (S ∪ {w1}). In particular, |Ch(S ∪

{w1}, Pf1
)| ≤ |S|. On the other hand, by cardinal monotonicity, |Ch(S ∪ {w1}, Pf1

)| ≥

|Ch(S, Pf1
)| = |S|. Hence, |Ch(S ∪ {w1}, Pf1

)| = |S|. Moreover, since w1 ∈ Ch(S ∪

{w1}, Pf1
), it follows that S 6= Ch(S ∪ {w1}, Pf1

) ⊆ S ∪ {w1}. Therefore, |Ch(S ∪

{w1}, Pf1
)\S| = |S\Ch(S ∪ {w1}, Pf1

)| = 1 and Ch(S ∪ {w1}, Pf1
)\S = {w1}. Define

{w2} ≡ S \Ch(S ∪ {w1}, Pf1
), and

W A ≡ S ∩ Ch(S ∪ {w1}, Pf1
).

Let f2 ∈ F , f2 6= f1. Let (Pa)a∈A\{f1} ∈ (Pa)a∈A\{f1} be as follows.

• Pf2
: {w2}, {w1}, ∅,

• For each f ∈ F\{f1, f2}, Pf : ∅,

• Pw1
: {f2}, {f1}, ∅,

• Pw2
: {f1}, {f2}, ∅,

• For each w ∈ W A, Pw : {f1}, ∅,

• For each w ∈ W\(W A ∪ {w1, w2}), Pw : ∅.

Obviously, for each a ∈ A\{f1}, Pa is substitutable and weakly separable.

Let µ1, µ2 ∈ M be such that µ1(f1) = Ch(S∪{w1}, Pf1
), µ1(f2) = {w2}, µ2(f1) = S,
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µ2(f2) = {w1} and for each f ∈ F\{f1, f2}, µ1(f) = µ2(f) = ∅. Since |µ2(f1)| = |S| <

qf1
and µ1(f1) 6= µ2(f1), it only remains to prove that µ1, µ2 ∈ S(P ).

To show that µ1 ∈ S(P ), first note that no individual agent blocks µ1. Now,

assume that a firm-worker pair (f̂ , ŵ) blocks µ1. Since each f ∈ F\{f1} and each

w ∈ W\{w1, w2} receives its\her most preferred subset of partners at µ1, it follows

readily that f̂ = f1 and ŵ = w2. Then, w2 ∈ Ch(µ1(f1) ∪ {w2}, Pf1
). It follows from

µ1(f1) = Ch(S ∪ {w1}, Pf1
) and w2 ∈ S that µ1(f1) ∪ {w2} ⊆ S ∪ {w1}. Hence, from

(1), Ch(µ1(f1) ∪ {w2}, Pf1
) = Ch(S ∪ {w1}, Pf1

). Since w2 6∈ Ch(S ∪ {w1}, Pf1
), this

contradicts w2 ∈ Ch(µ1(f1) ∪ {w2}, Pf1
). Hence, µ1 ∈ S(P ).

To show that µ2 ∈ S(P ), first note that since Ch(S, Pf1
) = S, f1 does not block µ2.

One easily verifies that no other individual agent blocks µ2 either. In fact, since each

worker receives her most preferred subset of firms at µ2, no worker can be part of a

blocking pair for µ2. Hence, µ2 ∈ S(P ).

Case 2: w1 /∈ Ch(S ∪ {w1}, Pf1
).

By definition of Ch, Ch(S ∪ {w1}, Pf1
) = Ch(S, Pf1

) = S. Let S ′ ⊆ S be such that

(a) Ch(S ′ ∪ {w1}, Pf1
) = S ′ ∪ {w1} and

(b) S ′ ( S ′′ ⊆ S =⇒ Ch(S ′′ ∪ {w1}, Pf1
) 6= S ′′ ∪ {w1}.

