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We employ recently developed approximationmethods in the hybrid quantization of the Gowdy T3 model
with linear polarization and a massless scalar field to obtain physically interesting solutions of this
inhomogeneous cosmology. More specifically, we propose some particular approximate solutions of the
quantum Gowdy model constructed in such a way that, for the Hamiltonian constraint, they effectively
behave as those corresponding to a flat homogeneous and isotropic universe filled with a perfect fluid, even
though these quantum states are far from being homogeneous and isotropic. We analyze how one can get
different perfect fluid effective behaviors, including the cases of dust, radiation, and a cosmological constant.
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I. INTRODUCTION

One of the most challenging tasks of theoretical physics
is to provide a complete quantum theory for gravity and
extract predictions from it. Without a quantum gravity
theory, we lack an understanding of the microscopic
structure of the space-time, as well as a description of
the very early stages of the Universe.
In recent years, cosmology has undergone remarkable

progress, in particular, thanks to the precise measurements
of the fluctuations of the primordial radiation, as imprinted
in the cosmic microwave background (CMB) [1].
Furthermore, new recent experiments have measured the
influence that B modes, which could have their origin on
primordial gravitational waves, have on the polarization of
the CMB [2]. Primordial gravitational waves may carry
information about the quantum fluctuations of the early
Universe geometry, and therefore their study opens a
window to investigate quantum effects of gravity in
cosmology. Thus, we may have in reach the possibility
of testing some of our quantum gravity proposals, con-
trasting their predictions with future cosmological data.
Loop quantum gravity [3] is one of the most solid

approaches to attain the quantization of gravity. Its conse-
quences in cosmology have been studied in the last decade,
in particular, within the line of research known as loop
quantum cosmology (LQC) [4]. Initially, LQC focused on
the study of homogeneous models. The most outstanding
result is the resolution of the cosmological singularity by
means of a so-called quantum bounce (see, e.g., Ref. [4]
and references therein, especially Ref. [5]). Even so, the

extraction of realistic predictions from LQC calls for
the study of inhomogeneous models. This fact motivated
the analysis in the framework of LQC of the simplest
inhomogeneous cosmology, namely, the Gowdy model
with the spatial topology of a 3-torus, T3. This model
describes space-times with two axial Killing vectors [6] that
contain gravitational radiation propagating in only one
spatial direction. In the case of radiation with linear
polarization, corresponding to just one of the two physical
degrees of freedom of the gravitational waves, a hybrid
approach was proposed for the quantization of the model in
the context of LQC [7,8]. This hybrid approach is based on
a splitting of the phase space of the system in homogeneous
and inhomogeneous sectors, and it implements a loop
quantization for the homogeneous sector, whereas a more
standard Fock quantization is adopted for the inhomoge-
neities. The approach therefore assumes that the most
relevant effects of the quantization of the space-time
geometry are those that affect the homogeneous degrees
of freedom (at least in the regimes of interest in
cosmology).
Nowadays, with the aim of extracting physical predic-

tions, the hybrid approach is being employed in the analysis
of more realistic cosmological scenarios (free of Killing
vector reductions), namely, Friedmann–Robertson–Walker
(FRW) models with cosmological perturbations [9], both in
the geometry and in the matter content (see also Ref. [10]
for an alternate approach with a similar quantum treatment
of the inhomogeneities and, e.g., Refs. [11,12] for an
effective approach based on requirements about the closure
of the constraint algebra). The quantum dynamics of these
systems remain unsolved, owing mainly to the complexity
of the Hamiltonian constraint, and only results employing
effective descriptions have been extracted. With an eye on
resolving the truly quantum dynamics of such systems, we
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keep investigating Gowdy models. In comparison with
other more realistic scenarios, Gowdy cosmologies serve as
a technically simpler arena in which one can develop
techniques, while still retaining the fundamental fieldlike
features of inhomogeneous cosmologies.
With this philosophy in mind, approximation methods

were developed in Ref. [13] for the hybrid quantization of
the Gowdy model with linear polarization and T3 topology
in the case of local rotational symmetry (LRS) so that a
single variable is enough to account for the anisotropies and
including as matter content a massless scalar field with the
same symmetries as the geometry [14]. This analysis made
it possible to obtain certain approximate solutions to the
complicated Hamiltonian constraint of the model. Actually,
this constraint is formed by four terms: the Hamiltonian
constraint of a flat FRW model with 3-torus spatial top-
ology and coupled to a homogeneous massless scalar, an
anisotropy term proportional to the momentum of the
anisotropy variable (these first two terms in turn form
the Hamiltonian constraint of a Bianchi I model [15–17]
with T3 topology and LRS in the presence of a homo-
geneous massless scalar field), and two terms that couple
the homogeneous sector with the inhomogeneities. One of
these terms depends on the inhomogeneities via their free
energy, and the other involves interaction among the
different inhomogeneity modes while preserving the total
field momentum. The inhomogeneities come from both the
gravitational waves and from the massless scalar field. In
this way, we can regard the considered Gowdy model as a
flat isotropic model on top of which we include anisotro-
pies, as well as gravitational waves and matter inhomoge-
neities propagating in one direction.
The discussion in Ref. [13] provides states for which both

the anisotropy term and the term involving the self-
interaction of the inhomogeneities can be disregarded.
These states are quite special and present a specific profile
as far as the anisotropyvariable is concerned. This profile is a
Gaussian peaked on a large constant value of the anisotropy
variable and on a vanishing value of its momentum. These
states are approximate solutions of the Gowdy model of
which the peaks are far from describing homogeneous and
isotropic space-times. Nevertheless, the quantum global
effect of the anisotropies and inhomogeneities on the
geometry is such that the states happen to correspond in
turn to solutions of a flat FRWmodel with a massless scalar
field. Indeed, on these states, the constraint can be approxi-
mated by a constraint formed only by the FRW term and by
the term involving the free energy of the inhomogeneities.
This free-energy term becomes a constant in such a
simplified system. Moreover, this constant quantity can
then be absorbed into the momentum of the homogeneous
massless scalar field of the FRW model (which is also a
constant of motion) by redefining it.
The aim of the present paper is to extend this previous

analysis to solutions for which the term containing the free

energy of the inhomogeneities is no longer constant but
evolves displaying a particular volume-dependent behavior.
On one hand, this extension shows that the family of states
of the Gowdy model that can be regarded as approximate
solutions of an FRWmodel is not as restrictive as one might
infer from the discussion of Ref. [13]. On the other hand, in
doing this generalization, we want to construct states for
which the mentioned volume-dependent term mimics the
behavior of some perfect fluids, such as radiation, dust,
the cosmological constant, or other isotropic scalar field
contents. We achieve this by still considering profiles
for the anisotropy variable that are given by a Gaussian,
but this Gaussian is now peaked on a volume-dependent
value of the anisotropy variable, while retaining the
property that this peak corresponds to a vanishing value
of its momentum. The Hamiltonian constraint that each of
these states verifies, which is an approximation to the exact
Hamiltonian constraint, depends on the particular relation
between the variables that appear as parameters in the
definition of the peak of the Gaussian profile. We will
analyze which kinds of dependence of the peak with the
volume are acceptable and feasible and how they can mimic
different types of effective matter content.
From the phenomenological point of view, this is a

