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S U M M A R Y
Ongoing works on full waveform inversion (FWI) are yielding an increasing number of
objective functions as alternative to the traditional L2-waveform. These studies aim at de-
signing more robust functions and inversion strategies to reduce the intrinsic dependence of
the FWI results on (1) the initial model and (2) the lowest frequency present in field data. In
this work, we perform a comparative study of five objective functions in time domain under a
common 2-D-acoustic FWI scheme using the Marmousi model as benchmark. In particular,
we compare results obtained with L2-based functions that consider the minimization of dif-
ferent wave attributes; the waveform-based, non-integration-method; instantaneous envelope;
a modified version of the wrapped instantaneous phase and an improved version of the cross-
correlation travel time (CCTT) method; and hybrid strategies combining some of them. We
evaluate the robustness of these functionals as a function of their performance with and with-
out low frequencies in the data and the presence of random white Gaussian noise. Our results
reveal promising strategies to invert noisy data with limited low-frequency content (≥4 Hz),
which is the single strategy using the instantaneous phase objective function followed by the
hybrid strategies using the instantaneous phase or CCTT as initial models, in particular the
combinations [I. Phase + Waveform], [CCTT + Waveform] and [CCTT + I. Phase].

Key words: Inverse theory; Numerical approximations and analysis; Seismic tomography;
Computational seismology.

1 I N T RO D U C T I O N

Full waveform inversion (FWI), a method originally proposed by
Lailly (1983) and Tarantola (1984), is commonly formulated as a
local optimization problem where the gradient of the data misfit
with respect to the physical parameters is calculated based on ad-
joint techniques. The main strength of the method is that it allows
extracting information on the properties of the medium from the
whole recorded wavefield, contrasting with travel time tomogra-
phy (TTT) techniques where the data to be inverted are the time
residuals of some pre-defined seismic phases. This makes the res-
olution of models obtained by FWI potentially far better than that
of models obtained by TTT. Despite its high potential, FWI suf-
fers from problems such as a high computational cost, and the
ill-posedness and non linearity of its inverse problem; especially in
conventional FWI where the objective function to be minimized is
the L2-waveform, or Euclidean distance between the observed and
the synthetic waveforms. Several techniques have been proposed
to mitigate the non-linearity, particularly the multiscale approach
where frequency bands are inverted sequentially, from low to high
frequency (Bunks et al. 1995), and data windowing where early

arrivals in the field data are preferentially used e.g. Brenders &
Pratt (2006). However, it is commonly assumed that the success of
L2-waveform based FWI relies on the availability of an appropri-
ate starting model and the presence of low-frequency information
in the seismograms, which is very limited in field data (typically
less than 3 Hz). Using such bandwidth-limited field data causes
the waveform misfit to present multiple local minima, which may
cause cycle-skipping so that FWI would converge to a wrong solu-
tion (Luo & Schuster 1990; Hale 2013; Chi et al. 2014; Guasch &
Warner 2014; Warner & Guasch 2014a).

A common choice to bridge the gap between a coarse start-
ing model and comparatively higher frequencies in the data is
to use the results of TTT as initial model for multiscale, L2-
based FWI, with the inversion first restricted to the early ar-
rivals. Although considered a robust method, it requires the in-
terpretative task of phase identification and traveltime picking.
An alternative way to obtain the long-wavelength information
in the velocity model is using objective functions that are less
sensitive than the waveform-differences to cycle-skipping. For
such class of strategies the choice of a suitable objective func-
tion or combinations of different objective functions at different
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scales becomes a key step to apply FWI in a more automatized
way.

A number of objective functions that focus on different attributes
of the seismic wavefield exist in the literature. However, in most
works proposing functions alternative to the waveform one, the
functions are only compared to the L2-waveform, separately or
involved in a hybrid strategy with it, where these functions are com-
monly employed as initial model generators. The two cases where
different objective functions are studied under the same inversion
scheme, Fichtner (2010) and Bozdag et al. (2011), are focused
on earthquake-type passive recordings, and to our knowledge, no
equivalent study exists with active seismic data realistically ac-
counting for the limited low-frequency information, crucial for the
success of the field data FWI.

The goal of this work is to help bridging this gap of knowledge
by performing a systematic comparison of the inversion results
obtained using different objective functions under the same con-
ditions. We use synthetic seismic data to compare five objective
functions, all of them L2-norm based: the waveform (Tarantola
1984), non-integration method (NIM; Chauris et al. 2012), instan-
taneous envelope (Chi et al. 2014), instantaneous phase (Bozdag
et al. 2011) and cross-correlation travel time (CCTT; Luo &
Schuster 1991). The examples are designed to test the behaviour
of the different objective functions using a common FWI scheme.
We also explore hybrid strategies to maximize the use of the limited
available low-frequency information. The work is divided in three
main sections, following this introduction. First, in the methodology
section we describe the previous work, the different objective func-
tions and the FWI scheme employed, second we show the results
of the synthetic tests using the different functions, and finally we
compare and discuss those results proposing an appropriate strategy.