Since Ch({w1}, Pf1
) = {w1}, S ′ is well-defined. Notice that S ′ 6= S, which implies that

S\S ′ 6= ∅. Let w2 ∈ S\S ′. Since Ch(S ∪ {w1}, Pf1
) = S, by substitutability,

Ch(S ′ ∪ {w2}, Pf1
) = S ′ ∪ {w2}. (2)

Next, we show that w1 /∈ Ch(S ′ ∪ {w1, w2}, Pf1
). Assume by contradiction that w1 ∈

Ch(S ′ ∪ {w1, w2}, Pf1
). Since Ch(S ∪ {w1}, Pf1

) = S, by substitutability, S ′ ∪ {w2} ⊆

Ch(S ′ ∪ {w1, w2}, Pf1
). Then, Ch(S ′ ∪ {w1, w2}, Pf1

) = S ′ ∪ {w1, w2}, which is a con-

tradiction to (b). Thus,

w1 /∈ Ch(S ′ ∪ {w1, w2}, Pf1
). (3)

Define W A ≡ S ′.
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Let f2 ∈ F , f2 6= f1. Let (Pa)a∈A\{f1} ∈ (Pa)a∈A\{f1} be as follows.

• Pf2
: {w1}, {w2}, ∅,

• For each f ∈ F\{f1, f2}, Pf : ∅,

• Pw1
: {f1}, {f2}, ∅,

• Pw2
: {f2}, {f1}, ∅,

• For each w ∈ W A, Pw : {f1}, ∅,

• For each w ∈ W\(W A ∪ {w1, w2}), Pw : ∅.

Obviously, for each a ∈ A\{f1}, Pa is substitutable and weakly separable.

Let µ1, µ2 ∈ M be such that µ1(f1) = Ch(S ′ ∪ {w2}, Pf1
)

(2)
= S ′ ∪ {w2}, µ1(f2) =

{w1}, µ2(f1) = Ch(S ′ ∪ {w1}, Pf1
)

(a)
= S ′ ∪ {w1}, µ2(f2) = {w2} and for each f ∈

F\{f1, f2}, µ1(f) = µ2(f) = ∅.

Since |µ1(f1)| = |Ch(S ′∪{w2}, Pf1
| ≤ |S| < qf1

and µ1(f1) 6= µ2(f1), it only remains

to prove that µ1, µ2 ∈ S(P ).

To show that µ1 ∈ S(P ), first note that by (2), f1 does not block µ1. One easily

verifies that no other individual agent blocks µ1 either. Now, assume that a firm-worker

pair (f̂ , ŵ) blocks µ1. Since each f ∈ F\{f1} and each w ∈ W\{w1, w2} receives its

most preferred subset of partners at µ1, it follows readily that f̂ = f1 and ŵ = w1. Then,

w1 ∈ Ch(µ1(f1) ∪ {w1}, Pf1
) = Ch((S ′ ∪ {w2}) ∪ {w1}, Pf1

), which contradicts (3).

To show that µ2 ∈ S(P ), first note that by (a), f1 does not block µ2. One easily

verifies that no other individual agent blocks µ2 either. In fact, since each worker

receives her most preferred subset of firms at µ2, no worker can be part of a blocking

pair for µ2. Hence, µ2 ∈ S(P ).

Remark 1. In view of our maximality result for R2 (Proposition 2), one may wonder

why R2 holds on the domain of quota-filling preferences (Alkan, 2001, Corollary 1),

a domain that is not included in our domain of substitutable and weakly separable

preferences. The explanation is in two parts. First, our maximality concept does

allow for multiple maximal domains (which, obviously, cannot be nested). Second,

for each preference ordering of agent a, our quota qa is at least as large as Alkan’s
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quota ka (see definition of quota-filling in the previous section). For instance, for the

preferences Pf : {w1, w2}, {w1, w3}, {w2, w3}, {w1, w2, w3}, {w1}, {w2}, {w3}, ∅, we have

qf = 3 > 2 = kf . It is precisely on this domain of quota-filling preferences (that are

not weakly separable) an alternative formulation of R2 (with ka instead of qa) is easier

to satisfy. This explains the (apparently contradictory) co-existence of our maximality

result for R2 and Alkan’s (2001) result.
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