pedagogically interesting analysis, as it materializes an
example in which quantum states that are genuinely
anisotropic lead to isotropic descriptions, at least with
respect to certain physical properties. This suggests the
possibility that a similar study in the context of more
realistic scenarios might shed light on the origin of the
cosmological constant from an effective behavior of inho-
mogeneities for certain quantum states, providing a quan-
tum mechanism to confront the longstanding cosmological
constant problem [18].
The structure of the paper is as follows. In Sec. II, we

summarize the hybrid quantization of the Gowdy T3 model
with linearly polarized gravitational waves, LRS, and a
massless scalar field with the same symmetries as the
geometry. This model was analyzed in Ref. [14]. Then, we
review the approximate solutions constructed in Ref. [13],
which, as we have mentioned, lead effectively to isotropic
universeswith amassless scalar field as far as theHamiltonian
constraint is concerned. We also revisit the discussion about
the regimes and approximations that justified these solutions.
In Sec III, we extend that analysis to volume-dependent
Gaussian profiles with the aim of introducing approximate
dynamical evolutions similar to those corresponding to other
types of isotropic matter content. We study under which
conditions the approximations introduced inRef. [13] are still
valid. We construct solutions verifying these approximations
and analyze the kind of perfect fluid behavior that is allowed.
Finally, in Sec. IV, we concludewith additional comments on
the mathematical nature of our approximations and meaning
of our approximate solutions, summarize our results, and
discuss possible implications of them.
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II. HYBRID QUANTIZATION OF THE GOWDY
MODEL AND APPROXIMATE SOLUTIONS

A. Quantization of the model and constraint operators

Let us review the hybrid quantization of the linearly
polarized Gowdy model with 3-torus spatial topology, with
LRS, and minimally coupled to a free massless scalar field
Φ with the same symmetries as the metric [14].
Let fθ; σ; δg denote three orthogonal spatial coordinates,

each of them defined on the circle. These coordinates are
adapted to the symmetries so that matter and gravitational
fields have spatial dependence only in, e.g., θ. Therefore,
the fields can be expanded in Fourier modes in this
coordinate. After fixing the gauge partially, the resulting
reduced phase space consists of a homogeneous sector,
which reproduces the phase space of a Bianchi I model with
LRS and a minimally coupled homogeneous massless
scalar field ϕ (the zero mode of the matter field Φ in the
introduced Fourier expansion), and of an inhomogeneous
sector, describing the nonzero modes of the linearly
polarized gravitational waves and of the matter field,
together with their canonically conjugate momenta. Two
global constraints remain in this reduced system: a momen-
tum constraint Cθ that generates rigid rotations in θ and a
Hamiltonian constraint CG that generates time reparamet-
rizations. The latter can be split into two terms, CG¼CBI þ
Cinh, where the homogeneous term CBI denotes the
Hamiltonian constraint of the Bianchi I model with LRS
and a homogeneous massless scalar and where Cinh rules
the dynamics of the inhomogeneities (nonzero Fourier
modes), coupling them with the homogeneous sector.
The hybrid approach [14] consists of adopting a Fock

quantization for both the gravitational and matter inhomo-
geneities, a standard Schrödinger representation for the
homogeneous massless scalar field ϕ, and a loop quantiza-
tion for the Bianchi I variables [16] within the so-called
improved dynamics scheme [17]. For the loop quantization
of the homogeneous gravitational sector (Bianchi I phase
space with LRS, which is four dimensional), one introduces
some particular real variables. Adopting the conventions
and notations of Ref. [13], we call these variables
fv; b; λθ; bθg. They have the following Poisson brackets:

fb;vg¼ 2

ℏ
; fbθ;λθg¼

2

ℏ
λθ
v
; fλθ;vg¼ 0;

fbθ;vg¼
2

ℏ
; fbθ;bg¼

2

ℏv
ðbθ−bÞ; fλθ;bg¼ 0: ð2:1Þ

The absolute value of v is proportional to the physical
volume of the Bianchi I universe (which has compact
topology), while λθ measures the anisotropy. The symbol ℏ
denotes the reduced Planck constant.
The above set of variables is not canonical, but it proves

to be convenient for the loop quantization. In this quan-
tization, v̂ and λ̂θ act as multiplicative operators. Their
eigenstates jv; λθi (with v; λθ ∈ R) provide a basis for the

Hilbert space of the homogeneous gravitational sector, the
inner product being the discrete one: hv0; λ0θjv; λθi ¼
δv0;vδλ0θ ;λθ . Because of this, v̂ and λ̂θ have discrete spectra
that run over the whole real line. As a consequence, there
are no well-defined operators representing the variables ba
(here, ba stands both for bθ and b), but instead one can

define operators de�iba for their “holonomy” elements.
Then, one represents the canonical commutation relations

½ de�iba ; v̂� ¼ iℏ dfe�iba ; vg and ½ de�iba ; λ̂θ� ¼ iℏ dfe�iba ; λθg.
Since the Poisson brackets of the ba’s with v are constant,
these holonomies produce a constant shift on the volume

variable. However, de�ibθ produces a state-dependent shift
on λθ. Explicitly,

de�ibjv; λθi ¼ jv� 2; λθi;de�ibθ jv; λθi ¼
����v� 2; λθ �

2λθ
v

�
: ð2:2Þ

Therefore, de�ib and de�ibθ do not commute.
Using these operators, and adopting a standard

Schrödinger representation for ϕ, so that its momentum
is promoted to the operator p̂ϕ ¼ −iℏ∂ϕ on the usual
Hilbert space L2ðR; dϕÞ, the quantum operator represent-
ing the Bianchi I term CBI reads

ĈBI ¼ ĈFRW −
πGℏ2

8
ðΩ̂ Θ̂þΘ̂ Ω̂Þ;

ĈFRW ¼ −
3πGℏ2

8
Ω̂2 þ p̂2

ϕ

2
: ð2:3Þ

Here, G is the Newton constant, and Θ̂≡ Θ̂θ − Ω̂, with Ω̂
and Θ̂θ two symmetrized operators that represent, respec-
tively, 2v sinðbÞ and 2v sinðbθÞ:

Ω̂ ¼
ffiffiffiffiffiffi
jv̂j

p
½ dsignðvÞ dsinðbÞþ dsinðbÞ dsignðvÞ�

ffiffiffiffiffiffi
jv̂j

p
; ð2:4Þ

Θ̂θ ¼
ffiffiffiffiffiffi
jv̂j

p
½ dsignðvÞ dsinðbθÞþ dsinðbθÞ dsignðvÞ�

ffiffiffiffiffiffi
jv̂j

p
: ð2:5Þ

Thus, the LRS Bianchi I constraint is formed by that of
the flat FRW model coupled to a massless scalar, ĈFRW,
plus a term accounting for the anisotropies.
Thanks to the factor ordering chosen for Ω̂ and Θ̂θ