2 M E T H O D O L O G Y

2.1 Previous work on objective functions alternative to
waveform differences

The CCTT method was proposed as a robust way to compute trav-
eltime shifts between observed and synthetic waveforms that is
more automatic than traditional traveltime picking (Luo & Schuster
1991). In the CCTT approach, traveltime residuals (τ ) are obtained
by finding a maximum in a cross-correlation function. Attending to
the more linear behaviour of the traveltime shifts with respect to the
model parameters, the CCTT recovers better long-wavelength infor-
mation in the velocity field, as opposed to classical waveform misfit
in FWI. The drawback of the CCTT method is the inherent low res-
olution capability, as result of considering one phase or traveltime
difference to calculate the misfit according to the cross-correlation
criteria, in contrast with the waveform misfit which considers the
phases and also the amplitudes at each time-point. In summary, the
CCTT misfit provides robust but low resolution images whereas
the waveform misfit provides high resolution images but not ro-
bust enough. This is overcome by combining the CCTT solution
with waveform misfit (Luo & Schuster 1990). This hybrid strategy
was successfully applied to cross-well data by Zhou et al. (1995).
However, when time-shift changes rapidly the CCTT method might
still be sensitive to cycle-skipping. In this case, the time-shift, as
defined in Luo & Schuster (1991), is rarely the proper measure
of the time difference between observed and synthetic signals. To
linearize more the problem, most of works select a segment of the
seismogram, windowing around early arrivals Zhou et al. (1995),

Wang et al. (2012). A further refinement for better convergence
uses a gradient smoothed with a Gaussian filter (Wang et al. 2012).
Alternatively, Hale (2013) proposes a more sophisticated method
called Dynamic Image Warping, where the time-shift in each re-
ceiver is a function of time too, τ (t). The proper measure of τ (t) is
subjected to two different constraints in space and time to guarantee
a smooth behaviour of τ (t).

A different approach to quantify a misfit is to modify the original
waveform to obtain a more linear signal. This idea was implemented
for canonical type models by Shin & Cha (2008) and subsequently
improved in Liu et al. (2011), Chauris et al. (2012) and Donno et al.
(2013) with the NIM. In this method, the waveform is employed to
build a signal whose amplitude increases with time, as an indirect
measure of the energy accumulated during the propagation.

Another approach is to extract the envelope and phase informa-
tion from the waveform. The separation of a signal into envelope
and phase was used by Shin & Min (2006) and subsequently by
Shin et al. (2007), Bednar et al. (2007) and Pyun et al. (2007) to de-
velop types of objective function in frequency domain that measure
the misfit between the logarithm of synthetic and observed data.
The logarithmic inversion is dominated by traveltime differences
at the early states of the inversion, and by the amplitude compo-
nent as iterations converge. Particularly, Alkhalifa & Choi (2013)
proposed a phase function specially designed to correctly unwrap
the phase to guarantee a more linear behaviour. Also, it is possible
to extract the instantaneous wave attributes, envelope and phase,
directly from the seismogram in time domain. The instantaneous
phase objective function has been developed and applied to earth-
quake records in time-frequency domain by (Fichtner et al. 2008)
and the instantaneous phase and envelope objective functions in
pure time domain by (Bozdag et al. 2011). The instantaneous enve-
lope objective function has been tested as well by (Chi et al. 2014)
with a synthetic model flacking low-frequency information.

In recent work, a methodology called adaptive waveform inver-
sion (AWI) is presented (Guasch & Warner 2014; Warner & Guasch
2014a,b). It is an inversion strategy that provides a new way to mini-
mize waveform differences between predicted and observed data in
FWI; Wiener filters are applied to each synthetic trace to match the
observed data, and after, the filter coefficients are forced towards the
zero-lag delta function to improve the model. This method shows
improved results compared to conventional FWI.

2.2 Objective functions and adjoint sources to be tested

Our goal is to compare results between the waveform (Tarantola
1984), NIM (Chauris et al. 2012), instantaneous envelope (Bozdag
et al. 2011; Chi et al. 2014), instantaneous phase (Bozdag et al.
2011) and CCTT (Luo & Schuster 1991) objective functions. Over
all the existing functions, the main criteria for this selection have
been to evaluate the main range of wave attributes that can be
extracted from a seismogram in pure time domain. For simplicity,
all functions are built in the same way, as the least-squares norm of
the wave attribute to minimize. In this way, the differences in the
results are only due to the wave-attribute considered.

2.2.1 Waveform

The classical L2-waveform objective function in FWI (Fig. 1a)
is based on the square differences between the synthetic us and
observed uo waveforms

χWF =
∑
r, t

�u(xr , t)2

2
, (1)
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Figure 1. In the first column, we show the synthetic (solid black line) and true (dashed red line) wave attributes that can be extracted from the waveform. The
second and third columns show the resultant misfits and adjoint sources. The results are shown for the different objective functions in time domain, from top
to bottom: (a) Waveform, (b) NIM, (c) I. Envelope, (d) I. Phase and (e) CCTT.

where, from now on, �() = ()s − ()o. The adjoint source that
corresponds to a specific misfit functional is

f(xr , t) = −∇us χ, (2)

therefore, considering t̃ as the back propagated time t̃ = t − T , the
corresponding adjoint source is defined as

fWF(xr , t) = −�u(xr , t̃). (3)

2.2.2 Non-integration method

In the NIM method (Fig. 1b), the aim is to minimize the parameter
Q(xr , t) defined as

Q(xr , t) =
∫ t

0 dt ′u(xr , t ′)2∫ T
0 dt ′u(xr , t ′)2

. (4)

