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While graphene-based technology shows great promise for a variety of electronic applications,

including radio-frequency devices, the resistance of the metal-graphene contact is a technological

bottleneck for the realization of viable graphene electronics. One of the most important factors in

determining the resistance of a metal-graphene junction is the contact resistivity. Despite the large

number of experimental works that exist in the literature measuring the contact resistivity, a simple

model of it is still lacking. In this paper, we present a comprehensive physical model for the contact

resistivity of these junctions, based on the Bardeen Transfer Hamiltonian method. This model unveils

the role played by different electrical and physical parameters in determining the specific contact

resistivity, such as the chemical potential of interaction, the work metal-graphene function difference,

and the insulator thickness between the metal and graphene. In addition, our model reveals that the

contact resistivity is strongly dependent on the bias voltage across the metal-graphene junction. This

model is applicable to a wide variety of graphene-based electronic devices and thus is useful for

understanding how to optimize the contact resistance in these systems. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4874181]

I. INTRODUCTION

While graphene has emerged as a promising material for

future electronic devices, it is often the metal-graphene

(MG) contact resistance that dominates the performance of

the device.1 For example, although a high carrier mobility of

�10 000 cm2 V�1 s�1 has been reported on SiO2,2–5 the

small density of states (DOS) of graphene near the Dirac

point can suppress current injection from the metal, resulting

in high contact resistivity at the MG interface, which limits

the total performance of a graphene transistor.6,7 In

radio-frequency circuits, the key figure of merit is the maxi-

mum frequency of oscillation fmax, which is the frequency at

which the power gain drops to unity. This parameter turns

out to be very sensitive to the contact resistance, especially

in the absence of full current saturation.1 Therefore, the

metal-graphene contact resistance is a critical component of

graphene-based devices, and controlling its properties is a

prerequisite for device optimization.

In two- or three-terminal semiconductor devices, the

contact resistance is commonly described with the trans-

mission line model,8–10 Rc ¼
ffiffiffiffiffiffiffiffiffi
qcRs
p

cothðL=LTÞ=LW , where

L ðLWÞ is the length (width) of the contact, Rs is the semi-

conductor sheet resistance under the metal, qc is the spe-

cific contact resistivity of the metal-semiconductor

junction, and LT is the transfer length, which is the charac-

teristic length over which current injection occurs between

the semiconductor and the metal. In the diffusive regime,

this parameter is related to the specific contact resistivity

through the relation LT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
qc=Rs

p
, while a more detailed

description of LT can be found in the work of Xia et al.11 In

any case, it is evident that qc plays a crucial role in the

magnitude and length dependence of the metal-graphene

contact resistance.

There have been many experimental studies of the MG

junction in the scientific literature.12–16 The relevant role

played by graphene in metal-semiconductor junctions has

also been evidenced by the recent experimental work of

Byun et al.,17 where a true ohmic contact in Ni-Si junctions

has been demonstrated by using an interfacial graphene layer

to lower the Schottky barrier. In addition, the role of metallic

leads in determining the transport properties of graphene-

based junctions has been addressed by several theoretical

studies.11,18–20 However, a direct and comprehensive model

of carrier transport between a two-dimensional graphene

sheet and a three-dimensional metal is still lacking. Such a

model is needed to understand the intrinsic factors that con-

trol the magnitude of the specific contact resistivity, and thus

to understand how to optimize the graphene-metal contact

resistance. The model presented is intended to clarify the rel-

evant physical ingredients that come into play in determining

the contact resistivity between the metal and the graphene

underneath. However, the additional component of the con-

tact resistance in graphene-based FETs coming from the

junction formed between graphene under the metal and the

graphene channel has not been considered. A full model tak-

ing into account these two components and how they do

depend on the gate voltage will be the subject of a future

work.