[16,19], ĈBI decouples the states jv; λθi with v ¼ 0 and/or
λθ ¼ 0 from the rest of the basis states, so that we can
remove them in the rest of our considerations. These states
with v ¼ 0 and/or λθ ¼ 0 are the quantum analogs of the
cosmological singularities, so their decoupling implies a
kinematical resolution of them. The action of the operator
ĈBI also decouples states with positive v from states with
negative v and likewise for the variable λθ. Thanks to this
property, one can restrict the study, e.g., to states with
strictly positive v and λθ. For convenience, we then
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introduce the definition Λ≡ lnðλθÞ and relabel the basis
states for the homogeneous gravitational sector as jv;Λi
(with v ∈ Rþ, Λ ∈ R).
On the other hand, for the inhomogeneous sector, one

adopts a Fock quantization, expressing the nonzero modes
of the fields in terms of annihilation and creationlike
variables, which are later promoted to operators acting
on n-particle states, which in turn provide a basis for the
Fock space. The Fock quantization adopted is uniquely
determined, up to unitary transformations, by the condi-
tions of invariance of the vacuum under rigid rotations in θ
and a unitary quantum dynamics [20]. These criteria, in
particular, require the scaling of the gravitational waves and
the scalar field by a specific homogeneous factor. The
unitary class of these invariant (under rigid rotations) Fock
representations contain the “massless” representation, in
which annihilation and creationlike variables are con-
structed ignoring all mass terms in the frequency of the
modes. We refer to Refs. [13,14] for all these details. In the
following, we denote the annihilation operator associated
with the mode m ∈ Z − f0g in the adopted massless

representation by âðαÞm , where α ¼ ξ denotes the gravita-
tional wave and α ¼ φ denotes the matter field, both
conveniently rescaled. On the other hand, the n-particle
states of the Fock space are called jnξ;nφi, where we
are using the notation nα ¼ f� � � ; nα−m; � � � ; nα−1; nα1; � � � ;
nαm; � � �g. As a result, Cinh is promoted to the operator

Ĉinh ¼
2πGℏ2

β
ce2ΛĤ0 þ

πGℏ2β

4
de−2Λ D̂ Ω̂2D̂ĤI: ð2:6Þ

Here, β is a constant that depends on some parameters of
the loop quantization (namely, β ¼ ½Gℏ=ð16π2γ2ΔÞ�1=3, γ
being the Immirzi parameter [21] and Δ the gap in the
spectrum of area eigenvalues allowed in loop quantum
gravity); Ĥ0 is the free contribution of the nonzero modes,

Ĥ0 ¼
X
α∈ξ;φ

X
m∈Z−f0g

jmjâðαÞ†m âðαÞm ; ð2:7Þ

ĤI is a self-interaction term for these inhomogeneities,

ĤI ¼
X
α∈ξ;φ

X
m∈Z−f0g

1

2jmj ð2â
ðαÞ†
m âðαÞm þ âðαÞ†m âðαÞ†−m þ âðαÞm âðαÞ−mÞ;

ð2:8Þ

and D̂ represents the product of the volume by its inverse,
which is regularized in a well-established way in LQC, so
one gets

D̂jvi¼DðvÞjvi; DðvÞ≡v
� ffiffiffiffiffiffiffiffiffiffi

vþ1
p

−
ffiffiffiffiffiffiffiffiffiffiffiffi
jv−1j

p �
2
: ð2:9Þ

The total constraint operator, ĈG ¼ ĈBI þ Ĉinh, is
densely defined on the Hilbert space spanned by the states
jv;Λ;ϕ;nξ;nφi, with inner product

hv0;Λ0;ϕ0;n0ξ;n0φjv;Λ;ϕ;nξ;nφi
¼ δv0;vδΛ0;Λδðϕ0 − ϕÞδn0ξ;nξδn0φ;nφ : ð2:10Þ

Here, all the δ’s are Kronecker deltas, except δðϕ0 − ϕÞ,
which is the Dirac delta, since ϕ is a continuous variable.
This Hilbert space is nonseparable, as long as the states
jv;Λi that span the homogeneous gravitational sector form
a noncountable basis (we recall that v ∈ Rþ, but this set has
to be understood with discrete topology and likewise for
Λ ∈ R). However, the operators Ω̂ and Θ̂θ, which are the
only ones acting nondiagonally on the states jv;Λi,
preserve subspaces that provide separable superselection
sectors, and hence the same happens for the full operator
ĈG. Indeed, we can restrict the domain of definition of ĈG
to states with label v belonging to any of the semilattices of
step 4,

Lþ
ε ¼ fεþ 4k; k ∈ Ng; ε ∈ ð0; 4�; ð2:11Þ

each of them characterized by a minimum (strictly positive)
eigenvalue ε for v. On the other hand, in what concerns the
anisotropy variable Λ, we get that the iterative action of the
constraint operator relates any given state jv;Λ⋆i only with
states in which the quantum number Λ is of the form
Λ ¼ Λ⋆ þ ωε, with ωε belonging to the set Wε defined
as [8]

�
z ln

�
ε − 2

ε

	
þ

X
m;n∈N

kmn ln

�
εþ 2m
εþ 2n

	
; kmn ∈ N; z ∈ Z if ε > 2; z ¼ 0 if ε ≤ 2



: ð2:12Þ

This set is countable and dense in the real line.
To conclude this subsection, let us write the momentum

constraint operator, given by [14]

Ĉθ ¼
X
α∈ξ;φ

X
m∈Nþ

mðâðαÞ†m âðαÞm − âðαÞ†−m âðαÞ−mÞ: ð2:13Þ

It only acts on the inhomogeneous sector and requires that
the total field momentum vanish by restricting the numbers
of particles so that

X
m∈Nþ

mðnξm þ nφm − nξ−m − nφ−mÞ ¼ 0: ð2:14Þ
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B. Approximate solutions

In Ref. [13], it was proven that certain solutions to the
constraint

Ĉapp ¼ ĈFRW þ 2πGℏ2

β
ce2ΛĤ0

¼ −
3πGℏ2

8
Ω̂2 þ p̂2

ϕ

2
þ 2πGℏ2

β
ce2ΛĤ0 ð2:15Þ

are approximate solutions to the full Gowdy constraint
ĈG ¼ ĈBI þ Ĉinh, because the action of both the anisotropy
term and of the term involving the self-interaction of the
inhomogeneities on those states can be disregarded.
The first key point to obtain those solutions relies on the

behavior of the eigenstates of the FRW operator Ω̂2. This
operator is essentially self-adjoint, with an absolutely
continuous, nondegenerate, and positive spectrum [19].
In each of the superselection sectors spanned by
states jvi with support on the semilattices Lþ

ε , the delta-
normalized eigenstates of Ω̂2 with eigenvalue ρ2, jeερi¼P

v∈Lþ
ε
eερðvÞjvi, provide a resolution of the identity:

I ¼ R
∞
0 dρjeερiheερj. The eigenfunctions can be chosen to

be real and present an essential property for the approx-
imations to hold, namely, that, for ρ ≫ 10, eερðvÞ is
exponentially suppressed for v≲ ρ=2. On the other hand,
for v ≫ ρ=2, these eigenfunctions display an oscillatory
behavior. See Fig. 1, which has been extracted from
Ref. [13]. The exponential suppression of the region v ≲
ρ=2 is a characteristic feature of the quantum geometry in
the formalism of LQC. This phenomenon is behind the
occurrence of a quantum bounce that cures the cosmologi-
cal singularities in the loop quantization [19]. In the vicinity
of this bounce, quantum geometry effects change drasti-
cally the behavior of the gravitational interaction with

respect to Einstein’s theory, invalidating the expectations
based on general relativity [22]. This change has been
investigated and confirmed as well in the presence of
anisotropies [23] and of inhomogenities [24].
Thanks to the mentioned suppression for small values of

v, one can check that the inverse volume corrections play
no role as long as ρ ≫ 10, namely, we have
D̂Ω̂2D̂jeερi≃ Ω̂2jeερi, and therefore