In this case, Q(xr , t) is calculated and normalized integrating the
square of the original signal (Chauris et al. 2012), however, there
are other alternatives such as the absolute value of the signal or its
envelope (Liu et al. 2011). It is an indirect measure of the wave-
form energy stored along the time whose value increases from 0
to 1. The least-squares NIM objective function therefore can be
read as

χNIM =
∑
r, t

�Q(xr , t)2

2
. (5)

The function χNIM is more linear compared to χWF because the pa-
rameters, Qs(xr , t) and Qo(xr , t), are increasing functions in time,
in contrast with the original waveforms us(xr , t) and uo(xr , t) which
are oscillatory functions. We selected this type of objective func-
tion to test whether this linear behaviour with time contributes to
linearize as well the FWI optimization problem, which consists on
finding the minimum of the objective function in the model param-
eter space (described in the next section). Finally, the adjoint source

is given by Chauris et al. (2012)

fNIM(xr , t)

=
2us(xr , t̃)

(∫ T
t̃ dt ′�Q(xr , t ′) − ∫ T

0 dt ′ Q(xr , t ′)�Q(xr , t ′)
)

∫ T
0 dt ′ Q(xr , t ′)

.

(6)

2.2.3 Instantaneous envelope and phase

The instantaneous attributes of a time signal should be extracted
through its quadrature, defined as the signal phase shifted π/2
radians with respect to the original one. A common procedure is to
calculate the Hilbert transform of the signal as an approximation to
the quadrature, such as it is done in the already mentioned work by
Bozdag et al. (2011).

Instead in this work, the instantaneous envelope and phase are
determined through a normalization scheme called empirical mode
decomposition (EMD) method (Huang 2005; Huang et al. 2008;
Huang & Wu 2008). It is a more simple and direct calculation
in which the quadrature can be computed locally without numeri-
cal integration. The EMD method is particularly recommended for
non-linear and non-stationary data (Huang et al. 2008). The re-
quirement to apply the EMD method is that the data need to be
monocomponent, that is, the number of extrema and the number of
zero-crossings must be equal or differ just by unity. In our case, this
condition is fulfilled through the bandpass filtering of the data in
the multiscaling process which is described in the next section. For
the curiosity of the reader, we have included in the Supporting In-
formation (SI-1) a comparisonal test between the Hilbert transform
and the EMD method using our data.

In the EMD method, the instantaneous envelope is uniquely de-
fined as the cubic spline fitting of the maxima of the absolute value
of the data. We define the normalized signal with respect to the
fitted envelope as

f1(t) = u(t)

E1(t)
. (7)
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The instantaneous envelope often reaches smaller values than the
data when the signal u(t) varies rapidly and, therefore, the extrema
of the normalized function f1(t) exceeds the unity value. In this
way, the normalization procedure is an iterative process that stops
at the nth iteration when all the extrema in the normalized function
fn(t) = fn − 1(t)/En(t) have unity value. When this condition is ful-
filled, usually for n < 5, the correct instantaneous envelope for a
particular receiver is obtained

E(t) = u(t)

fn(t)
, (8)

and the direct quadrature (DQ) of the signal without any approxi-
mation

uq (t) = DQ [u(t)] =
[

E(t)
√

1 − fn(t)2
]

sign(cos(θ )) . (9)

The instantaneous phase can be determined using the arctangent
function,

θ (t) = arctan

(
u(t)

uq (t)

)
. (10)

The instantaneous envelope and phase misfits (Figs 1c and d) are
defined as

χE =
∑
r, t

�E(xr , t)2

2
, (11)

and

χθ =
∑
r, t

�θ (xr , t)2

2
, (12)

and, finally, the respective adjoint sources (Bozdag et al. 2011)
correspond to

fE (xr , t) = −�E(xr , t̃)us(xr , t̃)

(E(xr , t̃)+δ(xr ))2
+ DQ

[
�E(xr , t̃)DQ

[
us(xr , t̃)

]
(E(xr , t̃) + δ(xr ))2

]

(13)

and

fθ (xr , t) = −�θ (xr , t̃)DQ
[
us(xr , t̃)

]
(E(xr , t̃) + δ(xr ))2

− DQ

[
�θ (xr , t̃)us(xr , t̃)

(E(xr , t̃) + δ(xr ))2

]
(14)

where the normalization factor δ(xr ) = Max(E(xr , t)) is added to
avoid discontinuities. To avoid the phase jumps between the limits of
the principal value (±π/2) we have considered in our calculations
the absolute value of the DQ instead of the natural measure, as
opposed to windowing techniques or unwrapping the phase. With
this definition for the instantaneous phase we obtain a triangular-
shaped signal with no jumps between the limits of the principal
value. This modification improves the resolution and robustness of
the inversion results. We refer to the Supporting Information (SI-2)
for more details about the difference between the normal and the
modified instantaneous phase calculation.

2.2.4 Cross-correlation travel time

The CCTT misfit (Fig. 1e) to minimize is

χCCTT =
∑

r

τ (xr )2

2
, (15)

where the cross-correlation time-shift τ between the observed and
synthetic waveforms is defined as the time where the following
cross-correlation function attains its maximum

τ (xr ) := Max

(∫
dtuo(xr , t)us(xr , t + τ )

)
. (16)

Unfortunately, it is unlikely that the time-solution for the max-
imum given by eq. (19) is the correct value for τ , above all when
the traces to be compared have dissimilar amplitudes. Therefore in
this work, we impose restrictions for the estimation of τ parameter.
First, we constraint the search domain as

|t | ≤ 2T
o
, (17)

where T
o

is the averaged wavelength of the observed oscillations.
The traveltime shift for a specific receiver is also subjected to the
next constraint.