We address this problem by formulating an analytical

model of the tunneling current and contact resistivity of the

metal-insulator-graphene (MIG) heterostructure, from which

the MG junction can be seen as a particular case. Our model

is based on the Bardeen Transfer Hamiltonian (BTH)a)Electronic mail: ferneyalveiro.chaves@uab.cat
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method,21,22 which allows us to split the metal-graphene sys-

tem into separate metal-dipole and dipole-graphene subsys-

tems with known Hamiltonians. In the framework of the

BTH method, the probability of elastic tunneling is calcu-

lated using Fermi’s golden rule. This gives a quantitative

estimate of the coupling between the metal and graphene

states, allowing us to obtain analytical formulas for both the

tunneling current and contact resistivity as a function of the

applied voltage. This model allows us to identify the key pa-

rameters in determining the metal-graphene contact resistiv-

ity and can also be used in larger-scale simulations of

graphene-based electronic devices.

II. THEORY, DISCUSSION, AND RESULTS

A. Electrostatics

We start with a description of the electrostatics of the

MIG heterostructure. Represented in Fig. 1(a), it consists of

a metal (M) electrode treated as an equipotential with volt-

age V and work function Wm, and a grounded graphene layer

(G) with work function Wg. These are separated by an inter-

mediate insulator (I) layer with permittivity � ¼ �r�0 and

thickness d, where �r is the relative permittivity of the insula-

tor and �0 is the permittivity of free space. In the MIG band

diagram of Fig. 1(b), EFg is the graphene Fermi energy, ED

is its Dirac point energy, and EFm is the metal Fermi energy.

An interfacial potential step DV is developed across the (I)

layer due to charge transfer and the chemical interaction

between the graphene and the metal.23

With respect to the Dirac point ED, the shift of the gra-

phene Fermi level is defined as DE ¼ ED � EFg and a rela-

tionship between the applied voltage V and DE can be

obtained from a voltage (potential energy) loop around the

MIG band diagram

DE ¼ Wm �Wg � eDV � eV: (1)

The interfacial potential step DV can be expressed as

DV ¼ Dtr þ Dch, where the Dtr term results from charge

transfer between the (M) and the (G) and the Dch term is the

chemical potential describing the short-range interaction

from the overlap of the (M) and (G) wavefunctions.

According to the model given by Khomyakov et al.,24 the

value of Dch depends strongly on the separation distance d
(Fig. 1(b)) and it becomes negligible for d � 4 nm.

To model the electron transfer contribution, Dtr, we use

a planar capacitor model such that DtrðDEÞ ¼ zdQnet=�,
where zd represents the effective distance between the charge

sheets of (M) and (G) (Fig. 2(b)) and Qnet ¼ eðp� nÞ is the

net charge sheet density within the graphene.25 In addition,

we have assumed charge neutrality for the structure (i.e., the

electric field goes to zero outside the structure) and thus

Qnet ¼ �Qm, where Qm is the surface charge density in the

metal. Finally, although in MG junctions the electrodes per-

mit transmission, the reflection probability is nearly unity

because the electrons see a barrier height 4 eV and thus the

MG junction can be treated as a mesoscopic capacitor.26

Substituting the conventional expression24 for p–n into Eq.

(1) yields the relation

FIG. 2. (a) Band diagram of isolated graphene and metal. (b) Band diagram of a metal-insulator-graphene structure at equilibrium showing charge transfer. A

voltage drop DV is produced over the interfacial layer, and DE represents the shift of the graphene Fermi level with respect to the Dirac point. (c) Non-

equilibrium band diagram of the metal-insulator-graphene structure. As it is mentioned in the main text, the metal-graphene junction is obtained by letting

d ! deq.

FIG. 1. (a) Physical structure and (b)

band diagram of the metal-insulator-

graphene structure examined in this

paper.
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af ðDE=kBTÞ þ DEþ eV � eVD ¼ 0; (2)

where we have defined

eVD ¼ Wm �Wg � eDch: (3)

The physical meaning of VD is that of the voltage applied to

the metal needed to align the graphene Fermi level to the

Dirac point. Also, in Eq. (2), a ¼ 2e2zd=ð�p�h2v2
f Þ and

f ðxÞ ¼ kBTð Þ2 Fð�xÞ � F1ðxÞ½ �, with F1ðxÞ being the Fermi-

Dirac integral of order 1. Equation (2) has a closed-form ana-

lytical solution at zero temperature and should be solved

numerically for T > 0. As T ! 0, the f function reduces to

f ¼ 6DE2=2, where the upper (lower) sign applies for

DE < 0 ðDE > 0Þ. Equation (2) then becomes a simple quad-

ratic equation for DE whose solution is

DE ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2aejV � VDj

p
� 1

a
: (4)