ĈI ¼
πGℏ2β

4
de−2Λ D̂ Ω̂2D̂ĤI ≃ πGℏ2β

4
de−2ΛΩ̂2ĤI; ð2:16Þ

when acting on states in the sector ρ ≫ 10. This is the first
approximation introduced in Ref. [13].
The next step is to approximate the anisotropy operator

Ω̂ Θ̂þΘ̂ Ω̂. This is a complicated operator, which does not
commute with the FRW operator Ω̂2 and which does not
split into the product of two operators, one acting on the
volume variable v and another acting on the anisotropy
variable Λ. Nonetheless, as it was shown in Ref. [13], it can
be approximated by an operator that does factorize if one
considers only its action on states jeερi ⊗ jfðΛÞi, with
jfðΛÞi ¼ P

ωε∈Wε
fðΛ⋆ þ ωεÞjΛ⋆ þ ωεi and such that the

profile fðΛÞ can be extended to a smooth function in the
real line that, for variations in Λ smaller than a certain scale
qε (depending on the considered superselection sector),
satisfies

fðΛþ Λ0Þ≃ fðΛÞ þ Λ0∂ΛfðΛÞ: ð2:17Þ

Thus, for Λ0 ≤ qε, the approximation disregards higher-
order terms in ∂Λ in a Taylor expansion. On these states,
then, the anisotropy term is approximated by a factorizing

operator: Ω̂ Θ̂þΘ̂ Ω̂≃ − 2 ~̂ΩΘ̂0. Here,

FIG. 1 (color online). The function
ffiffiffi
v

p
eερðvÞ in the case ε ¼ 1 and ρ ¼ 200. The left graph displays the exponential suppression of the

function for small values of v. The right graph shows the oscillatory behavior at large v. In both graphs, a logarithmic scale is used in the
horizontal axis.
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~̂Ω ¼
ffiffiffiffiffiffi
jv̂j
2

r
½ dsignðvÞ dsinð2bÞþ dsinð2bÞ dsignðvÞ�

ffiffiffiffiffiffi
jv̂j
2

r
ð2:18Þ

is completely analogous to the geometry operator Ω̂,
introduced in (2.4), except for the replacement of the
canonically conjugate variables ðv; bÞ with the pair
ðv=2; 2bÞ. On the other hand,

Θ̂0jΛi ¼ i
2

qε
ðjΛþ qεi − jΛ − qεiÞ; ð2:19Þ

where one chooses qε ∈ Wε so that ~̂ΩΘ̂0 preserves the
superselection sectors of Ω̂ Θ̂þΘ̂ Ω̂. Furthermore, Θ̂0

preserves the lattices of constant step Lqε
Λ⋆ ¼

fΛ⋆ þ nqε; n ∈ Zg. Therefore, as far as the anisotropy
variable is concerned, we can further restrict the study to
the subspace spanned by the states jΛi with support in any
of those lattices. In the considered regime with
ρ ≥ ρ⋆ ≫ 10, qε is defined as

qε ¼ ln

�
1þ 2

v⋆
	
;

v⋆ ¼ max

�
v ∈ Lþ

ε such that v <
ρ⋆
2



: ð2:20Þ

The above approximation for the anisotropy term is
especially relevant for the study of the Bianchi I model,

ĈBI ≃ ĈFRW þ πGℏ2 ~̂ΩΘ̂0=4, as the spectral properties of
Θ̂0 are completely known [13], in contrast to the situation
with the original operator, which is unmanageable.
As we have already said, in Ref. [13], states were found

on which both the action of the anisotropy term and of ĈI
can be disregarded. This is possible by considering states
with the following anisotropy Gaussian profiles:

fðΛÞ ¼
ffiffiffiffiffi
σs

p ffiffiffi
π4

p e
− σ2s
2q2ϵ

ðΛ−Λ̄Þ2
: ð2:21Þ

Indeed, the action of the anisotropy term is negligible in
comparison with that of the FRW operator for σs ≪ π=2;
besides, the action of ĈI can be ignored as long as Λ̄ ≫
1 ≫ q2ϵ=σ2s and the content of inhomogeneities is suffi-
ciently small, so that the exponential suppression produced

by de−2Λ kills the contribution of ĤI. In summary, for states
with the above anisotropy profiles, the Hamiltonian con-
straint of the Gowdy model can be approximated by the
constraint operator (2.15).
Before continuing our discussion, it is worth clarifying

that, in spite of the dynamical behavior proven for these
states with respect to the constraint of the system (namely, a
homogeneous and isotropic one), their Gaussian profiles
are not really peaked on isotropic trajectories but rather on
very anisotropic ones. Actually, isotropic trajectories

satisfy the relation 3Λ ¼ ln ðv=2Þ, which reflects the fact
that λθ ¼ eΛ coincides in isotropic settings with the
geometrical average scale factor of the model, v1=3, up
to proportionality factors [13]. The Gaussian wave func-
tions (2.21), however, are peaked on trajectories with a
constant value of Λ, given by Λ̄. These trajectories do not
correspond to isotropic and homogeneous solutions of the
classical Gowdy model in general relativity. From this
perspective, the fact that these Gaussian profiles can
ultimately be associated with states that are approximate
solutions of an FRW Hamiltonian constraint must be traced
to the collective behavior of the anisotropies and inhomo-
geneities when the exact quantum constraint of the Gowdy
model is considered.
The approximated constraint is easy to impose on the

states under consideration because Ĉapp can be readily
diagonalized. The resulting solutions to the constraint

ðΨjĈ†
appjϕ; v;Λ;nξ;nϕi ¼ 0 ð2:22Þ

are states

ðΨj ¼
Z

∞

−∞
dϕ

X
v∈Lþ

ε

X
Λ∈Lqε

Λ⋆

X
nξ;nφ

Ψðϕ; v;Λ;nξ;nφÞ

× hϕ; v;Λ;nξ;nϕj ð2:23Þ

with profiles of the form

Ψðϕ; v;Λ;nξ;nφÞ

¼
Z

∞

−∞
dpϕψðpϕÞχðnξ;nφÞfðΛÞeϵ

ρðpϕ;Λ̄;nξ;nφÞðvÞepϕ
ðϕÞ;

ð2:24Þ

where epϕ
ðϕÞ ¼ e

i
ℏpϕϕ=

ffiffiffiffiffiffiffiffi
2πℏ

p
are the usual plane waves

that diagonalize p̂2
ϕ ¼ −ℏ2∂2

ϕ,

ρðpϕ;Λ;nξ;nφÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4

3πGℏ2
p2
ϕ þ

16

3β
e2ΛH0ðnξ;nφÞ

s
;