τi := min (|τi−1 − τi |) . (18)

This condition favours the closest traveltime shift, τ i, to the one
obtained in the former receiver τ i − 1, and therefore ensures that it
does not change too rapidly. For more details about the effects of
using the mentioned restrictions to estimate the CCTT shift, see the
Supporting Information (SI-3). Finally, under the assumption that
uo and us are purely time-shifted uo(xr , t − τ ) = us(xr , t) (Fichtner
2010), the adjoint source is given by

fCCTT(xr , t) = − τ (xr )u̇s(xr , t̃)∫ T
0 dt ′u̇s(xr , t ′)2

. (19)

2.3 Implementation of the FWI strategy

We summarize the details of the implementation of our 2-D-acoustic
FWI strategy in the following steps, which must be performed iter-
atively, for each iteration i:

(i) Forward problem. To obtain the synthetic field we use a modi-
fied version of Dagnino et al. (2014) code to solve the 2-D-acoustic
wave equation with the finite difference method in time-domain,
defined as

1

c2

∂2u(x, z; t)

∂t2
= ∇2u(x, z; t), (20)

where x is the length, z the depth, t the time and c =
√

K
ρ

the

sound speed where K is the bulk modulus and ρ the density that is
assumed to be constant ∼ 1000 kg/m3. As a source we use a Ricker
wavelet with central frequency 20 Hz (Fig. 5) and the acquisition
time is 8 s. To generate the synthetic data for the first iteration we
use a homogeneous vertical gradient Vp model (Fig. 2a and the
corresponding first shot gather shown in Fig. 3a) and in the rest of
the iterations we use the updated model from the previous iteration.
The space is discretized with a staggered grid (Virieux 1986), with
25 m space both in x and z directions. We apply a second order
perfectly matched layer scheme (Kormann et al. 2009) on the left,
bottom and right boundaries to avoid numerical reflections and a
free surface at the top.

(ii) Evaluation of the misfit. The estimation of the discrepancy
or misfit between observed and synthetic data for each iteration,
explained in the previous section, is done using different wave at-
tributes (p) that can be extracted from the seismograms. The objec-
tive function in every case is built as the least-squares norm of the

corresponding misfit χ = ∑
r, t

�p(xr ,t)2

2 .
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Figure 2. (a) Initial gradient model, from 1.5 to 4 km s−1 and (b) true Marmousi model. The black rectangle frames the central area on the models.

Figure 3. (a) Initial shot gather and (b) true shot gather. The data are filtered between 1 and 8 Hz for a good visualization.

(iii) Adjoint problem. After we obtain the objective function, we
calculate the adjoint source as f = −∇us χ . The adjoint field is
obtained back-propagating the residuals in time, for each receiver.

(iv) The computation of the gradient of the objective function
with respect to the model ∇mχ is done with the adjoint method
(Tarantola 1984) by convolution of the synthetic and adjoint wave-
fields.

(v) Gradient optimization with the non-linear conjugate gradient
method (Grippo & Lucidi 1997; Nocedal & Wright 2006).

(vi) The search direction in the model space where the mis-
fit function decreases is defined as pi = −∇χi + βi pi−1, where
the Polak–Ribière criteria are used to obtain the parameter βi =
∇χi (∇χi −∇χi−1)

||∇χi ||2 .
(vii) Optimal step and model update. The optimal step, αi, satis-

fies the equation αi = minc>0χ (mi + cpi ). To solve it, we calculate
two more steps along the search direction of the misfit function, pi ,

and obtain the minimum using a polynomial approximation. Finally,
the model is updated as mi+1 = mi + αi pi .

(viii) Convergence and stopping criteria. The maximum number
of iterations allowed per frequency step is set to 30, however, most
of the times the convergence stops at an earlier iteration (in average,
the number of iterations is ∼ 20 per frequency step). This happens
when the three point steps necessary to calculate the minimum of
the objective function with the polynomial approximation are not
found. The stopping criteria consist of two restrictions; (1) if the
minimum is not achieved at the sixth step, the iteration is repeated
from the beginning, and (2) when an specific iteration is repeated
more than twice, the convergence process stops and jumps to the
next frequency band.

Despite that each function could be optimized with a specific
type of data-windowing, we have considered the whole P-wave
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Figure 4. Relative error depending on the starting frequency in the inver-
sion for the complete Marmousi model (a) and central area (b). We plot
the inversion results for the waveform (black circles), NIM (red squares),
I. Envelope (green triangles), I. Phase (blue rhombus) and CCTT (magenta
stars) functions.

seismograms as our goal is to test the different objective functions
with a systematic and common inversion strategy. In this way, dif-
ferences in the results are only due to the wave attribute chosen to
build the misfit. Also, it is worth to explore whether pre-processing
of the data becomes less necessary depending on the objective
function. In summary, the FWI scheme presented is common for all
the objective functions considered in this work, the calculation just
differ in the objective function chosen and the corresponding adjoint
source.