In Eq. (4), the upper sign applies for V � VD and the lower

sign for V > VD. This result holds not only for MIG structures

but also for MG junction since, as was mentioned previously, a

MG junction can be seen as a particular case of the MIG struc-

ture where the layer (I) represents a dipole layer with deq being

the equilibrium separation distance between (M) and (G).24,27,28

In this work, we model zd ¼ d � d0 with d0 ¼ 0:24 nm. We

have used d ¼ deq, �r ¼ 1, and Dch > 0 for MG junctions and

d > deq, �r ¼ 4, and Dch ¼ 0 for MIG structures.

In Fig. 3, we show, for T ! 0, the behavior of DE as a

function of the voltage V in a MG junction for five different

metals. At V¼ 0, metals, such as Cu, Ag, and Al, dope

the graphene n-type while Pt and Au electrodes result in

p-type graphene. For the sake of comparison, we have also

shown DE for a hypothetical metal X with work function

Wm ¼ Wg ¼ 4:5 eV and Dtr ¼ 0, so that graphene is undoped

at V¼ 0. Given the weak dependence of Eq. (2) on the tem-

perature, as T � 300 K, the curves represented in Fig. 3 do

not change significantly except for the slopes near DE ¼ 0.

Therefore, Eq. (4) is a very good approximation of Eq. (2).

For the results shown in Fig. 3, we have not included

metals, such as Co, Ni, Pd, or Ti, typically used as metallic

contacts, because those materials strongly disturb the gra-

phene band structure. In particular, the characteristic linear

dispersion of graphene at the K-point is destroyed24 and a

more detailed model that takes into account the modified

graphene band structure would be necessary.29 Furthermore,

a model for the Dch term has not been established with these

metals. However, we can apply our model to these metals in

MIG structures, as will be shown later. This is because we

assume that the insulator layer does not modify the graphene

linear dispersion relation30 and the Dch term is considered to

be zero. The solutions for Eq. (2) (T > 0) and Eq. (4) (T¼ 0)

will be used later for the calculation of the tunneling current.

B. Current and resistivity

The specific constant resistivity qc of the MG junction is

defined as qc ¼ dJ=dVð Þ�1jV¼0, where J is the tunneling cur-

rent density between metal (M) and graphene (G) across the

dipole layer and V is the voltage applied to the metal.7,31 In

the Appendix, we show how to calculate the tunneling cur-

rent density from the BTH approach,21,22 starting from the

expression for the tunneling current

I¼gSgV

X
g;m

CgmfgðEgÞ½1�fmðEmÞ��CmgfmðEmÞ½1�fgðEgÞ�
� �

;

(5)

where both the subscripts g and m label the states in the (G)

and (M) electrodes with energies Eg and Em, respectively; gS

is the electron spin degeneracy; gV is the valley degeneracy;

and Cgm and Cmg refer to the tunneling rates for electrons

moving from g! m and m! g, respectively. Finally, fg and

fm are the Fermi occupation factors for the electrons. The

tunneling rates are given by the Fermi’s golden rule as

Cgm ¼
2p
�h
jMgmj2dðEg � EmÞ ¼ Cmg; (6)

where

Mgm ¼
�h2

2m0

ð ð
W�g

dWm

dz
�Wm

dW�g
dz

� �
dS (7)

is the matrix element for the transition, with m0 being the

effective electron mass in the (I) layer. The terms Wgðr; zÞ and

Wmðr; zÞ represent the (G) and (M) electron wavefunctions,

respectively, and their explicit forms are shown in the

Appendix. From the complex exponential dependence of the

in-plane wavefunctions, part of the integral of Eq. (7) trans-

forms into the delta-function dðkg � kmÞ when the contact

area is large enough, implying the conservation of the in-plane

momentum k. On the other hand, the energy delta-function in

Eq. (6) guarantees that only energy-conserving tunneling proc-

esses are possible.