ð2:25Þ

H0ðnξ;nφÞ ¼
X

m∈Z−f0g
jmjðnξm þ nφmÞ; ð2:26Þ

and fðΛÞ is given in (2.21). On the other hand, the wave
function of n-particles states, χðnξ;nφÞ, should be chosen
in such a way that the content of inhomogeneities is small,
so that the approximation of disregarding ĈI holds, and
such that the momentum constraint (2.14) is satisfied.
Concerning the function ψðpϕÞ ∈ L2ðR; dϕÞ, it can be
chosen to be, e.g., a function of compact support on a
region of sufficiently large values of pϕ, for instance,

pϕ ≥ p⋆
ϕ ≫

ffiffiffiffiffiffiffiffiffiffiffi
75πG

p
ℏ, to make sure that we are in the
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sector ρ ≥ ρ⋆ ≫ 10 under consideration. Here, we are
defining p⋆

ϕ through the relation

ρ⋆ ¼ 2jp⋆
ϕjffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3πGℏ2
p : ð2:27Þ

Let us emphasize that the above solutions verify the
effective constraint

ρ ¼ 2j ~pϕjffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3πGℏ2

p ; j ~pϕj≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
ϕ þ

4πGℏ2

β
e2Λ̄H0

s
; ð2:28Þ

which corresponds to that of a flat FRW model with a
(redefined) massless scalar ~pϕ, since both Λ̄ and H0 are
constants, like the conserved quantity pϕ. Namely, the
inhomogeneous and anisotropic contributions of these
states behave in the Hamiltonian constraint as an effective
homogeneous massless scalar field. This shows that aniso-
tropic and inhomogeneous states may lead indeed to
isotropic dynamical effective descriptions.
An observation not done in Ref. [13] is in order. We note

that we do not need the massless scalar Φ to obtain the
above behavior; even in the case of the Gowdy model in
vacuo, the inhomogeneities due solely to the gravitational
wave ξ lead to an effective isotropic massless scalar field. In
that case, to ensure that the solutions correspond to the
regime ρ ≫ 10 where the approximations hold, we would
just need to require

eΛ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16H0ðnξÞ

3β

s
≫ 10; ð2:29Þ

which is compatible with the condition Λ̄ ≫ 1 ≫ q2ϵ=σ2s
that the peak of the Gaussian has to satisfy.

III. NEW CLASS OF APPROXIMATE SOLUTIONS:
MIMICKING PERFECT FLUID BEHAVIOR

We now proceed to construct other approximate sol-
utions to the Gowdy model that are still exact solutions
to the constraint Ĉapp (2.15), but for which the term
that goes with Ĥ0 effectively depends on v, so that this
term no longer provides a constant. As we will show, this
new behavior can be attained by generalizing the pre-
viously considered states, which have a homogeneous
gravitational contribution given by jeερi ⊗ jfðΛÞi with
anisotropy profile (2.21), to states in which the homo-
geneous gravitational part is of the form jgðv;ΛÞi ¼P

v∈Lþ
ε

P
Λ∈Lqε

Λ⋆
gðv;ΛÞjv;Λi with

gðv;ΛÞ¼NðvÞfðv;ΛÞ; fðv;ΛÞ¼ e
− σ2s
2q2ϵ

½Λ−Λ̄ðvÞ�2
: ð3:1Þ

In particular, the variation with v of the peak Λ̄ðvÞ of
the Gaussian profile makes it possible that the state
concentrates on isotropic trajectories, a case that requires
the anisotropy variable to be equal to ln ðv=2Þ=3, as we
commented on above.
The dependence on v of the above function fðv;ΛÞ

implies that Ĉapp cannot be straightforwardly diagonalized
anymore when acting on states with this type of homo-
geneous gravitational part; however, solutions can still be
constructed.
Let us recall that when Λ̄ is a constant, owing to the

behavior of the eigenfunctions eερðvÞ of the FRW operator,
the solutions are highly suppressed for v ≤ v⋆, with v⋆
defined in (2.20), provided that the contributing eigenval-
ues ρ are not smaller than ρ⋆ ≫ 10. In the present case with
Λ̄ðvÞ, the solutions also need to display a similar behavior
for the approximations carried out in Ref. [13] to still hold;
namely, the function NðvÞ has to be highly suppressed for
v ≤ vm for a certain value vm ≫ 10. For the time being, let
us assume that the above condition is true, and let us check
under which new conditions the approximations of
Ref. [13] extend to the present case. Then, in Sec. III B,
we will explain how to construct solutions with the desired
properties.

A. Approximating the anisotropy and interaction terms

We first note that, if there are no contributions with
v ≤ vm, as we are assuming, then approximation (2.16) is
still verified becauseDðvÞ is very close to 1 for the relevant
values of v.
To deal with the anisotropy operator, we consider states

jgðv;ΛÞi such that gðv;ΛÞ can be extended to a smooth
function in the real line of Λ (for all v), so that

gðv;Λþ Λ0Þ≃ gðv;ΛÞ þ Λ0∂Λgðv;ΛÞ ð3:2Þ
for displacements Λ0 ≤ qε, where now this scale is defined
as

qε ¼ ln
�
1þ 2

vm

	
: ð3:3Þ

For such states, the approximation Ω̂ Θ̂þΘ̂ Ω̂≃ − 2 ~̂ΩΘ̂0 is
valid. The proof follows as in Ref. [13]. We first compute
the action of the operator Ω̂ Θ̂þΘ̂ Ω̂ on states jgðv;ΛÞi:

hv0;Λ0jΩ̂ Θ̂þΘ̂ Ω̂ jgðv;ΛÞi ¼ −y−−ðv0Þ½gðv0 − 4;Λ0 þ dv0 ð−4Þ − dv0 ð−2ÞÞ − 2gðv0 − 4;Λ0Þ þ gðv0 − 4;Λ0 þ dv0 ð−2ÞÞ�
− yþþðv0Þ½gðv0 þ 4;Λ0 þ dv0 ð4Þ − dv0 ð2ÞÞ − 2gðv0 þ 4;Λ0Þ þ gðv0 þ 4;Λ0 þ dv0 ð2ÞÞ�
þ yþ−ðv0Þ½gðv0;Λ0 þ dv0 ð−2ÞÞ − 2gðv0;Λ0Þ þ gðv0;Λ0 − dv0 ð−2ÞÞ�
þ y−þðv0Þ½gðv0;Λ0 þ dv0 ð2ÞÞ − 2gðv0;Λ0Þ þ gðv0;Λ0 − dv0 ð2ÞÞ�: ð3:4Þ
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Here, we have introduced the notation hv0;Λ0j for bra states
to make clear that the computed operator elements are
generic and are not limited to the diagonal ones in the jv;Λi
basis. In addition, we have defined

y�ðvÞ ¼
1þ signðv� 2Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vðv� 2Þ

p
; ð3:5Þ

y��ðvÞ ¼ y�ðvÞy�ðv� 2Þ;
y∓�ðvÞ ¼ y�ðvÞy∓ðv� 2Þ; ð3:6Þ

and

dvðnÞ≡ ln

�
1þ n

v

	
: ð3:7Þ

To derive (3.4), we have taken into account that a shift on
the label of a volume eigenstate translates into the opposite
shift on the wave functions in a v representation. In
addition, we have used the identities

yþþðvÞ ¼ y−−ðvþ 4Þ; y−−ðvÞ ¼ yþþðv − 4Þ; ð3:8Þ

dvð�2Þ ¼ dv�4ð∓2Þ − dv�4ð∓4Þ;
dv�4ð∓2Þ ¼ dvð�2Þ − dvð�4Þ: ð3:9Þ

Now, for smooth functions satisfying (3.2), we get the
approximation

hv0;Λ0jΩ̂ Θ̂þΘ̂ Ω̂ jgðv;ΛÞi
≃ −½dv0 ð−4Þy−−ðv0Þ∂Λ0gðv0 − 4;Λ0Þ

þ dv0 ð4Þyþþðv0Þ∂Λ0gðv0 þ 4;Λ0Þ�: ð3:10Þ

Since we are assuming that the only contributing values of
v are much bigger than 10, we can further introduce the
approximations