3 S Y N T H E T I C T E S T S A N D R E S U LT S

We use a subset of the Marmousi model 3 km deep and 9.5 km
wide (Fig. 2b and also the first shot gather in Fig. 3b) to test the five
objective functions previously described. The acquisition geometry
includes 16 sources located every 500 m, where the first source
is placed at 1 km distance, and 382 receivers located every 25 m,
both placed at the surface of the model. The source to generate the
synthetic data is a Ricker wavelet centred at 20 Hz (Fig. 5) and the

Figure 5. Amplitude spectrum of the Ricker source in frequency domain
(black solid line) and the same when a high-pass filter is applied at 4 Hz to
cut the low-frequency content below this frequency (red dashed line).

acquisition window is 8 s. We have followed a multiscale approach,
from the starting frequency f0 until convergence is reached, in steps
of 0.5 Hz. To assure that there is no information below f0, the data are
bandpass filtered between f0 and the highest inverted frequency (i.e.
first between f0 and f0+0.5 Hz, then between f0 and f0+1 Hz, etc),
which is usually no higher than 10–12 Hz. We have tested starting
frequencies in a range from f0 = 1 Hz to f0 = 6 Hz. For simplicity,
we did not apply any other technique such as trace windowing or
gradient smoothing that are commonly applied to mitigate non-
linearity.

3.1 Absence of low frequencies in the data set

The nature of the sources used in active seismic exploration typ-
ically lack energy at low frequencies making the signal-to-noise
ratio (SNR) progressively smaller as we approach to those stages.
Therefore, noise needs to be filtered ideally without losing primary

Figure 6. Comparison of the amount of cycle-skipping obtained between true and synthetic data for the filters [1–1.5] Hz and [4–4.5] Hz and for the first
shot located at 1 km. (a,b) Comparison of traces for the receiver placed at 5 km distance. (c,d) True and synthetic shot gather compared at 5 km distance. The
synthetic trace is built using as initial model the homogeneous vertical gradient Vp (Fig. 2a).
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information. Typically in real field data, information is cut below
∼ 3 Hz because useful seismic signal is only visible above 3–4 Hz.
To concentrate on the capacity of the different functions to recover
low-frequency information, noise was not included in the first set
of tests. As an initial model we use a homogeneous vertical velocity
gradient varying from 1.5 km s−1 to 4 km s−1 shown in Fig. 2(a)
and the corresponding shot gather in Fig 3(a). Fig. 4 shows the
root mean square of the relative error of the inverted models as a
function of the starting frequency. As expected, the progressive fil-
tering of the low frequencies in the input data is accompanied by an
increasing loss of quality of inversion results. We have chosen two
different starting frequencies, f0 = 1 Hz (low-frequency content)
and f0 = 4 Hz (absence of low frequencies), to check the robustness
of the objective functions. In Fig. 5, it can be seen the characteristics
of this filter, applied to the source wavelet at f0 = 4 Hz.

To compare the amount of cycle-skipping between data with or
without low frequencies, we plot in Fig. 6 the true and synthetic
traces at 5 km distance for the first shot in the model, in panels
(a) and (b). In the same figure, a section of the corresponding true
and synthetic shot gathers, where traces are normalized for each
receiver, are shown in panels (c) and (d). For an easier visualization
of the cycle-skipping at 5 km distance, the true shot gather is shown
between 4 and 5 km and the synthetic one from 5 to 6 km. The data
shown in the figure are bandpass filtered between 1 and 1.5 Hz for
the low-frequency data case, in panels (a) and (c), and between 4
and 4.5 Hz the absence of low-frequency case, in panels (b) and (d).
It becomes apparent that it is more difficult to invert the data in the
second case due to the presence of cycle-skipping.

We finally present the P-wave velocity inversion results in Fig. 7
for the two starting frequencies selected, f0 = 1 Hz and f0 = 4 Hz.

Figure 7. Inversion results with and without low-frequency content; the first column with f0 = 1 Hz and the second column with f0 = 4 Hz. The results are
shown for the central area of the Marmousi model, from top to bottom: (a) Waveform, (b) NIM, (c) I. Envelope, (d) I. Phase and (e) CCTT functions.
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Figure 8. Robustness of the waveform function versus the instantaneous phase objective functions. We plot the results for the waveform function with starting
frequencies f0 (a) 3 and (b) 4 Hz, and for the instantaneous phase with f0 (c) 4 and (d) 6 Hz.

Figure 9. Initial model generated with the (a) instantaneous phase and (b) CCTT functions inverting from 4 to 5 Hz.

Figure 10. Comparison of the amount of cycle-skipping obtained between true and synthetic data for the starting models’ instantaneous phase and CCTT, for
the filter [5–5.5] Hz and for the first shot located at 1 km. (a,b) True and synthetic traces for the receiver placed at 5 km distance. (c,d) True and synthetic shot
gathers compared at 5 km distance. The synthetic traces in panels (a) and (c) are built using as initial model the inversion result obtained with the instantaneous
phase (Fig. 9a) and in panels (b) and (d) with the result obtained with the CCTT (Fig. 9b).

 at C
SIC

 on O
ctober 23, 2015

http://gji.oxfordjournals.org/
D

ow
nloaded from

 

http://gji.oxfordjournals.org/
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Figure 11. Inversion results of the central area of the model for different hybrid strategies. The first column shows inversions obtained using the instantaneous
phase result as initial model for the waveform, NIM and instantaneous envelope functions. The second column shows the results of using CCTT as initial
model for the waveform, NIM, instantaneous envelope and phase functions. The initial models used are shown in Fig. 9. The objective functions combined to
the instantaneous phase and CCTT initial models use 5 Hz as starting frequency.