After some manipulating of Eq. (5), described in the

Appendix, Fig. 4(a) shows, at T¼ 300 K, the magnitude of

the tunneling current density of the MG junction as a func-

tion of V for Pt, Au, Cu, Ag, and Al metal electrodes, with

FIG. 3. Graphene Fermi level shift with respect to the Dirac point as a func-

tion of the bias voltage V in a metal-graphene junction for different contact

metals. The equilibrium separation distances used here are taken from Table I.
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work functions, Fermi energies, and equilibrium separation

distance given in Table I. The current-voltage (I-V) relation-

ship of a MG junction or a MIG structure can be understood

by considering the possible locations of the metal and gra-

phene Fermi levels around the graphene Dirac point, as illus-

trated in Fig. 2 assuming DE > 0 at V¼ 0, as is the case for

Pt contact. The applied voltage V changes the relative differ-

ence between the Fermi levels on each side of the junction

according to EFg � EFm ¼ eV. If V > 0, a positive current

will flow from the graphene to the metal via tunneling across

the (I) layer. A special situation arises when the applied volt-

age drives the graphene Fermi level to perfect alignment

with the Dirac point, resulting in DE ¼ 0. We have labeled

such a bias as VD. Analogously, if V < 0, a negative tunnel-

ing current will flow across the (I) layer from the metal to

the graphene, and there will be a bias that aligns the metal

Fermi level with the graphene Dirac point. We have labeled

this bias as VC, which occurs when eV ¼ �DE. At these crit-

ical biases, the low graphene DOS at the Dirac point pinches

off the junction and the current changes very little with

changes in the applied bias. This can be seen, for example, in

the I–V curve of Pt at a bias voltage of V ¼ 0:7 V. Although

not shown in Fig. 4(a), the tunneling current at T¼ 0 calcu-

lated by Eqs. (A12) and (A15)–(A17) (see the Appendix) is

barely distinguishable from the results at room temperature.

The main difference is the slope of the I–V curve when the

applied voltage is V ¼ VD. It is due to the change of the

quantum capacitance of the graphene.32

Figure 4(b) shows the differential contact resistivity,

DCR dJ=dVð Þ�1
for a MG junction as a function of bias volt-

age V. The thick lines are for T¼ 300 K and thin lines for

T¼ 0. The DCR exhibits, for every metal, large peaks at vol-

tages V ¼ VD and V ¼ VC, which have been labeled for the

Al curve. Metals, such as Pt and Au, show maximum values

of the DCR at V > 0 while for Cu, Ag, and Al the DCR is

maximized at V < 0. For the MG junction with X metal,

only one peak appears at V¼ 0, similar to Metal-Insulator-

Metal (MIM) diodes.37 In Fig. 4(b), one can see that a metal,

such as Au, leads to a high specific constant resistivity (DCR

at V¼ 0) because its VD value is close to zero, resulting in

the Fermi energy close to the Dirac point at zero bias.

However, the DCR for Au is significantly lower than that of

Pt for V � 0:7 V. Thus, the resistivity of the MG contact is

strongly dependent on the voltage drop across the junction.

A similar situation occurs for MIG structures, as will be

shown later.

Taking advantage of the fact that the specific contact re-

sistivity only weakly depends on the temperature (see Fig.

4(b)), it can be obtained, after some simple algebra, from the

expression (A11) of the Appendix

qc ¼
pm2

0Dv2
f �h2 expð2jdÞ

8
ffiffiffi
2
p

e2m3=2

EFm þ Ej

EFm

ffiffiffiffiffiffi
Ej
p

� �
1

jDE0j
; (8)

where Ej ¼ ð�h2=2mÞj2 and DE0 is the shift of the graphene

Fermi level with respect to the Dirac at V¼ 0. Using the data

reported in Table I, Eq. (8) gives the following values for qc:

4:59� 10�6, 22:44� 10�6, 8:53� 10�6, 7:9� 10�6, and

5:45� 10�6 X cm2 for Pt, Au, Cu, Ag, and Al, respectively.