1

8
dvð�4Þy��ðvÞ≃� 1þ signðv� 4Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v
2
·
v� 4

2

r
¼ �~y�ðvÞ; ð3:11Þ

from which we arrive at hv0;Λ0jΩ̂ Θ̂þΘ̂ Ω̂ jgðv;ΛÞi≃
8ihv0;Λ0j ~̂Ωj∂Λgðv;ΛÞi, where j∂Λgðv;ΛÞi is the state with
the wave function given by ∂Λgðv;ΛÞ. In deducing this
approximate identity, we have employed arguments similar
to those explained in the previous paragraph and used that

the action of the operator ~̂Ω, defined in (2.18), is given by

~̂Ωjvi ¼ i½~y−ðvÞjv − 4i − ~yþðvÞjvþ 4i�: ð3:12Þ

Finally, and exactly as it was justified in Ref. [13],
we approximate the action of the derivative −4i∂Λ on

functions of Λ by the discrete derivative Θ̂0 [see (2.19)]
at the scale qε given in (3.3). As a result, we get

hv0;Λ0jΩ̂Θ̂þΘ̂Ω̂jgðv;ΛÞi≃−hv0;Λ0j2 ~̂ΩΘ̂0jgðv;ΛÞi, as we
wanted to prove. In summary, when the states jgðv;ΛÞi
are such that the dependence on Λ of gðv;ΛÞ is sufficiently
smooth, and small values of v (in terms of a fixed scale vm)
do not contribute, we can approximate the negative
of (3.4) by

hv0;Λ0j2 ~̂ΩΘ̂0jgðv;ΛÞi ¼ 4

qε
f~yþðv0Þ½gðv0 þ 4;Λ0 þ qεÞ

− gðv0 þ 4;Λ0 − qεÞ�
− ~y−ðv0Þ½gðv0 − 4;Λ0 þ qεÞ
− gðv0 − 4;Λ0 − qεÞ�g: ð3:13Þ

If we consider states with gðv;ΛÞ of the form (3.1), we
expect that the corresponding anisotropy terms (3.13) can
be neglected in the Hamiltonian constraint, since the
associated Gaussian profiles for the anisotropies are peaked
on trajectories with vanishing momenta Θ̂0. Indeed, we get

gðv� 4;Λþ qεÞ− gðv� 4;Λ− qεÞ

¼ −gðv� 4;ΛÞ2 sinh
�
σ2s
qε

½Λ− Λ̄ðv� 4Þ�
	
e−

σ2s
2 : ð3:14Þ

The function gðv� 4;ΛÞ only contributes when σs½Λ −
Λ̄ðv� 4Þ�=qε is Oð1Þ (or smaller). Then, since σs ≪ π=2,
we obtain

gðv� 4;Λþ qεÞ − gðv� 4;Λ − qεÞ
≃ −2gðv� 4;ΛÞσs ×Oð1Þ: ð3:15Þ

Therefore,

hv0;Λ0j2 ~̂ΩΘ̂0jgðv;ΛÞi

≃ 8σs
qε

½~y−ðv0Þgðv0 − 4;Λ0Þ− ~yþðv0Þgðv0 þ 4;Λ0Þ�×Oð1Þ:

ð3:16Þ

Comparing now to the action of the FRW operator Ω̂2,

hv0;Λ0jΩ̂2jgðv;ΛÞi¼−y−−ðv0Þgðv0−4;Λ0Þþ2ðv0Þ2gðv0; ~Λ0Þ
−yþþðv0Þgðv0 þ4;Λ0Þ; ð3:17Þ

we get that jhv0;Λ0j2 ~̂ΩΘ̂0jgðv;ΛÞij ≪ jhv0;Λ0jΩ̂2jgðv;ΛÞij
when σs ≪ π=2 and one stays in the sector v > vm under
consideration (actually, as a consistency check, it is not
difficult to see that both the expectation value and the
dispersion of the anisotropy operator on the discussed
states are negligible in comparison with those of the FRW
operator).
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This concludes the proof that the action of the anisotropy
operator on states with profile (3.1) can be disregarded,
provided that σs ≪ π=2 and that NðvÞ is highly suppressed
for v ≤ vm.
Let us now focus on the interaction term. To disregard

this term, the action of de−2ΛΩ̂2 on the considered states
must be negligible. For the action of this operator, we get

hv0;Λ0jde−2ΛΩ̂2jgðv;ΛÞi
¼ −y−−ðv0Þe−2Λ0

gðv0 − 4;Λ0Þ þ 2ðv0Þ2e−2Λ0
gðv0;Λ0Þ

− yþþðv0Þe−2Λ0
gðv0 þ 4;Λ0Þ: ð3:18Þ

The first term on the right-hand side only contributes when
σs½Λ − Λ̄ðv − 4Þ�=qε is Oð1Þ, and the same can be said of
the second and third terms when σs½Λ − Λ̄ðvÞ�=qε and
σs½Λ − Λ̄ðvþ 4Þ�=qε, respectively, are Oð1Þ. In addition,
we have

e−2Λgðv;ΛÞ ¼ NðvÞ exp
�
−

σ2s
2q2ε

�
Λ − Λ̄ðvÞ þ 2q2ε

σ2s

�
2



× exp

�
−2Λ̄ðvÞ þ 2q2ε

σ2s

�
: ð3:19Þ

Note that this expression is valid also when evaluated
at v� 4.
Hence, if we assume that the dependence on v of the

function Λ̄ðvÞ is smooth enough to satisfy Λ̄ðvÞ≃ Λ̄ðv� 4Þ
in the relevant region (v > vm), then choosing Λ̄ðvÞ ≫ 1 ≫
q2ϵ=σ2s for all values of v > vm guarantees that

jhv0;Λ0jde−2ΛΩ̂2jgðv;ΛÞij ≪ jhv0;Λ0jΩ̂2jgðv;ΛÞij.
Complementarily, one can readily check explicitly that

both the expectation value and the dispersion of de−2ΛΩ̂2

are negligible in our states under the above conditions.
The proof follows exactly as in Ref. [13], using
Λ̄ðvÞ≃ Λ̄ðv� 4Þ.
In summary, for a quantum state such that its

homogeneous gravitational part is given by jgðv;ΛÞi ¼P
v∈Lþ

ε

P
Λ∈Lqε

Λ⋆
gðv;ΛÞjv;Λi, with gðv;ΛÞ defined in (3.1),

the action of the operator Ĉapp approximates that of the full
Gowdy Hamiltonian constraint operator ĈG provided that
the following conditions are satisfied:

(i) NðvÞ has to be highly suppressed for v ≤ vm,
with vm ≫ 10,

(ii) σs ≪ π=2,
(iii) Λ̄ðv� 4Þ≃ Λ̄ðvÞ ≫ 1 ≫ q2ϵ=σ2s .