We obtain satisfactory results with all the objective functions when
the inversion starts at 1 Hz (see first column in Fig. 7). The CCTT
provides lower resolution models compared to the other functionals
because the time-shift to be minimized at each receiver is a constant
parameter, as is the case of TTT. When the inversion starts at 4 Hz,
the only functions capable of recovering meaningful details of the
model are the instantaneous phase and CCTT (see second column in
Fig. 7). In these two cases, the inversion results are providing images
of similar quality and resolution to the results obtained with lower
frequency content in the data. Due to the relative low resolution of
the model resulting from the inversion, the CCTT is only suitable as
initial model generator, as it will be shown in the next test. The shot-
gather results obtained for the different functions, for data with and
without low frequencies, are shown in the Supporting Information
(SI-5).

According to our tests, the objective functions that perform worst
due to the lack of low frequencies in the data are the NIM and
instantaneous envelope ones, giving only reasonable results for
f0 ≤ 2.5 Hz, whereas for the waveform, f0 ≤ 3 Hz. As an exam-
ple, in Fig. 8 we plot the inversion results only for the waveform

and instantaneous phase in the starting frequency range where the
results worsen. The waveform at f0 = 3 Hz (Fig. 8a) provides an im-
age containing numerical artefacts. When the starting frequency is
increased by 1 Hz the result is a blurred image, that differs from the
real model (Fig. 8b). As mentioned above, the instantaneous phase
at f0 = 4 Hz provides a satisfactory result (Fig. 8b). The results
worsen when f0 increases to 5 and 6 Hz, but it is worth noting that,
in contrast to the waveform, the worsening is progressive and the
final model still retains meaningful characteristics of the real one.
The CCTT behaves similarly to the instantaneous phase function,
however the quality of the inversion results is less evident due to the
inherent low resolution of this functional. In sum, we find that the
instantaneous phase and CCTT functions are best suited to deal with
initial models that include no a priori information and band-limited
data, especially when f0 is above 3 Hz.

3.2 Hybrid strategies

Based on the previous analysis it is possible to design hybrid strate-
gies where the results of the most robust functions, instantaneous
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phase and CCTT, are used to generate initial models for the other
functionals. In this case, the initial models are built starting with the
Vp gradient model in Fig. 2(a) and using frequencies between 4 and
5 Hz (the results are shown in Fig. 9). The starting frequency for the
functions linked to them is fixed to 5 Hz. Therefore, as in the single
objective function tests, data are bandpass filtered between 4 Hz and
the maximum frequency in each iteration. Similarly to Fig. 6, we
can visualize the amount of cycle-skipping that will be present as
starting point for the hybrid strategies in Fig. 10. We compare in this
figure, true and synthetic data depending on the initial model used,
instantaneous phase or CCTT, to generate the synthetic data. The
bandpass filter is applied between 5 and 5.5 Hz. The figure shows
that the use of instantaneous phase or CCTT as initial models mit-
igates the presence of cycle skipping. However, for the CCTT as
initial model, the cycle-skipping becomes more apparent after 6 s
(panels b and d). Fig. 11 shows the inversion results for the cen-
tral area of the Marmousi model for the hybrid strategies using the
instantaneous phase to generate the initial model [I. Phase + Wave-
form], [I. Phase + NIM] and [I. Phase + I. envelope] (left column),
and those obtained with the CCTT function under the same con-
ditions: [CCTT + Waveform], [CCTT + NIM], [CCTT + I. Env]
and [CCTT + I. Phase] (right column). As expected, the results ob-
tained with all the objective functions are clearly better than those
obtained with single objective functions strategies. Particularly re-
markable are the results of the hybrid strategies with the waveform
function compared to the single waveform strategy test. Despite of
the improvement, the NIM results are systematically noisier than
those obtained with the other functions, whereas the instantaneous
envelope results are less accurate.

To summarize the results, we show in Fig. 12(a) selection of
the successful inversions with f0 = 4 Hz for the complete Mar-
mousi model; the single strategy with the instantaneous phase
function obtained in the previous test (Fig. 7) and the hybrid
strategies, [I. Phase + Waveform], [CCTT + Waveform] and
[CCTT + I. Phase] (Fig. 11). The four strategies provide similar re-
sults, however, the single instantaneous phase shows comparatively
subdued low-velocity numerical artefacts, such as that located close
to the surface and around 4.5 km distance in the rest of the strate-
gies. The shot-gather results obtained for the [I. Phase + Waveform],
[CCTT + Waveform] and [CCTT + I. Phase] strategies, are shown
in the Supporting Information (SI-5). To allow a visual comparison
of the models obtained with the different strategies, we compare
in Fig. 13, 1-D depth profiles for the initial model, true and in-
verted models in three different locations (2.5, 5 and 7 km along the
model). As expected, the results are better in the upper and central
parts of the model, which are covered by diving waves, than in the
deeper and more external parts where the wavefield is dominated by
near-vertical reflections. In particular, the instantaneous phase and
[CCTT + I. Phase] offer a better approach to the high velocity peaks
compared to the [I. Phase + Waveform] and [CCTT + Waveform]
strategies.