These values are consistent with experimental results

reported by Nagashio and Berdebes.7,15 The traditional wis-

dom is that metals with high or low work functions with

respect to pristine graphene make the best contacts because

the resulting Fermi level sits far away from the graphene

Dirac point.6,38 However, our model shows that the contact

resistivity depends not only on the work function difference

but also on the voltage drop across the junction through the

Dch term. Although Eq. (8) has been obtained for a MIG

structure like that of Fig. 1, it also describes the specific con-

tact resistivity of a graphene-based three-terminal device

such as the one studied by Xia et al., when a back gate

FIG. 4. (a) Tunneling current density J and (b) differential contact resistivity

(thick line for T¼ 300 K and thin line for T¼ 0) for the metal-graphene junc-

tion as a function of the bias voltage V considering different metal electrodes

at the equilibrium separation.

TABLE I. Wm and deq represent the metal work function and equilibrium

separation distance between graphene and the metal, respectively. EFm is the

metal Fermi energy at T¼ 0, Dch is the chemical potential of interaction, and

VD is the voltage given by Eq. (3).

Wm (eV)a EFm (eV) deq (Å)a Dch (eV)a VD (V)

Pt 6.13 9.74b 3.30 0.93 0.69

Pd 5.67 7.07c … … …

Au 5.54 5.53d 3.31 0.91 0.12

Cu 5.22 7.00d 3.26 0.99 �0.27

Ag 4.92 5.49d 3.33 0.88 �0.46

Ti 4.56 4.48e … … …

X 4.50 10.00 3.30 0.00 0.00

Al 4.22 11.70d 3.41 0.77 �0.15

aReference 24.
bReference 33.
cReference 35.
dReference 34.
eReference 36.

164513-4 Chaves et al. J. Appl. Phys. 115, 164513 (2014)

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

161.111.180.191 On: Tue, 22 Dec 2015 11:05:26



voltage is applied.11 However, in the latter case, the value of

DE0 must be calculated by means of an expression similar to

Eq. (2), but taking into account the gate capacitance.

Equation (8) permits, in a simple manner, an understanding

of the intrinsic factors that control the value of the specific

contact resistivity and therefore of the contact resistance.

Finally, the temperature dependences of both the DCR at

V ¼ VD and the specific contact resistivity qc are shown in

Fig. 5 and its inset, respectively. Here, like in Fig. 4(b), it is

observed that only at V ¼ VD does the DCR depend strongly

on the temperature, which is attributed to the reduced DOS

in the graphene when DE ¼ 0, while at V¼ 0 that depend-

ence is weak, except to metal with VD � 0.

Next, we show in Fig. 6 the behavior of the differential

tunneling resistivity (DTR) as a function of the voltage V for

a MIG structure with d ¼ 0:6 nm. The DTR is calculated in

the same manner as the DCR for the MG junction,

dJ=dVð Þ�1
. Here, we have assumed a relative permittivity

�r ¼ 4 for the (I) layer. In the inset, the expected exponential

dependence of the resistivity with d can be observed for a Pt

contact at two different values of V. In these structures the

DTR depends directly on the work function difference

between the metal and graphene since Dch ¼ 0. It is worth

mentioning that, using Cu or Ag as the metal electrode, the

graphene in the MG junction is n-doped (Fig. 4(b)) but in the

MIG structure the graphene is p-doped (Fig. 6). This capabil-

ity to change the doping type is mediated by the cancelation

of chemical potential term Dch. In general, when considering

a wide range of bias voltages and device geometries, Pt

appears to offer the best performance of the contact metals

studied here.

III. SUMMARY

In summary, we have developed models for both the

tunneling current and the contact resistivity, as a function of

the voltage applied to the metal electrode, for the MIG heter-

ostructure based on the BTH method. We have considered

the MG junction as a special case of the MIG structure by

utilizing a dipole layer as the interfacial layer. From the

model for the differential contact resistivity, we have found

a simple analytical expression for the specific contact resis-

tivity, which elucidates the role played by the chemical

potential of interaction Dch, the work function difference,

and the insulator thickness between the metal and graphene.