B. Construction of the solutions

Let us now proceed to solve the constraint (2.22) for
states (2.23) with wave function

Ψðϕ;v;Λ;nξ;nφÞ¼
Z

∞

−∞
dpϕψðpϕÞχðnξ;nφÞgðv;ΛÞepϕ

ðϕÞ:

ð3:20Þ

Concerning the profiles ψðpϕÞ and χðnξ;nφÞ, we choose
them as stated in Sec. II B. On these states, the only
nondiagonal operator is Ω̂2. For each value of the momen-
tum of the homogeneous scalar field and of the modes
occupancy numbers, the constraint equation reduces to (we
obviate in our notation the dependence of g on the values of
pϕ and H0)

ðgðv;ΛÞjΩ̂2jv0;Λ0i ¼
�

4p2
ϕ

3πGℏ2
þ 16

3β
e2Λ

0
H0ðnξ;nφÞ

�
× gðv0;Λ0Þ; ð3:21Þ

which, taking into account the definition of gðv;ΛÞ in (3.1)
and the properties required on the peaks of the Gaussian
profiles for the anisotropies, leads within our approxima-
tions to the difference equation:

Nðvþ 4Þ ¼ 1

yþþðvÞ
�
2v2 −

4p2
ϕ

3πGℏ2
−
16

3β
e2Λ̄ðvÞH0ðnξ;nφÞ

�
× NðvÞ − y−−ðvÞ

yþþðvÞ
Nðv − 4Þ: ð3:22Þ

Note that when v ¼ ε the last term vanishes, and therefore
the solutions are completely determined by the initial
data NðεÞ.
Among these solutions, we are interested in those

verifying conditions i, ii, and iii of the previous section,
as otherwise they would not provide approximate solutions
to the full Gowdy constraint. We can impose conditions i
and iii by choosing the function Λ̄ðvÞ as

Λ̄ðvÞ ¼
�
Λ̄0; if v ≤ v0;

hðvÞ; if v > v0;
ð3:23Þ

for certain v0 ≥ vm, and such that hðv�4Þ≃hðvÞ≫1≫
q2ϵ=σ2s for all volumes v>v0, and Λ̄0¼hðv0Þ≫1≫q2ϵ=σ2s .
In this way, for v ≤ v0, we are back to the case analyzed

in Ref. [13] with Λ̄0 constant and fðv;ΛÞ ¼ fðΛÞ, for
which solutions are given by NðvÞ ¼ eε

ρðpϕ;Λ̄0;nξ;nφÞðvÞ. As
we discussed in Sec. II B, they are highly suppressed when
v ≤ vm ¼ pϕ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3πGℏ2

p
, and we can always choose pϕ to

be big enough for vm to be much larger than 10, as we
desire. Then, for v > v0, relation (3.22) gives determinis-
tically the rest of the solution once it is supplemented with
the input data Nðv0 − 4Þ ¼ eε

ρðpϕ;Λ̄0;nξ;nφÞðv0 − 4Þ and

Nðv0Þ ¼ eε
ρðpϕ;Λ̄0;nξ;nφÞðv0Þ. Also, note that, throughout this

period of the evolution (where v > v0), these solutions
remain peaked at hðvÞ. At dominant order with our
approximations, the constraint equation just fixes the value
of NðvÞ via (3.22) (∀v > v0) so that the considered states
are solutions.
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Finally, let us note that the scale vm used in the
construction of the solutions has been defined above in
an intrinsic way, in terms of a conserved quantity of the
system, namely, the momentum of the homogeneous scalar
field, avoiding in this manner the introduction of an
arbitrary parameter.

C. Different perfect fluid behaviors

In view of the conditions that the approximations impose
on the function Λ̄ðvÞ, or equivalently on hðvÞ, let us now
discuss whether we can choose that function in such a way
that the solutions effectively behave as those of an isotropic
flat FRW model coupled to a perfect fluid with equation of
state p ¼ wϵ, where p and ϵ denote, respectively, the
pressure and the energy density of the fluid and where w is
the constant of proportionality between them. The con-
straint operator for such a model reads

ĈFRWþPF ¼ −
3πGℏ2

8
Ω̂2 þ p̂2

ϕ

2
þ αð1 − wÞv̂1−w; ð3:24Þ

where PF stands for “perfect fluid” and α is a constant
related to β. To deduce this equation, we have employed
that the matter contribution of a scalar field ϕ with potential
VðϕÞ to the above constraint is

Ĉϕ ¼ p̂2
ϕ

2
þ VðϕÞa6; ð3:25Þ

where the scale factor a is proportional to v1=3, and the
fact that, for a perfect fluid, one has VðϕÞ ¼ ðϵ − pÞ=2 and
ϵ ∝ a−3ð1þwÞ (see, e.g., Ref. [25]).
On the other hand, the states constructed in the previous

section correspond to solutions of the approximate
constraint

Ĉ0
app ¼ −

3πGℏ2

8
Ω̂2 þ p̂2

ϕ

2
þ 2πGℏ2

β
e2Λ̄ðvÞĤ0; ð3:26Þ

where we are taking into account that, with respect to the
anisotropy variable, those states are Gaussian and peaked
on Λ̄ðvÞ.
Comparing both operators, we conclude that the ana-

lyzed states mimic a perfect fluid behavior if we choose

Λ̄ðvÞ ¼
�
ln½vð1−wÞ=20 �; if v ≤ v0

ln½vð1−wÞ=2�; if v > v0
ð3:27Þ

up to an additive constant, with v0 ≫ expf2=ð1 − wÞg. Note
that, provided we restrict our discussion to w < 1, this
function satisfies the requirements under Eq. (3.23), needed
for the validity of the approximations done in the previous
section. In addition, we can also deal with the case w ¼ 1,
which corresponds to the massless scalar field, already

covered by the analysis of Ref. [13], as discussed at the
end of Sec. II. Essentially, this case is reached by choosing
the function Λ̄ðvÞ equal to a constant and regarding the
product αð1 − wÞ in (3.24) as a parameter that varies with w
and has a well-defined limit when w tends to unity, which
does not necessarily vanish.
This concludes the proof that anisotropic and inhomo-

geneous solutions of the Gowdy model can effectively
behave as solutions of the Hamiltonian constraint of a flat
FRW model coupled to a perfect fluid. Particularly inter-
esting cases are dust, radiation, and a cosmological con-
stant, since they may describe the dynamical behavior of
our Universe at different stages of its evolution (see, e.g.,
Ref. [25]). These cases are obtained simply by considering
w ¼ 0, w ¼ 1=3, and w ¼ −1, respectively, in our for-
mulas. Let us emphasize that such an effective description
with a coupling to one of those perfect fluids with w < 1
begins only when one reaches the volume v0, while we find
w ¼ 1 for smaller values of v. The phase with w < 1 holds
then indefinitely for v > v0 by the very construction of the
states that we have considered, as we explained in the
previous section.