3.3 Effect of noise

Field data typically contain variable amounts of incoherent noise
that overlaps and distorts primary information. The effect of inco-
herent noise is particularly severe and harmful at low frequencies
because the most common sources used in active seismic methods
hardly produce energy below 3–4 Hz, hindering to recover the low-
est wave-numbers in the corresponding Vp model. To test the effects
of noise we have added to the synthetic data random white Gaussian

Figure 12. Summary of the successful inversion strategies. From top to
bottom, (I) the single-phase misfit from Fig. 7 and the hybrid strate-
gies, (II) [I. Phase + Waveform], (III) [CCTT + Waveform] and (IV)
[CCTT + I. Phase] from Fig. 11.

uncorrelated noise with the average level corresponding to an SNR
of 20 (10 per cent of noise). As in the former tests, f0 = 4 Hz. In
Fig. 14, we show an example of a noise-free trace, the simulated
noise and the equivalent trace with the noise added, in frequency
domain. The figure shows that at low frequencies the noise level is
similar to the signal, while for the highest frequencies the noise can
be considered negligible.

Fig. 15 shows the inversion results of the successful strategies
shown in Fig. 12, but with noise added. Similarly to the noise-
free case, the 1-D depth profiles for noisy data are shown in
Fig. 16. The shot-gather results obtained with noise, for the in-
stantaneous phase, [I. Phase + Waveform], [CCTT + Waveform]
and [CCTT + I. Phase] strategies, are also shown in the Support-
ing Information (SI-5). To understand the differences between the
results without and with noise, we show in Fig. 17 the relative error
for the complete model and for the central area in both cases.
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Figure 13. Depth profiles for the strategies shown in Fig. 12 at distances of (a) 2.5, (b) 5 and (c) 7.5 km along the model. The black lines indicate the true model,
the red lines the initial model and the green lines the inversion results. From top to bottom, (I) I. Phase, (II) [I. Phase + Waveform], (III) [CCTT + Waveform]
and (IV) [CCTT + I. Phase] strategies.

Figure 14. An example of noise free data (black circles) and noisy data (red
triangles). The added white noise is shown with blue crosses.

In general, the inversion result obtained with the instantaneous
phase function remains almost invariant with respect to the noise-
free case, as opposed to the rest of strategies in which low velocity
numerical artefacts appear at the right side of the model.

With respect to the initial models, the CCTT function appears
to be more sensitive to noise than the instantaneous phase function
and this explain the worsening of the [CCTT + I. Phase] results
compared to the instantaneous phase results. The reason lies in the
inherent difficulty to estimate the proper cross-correlation travel-
time shift (τ ). Generally, the solution for τ is non-unique when
the traces to compare have dissimilar amplitudes. In the presence
of noise, the difference in amplitudes is larger, therefore the un-
certainty in the estimation of τ increases so that the probability to
obtain the wrong velocity model.

Besides, once the initial model is provided, the instantaneous
phase performs better than the waveform for noisy data. To un-
derstand this it can be seen in Fig. 17 that the last frequency step
achieved by all the strategies in the noisy-case are smaller compared

to the noise-free case. The waveform is the function which shows the
weakest convergence rate in the noisy-case, and this leads to worse
results for the [I. Phase + Waveform] and [CCTT + Waveform]
compared to the instantaneous phase and [CCTT + I. Phase] strate-
gies. This demonstrates the potentially higher resolution capacity of
the instantaneous phase compared to the waveform, independently
of the initial model used.

4 D I S C U S S I O N

It is difficult to compare results for a specific objective function with
other ones based on the literature. Besides the function used, there
are other factors defined differently in each work, such as the type of
data, acquisition parameters, inversion strategies and approaches to
the FWI algorithm, which also play important roles in the inversion.
This wide spectrum of possibilities has been our main motivation to
make a comparative study of objective functions within a common
FWI scheme.

The L2-waveform objective function is widely used in FWI. Its
high-resolution power contrasts with its poor capacity to deal with
the lack of low-frequency information. In our tests, the inversion
with the waveform function fails for f0 ≥ 3 Hz. This is in agreement
with studies, where the waveform misfit fails when low frequencies
are eliminated from the seismogram (Luo & Schuster 1990; Hale
2013; Warner & Guasch 2014a). Thus, under most realistic con-
ditions the waveform is suitable only whenever the low-frequency
information is included as a priori information in the initial model.

Some of the previous works use hybrid objective functions ap-
proaches in a similar strategy to this study, by building initial models
with objective functions alternative to waveform misfit. In Donno
et al. (2013), the NIM function is used as initial model for the wave-
form to improve the results when data lack low frequencies, using
a canonical model based on a circled anomaly as a reference. The
success of the inversions made with these types of models depends
on the size of the buried anomaly; the larger the anomaly the more
important is to have low frequencies in the data. Therefore, it is not
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Figure 15. The same as in Fig. 12, but with white noise added.

straightforward to extrapolate their results, specific for that type of
configuration, to other type of models.