In general, the model reveals the role played by the electrical

and physical parameters in determining the contact resistiv-

ity. Specifically, among the metals considered here, Pt exhib-

its the smallest specific contact resistivity. However, given

the voltage dependence of the contact resistivity, metals like

Au or Ti can show a smaller resistivity than that of the Pt

depending on the operating regime. The obtained values of

the specific contact resistivity are on the order of those given

in previous reports. On the other hand, the temperature de-

pendence of the contact resistivity is generally weak at equi-

librium for every metal, but is strong and decreases with

increasing temperature at V ¼ VD, i.e., in the situation corre-

sponding to undoped graphene.

Finally, our model serves as the basis for a more com-

plete model of the contact resistance in graphene-based

three-terminal FETs, in which the junction’s resistance

between the graphene under the metal and the graphene

channel should be added. A modified electrostatic model,

which takes into account the charge redistribution between

metal, graphene and silicon, should be considered to know

how the gate voltage impacts on the position of the Fermi

energy in respect of the Dirac energy. Overall, our model

expounds on the role played by various parameters in deter-

mining the contact resistivity of the metal-insulator-graphene

junction, which should be useful for optimizing the contact

resistance of graphene-based electronic devices. Our model

can also be used in larger-scale simulations of these devices.
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FIG. 5. Differential contact resistivity of the metal-graphene junction at

V ¼ VD for different contact metals as a function of the temperature. Inset:

specific contact resistivity.

FIG. 6. DTR of the metal-insulator-graphene heterostructure and its depend-

ence on d, assuming � ¼ 4�0 and T¼ 300 K. The inset shows the exponential

variation of the DTR with d for two different bias voltages.
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APPENDIX: CURRENT TUNNELING CALCULATION

In this Appendix, we derive an analytical model for the

tunneling current density of a MIG structure, relying on

the BTH approach. The starting point is Eq. (5) shown in the

main text. Then, inserting Eq. (6) into Eq. (5), the tunneling

current in the MIG structure can be expressed as

I ¼ gV
4pe

�h

X
g;m

jMgmj2 fgðEgÞ � fmðEmÞ
� �

dðEg � EmÞ: (A1)

Considering the graphene with two identical atoms per unit

cell, labeled 1 and 2, the wavefunction for wavevector k can

be written in terms of the basis functions Ujkðj ¼ 1; 2Þ on

each atom as Wgðr; zÞ ¼ v1ðkgÞU1kg
ðr; zÞ þ v2ðkgÞU2kg

ðr; zÞ.
The basis functions have Bloch form, Ujkgðr; zÞ ¼ exp

ikg 	 rð Þujkg
r; zð Þ=

ffiffiffi
A
p

, where ujkg
ðr; zÞ is a periodic function

and A refers to the contact area. These periodic functions are

localized around the basis atoms (i.e., as 2pz orbitals) of the

graphene, and ujkg
r; zð Þ is expected to vary only weakly

along the radial coordinate r in the graphene. Thus, we

assume that ujkg
ðr; zÞ ¼ fjkg

rð ÞgðzÞ and we approximate the

radially dependent term fjkg
rð Þ as numerical constants f1 and

f2.25 The z-dependence has the usual decaying form

gðzÞ ¼ e�jz=
ffiffiffiffi
D
p

, where j is the decay constant of the wave-

function in the barrier, and D is the normalization constant

for the z-part of the graphene wavefunction, which we take

as equal to an interplane separation in graphite. The decay

constant j has the form
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m/=�h2 þ k2

k

q
,25 where / ¼ 5eV

has been taken as the barrier height, and kk is the parallel

momentum. For graphene, the latter term is essentially equal

to the momentum at the K or K0 points (i.e., 4p/3a) so that

j ¼ 20:5 nm�1.

Both v1ðkgÞ and v2ðkgÞ have well-known values for gra-

phene in a nearest-neighbor tight-binding approximation39

v1

v2

" #
¼ 1ffiffiffi

2
p e7i#kg=2

se6i#kg=2

" #
; (A2)

where #kg
is the angle of the relative wavevector, the upper

sign is for the band extreme at the K point of the Brillouin

zone and the lower sign is for the K0 point, with s ¼ þ1 for

the conduction band (CB) and �1 for the valence band (VB).