IV. DISCUSSION

In this paper, we have considered the hybrid quantization
of the Gowdy T3 model with linear polarization, LRS, and a
minimally coupled massless scalar field [14]. We have
constructed approximate solutions (i.e., physical states) of
this inhomogeneous model that in turn are solutions to the
Hamiltonian constraint of a homogeneous and isotropic flat
FRW model. The present analysis extends that of Ref. [13],
which already provided approximate solutions of the
Gowdy cosmology that behave dynamically (as far as
the constraint is concerned) as those of the flat FRW
space-times with a massless scalar field. Now, based on the
approximations developed in Ref. [13] and generalizing
those previous results, we have constructed approximate
solutions that behave as those of flat FRW coupled to a
perfect fluid (with constant parameter w at least from a
certain instant of the evolution, namely, from the instant
when the volume v reaches the value v0 onward). Our
analysis is general enough to account for any perfect fluid
with the equation of state characterized by w < 1 (as well
as the already-studied case w ¼ 1, which corresponds to the
massless scalar field).
This analysis reflects the fact that specific quantum

solutions of inhomogeneous models, in this case the
Gowdy T3 model, can resemble solutions of a flat homo-
geneous isotropic model with a particular isotropic matter
content—at least for certain properties, like in this case the
dynamical behavior imposed by the Hamiltonian con-
straint. Interestingly, those solutions are intrinsically far
from being homogeneous; namely, their anisotropies and
inhomogeneities are not negligible, and they can be made
manifest by measuring generic observables related with
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those anisotropies and inhomogeneities. Even so, those
states still behave in such a way that they lead to effective
terms in the Hamiltonian constraint that are proper of a
homogeneous model. More specifically, the particular
solutions that we have constructed display a negligible
momentum of the anisotropy and a negligible coupling
between the homogeneous sector and the self-interaction of
the inhomogeneities. As a result, they are solutions to the
constraint of the flat FRW model coupled to a perfect fluid.
This phenomenon is made possible by the quantum
geometry effects characteristic of LQC (in particular, by
the exponential suppression of the eigenstates of the FRW
geometry at small volume) and by the global behavior of
the anisotropies and inhomogeneities on the considered
quantum states, as far as the constraint is concerned. All
these quantum effects invalidate Einstein’s dynamics,
which would have led to a singularity in the backward
evolution in which the anisotropic contributions would
have acquired a dominant role.
It is worth emphasizing, once more, that the described

perfect fluid behavior, in terms of an approximate homo-
geneous and isotropic Hamiltonian constraint, is not valid
for generic quantum states of the Gowdy model. Generic
states, solutions to the constraint of our inhomogeneous
and anisotropic model, do not possess the properties
necessary for our approximations to hold. Therefore, as
it should be obvious from the intrinsic inhomogeneous
character of the Gowdy model, homogeneous and isotropic
approximate descriptions would not be valid for generic
quantum states, not even restricting all considerations to the
Hamiltonian constraint. Our results in this work, nonethe-
less, show that the set of states in which descriptions of this
type are possible is not so limited as one might have
thought in principle, based just on the previous results of
Ref. [13]. Moreover, one might expect that the set of states
in which such descriptions are approximately valid could
be further extended beyond the family discussed here.
Actually, the approximations proven in Ref. [13] do not
depend critically on the particular type of profile that the
wave function takes on the anisotropy sector; it is only
necessary that it is smooth and highly peaked on vanishing
anisotropy momentum and in the region of large anisotropy
variable Λ. Moreover, the peaks can show any possible
functional dependence on the FRW geometry as far as they
respect that the sector of small volumes is suppressed.
Based on these arguments, one can expect that the set of
approximate solutions discussed in this work may indeed
be enlarged. Consequently, even if the approximate homo-
geneous and isotropic dynamical behavior is specific of
very special states, one can argue that the set of those states
is not so severely limited after all.
On the other hand, the need to circumscribe our

approximations to the kind of solutions explored here, at
the end of the day, simply reflects the fact that effective
descriptions reached within certain sets of quantum states

generally depend on the particular set considered, via the
specific correlations that exist on these states between the
expectation values and quantum moments (dispersion and
higher moments) of the phase space variables of the system.
The states studied in this work certainly have correlations
between the different moments, not only because the
anisotropy profiles are Gaussian and peaked on vanishing
anisotropy momentum but also, e.g., because the peak of
each of these Gaussian wave functions has a particular
dependence on the homogeneous volume v. General
considerations about effective descriptions, like those
discussed in Ref. [12] for loop quantum gravity, are then
overcome in the considered states owing to these correla-
tions, a fact that explains why behaviors like those analyzed
here are possible (actually, situations of this type are
contemplated in Ref. [12] if the correlations between the
different moments are considered).
Although we have given full details of the conditions for

the validity of our approximations to the Hamiltonian
constraint of the Gowdy model, summarized in the three
requirements imposed at the end of Sec. III A, it is worth
clarifying the mathematical sense in which the discussed
states can be considered approximate solutions. First of all,
the restriction to the sector of states in which the region
v ≤ vm is suppressed, with vm ≫ 10, together with the
smoothness on the anisotropies, allows one to approximate
the action of the operators involved in the anisotropy term
and in the term with the self-interaction of the inhomoge-
neities by simpler ones, as we commented on at the
beginning of Sec. II B. This result was proven and
discussed in depth in Ref. [13] and has been confirmed
here (in Sec. III A). The choice of Gaussian profiles made
for the anisotropies is what differs now from the analysis of
that reference, with peak trajectories that may depend on
the volume v in our present work. For these profiles, the
conditions of a very small σs (which can be regarded as a
Gaussian width for the anisotropy momentum) and of a
very large value of the peak of the anisotropy are simply
necessary to disregard the two mentioned (and already
approximated) terms of the constraint: the anisotropy term
and that containing the self-interaction of the inhomoge-
neities. The neglected terms in this latter approximation can
be treated as perturbations to our homogeneous and
isotropic constraint. From our comments above, these
perturbations should be negligible in an appropriate asymp-
totic limit of simultaneously vanishing Gaussian width σs
and anisotropy peak exponential e−2Λ̄ðvÞ [or, rather, of the
product of the self-interaction of the inhomogeneities with
e−2Λ̄ðvÞþ2q2ϵ=σ

2
s , in accordance with (3.19), while the term

e2Λ̄ðvÞĤ0 is kept finite]. Thus, the approximate solutions
that we have discussed can be thought of as the leading
contribution in a perturbative expansion, in which higher-
order corrections would arise from the perturbations of the
constraint. These considerations imply that the statement
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that our states provide approximate solutions, rather than
local or confined to a certain interval in the dynamical
evolution in terms of the volume v, is global inasmuch as
the states correspond to perturbative solutions to differ-
ential or difference equations (see, e.g., Ref. [26]).
Our conclusions, extrapolated to the standard cosmologi-

cal model with inflation, tentatively suggest the possibility
that its phenomenology might be an effective description
arising from solutions of a much richer underlying quantum
model, with more degrees of freedom that organize them-
selves so that such a particular effective behavior emerges.
At least from a conceptual point of view, this is a perspective
that seems especially appealing and deserves further explo-
ration, since it might reveal mechanisms associated with
those additional degrees of freedom that could help to
explain fundamental questions of cosmology, such as the
existence of a cosmological constant or the origin of fields

that produce inflation in the early Universe (see also
Ref. [27] for some recent ideas that partially share motiva-
tions of this type and Ref. [28] for another analysis in which
simple homogeneous descriptions are obtained from the
study of specific types of quantum states that are inhomo-
geneous and of which the properties leave imprints in the
subleading corrections to the constraint).
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