Chi et al. (2014) show differences between different types of
envelope misfit functions using the least-squares envelope and the
logarithmic version too. They obtain the best results with the loga-
rithmic function with data lacking low frequencies below 4 Hz. In
their case, the tested functions are only employed as initial model
generators and no results are shown using the functions as single
strategies. The results are rather smooth as if some kind of smooth-
ing or windowing is applied to the data, however, the strategy is
not specified. Also, the acquisition parameters differ much from
ours (number of shots and receivers and type of source wavelet).
In Bozdag et al. (2011), the logarithmic envelope function is used
too. It works well applied to earthquake data, which has virtually
unlimited low-frequency information. This agrees with our low-
frequency data tests. In our work, we kept the least-squares version
of the envelope function to compare in an equal manner with the
rest of the functions. Nevertheless, we have also implemented the
logarithmic version as it appears advantageous to use in the men-
tioned works. In our tests, the logarithmic version behaves similar to

the least-squares envelope function (for details, see the Supporting
Information SI-4).

Our results support that the NIM and instantaneous envelope
functions have similar resolution capability to the waveform, when
they are used as single strategies (see left column in Fig. 7). How-
ever, as mentioned above, they have only been used in previous
works as initial model generators, similar to models obtained with
CCTT or TTT. Our results, with data lacking low frequencies and
a laterally uniform initial model, support that these objective func-
tions are not robust enough to mitigate the non-linearity and there-
fore were not used as initial model generators. When the NIM and
instantaneous envelope are part of an hybrid strategy, in which the
initial model is obtained with the instantaneous phase or the CCTT
function, the final results are less satisfactory than those obtained
with the waveform or the instantaneous phase functions.

Concerning the instantaneous phase misfit, it has been success-
fully applied as a single inversion strategy for earthquake data by
Fichtner et al. (2008), in time-Fourier domain, and in Bozdag et al.
(2011), in pure time domain. In contrast with active field data, in
continental scale-waveform tomography, the low frequencies that
are necessary for a successful inversion are usually present in the
recorded data. In Fichtner et al. (2008) and Bozdag et al. (2011),
the separation of phase and amplitude information is a powerful
tool that allows discerning between specific types of Earth struc-
tures and waves, among other advantages such as to overcome the
non-linear mixing of the phase and amplitude. In our case, we have
adapted a modified version of Bozdag et al. (2011) to show that
the instantaneous phase function allows to retrieve high resolution
images either alone or combined with the waveform function, when
f0 ≥ 4 Hz.

In the case of the CCTT function, our formalism is based in
the method presented by Luo & Schuster (1991). Inspired by Hale
(2013), we added specific constraints in the search for the proper
time-shift τ (described in the formalism). In the already mentioned
work of Wang et al. (2012), a CCTT+L2 hybrid strategy is satisfac-
tory tested using the Marmousi model. The acquisition parameters
are different from ours, and data are apparently not inverted with a
multiscaling approach so that the linearization of the data relies in
an early seismic arrivals approach, together with a Gaussian filter
applied in the gradient. In contrast, we use the complete seismo-
gram, which results on a sharper CCTT model than using only early
arrivals (Zhou et al. 1995; Wang et al. 2012), that is a robust ini-
tial model even lacking low frequencies, for subsequent inversions
using others objective functions.

Finally, it must be mentioned that all the objective functions
tested in this work require a similar computational time. The EMD
method, applied to calculate the instantaneous envelope and phase,
increases the time by an acceptable 15– 20 per cent in these partic-
ular objective functions.

5 C O N C LU S I O N S

We performed a comparative study of different objective functions
in time domain within a common acoustic 2-D-FWI. We propose
a modified version of the wrapped instantaneous phase calculation
that provides a signal with the absence of jump discontinuities.
We also apply constrains which favour the proper traveltime shift
calculation for the CCTT objective function. The obtained results
provide some useful insights:

(i) Our inversion results with single objective functions show
that the instantaneous phase is the most appropriate function to
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Figure 16. Depth profiles for the strategies shown in Fig. 15 at distances of (a) 2.5, (b) 5 and (c) 7.5 km along the model. The black lines indicate the true model,
the red lines the initial model and the green lines the inversion results. From top to bottom, (I) I. Phase, (II) [I. Phase + Waveform], (III) [CCTT + Waveform]
and (IV) [CCTT + I. Phase] strategies.

Figure 17. Relative error for the best inversion strategies shown in Figs 12 (noise-free) and 15 (with noise) for the complete model (a,c) and for the central
area (b,d). We plot results for the I. Phase (black), [I. Phase + Waveform] (red), [CCTT + Waveform] (green) and [CCTT + I. Phase] (blue).

give sharp, well-defined models when using seismic data with no
information below 4 Hz.

(ii) Instantaneous phase and CCTT objective functions are
appropriate initial model generators to be used as input

for further inversions using other functions to refine results.
In particular, the hybrid strategies [I. Phase + Waveform],
[CCTT + Waveform] and [CCTT + I. Phase] provide satisfactory
results.
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(iii) Adding white noise, we obtain reasonable results with all the
selected strategies, although the best result is provided again by the
instantaneous phase function.

The results support that to deal with noisy data field lacking low
frequencies, regardless of pre-processing techniques, the strategies
including the instantaneous phase functional or the CCTT are more
appropriate than the waveform (especially as initial model gener-
ators). The single strategy with the instantaneous phase function
shows the more stable and better performance of all the tested ones.
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