On the other hand, the metal electrons can be modeled as

free incident and reflected particles for z 
 d and with a

decaying exponential for z < d, namely,

Wmðr; zÞ ¼

eikm	rffiffiffi
A
p tejðz�dÞffiffiffiffi

D
p z < d

eikm	rffiffiffi
A
p 1ffiffiffi

L
p e�ikðz�dÞ þ reikðz�dÞ
� �

z 
 d;

8>>>><
>>>>:

(A3)

where t and r are the amplitudes of the transmitted and

reflected waves, respectively, and L is a normalization

constant. As usual, the matching conditions Wm r; zð Þjz¼d�

¼ Wðr; zÞjz¼dþ and dWm=dzð Þjz¼d� ¼ dWm=dzð Þjz¼dþ have to

be fulfilled, resulting in t ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD=LÞ

p
kz= kz þ ijð Þ. Thus, the

matrix elements for the transitions of Eq. (7) can be written

as

Mgm �
�h2

2m0

4kzj
kz þ ij

H #kg

	 
 e�jdffiffiffiffiffiffiffiffiffiffi
L 	 D
p 1

A

ð
dSeiðkg�kmÞ	r; (A4)

where we have defined H #kg

	 

¼ v?1f ?1 þ v?2f ?2 . The integral

on the right-hand side of Eq. (A4) approaches the delta-

function dðkg � kmÞ when A!1, implying the conserva-

tion of in-plane momentum k: jMgmj2 / jA�1
Ð

dSeiðkg�kmÞ	rj2
! d2

kg;km
¼ dkg;km

. Incorporating Eq. (A4) into Eq. (A1), we

get the following expression for the current

I ¼ 8pe

�h

�h2

2m0

4je�jdffiffiffiffi
D
p

 !2

1

L

X
kg;km;kz

jHð#Þj2 k2
z

k2
z þ j2

� fgðEgÞ � fmðEmÞ
� �

d Eg � Emð Þdkg;km
: (A5)

In deriving Eq. (A5), we have incorporated both the gra-

phene and metal dispersion relations, namely, Eg ¼ EgðkgÞ
¼ ED6�hvf jkj and Em ¼ Emðkm; kzÞ ¼ �h2ðk2

m þ k2
z Þ=2m,

which we have sketched in Fig. 7 for convenience.

Considering Eq. (A5) in the limit of large A, kg ¼ km � k
where jkj ¼ k, and the equation for the tunneling current

becomes

I ¼ 8pe

�h

�h2

2m0

4je�jdffiffiffiffi
D
p

 !2

1

L

X
k;kz

jHð#Þj2x kzð Þ

� fgðEgÞ � fmðEmÞ
� �

d Eg � Emð Þ; (A6)

where we have defined the function x kzð Þ ¼ k2
z = k2

z þ j2
	 


.

The discrete sums over k and kz are converted to integrals using

the recipes
P

k!A/(2pÞ2
Ð Ð

d#kdk and
P

kz
!L=2p

Ð
dkz.

Integrating the function jHð#Þj2 ¼ jf1j2 þ sf ?1 f ?2 cos #ð Þ over #
and after some algebra, the tunnel current density becomes

FIG. 7. Parabolic and linear dispersion relations corresponding to metal and

graphene electrodes, respectively. At T¼ 0, only states lying in the shaded

region contribute to the tunneling current. For a given kz, both the in-plane

momentum k and the total energy E are conserved only for the states with

in-plane momentum k1 in the conduction band and k2 in the valance band.
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J ¼ g jð Þ
ð ð

dkzdkx kzð Þk fg Egð Þ� fm Emð Þ
� �

d Eg�Emð Þ; (A7)

where g jð Þ ¼ 8pe
�h ð �h2

2m0

4je�jdffiffiffi
D
p jf1j

2pÞ
2

and jf1j2 is a constant of

order unity assumed to have no dependence on k. The delta-

function in Eq. (A7) guarantees that only processes conserv-

ing the energy are possible (Fermi’s golden rule). The energy

difference appearing in the delta-function can be written as a

quadratic equation for k,

Eg � Em ¼
�h2

2m
k27�hvf k þ

�h2

2m
k2

z � ED ¼ 0; (A8)

with solutions

k1 ¼ nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ k2

D � k2
z

q
; k2 ¼ 7n6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ k2

D � k2
z

q
:

(A9)

The upper (lower) sign of k2 applies to the valence (conduc-

tion) band and we have defined the constants n ¼ mvf =�h and

k2
D ¼ 2m=�h2ED. Physically, k1 and k2 are the in-plane momen-

tum k values satisfying both the in-plane momentum and the

energy conservation conditions (Fig. 7). In terms of the momen-

tum k, the delta-function can be written as dðEg � EmÞ
¼ 2m=�h2d ðk � k1Þðk � k2Þ½ � and an analytic expression for the

tunneling current density at T¼ 0 can be found

J ¼ g jð Þ 2m

�h2

ðkz;g

kz;m

dkzx kzð Þ
ðmaxðkg;kmÞ

minðkg;kmÞ

kdkd ðk � k1Þðk � k2Þ½ �;

(A10)

where the meaning of kz;g; kz;m; kg; km; k1, and k2 have been

graphically represented in Fig. 7. It is worth noting that at T¼ 0

only states with energies E 2 EFm;EFg½ � contribute to the tun-

neling current. The energy associated with k1 is normally out-

side of the energy range for which the graphene dispersion

relation is lineal (�61 eV, corresponding to V � 62 V),

so using the Dirac delta function properties we can write

D½ðk � k1Þðk � k2Þ� ¼ Dðk � k2Þ=jk � k1j and Eq. (A10)

becomes

J ¼ g jð Þ 2m

�h2

ðkz;g

kz;m

dkzx kzð Þ
k2ðkzÞ

jk2ðkzÞ � k1ðkzÞj
; (A11)

where, from Eq. (A9), we have jk2ðkzÞ � k1ðkzÞj ¼ 2n or

jk2ðkzÞ � k1ðkzÞj ¼
ffiffiffi
n
p 2 þ k2

D � k2
z depending on the position

of k2 (VB or CB). For instance, if we consider the situation

where eVD 
 0 and DE < 0, corresponding to Figs. 2(b) and

2(c), the range ½kz;m; kz;g� can be split as ½kz;m; kD� [ ½kD; kz;g�,
giving the expression

J ¼ g jð Þ 2m

�h2

( ðkD

kz;m

dkzx kzð Þ
�nþ RðkzÞ

2n

þ
ðkz;g

kD

dkzx kzð Þ
n� RðkzÞ

2RðkzÞ

)
; (A12)

where we have defined RðkzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ k2

D � k2
z

q
for conven-

ience, and kz;m and kz;g can be written as

kz;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

D � 2kmn� k2
m

q
; (A13)

kz;g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

D þ 2kgn� k2
g

q
; (A14)

where km ¼ ðeV þ DEÞ=�hvf and kg ¼ jDEj=�hv. Working out

Eq. (A12), the following types of integrals appear, which can

be solved analytically:ð
dkzxðkzÞ ¼ kz � j arctan

kz

j

� �
; (A15)

ð
dkzxðkzÞRðkzÞ ¼

1

2
q2 þ j2
	 


arctan
kz

RðkzÞ

� �

� jq arctan
kzq

jRðkzÞ

� �
þ 1

2
kzRðkzÞ;

(A16)ð
dkz

xðkzÞ
RðkzÞ

¼ arctan
kz

RðkzÞ

� �
� j

q
arctan

kzq

jRðkzÞ

� �
; (A17)

where we have defined q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ k2

D þ j2

q
. Similar expres-

sions can be found for the cases DE > 0 with V > 0 and for

V < 0. Then, Eq. (A12) can be used to generate the I-V

curves of the MIG heterojunction for a variety of different

contact configurations.
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